THE RIGOROUS DERIVATION OF THE 2D CUBIC FOCUSING NLS
FROM QUANTUM MANY-BODY EVOLUTION

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider a 2D time-dependent quantum system of N-bosons with harmonic
external confining and attractive interparticle interaction in the Gross-Pitaevskii scaling. We
derive stability of matter type estimates showing that the k-th power of the energy controls
the H' Sobolev norm of the solution over k-particles. This estimate is new and more difficult
for attractive interactions than repulsive interactions. For the proof, we use a version of the
finite-dimensional quantum di Finetti theorem from [49]. A high particle-number averaging
effect is at play in the proof, which is not needed for the corresponding estimate in the
repulsive case. This a priori bound allows us to prove that the corresponding BBGKY
hierarchy converges to the GP limit as was done in many previous works treating the case
of repulsive interactions. As a result, we obtain that the focusing nonlinear Schrodinger
equation is the mean-field limit of the 2D time-dependent quantum many-body system with
attractive interatomic interaction and asymptotically factorized initial data. An assumption
on the size of the L'-norm of the interatomic interaction potential is needed that corresponds
to the sharp constant in the 2D Gagliardo-Nirenberg inequality though the inequality is not
directly relevant because we are dealing with a trace instead of a power.
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1. INTRODUCTION

Bose-Einstein condensate (BEC) is a state of matter occurring in a dilute gas of bosons
(identical particles with integer spin) at very low tempertures, where all particles fall into
the lowest quantum state. This form of matter was predicted in 1924 by Einstein, inspired
by calculations for photons by Bose. In 1995, BEC was first produced experimentally by
Cornell and Wieman [4] at the University of Colorado at Boulder NIST-JILA lab, in a gas of
rubidium cooled to 20 nK. Shortly thereafter, Ketterle [41] at MIT demonstrated important
properties of a BEC of sodium atoms. For this work, Cornell, Weiman, and Ketterle received
the 2001 Nobel Prize in Physicq]} Since then, this new state of matter has attracted a lot of
attention in physics and mathematics as it can be used to explore fundamental questions in
quantum mechanics, such as the emergence of interference, decoherence, superfluidity and
quantized vortices.

Let us lay out the quantum mechanical description of the N-body problem. Let ¢t € R be
the time variable and ry = (71,...,7y) € R™ be the position vector of N particles in R".
The dynamic of N bosons are described by a symmetric N-body wave function ¢y (ry,t)
evolving according to the linear N-body Schrodinger equation

Oy = Hyy
with Hamiltonian Hy given by
N N
(1.1) Hy=-Y A, + % > N"V(NO(ry =)+ YW (ry)
j=1 1<i<j<N j=1

where V' represents the interparticle attraction/repulsion and W represents the external
confining potential.

Informally, BEC means that, up to a phase factor depending only on ¢, the N-body wave
function nearly factorizes

N
(1.2) Un(en,t) = [T elrt)

j=1
In the simplest cases, where is it assumed that interactions between condensate particles are
of the contact two-body type and also anomalous contributions to self-energy are neglected,
it is widely believed, based upon heuristic and formal calculations, that is valid and the
one-particle state ¢ evolves according to the nonlinear Schrodinger equation (NLS)

(1.3) iOp = (A + W (r))p + 8rpulp|*e

This is one of the main motivations for studying the NLS equation, and there is now a
wide body of literature on well-posedness [7, [61], the long-time asymptotics of global-in-time
solutions [43], the possibility and structure of finite-time blow-up solutions [60], and the
stability and dynamics of coherent solutions called solitary waves [63, 5]. In particular,
blow-up and solitary waves only exist in the case of p < 0, called the focusing case.

Thttp://www.nobelprize. org/nobel_prizes/physics/laureates/2001/press.html.
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Before proceeding, let us remark on the choice of scaling in the interparticle interaction
term. In 2D, it is taken as N~'Vy(r) in (L.1]), where Viy(r) = N2’V (N¥r), for 3 > 0F] This
scaling is intended to capture the so-called Gross-Pitaevskii limit, in which the ground-state
asymptotics are described by the one-particle Gross-Pitaevskii (GP) energy functional

(o) = [ (Vo + Wiel? + dmle

In the case of repulsive interactions p > 0, in the stationary case, the ground state energy
asymptotics in the 2D Gross-Pitaevskii limit from the 2D N-body quantum setting, are
discussed in [50, Theorem 6.5]. It is found that ay, the 2D scattering length of the microscopic
interaction, should scale as ay = N~'/2e~N/2¢_ The scattering length associated to a potential
is the radius of the hard-sphere potential that gives the same low-wave number phase
shifts as the given potential. A precise definition in 2D is given in [50, §9.3]. If we take
Vn(z) = NV (NPz), then by [50, Corollary 9.4] with A = ([ V)N~! and R = N7, we have
(1.4) any ~ NP exp <—g(l+n(l\/))>

where n(N) — 0 as N — oo. Thus § = % gives the correct N-dependence for ay. Other values
of 3 could be produced by modifying N2’V (Nr) to (1 + <2X)N28V(NPr) for appropriate
¢, and thus changing 3 corresponds to a lower-order correction in the scalingﬂ Moreover,
the analysis shows that we have p = 8% J V. The corresponding time-dependent problem,
for 1 > 0, was studied by Kirkpatrick-Schlein-Staffilani [44] in the periodic setting and by
X.Chen [15] in the trapping setting(W # 0).

Another way to obtain a 2D limit is to start with a 3D quantum N-body system with
strong confining in one-dimension (say the z-direction). In the stationary repulsive case, this
was explored by Schnee-Yngvason [54]. If external confining in the z-direction is imposed to
give the system an effective width w™'/2, then one should take the 3D interaction potential
to be (Nv/w)** =V ((Ny/w)Pr), where r = (z,y, 2), in place of the 2D interaction potential
N25-1V(NPr), where r = (x,7), and take w — oo as N — oo. In the repulsive case (u > 0),
the corresponding time-dependent problem was studied by X.Chen-Holmer [17]. We will not
consider the dimensional reduction problem here.

As indicated earlier, one expects that the nonlinear coefficent p in (1.3) is given by
W= % [V, or expressed in terms of the scattering length ay of N~'Vy(r), the relation is
i = —N|[ln(N a%v)]*lﬂ The scattering length can be adjusted experimentally by the method
of Feshbach resonance, which exploits the hyperfine structure of the atoms in the condensate.
Specifically, we see that the sign of ;i depends on [V, and that [V < 0 leads to focusing NLS

2We consider the B > 0 case solely in this paper. For § = 0 (Hartree dynamic), see [34} 28] [47] 53] 5T, 37,
38, 14, 2, [3].

3We note, in particular, that, unlike the 3D case, nothing special happens at § = 1. Exponential in N
scaling would allow one to shift the value of u, but still would not yield the 2D scattering length of V' itself.

4Although the definition of scattering length in [50, §9.3] is given in the case of repulsive potentials V' > 0,
it can be adjusted to the case of attractive potentials V' < 0, in which the requirement that ¢(z) = In % for
|x] — oo is replaced with ¢(z) = —In \%I for |z| — oco. Then is changed by the reciprocal, so we still
obtain an exponentially small quantity, rather than an unphysical exponentially large quantity in V.
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with g < 0. BEC with < 0 has been produced in laboratory experiments [24, 26, 59 42] in
different contexts, and solitary waves and blow-up have been observed. Thus there is strong
motivation for determining whether the mean-field approximation is theoretically valid
in different contexts.

We are concerned here with precise conditions under which and hold, and the
rigorous demonstration of this result. For our quantitive formulation of the N — oo limit,
we use the BBGKY framework. Specifically, let vy be the projection operator in L?(R*Y)
onto the one-dimensional space spanned by 1. The kernel is

(1.5) Ity Ty) = Un(t en) Uy ()

Let VN) denote the trace of v, over the last (N — k) particles, called the k-th marginal

density. Then 'yg\,) is a trace-class operator on L?(R%) with kernel given by

(1.6) 751\;)(?5,1“16,1“2) —/ YN TR, TN T, Ty ) AN
N—k

In this language, (1.2)) becomes the informal statement

YN (8 ep 1) ~ H«pm (rj:1)

Our main result demonstrates that this holds, in the sense of convergence as N — oo in
the trace norm. Our result covers the focusing case in 2D, also known as the mass-critical
focusing case in the NLS literature. Previous results either dealt with the defocusing case in
dimensions 1,2, or 3, or the focusing case in dimension 1 (obtained either as limit from 1D or
3D quantum many-body dynamics).

