FOCUSING QUANTUM MANY-BODY DYNAMICS II:
THE RIGOROUS DERIVATION OF THE 1D FOCUSING CUBIC
NONLINEAR SCHRODINGER EQUATION FROM 3D

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider the focusing 3D quantum many-body dynamic which models a
dilute bose gas strongly confined in two spatial directions. We assume that the microscopic
pair interaction is attractive and given by a**~'V(a”-) where [V < 0 and a matches the
Gross-Pitaevskii scaling condition. We carefully examine the effects of the fine interplay
between the strength of the confining potential and the number of particles on the 3D N-body
dynamic. We overcome the difficulties generated by the attractive interaction in 3D and
establish new focusing energy estimates. We study the corresponding BBGKY hierarchy
which contains a diverging coeflicient as the strength of the confining potential tends to co.
We prove that the limiting structure of the density matrices counterbalances this diverging
coefficient. We establish the convergence of the BBGKY sequence and hence the propagation
of chaos for the focusing quantum many-body system. We derive rigorously the 1D focusing
cubic NLS as the mean-field limit of this 3D focusing quantum many-body dynamic and
obtain the exact 3D to 1D coupling constant.
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2 XUWEN CHEN AND JUSTIN HOLMER
1. INTRODUCTION

Since the Nobel prize winning first observation of Bose-Einstein condensate (BEC) in 1995
[4, 25], the investigation of this new state of matter has become one of the most active areas
of contemporary research. A BEC, first predicted theoretically by Einstein for non-interacting
particles in 1925, is a peculiar gaseous state that particles of integer spin (bosons) occupy a
macroscopic quantum state.

Let t € R be the time variable and ry = (r1,79,...,7n) € R™V be the position vector of N
particles in R™, then, naively, BEC means that, up to a phase factor solely depending on t,
the N-body wave function v (¢, ry) satisfies

N

Unltry) ~ [ [ et r)

J=1

for some one particle state . That is, every particle takes the same quantum state. Equiv-
alently, there is the Penrose-Onsager formulation of BEC: if we let 7%“) be the k-particle
marginal densities associated with ¢y by

(1) ’7%)(7571%71';6) - /wN(tarker—k)%(tvr,llgarN—k‘)drN—ky rkar;g S Rnka

then BEC equivalently means

k
k —
(2) 'VSV)(tark;r;g) ~ H(p(t,rj)gp(t,r;).

J=1

It is widely believed that the cubic nonlinear Schrédinger equation (NLS)
06 = Lo+ p ol o,

where L is the Laplacian —A or the Hermite operator —A + w? |x|2, fully describes the one
particle state ¢ in , also called the condensate wave function since it characterizes the
whole condensate. Such a belief is one of the main motivations for studying the cubic NLS.
Here, the nonlinear term p |gz5|2 ¢ represents a strong on-site interaction taken as a mean-field
approximation of the pair interactions between the particles: a repelling interaction gives a
positive p while an attractive interaction yields a 1 < 0. Gross and Pitaevskii proposed such
a description of the many-body effect. Thus the cubic NLS is also called the Gross-Pitaevskii
equation. Because the cubic NLS is a phenomenological mean-field type equation, naturally,
its validity has to be established rigorously from the many-body system which it is supposed
to characterize.

In a series of works [51], [T}, 28] 30}, B}, B2, 33, [T, 18, 12} 19, [, 20} 38, 58], it has been proven
rigorously that, for a repelling interaction potential with suitable assumptions, relation (2]
holds, moreover, the one-particle state ¢ solves the defocusing cubic NLS (x> 0).

It is then natural to ask if BEC happens (whether relation holds) when we have
attractive interparticle interactions and if the condensate wave function ¢ satisfies a focusing
cubic NLS (p < 0) if relation does hold. In contemporary experiments, both positive
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[44, [63] and negative [24, 27] results exist. To present the mathematical interpretations of
the experiments, we adopt the notation

ri = (13, 2) € R*™

and investigate the procedure of laboratory experiments of BEC subject to attractive interac-
tions according to [24) 27, [44] [63].

Step A.

Step B.

Confine a large number of bosons, whose interactions are originally repelling, inside a
trap. Reduce the temperature of the system so that the many-body system reaches
its ground state. It is expected that this ground state is a BEC state / factorized
state. This step then corresponds to the following mathematical problem:

Problem 1. Show that if 1y, is the ground state of the N-body Hamiltonian Hy o
defined by

N
1 i — T
S SR NI RE ppe i ELY

j=1 1<i<j<N

where Vi = 0, then the marginal densities {755’)0} associated with ¥ o, defined in ,
satisfy relation (2)).

Here, the quadratic potential w? ||2 stands for the trapping since [24] 27, 144 [63]
and many other experiments of BEC use the harmonic trap and measure the strength
of the trap with w. We use wy, to denote the trapping strength in the x direction and
wo,» to denote the trapping strength in the z direction as we will explain later that, at
the moment, in order to have a BEC with attractive interaction, either experimentally
or mathematically, it is important to have wg, # wy . Moreover, we denote

%Vo,a (r) = #Vb (5—5) , >0

the interaction potentialH On the one hand, V;, is an approximation of the identity
as a — 0 and hence matches the Gross-Pitaevskii description that the many-body
effect should be modeled by an on-site strong self interaction. On the other hand,
the extra 1/a is to make sure that the Gross-Pitaevskii scaling condition is satisfied.
This step is exactly the same as the preparation of the experiments with repelling
interactions and satisfactory answers to Problem [I| have been given in [50)].

Use the property of Feshbach resonance, strengthen the trap (increase wp, or wy ;) to
make the interaction attractive and observe the evolution of the many-body system.
This technique continuously controls the sign and the size of the interaction in a
certain rangeﬂ The system is then time dependent. In order to observe BEC, the
factorized structure obtained in Step A must be preserved in time. Assuming this
to be the case, we then reset the time so that ¢ = 0 represents the point at which
this Feshbach resonance phase is complete. The subsequent evolution should then

¥rom here on out, we consider the 8 > 0 case solely. For 8 = 0 (Hartree dynamic), see [34], 29] 47, [55] 53]
39, [40, 17, 2 [3, []].
2See |24, Fig.1], [44, Fig.2], or [63, Fig.1] for graphs of the relation between w and V.
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be governed by a focusing time-dependent N-body Schrodinger equation with an
attractive pair interaction V' subject to an asymptotically factorized initial datum.
The confining strengths are different from Step A as well and we denote them by w,
and w,. A mathematically precise statement is the following:

Problem 2. Let 1y (t,xy) be the solution to the N — body Schridinger equation

N
_ 1 Ty — T
(4) 1Oy = Z (—Ar]. +w? |~Tj’2 + WZZJQ') Uy + Z a36—lv ( aB J) 2y

j=1 1<i<j<N

where V' < 0, with ¢y o from Step A as initial datum. Prove that the marginal densities
{751\;)(15)} associated with ¥ (t,xy) satisfies relation .

In the experiment [24] by Cornell and Wieman’s group (the JILA group), once the
interaction is tuned attractive, the condensate suddenly shrinks to below the resolution limit,
then after ~ 5ms, the many-body system blows up. That is, there is no BEC once the
interaction becomes attractive. Moreover, there is no condensate wave function due to the
absence of the condensate. Whence, the current NLS theory, which is about the condensate
wave function when there is a condensate, cannot explain this 5ms of time or the blow
up. This is currently an open problem in the study of quantum many systems. The JILA
group later conducted finer experiments [27] and remarked on [27, p.299] that these are
simple systems with dramatic behavior and this behavior is providing puzzling results when
mean-field theory is tested against them.

In [44], [63], the particles are confined in a strongly anisotropic cigar-shape trap to simulate
a 1D system. That is, w, > w,. In this case, the experiment is a success in the sense that
one obtains a persistent BEC after the interaction is switched to attractive. Moreover, a
soliton is observed in [44] and a soliton train is observed in [63]. The solitons in [44] [63] have
different motion patterns.