Definition 1. We denote Cy, the sharp constant of the 2D Gagliardo—Nirenberg estimate:
1 1
(1.7) 10l s < Con [|0ll72 V|72 -

Theorem 1.1 (Main Theorem). Assume that the focusing pair interaction V' is an even
nonpositive Schwartz class function such that ||V, < 2% for some v € (0,1). Let ¥y (t,xn)
gn

be the N — body Hamiltonian evolution e~y (0), where
k
(1.8) Hy =Y (=L, + 0 [ay]%) Zz\ﬂﬁv (NP (z; — )

7j=1 Z<]

for some nonzero w € R/{0} and for some § € (0, %), and let {71\7 } be the family of
marginal densities associated with 1. Suppose that the initial datum 1)y (0) verifies the
following conditions:

(a) the initial datum is normalized, that is

[¥n O =1,
(b) the initial datum is asymptotically factorized, in the sense that,
(L9) lim T |73 (0, 21;2) = dp(1) Bol21)| =0,

N—oo
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1
for some one particle wave function ¢, s.t. H (—Ax + w? \:1:|2) 2 qﬁo‘ )

(c) initially, each particle’s energy, though may not be positive, is bounded above

(1.10) syvp% (1 (0), Hytoy (0)) < 0.

Then ¥Vt > 0, Vk > 1, we have the convergence in the trace norm or the propagation of chaos
that

lim Tr
N—oo

=0,

k
VWt xi %) = ] ot 2)a(t, o))
7=1

where ¢(t,x) is the solution to the 2D focusing cubic NLS

(1.11) 09 = (=D, +w?z) ¢ —bolo|” ¢ in R*H
¢(0,2) = ¢o(x)

and the coupling constant by = | [5, V (x)dz| .

Theorem [I.1] is equivalent to the following theorem.

Theorem 1.2 (Main Theorem). Assume that the focusing pair interaction V' is an even
nonpositive Schwartz class function such that ||V ;1 < 02—5; for some a € (0,1). Let ¢y (t,xn)
be the N — body Hamiltonian evolution e~ (0) with Hy given by @ for some nonzero
w € R/{0} and for some p € (0,1/6), and let {75\];)} be the family of marginal densities
associated with 1y . Suppose that the initial datum 1)y (0) is normalized and asymptotically
factorized in the sense of (a) and (b) in Theorem and verifies the following energy

condition:
(¢’) there is a C' > 0 independent of N or k such that

(1.12) (Y (0), Hypy(0)) < C¥N*, VE > 1

though the quantity <wN(0), H]’%¢N(O)> may not be positive.
Then ¥Vt > 0, Vk > 1, we have the convergence in the trace norm or the propagation of
chaos that

lim Tr
N—o0

=0,

k
'VEV (t,Xp;X}) — Hgbt:nj )
7=1
where ¢(t,x) is the solution to the 2D focusing cubic NLS (1.11)).

It follows from the fact that 15 evolves according to 10,1y = Hy and the definition
(1.5, (1.6) of the marginal densities 75\];) that

k
’Lat’)/g\];) — Z [— Aa:j —I—w2 |?L’j|2 ,’)/5\];)] Z [VN ) k)
j=1

1<1<j<k

ZTrk—l—l [VN — Tht1), g\I;H)] )
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This coupled sequence of equations is called the BBGKY hierarchy. The use of the BBGKY
hierarchy in the quantum setting was suggested by Spohn [58] and has been employed in
rigorous work by Adami, Golse, & Teta [I] and Elgart, Erdss, Schlein, & Yau [27, 29} 30, 31, 32].
The latter series of works rigorously derives the 3D cubic defocusing NLS from a 3D time-
dependent quantum many-body system with repulsive pair interactions and no trapping
(w = 0). Their program consists of two main stepsE] First, they derive H'-energy type a
priori estimates for the N-body Hamiltonian from which a compactness property, for each k,
of the sequence {75’;) 112, follows, yielding limit points v solving the 3D Gross-Pitaevskii
hierarchy
k

k
(1.13) 10y *) + Z [Ark, 7(]“)} = by Z Trp, [0(r5 — Tre1), 7(k+1)], forall k > 1.
=1 =1

Second, they show that has a unique solution which satisfies the H'-energy type a
priori estimates obtained in the first step. Since a compact sequence with a unique limit point
is, in fact, a convergent sequence, it follows that (in an appropriate weak sense) solutions to
the BBGKY hierarchy 755) converge to solutions to the GP hierarchy v*). Moreover, it is
easily verified that a tensor product of solutions of NLS solves the GP hierarchy, and
hence this is the unique solution.

In the defocusing literature, a major difficulty is that the uniqueness theory for the
hierarchy is surprisingly delicate due to the fact that it is a system of infinitely many
coupled equations over an unbounded number of variables and there has been much work
on it. Klainerman & Machedon [45] gave a Strichartz type uniqueness theorem using a
collapsing estimate originating from the multilinear Strichartz estimates and a board game
argument inspired by the Feynman graph argument in [30]. The method by Klainerman &
Machedon [45] was taken up by Kirkpatrick, Schlein, & Staffilani [44], who derived the 2D
cubic defocusing NLS from the 2D time-dependent quantum many-body system; by T. Chen
& Pavlovi¢ [10], who considered the 1D and 2D 3-body repelling interaction problem; by
X. Chen [15, [16], who investigated the defocusing problem with trapping in 2D and 3D; by
X. Chen & Holmer [I7], who proved the effectiveness of the defocusing 3D to 2D reduction
problem, and by T.Chen & Pavlovi¢ [11] and X.Chen & Holmer [16, 18, 21], who proved
the Strichartz type bound conjectured by Klainerman & Machedon. Such a method has
also inspired the study of the general existence theory of hierarchy , see [12, O, 35, 57].
Recently, using a version of the quantum de Finetti theorem from [48]E], T.Chen, Hainzl,
Pavlovi¢, & Seiringer [§] provided an alternative proof to the uniqueness theorem in [30] and
showed that it is an unconditional uniqueness result in the sense of NLS theory. With this
method, Sohinger derived the 3D defocusing cubic NLS in the periodic case [56]. See also
[22, [0].

However, for the focusing case, things are different. How to obtain the needed H!-
energy type a priori estimates is the central question. To be precise, without such a
priori estimates, one cannot check the requirements of the various uniqueness theorems

5See [6, (36, (52, [46] for different approaches.
6See also [3, 2).
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[30, [45], [44. 15], 16l 56, 8, 22], [40] at allﬂ It is already highly nontrivial and may not be possible
to even prove the weaker type II stability of matter estimate

(1.14) (Yn, Hytpy) = —CON for all oy, € L2(R™)

when Hy is given by (1.1)) with V' < 0 while it is obviously true when V' > 0. The first
complete work on the focusing problem was done by X.Chen and Holmer [19], 20] for the
time-dependent 1D problem. The key is to explore the structure of the 2-body operator

N -1
(115) H—‘rij = —Am + W(’IQ) — Arj + W(T‘j) + TNnBV(N’B(’I“i — Tj))

generated in the decomposition of Hy. Such a technique was later used independently
by Lewin, Nam, & Rougerie in [49], where they investigated the ground state problem in
the focusing setting. The main portion of this paper is devoted to this problem in 2D. In
particular, we prove

Theorem 1.3. Consider the focusing many-body Hamiltonian

k
1
Hy =3 (=00 + 0 o) + 5 DNV (N (s = ),
j=1 i<j

in 2D. Assume w > 0, f < ¢, and ||V, < g5 for some a € (0,1), then let co = min(+=2,
gn

we have Yk = 0,1, ..., there is an No(k) > 0 such that

3
N [=
~—
-

(1.16) (s (VU +1) ) > ]| SP0y s

for all N > Ny(k) and for all v € L*(R*N). Here

k
SO =T[5,
j=1

and S? is the Hermite operator —/\,, + w? |z;|.