In paper I [22], we have studied the simplified 1D version of (4] as a model case and derived
the 1D focusing cubic NLS from it. In the present paper, we consider the full 3D problem
of as in the experiments [44] 63]: we take w, = 0 and let w, — oo in (4). We derive
rigorously the 1D cubic focusing NLS directly from a real 3D quantum many-body system.
Here, ”directly” means that we are not passing through any 3D cubic NLS. On the one hand,
one infers from the experiment [24] that not only it is very difficult to prove the 3D focusing
NLS as the mean-field limit of a 3D focusing quantum many-body dynamic, such a limit also
may not be true. On the other hand, the route which first derives

(5) iip = =Dy + W2z o — 820 — |9 o,

as a N — oo limit, from the 3D N-body dynamic, and then considers the w — oo limit of
, corresponds to the iterated limit (lim,, o limy_,oo) of the N-body dynamic, i.e. the 1D
focusing cubic NLS coming from such a path approximates the 3D focusing N-body dynamic
when w is large and N is infinity (if not substantially larger than w). In experiments, it is

3Since w # wo, V # Vp, one could not expect that 1y o, the ground state of 7 is close to the ground

state of .
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fully possible to have N and w comparable to each other. In fact, N is about 10* and w
is about 10% in [35, [62, 41, 26]. Moreover, as seen in the experiment [27], even if w, is one
digit larger than w,, negative result persists if N is three digits larger than w,. Thus, in this
paper, we derive rigorously the 1D focusing cubic NLS as the double limit (limy, ) of a
real focusing 3D quantum N-body dynamic directly, without passing through any 3D cubic
NLS. Furthermore, the interaction between the two parameters N and w plays a central role.
To be specific, we establish the following theorem.

Theorem 1.1 (main theorem). Assume that the pair intemction V' is an even Schwartz class
function, which has a nonpositive integration, i.e. ng, (r)dr <0, but may not be negative
everywhere. Let ¢y, (t,ry) be the N — body Hamiltonian evolution e« (0) with the
focusing N — body Hamiltonian Hy,, given by

M =

(6) Hyo = (=B +&? [z + 3 (N) 'V ((Nw)’ (ri = 1))

1 1<i<j<N

J

for some 8 € (0,3/7). Let {/yng} be the family of marginal densities associated with ¥y .

Suppose that the initial datum vy ,(0) verifies the following conditions:
(a) ¥y, (0) is normalized, that is, ||y, (0)[/2 = 1,
(b) ¥n.,(0) is asymptotically factorized in the sense that

(7) lim Tr

N,w—o0

1 —
SN0, 21 ) = hlan)h(at)dn(1)do(a1) | = 0,

for some one particle state ¢, € H' (R) and h is the normalized ground state for the 2D
Hermite operator —A, + |z|* i.e. h(z) = 7z 1o1/2,
(c) Away from the x-directional ground state energy, ¥y ,(0) has finite energy per particle:

sup N(me( ) (HN,UJ - 2Nw)wN,w(O>> < C7
w,N

Then there exist C7 and Cy which depend solely on V' such that Vk > 1,t > 0, and € > 0, we
have the convergence in trace norm (propagation of chaos) that

’ k

1 X X _
8 li Tr =W (¢, 25 2 T 7)) — T () h(a))o(t, z)e(t, 2)| =0,
( ) C1Nv1(g£EOCOQNv2(ﬂ) ; Wk’Yva( \/C_u ” \/C_d Zk) H (x) (‘rj)gb( ) )gb( ZJ)
where v1(B) and vo(B) are defined by
) w(f) = 1
34 ) T_ 5
(10) () = min (152 S oot 2 S0
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(see Fig. and ¢(t,z) solves the 1D focusing cubic NLS with the 3D to 1D” coupling
constant by ([ |h(z)|* dz) that is

(1) 006 — —0.6 — by ( / rh<x>\4dx) o6 R

with initial condition ¢ (0, z) = ¢y(z) and by = | [V (r) dr|.
Theorem is equivalent to the following theorem.

Theorem 1.2 (main theorem). Assume that the pair intemction V' is an even Schwartz class
function, which has a nonpositive integration, i.e. ng r)dr < 0, but may not be negative
everywhere. Let ¢y, (t,xn) be the N —body Hamiltonian evolution e™ N« (0), where the
focusing N —body Hamiltonian Hy,, is given by (@) for some 8 € (0,3/7). Let {7 } be the
family of marginal densities associated with vy . Suppose that the initial datum 1y ,(0) is
normalized, asymptotically factorized in the sense of (a) and (b) of Theorem and satisfies
the energy condition that
(c’) there is a C > 0 such that

(12) <wN,w<O)7 (HN,UJ o ZNW)kwN,w(O» < Cka; Vk > 1

Then there exists C,Cy which depends solely on V' such that Yk > 1,Vt > 0, we have the
convergence in trace norm (propagation of chaos) that

k
: I & Xk X _
i, TS o ms ) — LMot )6t 5)| = o
ClN”1</3>’gwgCQNv2(ﬁ) j=1

where v1(B) and va(B) are given by (9) and (10) and ¢(t,z) solves the 1D focusing cubic NLS
).

We remark that the assumptions in Theorem are reasonable assumptions on the initial
datum coming from Step A. In [50, (1.10)], a satisfying answer has been found by Lieb,
Seiringer, and Yngvason for Step A (Problem [1]) in the wq_, > wq . case. For convenience, set
wo,, = 1 in the defocusing N-body Hamiltonian in Step A. Let scat(V) denote the 3D
scattering length of the potential W. By [31, Lemma A.1], for 0 < < 1 and a < 1, we have

L[V if0 1
scat (a TV< >) ~ i Ja 1 <7<
a’f " \af ascat (V) ifg=1

In [50, (1.10)], Lieb, Seiringer, and Yngvason define the quantity g = g(wo ., IV, a) by

g 8mawg (/ \h(z)|* dx> .
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FIGURE 1. A graph of the various rational functions of § appearing in
(@) and (10). In Theorems [I.1] [L.2] the limit (N,w) — oo is taken with
v1(B) < logy w < ve(B). The region of validity is above the dashed curve and
below the solid curves. It is a nonempty region for 0 < § < 3/7. As shown
here, there are values of 5 for which v1(8) < 1 < v9(/3), which allows N ~ w, as
in the experimental paper [24] 27, 44] 63, 135, [62], 41], 26]. Moreover, our result
includes part of the § > 1/3 self-interaction region. We will explain why we
call the 5 > 1/3 case self-interaction later in this introduction. At the moment,
we remark that it is not a coincidence that three restrictions intersect at 5 = 1/3

Then if Ng ~ 1, they proved in [50, Theorem 5.1] that BEC happens in Step A and the
Gross-Pitaevskii limit holdsf_[] To be specific, they proved that

. 1 1 T :B’ —
im0 0~ o 2) — R b (1)) =0

4This corresponds to Region 2 of [50]. The other four regions are, the ideal gas case, the 1D Thomas-Fermi
case, the Lieb-Liniger case, and the Girardeau-Tonks case. As mentioned in [50} p.388], BEC is not expected
in the Lieb-Liniger case and the Girardeau-Tonks case, and is an open problem in the Thomas-Fermi case,
we deal with Region 2 only in this paper.
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provided that ¢, is the minimizer to the 1D defocusing NLS energy functional

(13) By g = / (10:0(2) + 22|6(2)* + 4nNglé()]*) da

subject to the constraint ||¢[|z2) = 1. Hence, the assumptions in Theorem [1.1|are reasonable
assumptions on the initial datum drawn from Step A. To be specific, we have chosen
a = (Nw)™! in the interaction so that Ng ~ 1 and assumptions (a), (b) and (c) are the
conclusions of [50, Theorem 5.1].

The equivalence of Theorems and for asymptotically factorized initial data is well-
known. In the main part of this paper, we prove Theorem in full detail. For completeness,
we discuss briefly how to deduce Theorem [1.1] from Theorem [1.2] in Appendix [B]

To our knowledge, Theorems [1.1] and offer the first rigorous derivation of the 1D
focusing cubic NLS from the 3D focusing quantum N-body dynamic @ Moreover, our
result covers part of the § > 1/3 self-interaction region in 3D. As pointed out in [28], the
study of Step B is of particular interest when 5 € (1/3,1] in 3D. The reason is the following.
The initial datum coming from Step A is the ground state of with wo z, wp » # 0 and hence
is localized in space. We can assume all N particles are in a box of length 1. Let the effective

radius of the pair interaction V' be Ry, then the effective radius of V/ ((Nw)ﬁ (r; — rj)> is

3
about Ry/ (Nw)”. Thus every particle in the box interacts with <R0/ (Ncu)ﬁ> x N other

particles. Thus, for § > 1/3 and large N, every particle interacts with only itself. This exactly
matches the Gross-Pitaevskii theory that the many-body effect should be modeled by a strong
on-site self-interaction. Therefore, for the mathematical justification of the Gross-Pitaevskii
theory, it is of particular interest to prove Theorems and [1.2| for self-interaction (8 > 1/3).

A main tool used to prove T heojrvem is the analysis of the BBGKY hierarchy of

{’ygl\;’)w(t) = wiwﬁfw(t, j—%,zk; \’;—é,z;)} as N,w — oo. In the classical setting, deriving
mean-field type equations by studying 1the limit of the BBGKY hierarchy was proposed by
Kac and demonstrated by Landford’s work on the Boltzmann equation. In the quantum
setting, the usage of the BBGKY hierarchy was suggested by Spohn [60] and has been
proven to be successful by Elgart, Erdos, Schlein, and Yau in their fundamental papers
128, (301, 311, 32, 33]E| which rigorously derives the 3D cubic defocusing NLS from a 3D quantum
many-body dynamic with repulsive pair interactions and no trapping. The Elgart-Erdos-
Schlein-Yau programﬁ consists of two principal parts: in one part, they consider the sequence

of the marginal densities {75’;’} associated with the Hamiltonian evolution e~ (0) where

N
1
Hy =) O+~ Y, NPVN(ri =)
j=1

Ii<j<N

SAround the same time, there was the 1D defocusing work .
6See [0} 38, [54] for different approaches.
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and prove that an appropriate limit of as N — oo solves the 3D Gross-Pitaevskii hierarchy
k k
(14) 10y *) + Z [Arkﬁ(k)} = by Z Try, (005 — i), YY), forall k> 1.
j=1 j=1

In another part, they show that hierarchy has a unique solution which is therefore a
completely factorized state. However, the uniqueness theory for hierarchy is surprisingly
delicate due to the fact that it is a system of infinitely many coupled equations over an
unbounded number of variables. In [46], by assuming a space-time bound on the limit of
{75\?)}, Klainerman and Machedon gave another uniqueness theorem regarding through
a collapsing estimate originating from the multilinear Strichartz estimates and a board game
argument inspired by the Feynman graph argument in [31].

The method by Klainerman and Machedon [46] was taken up by Kirkpatrick, Schlein,
and Staffilani [45], who derived the 2D cubic defocusing NLS from the 2D quantum many-
body dynamic; by Chen and Pavlovi¢ [I1], who considered the 1D and 2D 3-body repelling
interaction problem; by X.C. [I8] [19], who investigated the defocusing problem with trapping
in 2D and 3D; and by X.C. and J.H. [20], who proved the effectiveness of the defocusing 3D
to 2D reduction problem. Such a method has also inspired the study of the general existence
theory of hierarchy (14)), see [13} 14} [10} 36 £9].

One main open problem in Klainerman-Machedon theory is the verification of the uniqueness
condition in 3D though it is fully solved in 1D and 2D using trace theorems by Kirkpatrick,
Schlein, and Staffilani [45]. In [12], for the 3D defocusing problem without traps, Chen
and Pavlovi¢ showed that, for g € (0,1/4), the limit of the BBGKY sequence satisfies the
uniqueness Conditionﬂ In [19], X.C. extended and simplified their method to study the 3D
trapping problem for g € (0,2/7]. X.C. and J.H. [21] then extended the 5 € (0,2/7] result by
X.C. to B € (0,2/3) using X, spaces and Littlewood-Paley theory. The g € (2/3, 1] case is
still open.

Recently, using a version of the quantum de finite theorem from [49], Chen, Hainzl, Pavlovié,
and Seiringer provided an alternative proof to the uniqueness theorem in [31] and showed
that it is an unconditional uniqueness result in the sense of NLS theory. With this method,
Sohinger derived the 3D defocusing cubic NLS in the periodic case [58]. See also [23] [42].

1.1. Organization of the Paper. We first outline the proof of our main theorem, Theorem
1.2 in The components of the proof are in §3} [4] and

The first main part is the proof of the needed focusing energy estimate, stated and proved
as Theorem in §3] The main difficulty in establishing the energy estimate is understanding
the interplay between two parameters N and w. On the one hand, as suggested by the
experiments [24, 27, 44], [63], in order to have to a BEC in this focusing setting, one has to
explore ”the 1D feature” of the 3D focusing N-body Hamiltonian (6]) which comes from a
large w. At the same time, an N too large would allow the 3D effect to dominate, and one has
to avoid this. This suggests that an inequality of the form N*'(®) < w is a natural requirement.
On the other hand, according to the uncertainty principle, in 3D, as the z-component of

"See also [15].
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the particles’ position becomes more and more determined to be 0, the z-component of the
momentum and thus the energy must blow up. Hence the energy of the system is dominated
by its x-directional part which is in fact infinity as w — oo. Since the particles are interacting
via 3D potential, to avoid the excessive x-directional energy being transferred to the z—
direction, during the N,w — oo process, w can not be too large either. Such a problem is
totally new and does not exists in the 1D model [22]. It suggests that an inequality of the
form w < N*2(® is a natural requirement.

The second main part of the proof is the analysis of the focusing "oco — c0o” BBGKY

, N
hierarchy of {%\m( )= w—l,m%)w(t, %, ZL; \’;—’“5, Z;;)} as N,w — oo. With our definition, the
’ k=1

N
sequence of the marginal densities {%’;)w}k satisfies the BBGKY hierarchy
B =1

k
. ~(k Y
AN, = wZ — g, + s AN + Y02, 3]
7j=1
1 ~ (k)
—|—N Z [VN,w(ri - T’j), ’YN,w]
1<i<j<k
k
N —k ~ (k41
+ ZTrrkH[VN,w(rj - 7’]@+1),’7§\7: )]'

j=1
where Vi, is defined in . We call it an "oo — o0o” BBGKY hierarchy because it is not
clear whether the term

w[— Awg + |$J’ 'YNw]

tends to a limit as N,w — oo. Since ygv,)w is not a factorized state for ¢ > 0, one cannot

expect the commutator to be zero. This is in strong contrast with the "nD to nD” work
[T, 28, 30}, 311, 82], B3], 1T, 18], 12 19] 58] in which the formal limit of the corresponding BBGKY
hierarchy is fairly obvious. With the aforementioned focusing energy estimate, we find that
this diverging coefficient is counterbalanced by the limiting structure of the density matrices
and establish the weak® compactness and convergence of this focusing BBGKY hierarchy in

g4 and

1.2. Acknowledgements. J.H. was supported in part by NSF grant DMS-1200455.

2. PROOF OF THE MAIN THEOREM

We start by setting up some notation for the rest of the paper. Recall h(x) = 7T_%€_|$|2/2,
which is the ground state for the 2D Hermite operator —A\, + |z|* i.e. it solves (=2 — A, +
|z|*)h = 0. Then the normalized ground state eigenfunction hy,(z) of —A, 4+ w?|z|* is given
by he(z) = w/2h(w'/?x), ie. it solves (—2w — A, 4+ w? |z|*)h, = 0. In particular, hy = h.
Noticing that both of the convergences @ and involves scaling, we introduce the rescaled
solution
XN

1
N 2¢N,w(t> 7ZN)

(15) Dyolt,rn) €
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and the rescaled Hamiltonian

(16) ]Z[va— Z 82 +UJ( A +’33| Z VNw Z—T’j),
j=1 1<z<]<N
where
_ (Nw)” 8
(17) Viw(r) = N3P 1v< z,(Nw)’ z | .
B \/a
Then

1 XN

(ﬁN,w&N,w)@va?ZN) = W(HN,wwN,w>(t7 ﬁ?ZN)y

and hence when ¢y ,(t) is the Hamiltonian evolution given by @ and fb N 18 defined by
(15)), we have

7LN,W (ta rN) = eitHN’wq;Z}(ou rN)-
(k)

N - N
If we let {’y NW} be the marginal densities associated with ¢ ,, then {ﬁ{u} satisfies
“) k=1 ’ T k=1
the oo — 00” focusing BBGKY hierarchy
k

(18) 04N, = wZ A, + |z, A8)) Z

1 ~(k
+5 > [VN,w(m—rj)mEvL]

1<i<j<k
k
—k ~ (k+1)
—_— E Tryy [V () — Tis1), Vv |-

N
We will always take w > 1. For the rescaled marginals {%\’;L} , we define
“ ) k=1

def

(19) S; = [1—82 +w (- ij+|$j|2—2)}§

Two immediate properties of S; are the following. On the one hand, gf(hl(m])gb(z])) =
hi(x;)(1 — 92 )¢(2;) and thus the diverging parameter w has no consequence when S; is
applied to a tensor product function hy(x;)¢(z;) for which the z;- component rests in the
ground state. On the other hand, S; > 0 as an operator because —A,; + lz;]* =2 > 0.