The difficulty of proving Theorem is self-evident. In the 2D setting in which the kinetic
energy, effectively the H! norm, cannot control Vy, effectively a Dirac 5—masﬂ, not only
Theorem provides stability of matter, it also proves regularity. The key to the proof, as
we will explain later, is to make use of a large N averaging effect which is revealed via a
clever application of a finite dimensional quantum de Finette theorem in [49].

n fact, one of the authors of [27] 29] B0, BT, B2] remarked the a priori bound was the most delicate part
in the defocusing case as well when the results were revisited in [6].

8Different from the limit NLS in which the L* norm is easily controlled in H?', in the N-body setting, one
has to control a trace with H!.
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1.1. Organization of the paper. As mentioned before, the main portion of this paper is
devoted to proving Theorem [I.3] We do so in §2] We will first prove the k = 1 case:

(1.17) (Yn, (N Hy + 1) 9y ) = (1= @) [| Sty ][7,

which is Theorem [2.1]in §2.1]

We remark that not only the proof of Theorem [2.1] departs totally from its analogues in
the previous work, its underlying machinery is also significantly different. Theorem works
because of a large N averaging effect not observed before. To explain this fact, consider the

general Hamiltonian (1.1)) and let H;; be defined as in (1.15]), then by symmetry,
(Yn, (NT'Hy +1) wN>xN = (Un, 2+ Hi12) Y )y, s

that is, ((1.17)) is equivalent to

(1.18) (W, 2+ Hy) ) = C||(=Ar, + W(r2)? iy

In all the defocusing work [11, 10} 15} 16, 17, 27, 29, 30}, B2, 31, [44], 56], estimates like ([1.18)) are
automatically true because V' > 0. In the previous focusing work [19} [20], it takes substantial

2
2’

work to prove the similar estimates but they actually do not rely on the fact that ¢, is
a N-body bosonic wave function in the sense that they hold even if one replaces 1y by
some f(x1,22) in ([1.18). However, Theorem requires that ¢ is a N-body bosonic wave
function. In fact, when V < 0, in 2D, the quantity (f, (2 + H,12) f) is not even bounded
below, because of the J-function emerging from Vy. Hence, we are observing a large N
averaging effect, or more precisely, "though Vy gets more singular as N — oo, larger N beats
it.", as we will see in the proofﬂ Moreover, this is the only energy estimate in the "nD to
nD" m literature which requires the trapping w # 0 at the moment.

Based on the k = 1 case, we then prove the £ > 1 case in with a delicate computation
using the 2-body operator. In §2.3] by giving a counter example, we show that with the
current technique, one can not reach a higher .

With Theorem [L.3] established, we prove Theorems [I.I] and [I.2)in §3] Though the technique
in 43| is standard by now, this is the first time the derivation of the trapping case is written
down without using the lens transform in [15] [16, 9] and it simplifies the argument.

1.2. Acknowledgements. X.C. was supported in part by NSF grant DMS-1464869 and
J.H. was supported in part by NSF grant DMS-1500106.

2. STABILITY OF MATTER / ENERGY ESTIMATES FOR FOCUSING QUANTUM
MANY-BODY SYSTEM

In this section, we prove stability of matter / energy estimate (1.16]) H

9See Remark

0Here, "nD to nD" means "deriving nD NLS from nD N-body dynamic".

UFor the defocusing case (V' > 0) in which there is no need to worry about particles focusing to a point, it
certainly makes sense to only call estimates like (1.16)) "energy estimates". However, that is obviously not
the case when V' < 0. Moreover, does have a similar form with the stability of matter estimates like
1D Hence we use the word "stability of matter / energy estimates" here.
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2.1. Stability of Matter when k = 1.

Theorem 2.1 (Stability of Matter). Assume w > 0, § < ¢, and |[|V|,. < 35 for some
a € (0,1), then YCq > 0, there exists an Ny > 0 such that A

(On, (NTHHy + Co) ) = (1 — @) [|Sinf3a 4

for all N > Ny and for all 1y, € L2(R?*N). Here, Ny grows to infinity as Cy approaches 0. In
particular, the N-body system is stable provided N 1is larger than a threshold.

Remark 1. In the previous focusing work [19,20], there is a positive lower bound for the Cy
while there is no such requirement in Theorem[2.1] as long as Cy > 0.

To prove Theorem [2.1 we adopt the notation that: for any function f, write
frig = NP F(N(2; = ).
The key of the proof of Theorem is the following theorem.

Theorem 2.2. Define

N -1
N

1

t, and ||V < &= for some o € (0,1), then YCy > 0, there exists an
an

(2.1) Hy; = S? + S]? + Vij-

Assume w > 0, f <

No > 0 such that
(¥, (2Co + Hi2) ) 2 2(1— ) [ Sitbyll72

for all N > Ny and for all ¢y € L2(R?N). Here, Ny grows to infinity as Cy approaches 0.

Proof of Theorem assuming Theorem [2.9. We decompose the Hamiltonian Hy into
1

-1 _ .
(2.2) N HN+C’0_2N(N_1 ijzl:N@Co—l—Hw).
Hence
(s (NTHy + Co) ) = o 3 (i, (200 + Hyg) )
N> N ZN(N_l)ijl N N> () N
2 z;é’]’
1
m]; N (Yn, (2C0 + Hiz) ¥)
Ty

> (1-a)[[Siyllz. .
U

We then turn our attention onto the proof of Theorem [2.2 We will prove the following
proposition.
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Proposition 2.1. Assume w >0, 3 < ¢, and V||, < 3= for some a € (0,1), define the
an

operator
N -1

Hij,oe = OZSZ2 + OZSJ2 + N

Then YCq > 0, there exists an Ny > 0 such that
200 + Hijp[ >0, VN > Ny.

VNij .

Here, Ny grows to infinity as Cy approaches 0.

Proof. See O
In fact, assuming Proposition [2.1] then
Wy, (2C0 + Hio)¥y) = (1—a) (¥, (ST +53) ¥y) + (@n, 200 + Hize) ¢y)
> 2(1—a) Syl
Hence we are left with the proof of Proposition [2.1]

2.1.1. Proof of Proposition . Define the Littlewood-Paley projectors (eigenspace projectors)
by
PiM = X(o,M] (Sj) )

k

k
k j k j
Pér = T1Pae PS =TT P
j=1

J=1

We will need the following lemmas.
Lemma 2.1. EILet H;j o be defined as in Pmposition then, for all e € (0,1), as long as
M > \/%N?B, we have
H12704 2 PéQJ‘)/[Hu@PéQA)/[ — 2€2Pé2]\)/[ |VN12| PéQ) .
Proof. We write
2 2 2 2 2 2 2 2
s2 = (P + PR, 52 (PO + PRY) = PO, S2PE, + PRS2 PE,
because
2 2 2 2
P52, = PSP, =0
We then write
Ve = (PG +P3) Ve (PG + PR
= PS\ZVNmPg\Z + PS\)/[VNHPSA)J + Pge/[VlePg\)/[ + P&Vszﬁ%
We estimate the high-high terms by

<¢N7P£2]\)4VN12PSJ\)/I¢N> > —N* ||V||oo‘

2
2

2
Pen|

12This lemma is essentially [49, Lemma 3.6].
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and the high-low and the low-high terms by Cauchy-Schwarz,

1
(s PAViPliin) > =5 (PR Vel PR ) = & (PR, Vel PRy )
N |V||
z HP M¢NH —€ <P§J\)/[¢N,|VN12|PS\)/1¢N>-
Hence
Hyo =2 P( ) v Hio aP(Q]\)4 + Pg\ZC'oPS\Z + ane/[Snge/[ + aPS\ZSSPS\Z
2 2 2 2 2
~PO IVl (14 )N PR — 262 P8 Vivial P
Whenever M > 3”‘;;' , we have
2 2 2 2 2 2 2
aPLSTPE) + PO SEPE — POV | (14 5)NYPE,
2 2 2 2 2
> PR20MPE, = POV, (1+ 5)NPPE, > 0.
Hence
Higo = PO H1o o PO — 262P2) Vo] P,
as claimed. ]

Lemma 2.2 (Finite dimensional quantum de Finetti [23, Theorem II1.8] or [49, Lemma
‘ N
3.4]). ssume {7%)}19 18 the marginal density generated by a N-body wave function
=1
Yy € LA2(R?N). Then there is a probability measure duy supported on the unit sphere of
Pcyr (LA(R?)) such that

8Dy

T PEARPS, - [ 6°%) (62 dny(6)| < 221
S(P¢p(LE(R%)))

where Dy is the dimension of P<yr (L2(R?)).

Remark 2. Lemma(2.9 is the only place in which this paper needs w > 0. It is a magjor open
problem to prove Lemma (2.3 without assuming a finite dimensional Hilbert space.

Lemma 2.3. If |V, < 04 , then there exists ¢ which depends solely on |V'||;. such that,
for all ¢ € L*(R?) with ||¢||L2 =1, we have

E-(¢) = (p(1)p(22), Hiy o p(1)p(22)) > 0

where
—1

(23) Hf?,a = OKS% + a522 + VN12 — 282 ’VN12|

1370 be precise, this version we are using is [49, Lemma 3.4]. If one uses [23, Theorem IL8] to prove it,
one will have a 16 instead of a 8. The optimal coefficient is important in the literature of de Finetti theorems,
but it does not matter for our application here.
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Proof. We first compute directly that
N —1
E.(¢) = Qa/ 1So|? dx + Y / Viviz |(21)o(22)|? dayday

—252/|VN12| |¢(I1)¢(ZE2)|2 dl‘ldl‘g.
Apply Cauchy-Schwarz,
o [ 150l = (422 o 15 .

Use Young’s convolution inequality,
> 20 [ 196" o — (14 28 Vil |12 16F

~ 2 / SB2dr — (1+28%) [Vl 6]

With estimate ((1.7)), we get to
E9) > 20 [ |86 do — (14 2)Ci V|0 [V

Hence, when ||V, < we can select € small enough so that

C4a

E.(¢) > 0.

With Lemmas [2.1] to [2.3] we now prove Proposition [2.1]
Proof of Proposition[2.1 The trick is to notice the equaltiy
2 2
(PRons HigoPOtbn ) = T Hiy o PR PR
where HY, , is defined in (2.3)). It helps because

<wN7 (200 + H12,a) 77/}N>
> 200 + <Pé2]\)4wN7 H527apé2]\)4w]v>

= 2C, + Tr Hy, aP®1\2/[7§\27)P§1\)4

provided that M > 3“‘22' by Lemma
Rewrite

2
Tr Hyy o PO PO

= Tr/ Hfz,a |¢®2> <¢®2| dun ()
S(P<n(L2(R2)))

+ | B PAAOPS - | Hipo [6°2) (6% din (9)
S(P<n(LE(R?)))
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We can use the inequality Tr AB < [|Al|,, Tr[B] to get to
(Y, (2C0 + Hiza) ¥y)
> 20y + / E.(¢)dpy(9)
S(P<ar(L3(R?)))

- ||H162,04H0p Tr

PRSP - | 692) (6] din (0
S(P<nmr(LE(R?)))

Now fix ¢ as in Lemma [2.3] apply Lemma, on the second term and Lemma on the
third term, it becomes

8D
op N
On the one hand, with frequency smaller than M, the Hermite operator in 2D has at most
M* eigenfunctions, that is

(U, (2C0 + Hina) Yy) = 2Co — HHE,aH

CN*
gt

Dy < (M?)’ <
On the other hand,

e 2 2 s ON 2
[ Hizall,, < 20M% + (1+26%) V] oo N* < o
Thus we conclude that
CNS8
(U, (2C0 + Higo) ¥y) = 2C — N =0
provided that N is large enough and < %. Thence we have completed the proof of
Proposition [2.1], concluded Theorem and obtained Theorem [2.1] O

Remark 3. The above proof is exvactly what we meant by saying "though Vy gets more
singular as N — oo, but larger N beats it." in the introduction.

2.2. High Energy Estimates when k£ > 1. Assuming ((1.16) holds for k, we now prove it
for k + 2. Using the induction hypothesis, we arrive at

(24) C,%WN, (NTHHy + 1)) > 01<S<’f><N—1HN + o, SO (N HHy + 1)y
0

oN

We decompose N1 Hy + 1 like in (2.2)), but this time we separate the sum as

1 1
N(N —1) 1<i<j<N N(N -1) 1<i<j<N
i<k i>k

Then (12.4) unfold into three terms if we combine the two crossing terms, namely

1
=) (Y, (N Hy + )29 ) > M + Ec + Ep
0



14 XUWEN CHEN AND JUSTIN HOLMER

where the main term M is

1 k k
M:C2N2(N_1)2 Z <S()(2+Hi1j1)¢N7S()(2+Hi2j2>¢N>7
0 1<i <j1 <N

1<io<ja <N
such that i1 >k, 12>k

the cross error term FE is

1
Eo= 55— 2Re (S® (2 + H,,; S®™ (2 + H,,;
© C%NZ(N— 1)2 1<i<Zj<N e< ( + 1]1)¢N7 ( + 2]2)¢N>,

1<ia<jo<N
such that i1 <k, io>k

and the nonnegative error term Fp is
1

Ep = — — S® (2 4+ H;, S® (2 + H,,,
P C%N2(N— 1)2 1<i§<N < ( + 1]1)¢Na ( + 2]2)¢N>
12i3<2<N
such that 71 <k, o<k
1
= ANIAN 12 < > SWetHy vy, Y, S®2+ Hizjz)?/)zv> > 0.
0 1<i<j<N 1<i<j<N
i<k i<k

Here, we distinguish the terms by the cardinality of the sums. Implicitly, we always have
N >> k, hence the main contribution comes from the sum ), _,_,. In fact, M has ~ N 4
summands inside while the cross error term Eq has ~ N3 summands.

Since the nonnegative error term Ep > 0, we drop it and becomes

1
(2.5) ) <¢Na (N"'Hy + 1)k+2¢N> > M+ Ec.
0

The strategy is to first extract the desired kinetic energy part from the main term M in
§2.2.1| then prove that the cross error term Eo can be absorbed into M for large N in §2.2.2)
During the course of the proof, we will need the following lemma.

Lemma 2.4 ([I9, Lemma A.2]). IfA; > Ay >0, By > By >0 and A;B; = B;A; for all
1 S Z,j S 2, then AlBl 2 AQBQ.

2.2.1. Handling the Main Term. Commute (1 + H; ;) and (1 + H;,;,) with S® in M,

1
- - E (k) - )y §k)
(26) M - C(Q]NQ(N o 1)2 ' 4 <S wN7 (2 + Hlljl) (2 + H12]2) S wN>
1<ii<ji1<N

1<i3<ja<N
such that i1 >k, ia>k

We decompose the sum into three pieces

M = M, + My + Ms;
where M, consists of the terms with

{in, g1t N {2, jo} = 2,

M, consists of the terms with
i, g1} N2, g2} = 1,
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and M; consists of the terms with

i1, g1} N {2, ja}| = 2.

By symmetry of 1,, we have

1
My = 5@+ Hameen) S0y, (24 Hassyern) SPvn)
0
L
My = g2¥ {2+ Huenwrn) SP9n, 2+ Horers) SO9n)
0
1
My = o5 N2+ Hurnmez) SP%n, (24 Hurnpez) SY9n)
0

We drop Mj since it is nonnegative. Thus (2.6 becomes
M > My + M,.

By the fact that
[2 + H(gpt1)(k12), 2 + H(k+3)(k+4)] =0,

we deduce
4(1 — a)?