Now, noticing that the eigenvalues of —A, 4 w? || in 2D are {2 (1 —|— )w}, 2, let P, the
orthogonal projection onto the eigenspace associated with eigenvalue 2 (I + 1) w. That is,
I =52, P where I : L*(R?®) — L*(R?). As a matter of notation for our multi-coordinate
problem, Pljw will refer to the projection in x; coordinate at energy 2 (I + 1) w, i.e.

(20) I= f[ (i Pf;) -

In particular, when w = 1, we use simply F,. That is, P denotes the orthogonal projection
onto the ground state of —A, + |:zc|2 and P-; means the orthogonal projection onto all higher
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energy modes of —A, + |z|* so that I = Py + Psy, where I : L*(R3) — L?(R?). Since we will
only use Fy and P, for the w = 1 case, we define

P() — PO
731 - P>1
and
(21) Po = Pa, -+ Pa,

for a k-tuple & = (v, ..., o) with o; € {0, 1} and adopt the notation |a| = aq + - - + ay,
then

(22) [= Pa.

We next introduce an appropriate topology on the density matrices as was previously
done in 28, 29] 30, 31, B2, [33], 45, [11], 18] 19, 20}, 21, 22} 58]. Denote the spaces of compact
operators and trace class operators on L? (RSI“) as K, and L}, respectively. Then (k)" = L}.
By the fact that Iy, is separable, we pick a dense countable subset {J; (k) }Z>1 C Kk in the unit
ball of Ky (so HJi(k)Hop < 1 where ||+, is the operator norm). For AW A e £ we then
define a metric dy on L by

k
i) =37

A uniformly bounded sequence nyV’w € L}, converges to %) € L} with respect to the wealk™

topology if and only if

k k k
TrJ”(vg) 7?)‘.

lim di(75,,7%) = 0.

N,w—o0

For fixed T' > 0, let C'([0,T], L;) be the space of functions of ¢ € [0, 7] with values in L}
which are continuous with respect to the metric dy. On C ([0,7],L}), we define the metric

B ()39 () = sup dir® 1), (1),

and denote by T, the topology on the space @®;>1C ([0,7],L}) given by the product of
topologies generated by the metrics dj, on C ([0,T],LL).

With the above topology on the space of marginal densities, we prove Theorem [1.2l The
proof is divided into five steps.

Step I (Focusing Energy Estimate) We first establish, via an elaborate calculation in Theorem
[B.1] that one can compensate the negativity of the interaction in the focusing many-
body Hamiltonian @ by adding a product of N and some constant o depending
on V', provided that C; N"'®) < w < CoN"B) where C and Cy depend solely on V.
Henceforth, though Hy, is not positive-definite, we derive, from the energy condition
(12), a H! type energy bound:

2

k
H Sij,w

Jj=1

<¢N,w7 (CV + N_lHN,w - 2w)k'¢N7w> > Ck

L2(R3N)
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Step 111

(23)
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where
S E (1= Ay, +w? |y * — 2w — 02 )72,

Since the quantity <w N> (Hnw — 2N w)k ) N7w> is conserved by the evolution, via

Corollary 3.1 we deduce the a priori bounds, crucial to the analysis of the "oo — c0”
BBGKY hierarchy (18], on the scaled marginal densities:

k k
sup Tr (H 5}) iﬁi)w (H §]> <C*
t j=1 j=1

k
supTrH (1 — AT].) ﬁg\l;)w < C*,

t ey
sup Tr Pa’ygl\;?wpg < Ckwzlod=3l8l,
t
where P, and Pg are defined as in . We remark that the quantity
(1
Tr(1—-A,) 75\7,)0.)

is not the one particle kinetic energy of the system; the one particle kinetic energy of
the system is Tr (1 —wl,, — 0? ) o Nw and grows like w. This is also in contrast to
the nD to nD work,

(Compactness of BBGKY). We fix T > 0 and work in the time-interval ¢ €
[0,7]. In Theorem

N
{FN,w(t) = {:Yg\’;’)‘”}kﬂ C @10 ([0,T], L) with respect to the product topology

. we establish the compactness of the BBGKY sequence

Tprod €ven though hierarchy contains attractive interactions and an indefinite
oo — 00. Moreover, in Corollary [4.1], we prove that to be compatible with the energy
bound obtained in Step I, every limit point I'(¢ {7 } ., must take the form

FE (8, (%, 21) ; (X 24) (H h () b (2 > Ot 2i:7)),

where 7(’“) = Tr, 4® is the z-component of 4
(Limit points of BBGKY satisfy GP). In Theorem 5.1 we prove that if I'(t) =

- N
{’y(k)}k:l is a CY N0 < w < CoN»2B) limit point of { I'n () = {:Vgl\;,)w}k:l} with

respect to the product topology 7ped, then {7(3]“) =Tr, ﬁ(k)}Zil is a solution to the
focusing coupled Gross-Pitaevskii (GP) hierarchy subject to initial data 5% (0) =
o) (0] Z* with coupling constant by = | [V (r) dr|, which written in differential form,

is
k

k
A" =3 [ il } —bo > Tra,, Tre [6(ry — risn) , 7541
j=1 j=1
Together with the limiting structure concluded in Corollary 4.1}, we can further deduce
that {&Q‘?) = Tr, ’y(k)}zozl is a solution to the 1D focusing GP hierarchy subject to
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initial data 3% (0) = |@,) (#,|*" with coupling constant b ([ (2 ! dzx), which,
written in differential form, is

k

(24) i@ﬁgk) - Z [ 82 7’~Vz — b (/ \hy ()| dx) ZTer+1 = i) s 7(k+1)} '

J=1

Step IV (GP has a unique solution). When %) (0) = |¢,) (¢,|=* , we know one solution to the
1D focusing GP hierarchy , namely |¢) (¢|®k if ¢ solves the 1D focusing NLS ([L1)).

Since we have proven the a priori bound

A trace theorem then shows that {’y } verifies the requirement of the following
uniqueness theorem and hence we conclude that 3% = |¢) (¢|*".

Theorem 2.1 ([22, Theorem 1.3]). [Let

(k+1) _

B] E+17 % (Hl)} .

Trzk+1 [6 (Zj - Zk-l-l) v V2

If {’ygk)}oo solves the 1D focusing GP hierarchy subject to zero initial data and the
k=1

space-time boun

(25) [

for some €,C >0 and all 1 < j < k. Then Yk, t € [0,T], 'y(kﬂ) 0.

dt < CF

L2,

z,Z

<H (0,)7 (2. >> eSO )

N
Thus the compact sequence < I'y,(t) = {:ygl\;)w} } has only one C; N1 < w < O, N»2(P)
.

limit point, namely
k

F® = H h () ha(2) (¢, 2;)p(t, 25) -

Jj=1

We then infer from the definition of the topology that as trace class operators

%\];w — th x;) hy(x )gb(t,zj)a(t, z;) weak*.

7=1

8For other uniqueness theorems or related estimates regarding the GP hierarchies, see [311 [46], [45] [37, [16]
18, 51, 361 @1 421, 58]

9Though the space-time bound follows from a simple trace theorem here, verifying such a condition in
3D is highly nontrivial and is merely partially solved so far. See [12| 19l 2T]
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Step V (Weak* convergence upgraded to strong). Since the limit concluded in Step IV
is an orthogonal projection, the well-known argument in [33] upgrades the weak*
convergence to strong. In fact, testing the sequence against the compact observable

k
J(k) — H h1 (l'j) hl (1‘;)¢(t, Zj)aof’ Z;')’
j=1

2
and noticing the fact that (%{f)w) < %\’;)w since the initial data is normalized, we see

that as Hilbert-Schmidt operators

k
%\];,)w = H ha () ha () (¢, ) 6(t, zj) strongly.
j=1

Since Tr ﬁfw = Tr3®, we deduce the strong convergence

lim Tr
N,w—o0

C1 N1 (B) << Oy NV2(B)

k
A (3 7 X1 74) = [ I () b @)t 23) (8, 27) | = 0,
j=1

via the Grimm’s convergence theorem [56, Theorem 2.19]@

3. Focusing ENERGY ESTIMATE

We find it more convenient to prove the energy estimate for ¢y, and then convert it by
scaling to an estimate for 1y, (see ) Note that, as an operator, we have the positivity:

—Ag; + w? |31:j|2 —2w>0
Define
S (1= Ay, + w0 ay* — 2w — 82)V2 = (1 - 20 — A, +w? |z )V,

and write

L ) % _f o0 - = % — 5) :

g B 5 5 p
There are constant{™] C; = CL(|V |1, |V ||z), Co = Co([|[V||1, |V ||1), and absolute con-
stant C3, and for each k € N, there is an integer No(k), such that for any k € N, N > Ny(k)

(26) 0x(5) = in

00ne can also use the argument in [19, Appendix A] if one would like to conclude the convergence with
general datum.

"One notices that vg(B) is different from vy(f) in the sense that the term 13@3* is missing. That
restriction comes from Theorem

12By absolute constant we mean a constant independent of V', N, w, etc. Formulas for C,C5 in terms of
IV, IV |lz= can, in principle, be extracted from the proof.
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and w which satisfy

(27) Ole(ﬂ) <w< O2NUE(5)
there holds
_ 1
(28) ((a+ N Hy oy — 2w)*p,9) > —k(HS P72 + NS SE D72,

where
a = C3||V||%l + 1.

Proof. For smoothness of presentation, we postpone the proof to §3.1]
Recall the rescaled operator

1
Sj = |:1 — agj +w (—Amj + |ZL’j|2 — 2)] ? s
we notice that
(S'W(t xn,zn) = w2 (Sp)(t, Vxn, zn)
if 9 N 18 defined via . Thus we can convert the conclusion of Theorem l into statements

about 1 Now SJ, and nyw which we will utilize in the rest of the paper.

Corollary 3.1. Define
k k
S® = H H <vrj>
j=1 7j=1

Assume CIN"'P) < w < CoNUEWB) | Let wN () = e”HNvW{bN,w(O) and {ﬁg\];)w(t)} be the
associated marginal densities, then for all w > 1 , k > 0, N large enough, we have the
uniform-in-time bound

2

G(k)z (k) &(k) _ || &(k)J k
(20) 1r8930,8% = [ S9hyu (0], a, < O
Consequently,

2

(k) k) k)i k
(30) Ty L®W5 0 Lk HL Un )‘LQ(Rw)gc,
and
(31) ||,ch71)N,w||L2(]R3N) < Ckw_lal/Q, ’Tl" ’Pa’?g\li)wpg‘ < Ckw—%|a|—%|5|

where Po and Pg are defined as in (21)).
Proof. Substituting into estimate and rescaling, we obtain

(S
The quantity on the right hand side is conserved, therefore

=C* @N,w@), (a+N'Hy, — QUJ)kTLN,w(O»-

2

< CF by (8), (@ + N~ Hy gy — 20) 05 (1)),

LQ(RBN)
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Apply the binomial theorem twice,

k

< Py @ & (¢, (0), (N Hy gy — 2w)* 1)y, (0))

5=0
Lk
< C* ) ad (O)F
2 (5) e
7=0
= CFa+0O)lF<Cr
where we used condition in the second to last line. So we have proved . Putting

and . 72)) together, estimate (| . then followsm The first inequality of . follows from

and (| . By Lemma |A.5, Tr Py NwP,g ( Poth Now Pmb N.w)s 50 the second inequality
of follows by Cauchy-Schwarz. &

3.1. Proof of the Focusing Energy Estimate. Note that
N~ lHNw —2w=N" Z —A,, —I—w2|xl|2 —2w)+ N~ 201 Z Ve (i = 15),

i=1 1<i<j<N

where we have used the notation]
Viw(r) = (NW)*V ((Nw)?r).
Define
Hyi; = (o — Ay + wPz* — 2w) + (o — A, + wP|z))* — 2w)

where the K stands for “kinetic” and

Hrpij = w Wivwij = w Vi (ri — 1))
where the [ is for “interaction”. If we write

H;j = Hgj + Huij,

then

(32) a+N'Hy,—2w=-N"72 > H;=N? > H;
1<iAj<N 1<i<j<N
We will first prove Theorem for k =1 and k = 2. Then, by a two-step induction (result

known for k implies result for k + 2), we establish the general case. Before we proceed, we
prove some estimates regarding the Hermite operator.

IBWe remark that, though L*) < 3*S(*) it is not true that L) < C*S*) for any C independent of w
because of the ground state case.
14We remind the reader that this Vi, is different from Vn,w defined in .
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3.1.1. Estimates Needed to Prove Theorem [3.1.

Lemma 3.1. Let Py, be defined as in (@ There is a constant independent of £ and w such
that

(33) 1P fll g < Cwo™?|I £l 2.
with constant independent of £ and w.

Proof. This estimate has more than one proof. It is a special result in 2D. It does not follow
from the Strichartz estimates. For a modern argument which proves the estimate for general
at most quadratic potentials, see [48, Corollary 2.2]. In the special case of the quantum
harmonic oscillator, one can also use a special property of 2D Hermite projection kernels
to yield a direct proof without using Littlewood-Paley theory — see [64, Lemma 3.2.2], [16,
Remark 8]. §

Lemma 3.2. There is an absolute constant C3 > 0 and a constant Cy = C (||V |1, ||Vl z=)
such that if
w > Oy NP/A=P)

then
1
(34) w / [Vw(rs = r2) |¢(7"1,7“2)\2d7“1
1
ST ($(r1,m2), (= Ay, + w21 |* = 2w)9p(r1, 1)), + Cs V%, II@/J(7“1,7’2)||32“1 :

The above estimate is performed in one coordinate only (taken to be 1), and the other
coordinate ro are effectively “frozen”. In particular, let

flro,...;rn) = / Vnw(rr — )| (r1, ooy rn)| [0o (e, ooy r)| dy
Then
(35) fra, o rn) S wllSai(re, - rn)llez 151990y, - ez,
The implicit constant in < is an absolute constant times ||V || g1 + ||V || Loe-

Proof. By Cauchy-Schwarz,

1/2 1/2
[ Wil sy < [ Wrasalionans) ([ Wellonan )

Thus, assuming and using the facts that

Stz 1

S2 > (=AW P - 2w),
we obtain . So we only need to to prove ([34).

Taking P,, to be the projection onto the x; component, we decompose v into ground state,
middle energies, and high energies as follows:

e—1
¢:P0w¢+zpﬁww+P26w¢

(=1
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where e is an integer, and the optimal choice of e is determined below. It then suffices to
bound

of 1

(36) Ao [ Vol = 1) | P, ) P
of 1

(37) Awia 22 [ Vari = IIZPW ri, 1)y
of 1

(33) A = [ Waatrs = rl|Povsti(rs, v

For each estimate, we will only work in the r; = (x1, 21) component, and thus will not even
write the 7o variable. First we consider ((36)).

1
Alow g ;HVNWHLl HPO‘UwH%goLgo

By the standard 1D Sobolev-type estimate

1
Aigw S ;I|V||L1IIPoﬁzl/JHL;oLg||P0w1/fHLgoLg
Then use the estimate

Alow S HVHLI"P0w82¢”L$"POw¢”L$
SV l0:0 ]| 2 (]| 22

v ||
< ello:vllz: + M7

Since, (—A, + w?|z|* — 2w) is a sum of two positive operators, namely, —A, + w?|z|* — 2w
and —d?, we conclude the estimate for Ajy.

Now consider the middle harmonic energies given by , and we aim to estimate Apq.
For any ¢ > 1, we have

1/2 1/2
| Prtbllizorse < I Pl sy e | Pt
y (33),

| Prstllizsse S 02 Pt | Pt
— WV Pro 0t |35 (| Pt 2 €20/ 2)1 /2 174
_ (,;_)1/4”P aszl/QHPew( Am + (.U2|LU’2 o Qw)l/2w“1L/22 671/4
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Sum over 1 < ¢ < e — 1, and do Holder with exponents 4, 4, and 2:

o1 1/4
LeLr S w4 (Z ”P@wazw”%?>
=1
e—1 /4 ;s . 1/2
(Srrncactut -2mi) - (Se)
=1

(=1

e

-1
|| Prsi)]
=1

S WM N0 (A + Pl — 2)
Applying this to estimate ,
Amia S0 P22V |00 2l (= Ar + WPl = 20) 20| 2
Take e so that w™/2eY2||V |1 = ¢, i.e.

62

(39) €= 5w
V1%

and then we have
Amia S €097z + el (—As + 0P lzf? — 2w) 2|7
For ,
Anigh S @™ [Vivo [l || Prewtt 122

Sw %[ Vive | p<lle! 2wl Po ||

Sw e (Nw) |V [l (= Ay + w?|2]? — 2w) 20|22
We need

w e H(Nw)* < e

Substituting the specification of e given by , we obtain

2
N3 < ¢
VIV | ze
That is w > C;N#/(-8) as required in the statement of Lemma [3.2] §

In the following lemma, we have excited state estimates and ground state estimates, and
the ground state estimates are weaker (involve a loss of w'/?)