M
! 4c2

WV

(S, Si 1 Si2SWy)

using Theorem [2.2] and Lemma Recall ¢y = min(l’T;, 1), hence

2
(2.7) My 2 2(S% Dy, SEDy ) = 2[|SEDy |,
We now deal with M,. We expand
My = My + Mao + Mo

where

N 1
My = 902 <(2 + Sk+1 + Sk-‘,—?) S wNa (2 + Sk+2 + Sk+3) S wN)
0
N—l
My = 2 Re((2 4 57,1 + Siys) SO, Vs wrn ST on),
0
N1 (k) (k)
My = 5.2 —5 (VN1 64+2)S U s Vi er2) e43) S Uy )-
0

We keep only the Sp,, terms inside My, which carries as many derivatives as in (2.7) and
hence is the second main contribution. That is
(2.8)

My > <Sk+28k+28 M, SEp ) = 2N TS STy, SPep ) = 2N 71| S SEH Dy |2,
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For Mys, we first rearrange the derivatives

2N—1
My = 2 (SW v, Vivgeray sy S y)

0

N7 e (k+1)

+— (S, Vv S0 )
0

A (#)
+ (Ser2SW Yy, Vivgera) (b3) Sir2. S )
0
B—
2 Re<Sk+QS Dn, (VV)y k;+2(k+3)S "n)

Notice that, in the above, we have used the fact that V is the only thing inside S; that needs
the Leibniz’s rule[”] Do Holder,

M| $ N7'[Vigsz s ||L1 HS(k)l/}NHi?Lg%H
N[V k+3>||L1+ RO [

+N | Vars2)(k43) ||L1+ | Sk2S¢ k)i/fNHLgLow

Thk+3

+N’8_1 L1++3 ||Sk+2S(k ¢NHL2L§<})¢13 HS(k)l/}NH[ﬁng;g ,

(VV)

Apply Sobolev,
2
(2.9)  [May| S N7U||SEyy

12
M A O

< ONH sy,

LN ||S(k+2)wNHi2 4+ N ”S(Hz)wNHiQ

which is easily absorbed into the positive contributions. Alert reader should notice the loss
due to the failure of the 2D endpoint Sobolev:  — = = 1.
Do the same thing for Mss,

(2.10) [Mys| < N7 |[Vvgsnyms2)

< ON71+ HS(k+2)w

”S ¢N“L2L”_ L~

Th+1"Tk+3

N HL2 :
Collecting (12.7)-(2.10), we arrive at the following estimate for M:

(2.11) M > (2= CNP) (JIS®20)|7. + N 7Y S15% V| 2)

2.2.2. Handling the Cross Error Term. Next we turn our attention to estimating Fx. We
will prove that

(2.12) Eo > —Cmax(N¥=3F NO) (|[SE+ D 12, + N7Y[$8%+ D [12,) .
That is, E¢ is an absorbable error if added into (2.11]).

Y This is a fact proved and used by many authors. See, for example, [62].
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We assume k£ > 1, since Ec = 0 when £ = 0. We decompose the sum into three parts
(2.13) Ec=F,+ Ey+ FE3

where E) contains the terms with j; < k, Ey contains the terms with j; > k and j; € {is, j2},
and Fj5 contains those terms with j; > k, j; # 15 and j; # Jo.
Since H;; = Hj;, by symmetry of ¢, we have

Ey = KN2(SW (24 Hyp) ¢y, S® (2 + Hir1yo12)) V)
Ey = kN2(S™ (24 Hygay) @bN, ®) (24 Hipriygrz)) ¥
By = NY(S® (2+ Higesn)) Un, S (2 + Hpr2)(k43)) Un)

We first address E;. We commute (2 + Hj5) with S*) and obtain
Ey = Eyy + By + Eas,
where

By = N 3(2+ Hyp) SEp s (2 + Hy) k+2)) S(k)¢N>
S(k)
E, = N_2<Sl [SQ, le] ¢N7 (2 + H(k+1 k+2 ) )¢ >

S(k)
Eis = N%([Sy, H12] %v, (2 + Hpernyer2)) SP0y)

By Theorem and Lemma , E11 > 0 and we drop it. For FEis, since [Sy, His] =
—NP?(VV)n12, expanding (2 + H(k+1)(k+2)) gives

Sk

By = —2N"*(VV)vieg o G SiS ®eh )
B—2 S(k 2 2 (k)
-N <(VV)N12W¢N7(SIC+1+Sk+2)515 V)
12
52 S(k) S
—-N <(VV)N125 Y VN (k1) (k42)S1S ®ap )
1
Use Holder,
| By
3 S(k) 1
< N (VW) nizll s || gt N2 (|85 M|
1 SIS2 L2L;<i_
N S(k—i—l) 1
N (VV ) nell 2 || Zea o N7z [[SiS5 ||
! 5152 L2L;<i_
S(k) ,
NB=3 ||(VV ) 12— N—3 (k) .
T )N””LJ“VN(k+l><k+2>||sz+l‘5152 N L

Th+1
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Use Sobolev and notice that ||(VV)NIQHL3£J1r ~ NP* in 2D, we have
(2.14) Bl $ NS D] NS5O
NSOy | N7E [[S15P 0|
i ey EE
S NP (IS + NS * 7).

Now, for E13, notice that [Sy, His] = N?(VV )12, writting out (2 + H(k+1)(k+2)) gives,

Ei3 = 2Nﬁ72<(vv)N12_¢N7 S® )

5(

k)
-I—Nﬁ_Z((VV)Nu ¢N7 (it + Sk+2)s Yy)

S(k)
NP2V ) Nig S U, Vi tea2) STy

Thus
| B3|
52 S (k)
S NV el | a5l
1 LZLOO—
B—2 S+ (k+1)
N2 (T wnlgae | et 1S*uy]) s
1 LQL%i*
S(k)
Bf
NP2 (VV) ol 2t HVN(k—l-l)(k—IQ)HLHIE:H "_51 Uy P | St "LPNHLngz_l.

Hence, with the Sobolev estimates,

(2.15) | Ers]
S NSO [SP NI SE D 5
1 N26-2+ ”S(Hl)l/’NHL? ||S(k+1)1/)

< NP sE gy,

NHL2

Hence, combining with (2.14)), we have acquired
2 _ 2
£ N 815E Dy 7,

NHL2

(2.16) By > ~CN¥~3+ (||S<k+1>¢

since Fq; = 0.
Next, we deal with F5. We remind the readers that

By = kN"2(S® (2 + Hygoy) ¥y, S (24 Hprayisz)) Y-
Commuting (2 + H 1(k+1)) to the front, we write
Ey = Eo1 + Ey
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where

En = N~ <(2 - Hl(k+1)) SOy, S (2 + Hgy) (k+2)) Un),

B S(k)
Ey»p = N 2([51,H1(k+1} ¢N7 (2+ Hs1)(k42)) Un)-

For Fy;, expanding 2 + H;; yields
Eo = Eo11 + E919 + E913 + Eog

where

2+ 5T+ Siﬂ) S®y, 8¢ (2 + Sk+1 + Sl%+2) V),

N73((

N72(2+ S+ Si) S, Ve ey S ),
Eyny = N 2(ViigryS®y, SW (2 4+ 87 + Sipa) ),

N2 (V11 S® 0w, Vv s 2) SE 0 ).

-2

Note that Es;; > 0, so we can discard it. Expand FEs1s,
Eyy = 2N 2(S® 5, Vvt tea2) ST p)
(S8, Vi a2y S1S 0 )
+NP2SEH g (VV) yesyern) SEUN)
FNTHSE D o Vv e ST )
Apply Holder,
| E912]

S N ||VN(k+1)(k+2)HL;Ic+1 Hs(k)?ﬂN“L?Lg;H

AN Vil NISSP 0oy

+NP72 (VV) N(k+1)(k+2) it - HS(kH wNHL?LO“ HS(k wNHLQLg‘;;Q
+N “S(k+1)¢N||L2LgO;2

With Sobolev, we see

(2.17) Bya| < N2 ||5(1<:+2)¢]\[Hi2 L NN H&S(k“)@bNHiz

NS S
NS,

< N (|5 + N 55 L)

where we used max(N?~2* N~1*) = N~ for our problem in which 3 < 1.
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For FEois,

E213 = N_2<VN1(k+1)S(k)¢N7 S(k) (2 + S}?-&-l + 5134-2) @Z)N)
= 2N 2 (Vniger)yS®vn, S®Y ) + N2 (Viviger1)yS™ Sy, ST Syi0t )
+N'8_2<(VV)N1(1<+1) S®, SEY Y + N2 (Viyrepn) ST Hepy, SEDap )

Apply Holder,

|Exnsl < N7 ||Vvigsy)|

2
Lif,, HS(k)I/JNHL%;‘;;l

N [ Vaageen|

&) |12
1+ HSk QS 1/) _
ryp,, 1Pk 0N e

SR (A AT R [N [P Y s

Lyt
N2\ (YV) nagig) pe 1SE Dy |7

Utilize Sobolev,
(2.18) Bual < N72||SEHy |7, + N7 ||y |,

+NITENTH|S1S By || o [|S1SE

N2 60

S N (N $i8E gy |3, + S0
Then, for Eay
Baal = [N (Vg S® 0w, Vi SO0y |

2
Lif,, Hs(k)wNHng‘fL‘”*

S NV Ve e =

S NN st
Together with (2.17)-(2.18), we have the estimate for E,
(2.19) Ey > —CNP-IF (NA Hsls(kJrl)wNHiz I HS(H2)¢N||;> ’

because EFy; = 0.
We now turn to FEay which is

B S ()
FEyp =N 2<[51, Hl(k—i—l)]S_le’ S (2 + H(k+1)(k+2)) V)