Lemma 3.3. Taking 1) = ¥(r), we have the following “excited state” estimate:

(40) "2 Port) || 2 + w2 Porotbll 22 + Ve Porotdll 2 S 115912,
and the following “ground state” estimate
(41) o' Poutpll 22 + ||z Pouttll 22 + 1V Poutoll e S 02140 2

We are, however, spared from the w'/?

(42) 10:Powtbll> S 15922

loss when working only with the z-deriwative
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Putting the excited state and ground state estimates together gives
(43) o2 2 + lwlal@ll e + [Vepllze S w2592
Proof. For the excited state estimates, we note
0 < (Ps109, (—A; + w?z|? — 4w) Ps14,1))

Adding §[10. Por¥[l72 + 5[V Porotll7z + 3wz Porl|7z + [lw'/? Porutd]72 to both sides
3 1 1
§I|8ng1ww\|%2 + §|IVIP21MDH%2 + §\|W|$|Pz1w1/f||i2 + |2 Porip|3

3
< §<leww> (—A; + w2 — 2w) Ps1,1))

This proves . The ground state estimate and are straightforward from the
explicit definition of Fy, which is merely projecting onto a Gaussian. g

Lemma 3.4. We have the following estimates:

1.1 _1

(44) [Viwral 281 Ptiallze, S Wb NSl (N7H1S30,113)
B41 B _

(45) |Vianal 281 Py tholliz, S N3 *3wd (N712)1820y) 1z )

In particluar, if w > CLNP/0=P) then

(16) | Wasall1Su]dry

1 1 1 1
< WN (819 [1S1ba]lZ N5 || S22,
+ (Nw) 22 || Syl 2 N7 || 8200

Proof. To prove , substituting ¢, = Py, + PL,,1b,, we obtain

/ Vivwssl [y [|S10sldr < Py + Fy

1

where
Foo= [ Wl BL St ldr,
1
< Va2 [z, 1 Vivena| 2 P, Sitb | 2,
< W81 e, Vvl PouSibs |2,
F, = [Viwia|[t1[| Py, S1tby|dry

1

< W80y lz, 1V V2 PLy, 140 2,

by Cauchy-Schwarz and estimate . Hence we only need to prove and .
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On the one hand, use the fact that P}, S, = (1 — 92)"2P;,,
Vawral 281 Poutballe, = I Vavwra] (1= 92) 2 Po a2,
< Vivnalliy 10— 02) V2P tollns
By Sobolev in z; and the estimate in a1,
Vvl 81 Posnlluz, € w11 = 2) 2|2 [1(1 = 02 )l
That is :
Vivaral V280 P thallzz, S wd NS soll 7 (V11418301117
On the other hand,
11Vivera 281 P21 s 2,
S Va2l o [1P20 S04 |
< (NS 1,

+37 <N71/2H512%HL31>

N

= N

which is (45)). B
3.1.2. The k =1 Case. Recall ,
(W, (a0 N Hyo = 20)0) = SN2 Y 7 (Hy), )

1<i#j<N
By symmetry

= %<H121/)7¢>

Hence we need to prove

(47) (Higt, ¢) = [|S19]72-
We prove with the following lemma.

Lemma 3.5. Recall a = C3||V|[3, 4+ 1. If w > CiNP/O=P) and o, (ry,r0) = ;(ra,m1) for
7 =1,2, then

(48) [(Hi2¥1, V)i | S 11519122, (15190022,
Moreover
(49) 1519172 < (Hizv, ¢) < C|[S19]|7
Proof. By Cauchy-Schwarz and (| E

(1, Hioo)rrs| = W™t [(Viver2®y, ¢9)]

N

1/2 1/2
( /|VNw12Hw1 ) (W_l/’VNw12H¢2’2)

S 151 |2 [|S1ebg | 22
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Thus

[(Hi2t1, Vo)riry| < [(Hi1201, Vo) rims | + [{(H 112901, Vo) i |
SISz, [1S19]| L2

172
which is . [t remains to prove the first inequality in (49)).
On the one hand, by , we have the lower bound for the potential term:
1 _
—1—00<¢7 (_Arl + W2|xl‘2 - 2w)¢>7"17“2 - C3HV||%1H1/}”%EIT2 <w 1<va12w7¢>7‘17’2
Adding (¢, (o — A, + w?|z1]? — 2w)*) ., to both sides and noticing the trivial inequalities:

a—Cs||[VI[3, =121 and -5 > 1, we have

1r2’

1
(50) 5(% (1 - ATI + w2|x1|2 - 2w)¢>r1r2 < <w, (Oé - ATI + w2|x1|2 — 2w+ WﬁlVN&)l?)w)?‘sz'
On the other hand, we trivially have
1
(1) W (1= Ay 40wl = 2080, < (W, (@ = Ay + P[22 = 20)¢) i,

because a > %

Adding estimates and together, we have
S0, S20) + 540, SH0) < (Huoth, ).
By symmetry in r; and ro, this is precisely . ]
3.1.3. The k =2 Case. The k = 2 energy estimate is the lower bound
SIS, 0) + NUSH, ) < {(o+ N7 H — 20)%,0)

We will prove it under the hypothesis
NP/O=B) <, < Nmin((1=)/B,2)

We substitute to obtain

|-

el > (Hig Hiypth )
1<ii#j1<N
1<ia#jo <N

= A1+ A+ 4

{((a+ N7'H — 2w)%, 1)

where

e A; consists of those terms with {iy, j1} N {iz, jo} = @
e A, consists of those terms with [{iy, j1} N {iz, jo}| =1
e Aj consists of those terms with [{i, j1} N {is, jo}| = 2.

By symmetry, we have
Ay = H(HypHsyt), )
Ay = %N71<H12H23¢7¢>
Az = %N_2<H12H12¢7¢>
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We discard Aj since Az > 0. By the analysis used in the k = 1 case,
A 2 11181859117

The main piece of work in the k = 2 case is to estimate A,. Substituting His = Hg192 + Hrio
and Ho3 = Hgoz + Hpez, we obtain the expansion

Ay = By + B1 + Bs
where
"N Hg2Hrgosth, V)
"N Hy12Hpas, ) + %N_1<H112HK23¢; V)
N Hp2Hsth, )
Let 0 = o — 1 > 0. First note that
By = INTH(ST + 55 +20) (S5 + S5 + 20), )

=
I
l\)l2>—A l\}lz»—A MIZ»—'

Since S7, S2, S2 all commute,
BO Z %NA(S;W% w>
which is a component of the claimed lower bound.
Next, we consider B;. By symmetry

By = N™'Re(Hy12Hrasv),9)

Since every term in B is estimated, we do not drop the imaginary part. Decompose
I = P§,+ P2, in the right ¢ factor

By = Byo+ By + B2
where
Big = (Nw) H{[(2a — 1) 4+ 7] Vivussth, ¥)
B = (Nw) (=4, + W?|zs|* — 20) Vivusth, P§w¢>
By = (Nw) " H{(=A, + w?|z2]? — 2w) Vivwast), P21,1)
The term Bjq is the simplest. In fact, by estimate (35)) at the 75 coordinate, we have
|Bio| = |(Nw) ™ {[(2 = 1) + SF] Vivwasth, ¥)|
< N (HSWH; + (151829 72) -
For Biy, we consider the four terms separately
Bis = Bia1 + Bz + Biaz + Bin
where
Bz = (Nw)? H(VV) nuzsth, Vi, P21,00)
Biss = (Nw) ™ (Vwas Vi, Vi, P21 10)
Biaz = (Nw)_1<VNw23W|$2|1/)7w|$2|P§1w¢>
Biay = _2(Nw>_1<VNw23W1/2¢aW1/2P§1w¢>
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By applied with r; replaced by r3, we obtain
[Biai| S (Nw)? 1wl Sstp | 22|V, P21, S5t 2

By (40)),
|Bia1| S (Nw)?~'wl| S5 12]|S2.S59| 2

which yields the requirement w < NU=#)/8_ By applied with r; replaced by r3, we obtain
| Bizo| S (Nw)™'w[|V 1, S50 22|V, P10 S5 2
Utilizing for the [|V,,S3¢]| 72 term and for the ||V, P>1,53|| L2 term,
| Bias| S (Nw) ™' w??]|:955] |7

This requires w < N?2. The terms Bjas and Bigy are estimated in the same way as Bjao,
yielding the requirement w < N?2. This completes the treatment of Bjs,.

For By, we move the operator (—A,, + w?|xs|* — 2w) over to the right, and use the fact
that (—A,, + w?|@s|? — 2w)Py,¢ = —02, P1 to obtain

By = B + B

where
B = (NW)B_I«an)Nw%@/), az2P()2w¢>
Biip = (Nw)_1<VNw23332¢, 8,32P()2w1/)>
By applied with r; replaced by r3, we obtain

[Bua| S (Nw) ™ 0| Ssth|| 12|02, PR, S| 12
Using for the ||0., P2,S3t|| > term (which saves us from the w'/? loss),
|Bui| S (Nw)? 0| S590]| 1219250 1.2
which again requires that w < N(U=A/8 By applied with r; replaced by r3, we obtain
|Biiz| S (Nw)™'w]|0., 83| 121|02, P, S5 2

Using
|Biia| S (Nw)™'w|[S2551 |7

which has no requirement on w. This completes the treatment of By;, and hence also Bj.
Now let us proceed to consider Bs.

B2 = N_lw_2 <VNw12VNw231/J7 ¢>

|B2| < N_lw—2/|va23| </ |VNw12| |¢(T1,..,,TN)|2 d?“1> dry---dry

In the parenthesis, apply estimate in the r; coordinate to obtain

Bl SN [ ViasllSiwl, dra--dr

T25-TN

By Fubini,

= N_lw_Qw/ </ |ViNwas||S1¢0(r, - - - ,7’N)|2 drg -+ d?"N> dry
1 79, sTN

.....
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In the parenthesis, apply estimate (35)) in the ry coordinate to obtain
|Bo| S N7'w™2w?|| 8152917

Hence B, is bounded without additional restriction on w. Therefore we end the proof for the
k = 2 case.

3.1.4. The k Case Implies The k 4+ 2 Case. We assume that holds for k. Applying it
with v replaced by (o + N~'Hy,, — 2w)t,

1
ﬁ“s(k)(@ + N Hy o = 20)9] 12 < (@ + N7 Hy gy — 20) 24, )
Hence, to prove in the case k + 2, it suffices to prove
1
(52)  (ISE Dl + NS SED L ) < 11SW (@ + N7 i — 200

To prove , we substitute into
(S®(a+ N Hy,y — 20)0, S® (o + N Hy,, — 2w)1))

which gives

N_4 E <S(k)Hi1j1¢> S(k)Hi2j2¢>
1<i1<j1 <N
1<in<ja <N

We decompose into three terms
=FE +Ey + B3

according to the location of i; and iy relative to k. We place no restriction on j;, j» (other
than iy < ji, 12 < ja.)

e [, consists of those terms for which 7; < k and iy < k.

e F5 consists of those terms for which both 7; > k and iy > k.

e 3 consists of those terms for which either (i; < k and iy > k) or (i1 > k and iy < k).

We have E; > 0, and we discard this term. We extract the key lower bound from FEj
exactly as in the k = 2 case. In fact, inside Ey, H; ;, and H,,;, commute with S® because
71 >t > k and jo > 19 > k, hence we indeed face the k = 2 case again. This leaves us with
Es.

Ey=2N"" > Re(SWH, v, SV H,,;)
1<ii<ji<N
1<ip<ja<N
i1 <k,ip>k
We decompose
Es =D+ Dy + Dy

where, in each case we require 7; < k and iy > k, but make the additional distinctions as
follows:

e D consists of those terms where j; < k

e D, consists of those terms where j; > k and j; € {is, j2}
e D3 consists of those terms where j; > k and j; ¢ {is, jo}
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By symmetry,
Dy = K*N72(S1 -+ SpHiath, St -+ - SeH (s 1)(ht2) V)
Dy = kN2(S; -+ SkHyk11)¥, St - SkH (1) (e+2) )
Dy = N"S1 -+ SkHisnyh, St -+ - SeHer2) o43)0)

ESTIMATES FOR TERM Dj.
Dy = Dy + Dy

where

D1 = N3 (H 1) (k+2)[S1.S2, Hi2) S5 - - - Spap, St -+ - Sgt))

Diy = N72<H(k:+1)(k+2)H1251 - Spth, Sy -+ Sp)

By Lemmas and , Dy is positive because Hji1)(k+2) and Hip commutes. Therefore
we discard Diy. For Dyp, we take [Viyuia, S152) ~ (Nw)??(AV ) nu12. This gives

|D11| S N?P720% "N H o1y (et2) (AV ) New12S5 - - - S, St -+ - Sitd)
By Lemma in the 7441 coordinate to handle Hgy1)(kt2)

|D11’ S N2672w2,371

AV )arel® 8o S]] | 1AV neal* S+ Siavs

L2

Use (35)) in the first factor

1
|Dii| S N?2w?72 [|9195 - Sppa || 12

(AV)yoia]? Sy - Sk+1¢‘

L2
Decompose % in the second factor into P} 1 + P;lwq/z
S NP8 - Sl s
1 1
X (H|(AV)NUJ12|2 Sy SkHP&prHH + H|(AV)Nm2|2 Sy Sk+1P§1w¢‘

)

Apply Lemma (3.4

Y

< N262,26-3 15155 - - - Sk+1?| 12 WINT [ Sk“‘leEQ (AN_i ||S% o Sk+1¢}|22>
— —_-= é 2 ﬁ T2
FNP R85 Sy s NF R (N8 182+ S )

The coefficients simplify to N 26-%w2 and N3P~3w38~3. This gives the constraints

3
7 _23 58

wﬁNZw and w < N*-5.

B ) .
The second one is the worst one. When combined with the lower bound N1-F < w, it restricts
us to # < % Moreover, at § = %, the relation w = N is within the allowable range.
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ESTIMATES FOR TERM D,. We write
Dy = Doy + Doy
where
Dy, = N72<H(k+1) (e+2) 515 Hip1y]S2 - - - Sktb, St -+ - Sap)
Doy = N™*(H 1y (k+2) Hig1)S1 - -+ Sktp, S+ -+ Sit))
Let us begin with Ds;. Use

[S1, H1(k+1)] ~ (Nw>ﬁwil(vv)Nw1(k+1)

and
He1yhr2) = 20 + Sy + Sk + 07 V) (h42)
to get
Doy = Da1o + Da11 + Dara + Doy
where
Doy = 20’N71(Nw)571<<VV>Nw1(k+1)S2 - Spap, Sy Sp)
Dy =N~ (NW)B 1<S;3+1(VV)NW1 k+1 - Sptp, Sp - Sk?ﬁ)
Dyio = N~ (Nw)ﬁ 1<Sk+2(vv)Nw1 k+1 o S, Sp - - 51#/’)
Doiz = N72(Nw)Pw™ > (V) (k+2) (vv)Nwl k1) S2 - - Sk, St Sp)

For D1,

Doy = N7'(Nw)™! < [Sk:-i-la (VV)Nwl(k—i-l)] Sy..Skp, 51+ -+ Sk¢>

+NT (Nw)? ! <(VV)Nw1(k+1) Sy...SkSki1t, Sy -+ - Sk¢>

The first piece is estimated the same way as Dq;. For the second term, use Lemma in the
r1 coordinate

1S NN T NS Sz 181 Sewlls (NEHIS1S - Sydle)

~Y

_1
N (V) T (VW) TSy Sl (N7F 8081 Syl )
-8 3-38
which gives the conditions w < N 7 and w < N3-1. Since this results in conditions better
than those produced for D;;, we neglect them.
For D3, we apply estimate in the r4yo coordinate and again in the r,; coordinate
to obtain

|Dars] S N7*(Nw )B W[ Sy - Spath|l 22| St -+ - S| 12

1-3
This gives the requirement w < N7 7 , which is clearly weaker than w < N %, so we drop it.
The terms Dy and Dy are estlmated in the same way. In fact, utilizing estimate (35]) in
the r;11 coordinate yields

| Da1o] S N_l(NW)ﬁ_lesz < S 2 ||Sh - - Sk || 2

and
|Dato| S N™HNw)P'w||So -+ - Sepat) || r2]|S1 - - - S| 2
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They give the same weaker condition w < N

We now turn to Djs. Since H(gy1)42) and Hy11y do not commute, we can not directly
quote Lemma and conclude it is positive. We estimate it. By the definition of H;;, we
only need to look at the following terms

Doz = N 2w o Vvt S1 -+ - Sk, St -+ - Sit))

Dayn = N72W71<513+1VNL¢;1 k+1)S1 o Sph, Sy - Spd)

Dygy = N2 _1<Sk+2VNw1 k)51 S, S1 -+ - i)
Dass = N 72w (Vive(et 1)(6+2) Vv (k1) 51+ - - Sk, St -+ - Sktd)
Doss = N 72w o Vv ) o) S1 -+ - Sk, St -+ - Sit))

D225 = N_Qw_ <VNw(k+1)(k+2)Sl Sl ce Slﬂﬂ, Sl ce Sk¢>
Dasg = N 72w ™ (Vivw(r1)(e42)Sk 151 -+ Sk, S1 -+ Siab)

because all the other terms inside the expansion of Dy, are positive. It is easy to tell the
following: Dagy and Dggy can be estimated in the same way as Dayg, Doy and Dagg can be
estimated in the same way as Ds11, Daso and Doy can be estimated in the same way as Daqo,
and Dyo3 can be estimated in the same way as Dsy3. Moreover, all the Doy terms are better
than the corresponding Dy; terms since they do not have a (Nw)? in front of them. Hence,
we get no new restrictions from Dy, and we conclude the estimate for Das.