Substitute [S1, Higkt1)] = Nﬁ(VV)Nl(kH) and expand 2 + Hj11)(k+2) to obtain

Eoy = Fagi + Eao1 + Faog
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where
B2 S® (k) o2
Eyn = NPH(VV) N1t S Yy, S SV
B—2 S® (k) g2
Eyp = NP2(VV)Nigt) ) Yy, S Skia¥nN)

B S(k)
Ey3 = NP 2((VV)N1(1<:+1)S_1¢N,S(k)VN(k+1)<k+2)?/fN>

For FEsy1, we first Holder at x; as follows:

S (k)
|Eon| S NO2[(VV) nigsr) Izt = wNHLzLoo—HS ) Sy 2,

then Soblev to obtain

_3 _1
NP2 SWap || 2 N 72| S ST || 2

(2.20) IS
S NP (S 2a + NS SE e |12,) .

Use Holder in z11 for Eago, we get

_ S®)
(2.21) |Bapa| S N7 2||(VV)N1(k+1)||L1+ ||_Sk+2¢N||L2L°°* 15¢ 5k+2¢N||L2L;7€;1
S NS EH D | .
Then, argue in the same way for Fao3,
|Bass] S NPZ(VV)nigenllpe
S (k)
X[ —— 3, ¢N||L2L°° ng’;2||5 @Z)NHL?L"O L7,
S NPT SED ]| 2 N2 S .8 Dy || 1o
S NP (ISE gl + NTHS1SE g )
Together with (2.20]) and (2.21)), we have the estimate for Fss,
(2.22) Bzl S N*75% (|IS®y |72 + N7HSLSE Dy 7).
This completes the treatment of Fs,. Specifically, (2.19) and (2.22)) give
(2.23) By > —C'max(N*~2 NO7H) (J[S®y |2, + NS00y )12,)

Finally, we treat F3 which is
Es = N_1<S(k (2+H1 k41 )¢Na (2+H(k+2)(k+3)wN>
Commute (2 + Hl(kﬂ)) and S*)

Es = E31 + Esg,
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where

E31 = N~ <(2 + Hl(k+1)) S( w]\ﬁ (2 + H(k+2 (k+3)) ¢N>

S(k)
Es; = N7Y[S1, Hirsv)] _l/JNv B (2 + Hisoyoss)) Un)-

We first discard Es; because E3; > 0 by Theorem [2.2] and Lemma 2.4 For Ejy, we plug in
[Sl, Hl(k+1):| = Nﬁ(VV)Nl(k_H) and expand (2 + H(k+2)(k+3)) to obtain

S (k)
Esy = <(VV)N1(1«+1)S—¢N» S®) (2 + 51%+2 + Sl?—&-?)) VYy)

S(k)
+N7 <(VV)N1(k+1)T1¢N7 SOV k23PN )

B S(k)
= 2N° 1<(VV)N1(/€+1)_¢N7S(I€)¢N>
S(’f
Sh

S(k)
+NB_1<<VV)N1(I€+1)T1¢N’ SEVn sy b+3) ¥ n)-

2NV ) N1ger1) —— Skt s ST Siiathy)

First Holder again

| s
S NIV wan | s S(k)w e N1SM 0wl p2ps-
~ sz+1 Nllz2Lg Nllz2rg |
+N H(vv)Nl(kH)HL;LI ”‘S:g_lskﬂwNHLZL;z;l HS Sk+2¢N||L2L;2—1
ANV e e 1V L I ELX e
(k+1) L;:H N(k+2)(k+3) Lalez NlL2Ls = L7, NlL2Lg T 1357

then Sobolev gives

B3] < NS E |12 ]| SE Yy || 2 + NPT ST || 2| SEF2D g || 12
F NPT SEF D ([ 2| ST || 12
< ONOTHSERy )12,

That is

(2.24) B3 > —CN |50y 12,

Putting (2.16)), (2.23) and (2.24]) in one line, we obtain the estimate for the cross error term

Ec > —Cmax(N*72%, N°7) (| S® g |72 + N7 8155 gy [22)

which is exactly (2.12)).



2D CUBIC FOCUSING NLS FROM 2D N-BODY QUANTUM 23

Finally, combining (2.11)and (2.12]), we have

1 _
E(lea (N""Hy + )"y y)
0

> (2 Cmax(N? 30 N7 ) (|SE 0 + N SiSE )
> [IS®F + NS SE

for N larger than some threshold, as originally claimed. Whence, we have proved (1.16] for
all k and established Theorem [T.3

2.3. Remark on higher . It is easy to see from §2.2) that Theorem [I.3] will hold up to
B < 3/4 as long as Theorem works for higher §. It is certainly of mathematical and
physical interest to push for a higher g in Theroem On the one hand, higher 5 makes
the convergence Vy — —byd as N — oo faster and hence is more singular, difficult, and
interesting to deal with. On the other hand, larger 8 means stronger and more localized
interaction.

Examing the proof of Theorem [2.1], one immediately notice the obstacles lie in Lemmas
and 2.2l While it is extremely difficult to improve Lemma one would certainly wonder
how to improve the crude estimate, Lemma However, it turns out that the crude estimate
is actually optimal in the sense that it fails 1f M<LC N— for some § > 0. (See Lemma
below.) Thus, there is no obvious way to improve the current result and reach a higher .

Lemma 2.5. Suppose that V € S(R?) with V(ﬁ) =1 for || < 4. Suppose that M; = M;(N),
j = 1,2 are dyads with 0 < M; < My < N? and limy_,o %1 = o0. There does not exist
a constant C independent of N such that the following estimate holds: for all symmetric

?/)(9517 372);
(2.25) / Viv(ar — 22) [Pyt 22) P das dra < CI V102

Before proceeding with the proof, we make a few remarks. First, the assumption V(§ ) =1
for |£| < 4 can be eliminated, but we add it since it simplifies the proof and still covers a wide
class of Schwartz class potentials. Second, we note the estimate is in fact true when
M, /M, remains bounded as N — oo. This follows readily from scaling and the Bernstein
inequality: if M is a single dyadic interval, then ||Py¢|[p < M||Pyo||r2. Moreover, the
core of Lemma is effectively the estimate

(2.26) /yvN(xl — 29) || PR (a1, 20) |2 dary dwy < C||V190]|2 for My > NP,

Lemma shows that Lemma cannot be improved in the sense that one cannot select
My = NB and M; < NP (for example M, = NP9 for any § > 0) and expect (2.26] to hold.

Proof. Replacing z; by T and N = 1/+J\/[1/257 we obtain that the estimate ([2.25|) is
equivalent to " ’
/ Vil =)l P e et )| da dzs < C Vi3
(35) =e=(32)
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1/2 - 1/2
Notice that My < N7 implies (%) < N? and limpy_.o % = oo implies that limy_, <%> =

1
oo and hence limpy_,oo N = o0.
Thus, it suffices to assume that in , we in fact have limy_.o M; = 0 and limpy_,oo My =
00.
For any functions W, vy, 1,, consider

IdZEf W(ZL‘l — Ig)lﬂl(fEl,Ig)?/)Q(l'l,fL‘g) d[El de‘g

1,22

- / PTG Y () (€, €,) by (21, 72) day dovy
x1,22,1,61,62

= W(n)¢1(§1» 52)/ e~ (&) eiz2(&a=Mhy (21, x9) day dag dn d€y day

1,§1,82 xr1,T2

=/ W () (&1, &) 0o (& + 1, & — 1) dnd€, d&,
UESES)

= | W&~ 3.6+ a6 + 5.6 — ) dadEady
17,81,

=/ W (20)iby (& — 0, & + M)a(Ey + 1, € — 1) dEdEodn
URS RIS

Let
Iy & / [V (21 — @) || Pagy <o<any (21, 22) |* davy diy
and

55 [ 6o = )l P cocant 1, 2) P o

= / ’PM1§-§M2¢(9C,37)’2 dx
We show that Jy, = Js. To obtain I = Jy, — Js, in the expression for I, we take W = Viy —§
and ’QU]- = PM1§°§M2¢' Then

~ ~ 217
W(2n) =V

so W(2n) = 0 for |n| < 2N”. On the other hand, the frequency restrictions on t; imply that
&, — 1| < My < NP and |§; + 1] < My < NP, Tt follows that

20 = (&, 4+ 1) — (& — ) <&+l + 16 —nl <2NP

Consequently I = 0, completing the proof of the claim.
We argue by contradiction assuming that (2.25) holds with C' independent of N. Since
JV = J57

)—1

Js = / Pacocrnth(@, @) dz < OVt
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with a constant C' independent of N, where M; — 0 and My — oo as N — oo. By Fatou’s
lemma,

(2.27) / (a, 2) [ d < OV ]2

which is the (false) 2D endpoint trace estimate. A counterexample can be constructed as
follows. Let x be a smooth function with x(—z) = x(z), x(z) =1 for [z| <  and x(z) =0
for |z| > 1. Then
(21, 2) = x(21 — 2)x(21)x(22) In(=In[z) — 25])
is a symmetric function for which the left side of (2.27)) is infinite but the right side is finite.
More properly written, we can introduce a smooth function
Pe(w1, 2) = x(21 — 22)x(21)x(22) In(=In(|zy — 25 + ¢€))
Then
/ | (z,2)|*dr ~ Inlne?

while ||V, %.]|z2 is bounded independently of € as € — 0. Sending ¢ — 0 shows that any
choice of C in (2.27) can be beat, giving us the contradiction. O

3. DERIVATION OF THE 2D FocusiNnGg NLS

3.1. Proof of Theorem We start by introducing an appropriate topology on the
density matrices as was previously done in [27, 28| 29, 30, BT, B2, 144, 10} 15l 16} 17, [I§].
Denote the spaces of compact operators and trace class operators on L2 (R%) as Ky, and L},
respectively. Then (Kj)" = £i. By the fact that Ky is separable, we select a dense countable
subset {Ji(k)}@l C Ky in the unit ball of I (so ||Ji(k)||0p < 1 where ||-||,, is the operator
norm). For v 3% ¢ £1 we then define a metric d;, on L}, by

de(v®, 70 22

A uniformly bounded sequence 'y ) e L converges to v¥) € L} with respect to the weak*
topology if and only if

Te (1 = 50) .

lim di(yy',7™®) = 0.

For fixed T' > 0, let C'([0,T], L£;) be the space of functions of ¢ € [0, 7] with values in L}
which are continuous with respect to the metric dy,. On C ([0,7], L}), we define the metric

d (P (), 7% () = sup di(v® (1), 7% (1)),

te[0,7)

and denote by T,,,q¢ the topology on the space @;>1C ([0,7],L}) given by the product of
topologies generated by the metrics di on C ([0,77], L}).
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By Theorem [[3, we have, Yk = 0,1, ...,
TP 050 = [[sPun(r)]s
& O a7 1) 0 )
C* (4 (0), (N Hy +1) 1y (0) )

|
.Mw

(5) 0, g 15 0n0)

7=0

< (k) 170k
0 J

J:
< CF

=l

provided that N > Ny(k). That is the energy estimate:

(3.1) sup Tr S(’%ﬁi) (t)S®) < C*F.
t

With estimate (3.1]), one can go through Lemmas , and to conclude that, as trace
class operators:

Y (E) = [()) ($(£)|** weal*.

By the argument on [16), p.398—399], we can upgrade the above weak* convergence to strong
and hence finish the proof of Theorem [1.2]

Lemma 3.1 (Compactness). For all finite T > 0, the sequence
() = 4OV C ([0,T), L}
N()_ TN -1 C@ ([7 ]7 k)7
B k=1

which satisfies the 2D focusing BBGKY hierarchy

k

. o1 1
(3:2) iy = > [_ D+ |z ﬁgv)] + [VN(ﬂfi —2;),7V
= 1<i<j<k
k
N —k
t— > Trin [VN(% - $k+1)77§\};+1)] ,
j=1

where V' < 0, subject to energy condition s compact with respect to the product topology
Tprod- For any limit point I'(t) = {fy(k)}]kvzl, v ®) s a symmetric nonnegative trace class
operator with trace bounded by 1, and it verifies the energy bound

(3.3) sup Tr S®AHH® k) < O,
te(0,7)

5The proof [16, p.398-399] is actually for more general datum.
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N
Lemma 3.2 (Convergence). Let I'(t) = {fy(k)}Zo_l be a limit point of {FN(t) = {75’;)} } :
= k=1

the sequence in Theorem with respect to the product topology Tpred, then I'(t) is a solution
to the focusing GP hierarchy

k k
(3.4) 10" = Z A |Ij|2 vV(k)} —bo ZTrlH—l [0(z; — $k+1)77(k+1)} )
j=1

J=1

subject to initial data v® (0) = |@y) (¢o|=* with coupling constant by = [V (x)|dz. which,
written in integral form, is

k t
(35) A" (1) =UP )™ (0) +ibo Y / UB(t — ) Trpg [0 (2 — 2ppa) , /% (5)] ds.
j=1"0

where
. , 2
U(k)(t) _ eit(fAz].+w2\mj\2)e_lt(_ﬁ‘z;+w2’xj’ )

Lemma 3.3. f L(t) = {fy(k)}:il 15 a solution to subject to the following two condi-
tions:

(a) I'(t) is sequence of normalized symmetry nonnegative trace class opertors which is a
limit point of some N-body marginals with respect to the product topology Tproq o7 satisifes
Tryyq yFHD = A3,

(b) For some o > 2, we have the regularity estimate

sup Tr (S(k))a’y(k) (S(k))a < CF,
te[0,T

then I'(t) is also the only solution of subject to (a) and (b).
In particular, if T(t) checks (a) and (b) of this lemma and v* (0) = |¢,) (¢o|=* where ¢,
1
satisfies H (—Lg + w? |x|2) : gbo‘

< 00, then
L2(R)

Y (1) = |o(1)) (o) *"

where ¢(t) solves the 2D focusing cubic NLS . This is because |p(t)) (p(t)|*" is a
solution to subject to (a) and (b) of this lemma.

To prove Lemma [3.1] and [3.2] we need the following lemma.

Lemma 3.4 ([44, Lemma A.2]). Let f € L'(R?) such that [g, (r)|f (r)|dr < oo and
Jgo f (1) dr =1 but we allow that f not be nonnegative everywhere. Define fo (1) = a2 f ( ) )

r
«a

60ne can also use the Strichartz type uniqueness theorems [I5, Theorem 3] or [44, Theorem 7.1] here.
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Then, for every r € (0,1) , there exists Cy, > 0 s.t.
|TT J(k (fa ( — Thy1) — O (7’; — Thy1)) V(kﬂ)‘

e firmipra)a

(lo-satu-or |
op
X Tr Ay ) (1 — A$k+1> A F+1)
(/|f )| |r|” dr) (Hsjj<k>S;1||op+||s;1J<k>SjHo )Trs Sk S, S

for all nonnegative y**1) € L' (L? (R?++2)) .

N

op + H(l - ij)_%J(’“)(l _ ij)%

Proof of Compactness. By [32, Lemma 6.2], this is equivalent to the statement that for every
test function f*) from a dense subset of K; and for every ¢ > 0, there exists d(f*), ¢) such
that for all t1,ty € [0, T] with [t; — t2] < 0, we have

sup [T fB7 (1) = T FO5 1) <.
We select the test functions f*) € KC;, which satisfy
||SSf IS 1H +HS 1S Lyt SSH

Let 0 < t; <ty < T, we take advantage of the 8t7 N in the hierarchy 1| and use the
fundamental theorem of calculus to get to

(Trf(’“)%?)(tz) — T fO40 (1)

<

T Z/ T 8 [V (s = 27) 80 ()] | s

1<z<j<k

—k 2
S
j=17t

We estimate each term as follow. The first term can be easily estimated

/t2
t1
/‘t2

t1

< [T (Is sl + 15i97,) (18598 ) 5,) ds

t1

< CyCJty—t] .

ds

Te f O [82,9 (5)]

ds.

Tr f [VN (2 — 1) s YT (S)}

Tr f&) [S?, 75’;) (s)] ‘ ds

ds

Tr S5 f M 8,550 () S) = Tr S, f PSS (s) S,
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For the second and the third terms, we use the fact that conjugation preserves traces and the
Sobolev inequality

(3.6) 185" Skt Viv (i — 23) 878, < C IVl = C IV s
to deduce
Xj/ T £ [V (5 2) 7 ()] ds
1<z<]<k
2
< ¥ TS LS 08,8871 ST Wiy (1 — ;) S71ST1SiS Y () SiSj|ds
t1
2 to
+%/ | Tr $;S; f 0S840 (5) S6S;871S7 Wiy (i — ;) S;71S; Y ds
t1
< Ck St S WSS, SiS; fM S ts Sist —1;) S1ST
< I 88, + 118:85f I, ) 155785 Vi (i = 23) S7177 |
t2
/ Tr SZS]’}/%C) (S) SideS
t1
2
< k—CfO |ta — t1],
and
—k k to k +1)
—Z/ Tr f® [VN (Tj — Tr41) , YN )Hds
j=1 t1
to
< / | Tr S48k F 0SSk 8 1S Viv () — wr41) S 1SSk T () S;Ska|ds
t1

to
+k/ |TrSjSk+1f(k)55151;j15j5k+17§v (5) SjSk4185 1Sy Viv (5 — waya) S5 S |ds

t1

< Ok (|57 198, + 11,5957 ,,) 195 Sch Vi (i = ) S5k |
to
/ Tr S;Se1re ™ (s) 8,81 ds
t1
< kCyC? |ty — 1.
That is
Tr fO90 (02) = Tr fOAR (11)| < Cpaelt — 1]
which is enough to end the proof of Theorem [3.1] O
Proof of Convergence. By Theorem [3.1], passing to subsequences if necessary, we have
(3.7) lim sup Trf()(y()—v )—O ViR e K.
N—004e0,7]

We test (3.5)) against the test functions f*) in Theorem We prove that the limit point
verifies

(3.8) Tr f®4® (0) = Tr fO [¢,) (00|,
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and
(3.9) Tr fB4® = T fOTE ()4 ® (o)

+ibg Z/ Tr fRUB (¢ — 5) 16 (zj — Tp4) D (s)] ds.

Rewrite the BBGKY hierarchy (3.2]) as the following

T fOr = T fOUCEN 0
= /Trf<k U0t~ ) [~Viv(ai — ;). ()] ds
1<z<j<k

Nk
+1

U/Tu*w'u—sﬂ Viv(a; = 2i), 75 (5)] ds

= Z I]+z<1——>ZHI

1<7,<j<k

Notice that by = — f Vn(z)dz, we have put a minus sign in front of Viy to match .
Immediately following (|3 , we have

J&im Trf(k)ugl\;) = Tr fFy®)
—0Q

lim Tr fOUG (1)) (0) = T PTG ()P (0).

N—oo

By the well-known argument on [50, p.64], we know 7( 1 (0) = |og) (| =" strongly as trace

operators because 7' " ( ) — |@o) (&g strongly as trace operators. So we have checked relation
and the left hand side and the first term on the right hand side of (3.9)) for I'(¢).
We Nnow prove

.11 k
(3.10) lim — = lim 11T =0,
and
t
(3.11) A}im 111 = / Te JBOU® (¢ — s) [6 (2j — zhs1) D (s)] ds.

In the proof of Theorem 3.1, we have already shown that |II| and |II]] are uniformly bounded
for every finite time, thus (3.10) has been checked. So we are left to prove m To use
Lemma we take a probability measure p € L' (R?), define p,, (y) = Zzp (%) . Adopt the
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notation f\¥, = f®®) (t — s), we have
‘TI“ fPUW (- s) ( Viv (25 = o) YN (5) = bod (2 — mpyn) 7Y (3)>’

< T £, (< Vi (25 — 2pa1) = o6 (5 — 2psn)) Y™ (s)

+bo | Tr 5, (6 (25 — 2pi1) = po (27 — 2re)) YT (5)

00| T £5 04 (5 = wnin) (587 () = 1440 (9)|

b | Tr f25 (P (25— wri1) = 8 (25 = w440)) 7Y ()

=IV4+V+VI+VII
Lemma and the energy condition (3.1]) gives
C _
o< (I8 O, + S50 TS S S S
C
< N*fﬁ — 0 as N — oo, uniformly for s € [0,7] with T" < oc.

Similarly, we obtain V,VII < Ca” — 0 as a« — 0. For VI,

1 (k1) [y A (k+D)
1+6&H(m,<@ 7 (5))

eSk+1 k1
Tr f&* )tpa< — Tpt1) T4 eSn <75\/+ ) (s) — D) (5)> ' :

G < by |Tr f5p, (2 — Trp)

+bo

The first term in the above inequality tends to zero as N — oo for every € > 0, since we
have assumed and f tpa (xj — Tpt1) HE—}%H is a compact operator. Due to the energy
bounds and -, the second term tends to zero as € — 0, uniformly in V.

Combining the estimates for IV — VII, we have justified limit and thus limit .
Hence, we have proved Theorem [3.2] O

Proof of Uniqueness. The proof is essentially already in [8] and [22]. One merely needs to set

A =0, switch the Strichartz estimate for "2 to the ones for (A=) i [22] and notice

that || £ go S [15f]l 2 for @ > 0. We skip the details. O

3.2. Proof of Theorem Assuming Theorem we now prove Theorem If ¥, (0)
satisfies (a), (b), and (c) in Theorem then v, (0) checks the requirements of the following
lemma.

Lemma 3.5. Assume ¢y (0) satisfies (a), (b), and (c) in Theorem|[1.1. Let x € C§° (R) be

a cut-off such that 0 < x <1, x(s) =1 for 0 < s <1 and x(s) =0 for s > 2. For k > 0, we
define an approximation V' (0) of 1y (0) by
(3.12) 05 (0) = X (kHn/N) ¢y (0)

Ix (RHy /N) % (0)]]

This approximation has the following properties:
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(1) Y5 (0) verifies the energy condition
2k Nk
Kk

(¥ (0), Hyy'(0)) <
(ii)
1
Slifp [N (0) = ¥ (0)[| 2 < Cr2.
(iii) For small enough k > 0, ¥\ (0) is asymptotically factorized as well
Jim T [y (0, 213 0%) — o) o (2h)| = 0,
K,(1)

where 5 (0) is the marginal density associated with V¥ (0) and ¢, is the same as in

assumption (b) in Theorem[1.1]

Proof. (i) and (ii) follows from [19, Lemma B.1] and [20, Lemma B.1]. (iii) follows from the
proof of [30, Proposition 5.1 (iii)]. Notice that for two dimension, we get a N* instead of a
N% in [30, (5.20)] and hence we get a N°~1 in the estimate of [30, (5.18)] which goes to zero
for g € (0,1). O

Thus we can define an approximation % (0) of ¢ (0) as in (3.12). Via (i) and (iii)
of Lemma Y’y (0) verifies the requirements of Theorem for small enough « > 0.
Therefore, for ’y%(k) (t), the marginal density associated with e~ (0), Theorem [1.2 gives
the convergence:

(3.13) YW(t) — |6(1) (6(1)|*" strongly, Vk,t

as trace class operators, for all small enough x > 0.
For 755) (t) in Theorem , we notice that, for any test function f*) € K, and any ¢ € R,
we have

T 79 (58 () = Lo (1) (6 1) |
Te /O (4 (1) - ),
+ [T (55 0 = lo ) o (1)
= A+B.
Convergence then takes care of B. To handle A, part (ii) of Lemma [3.5] yields

e N5 (0) = € (0)] 2 = 1465 (0) = ¥ (0) 2 < O

<

which implies
A pu—

Te /9 (58 ) =5 )] < ¢ £, 5.

Since x > 0 is arbitrary, we deduce that

Te SO (A (1) = o () {0 (0)**) | =0,

lim
N—oo

i.e.

A (1) = 1o (1)) (6 (£)|®F weal*
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as trace class operators. Notice that the limit has the same trace norm as 755) (t) for every

N, the Griimm’s convergence theorem then upgrades the above weak™ convergence to strong.
Thence, we have concluded Theorem [I.1] via Theorem [1.2]
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