ESTIMATES FOR TERM Dj. Commuting terms as usual:

D3 = D31+ Dso
where
Dy = NN H o) (k43 [S1, Higree1)]S2 -+ - S, St -+ - Siab)
D3y = N71<H(k+2)(k+3)H1(k+1 - Sith, St -+ - i)

Since Hpyo)(rt3) and Hygy1y commute, Dsy is positive due to Lemmas [3.5 and [A.3] Thus we
discard D3,. For D3, we use that

[S1, Hl(chrl)] ~ (NW>BW_1(VV)Nw1(k+1)

together with estimate in the 741 coordinate (to handle [S1, Hy(x11)]) and Lemma
in the rj;o coordinate (to handle H ;. 2)k+3))

[Dai| S NHNw)? (1S -+ - Spratpll 2151 - - - Skt 2
This term again yields to the restriction
1-5
w< N &

So far, we have proved that all the terms in F3 can be absorbed into the key lower bound
exacted from E, for all N large enough as long as C;N"'®) < w < CoNv2WP) . Thence we
have finished the two step induction argument and established Theorem [3.1]
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4. COMPACTNESS OF THE BBGKY SEQUENCE

Theorem 4.1. Assume C;N"®) < w < CoNB) | then the sequence

{rv. = {30}, }e@eon.e

k=1
which satisfies the focusing oo — co” BBGKY hierarchy (18 . is compact with respect to the

product topology Tproq. For any limit point I'(t {7 k)} 18 a symmetric nonnegative
trace class operator with trace bounded by 1.

Proof. By the standard diagonalization argument, it suffices to show the compactness of %@w

for fixed k£ with respect to the metric dp. By the Arzela-Ascoli theorem, this is equivalent to
the equicontinuity of 75\%. By [33, Lemma 6.2], it suffice to prove that for every test function
J®) from a dense subset of KC(L?*(R3)) and for every e > 0, there exists §(J*) ¢) such that
for all t1,t, € [0, T] with |t; — t5] < 0§, we write
(53) sup |Tr J k)ny (t1) — Tr J(k)’y%c)w(tz)’ <e.

N,w ’
Here, we assume that our compact operators J®) have been cut off in frequency as in Lemma
A.6l Assume t; < ty. Inserting the decomposition on the left and right side of 75’;7{0, we
obtain

rYN w Z PO/YN w

where the sum is taken over all k-tuples « and B3 of the type described in ([22)).
To establish it suffices to prove that, for each a and 3, we have

(54) sup
N,w

~

Tr JOPLAY, Pa(t) — Te JVPLAR Pa(ts)| <

To this end, we establish the estimate

(55) Tr JOPAY, Pa(ty) — Tr JOPLAY) Pa(ts)

la| _ 18]

S Clta—t| <1a:0&&6=0 +max(1,w! "2 73 )1a¢0|\6¢0)

At a glance, seems not quite enough in the |a| = 0 and |3| = 1 case (or vice versa)
because it grows in w. However, we can also prove the (comparatively simpler) bound

(56) Tr JOPai\, Pa(ts) — Tr JOPLFE, Pa(ty)] S wHel-218

which provides a better power of w but no gain as t, — t;. Interpolating between and
in the |a] =0 and |3| = 1 case (or vice versa), we acquire
Tr JOPaAN, Palta) — Tr JOPoA,Pa(ts)| S [t — ta]'/2
which suffices to establish .
Below, we prove and . We first prove . The BBGKY hierarchy yields

(57) 0, Tr JWPAN) Py =1+ 11+ 1L+ 1V.
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where

= —ZQ}ZTI'J k) A + |l']| Ot’YNwPﬂ]

7=1

= —zZTrJ(k 82 QNE\’;UJ'P,@]

M= — Z Tr JOPa Vi (rs = 73), A Po
1<z<]<k
N k
IV = PalVNw(rj = Tri1), vﬁﬁ”]%

We first consider I. When o = ﬁ = 0,

k
I = —iw) Trd®W[-A,; + |22, Poi e, Pol

k
= —w Z Tr J(k) [—2 - ij + |'Tj ’2 ) PO:Y%,)WPO]

= 0,

since constants commute with everything. When a # 0 or 3 # 0, we apply Lemma and
integrate by parts to obtain

k
1 <@ Y |9 HyPatby s Patn ) = (T Patiy o, HiPaty)

Jj=1

+ ‘ (H; J(k)PoﬂLN,w Pﬂ{ﬁj\ad

)

<w Z <’ <J(k)HjPa{pN,w7 ,P,@'(LN,w>

where H; = —A,, + |z;]%. Hence

k
S wd IO Hjllop + 1H; T W llop) 1Pt vl 2 wsm | Poty ol 2oy

j=1
By the energy estimate ,

ifa=0and 83=0

58 1
(58) I |{< Cymw'™ slad=318l otherwise

Next, consider II. Proceed as in I, we have

ey (|(7%9962 Path o Patonc )| +
j=1

(3,507 7.

)
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That is
k

(59) <Y (1P lop + 102 T Nop) | Pathw ol 2ws) | Pt vl 2msny < Che o

Jj=1

Now, consider III.

m < NS (TOPVulri = )i Patiy )| +
1<i<j<k
NS TPty PaVivalrs = )by )
1<i<j<k
That is
M < NN [(SOPaLL Wy LiLithy o Patiy)
1<i<j<k
+NT Y ’<J(k)7’a17}zv,wPﬂLz‘Lsz‘jLiLﬂLN,w>
1<i<j<k

if we write L; = (1 — A,.)"/? and
Wij = Ly 'Ly WV (rs = ) L7 LG

Hence
—1 k7. 7. g T A J
o < N> |7 LiLj|[ ) Wil op || L Lo v LQ(RSN)HPWNM L)
1<i<j<k
-1 7.7 3 oy "
NS L Ty Wil [ Lt o, [Pt g,

1<i<j<k

Since [Wijllop S [Vawllzr = [[V][z (independent of N, w) by Lemma [A.1] the energy
estimates (Corollary [3.1) imply that

Ck‘ J (k)
60 I < ——

Apply the same ideas to IV.

k
V| < Z’<J(k)73aLij+1Wj(kﬂ)LijH@/)N,wPB¢N,W>
j=1

k
Z ‘ <J(k)Pa¢N7w, PsLjLjt1 Wj(k+1)Lij+1¢N,w>
j=1

Then, since J(k)LkH = Lk+1J(k),
(61) [IV|
k
< 3 (9L, + 12590, ) Wi,
j=1

< Ck”](k) .

Y

quz}N,w

LJ'LkJrlJ}N,w

L2 (R3N) ’ L2 (]RBN)
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Integrating from t; to t and applying the bounds obtained in , , , and ,

we obtain .

Finally, we prove (56). By Lemma [A.F]
e JOPLAR, Palta) — Tr JOPaAN, Paltr)]
< 2 sup ‘ <‘](k)POtQLN,w (t)’ PB@'Z)N,W (t)> ‘
t

S 1P NoplIPathn (Ol 2@ | et (Dl 2 eav)

that is

Tr JOPAY, Pa(ts) — Tr JOPLAY) Pa(t)| S wzlel=318,

once we apply . 1
With Theorem , we can start talking about the limit points of {F Nel(t) ={7 15 e 1}

Corollary 4.1. Let T'(t) = {1 | be a limit point of {FN,w(t) = {%l\;’)w}]kvzl}, with respect
to the product topology Tprod, then 38) satisfies the a priori bound
(62) Tr L3R LE) < CF

and takes the structure
(63) fy(’“) (t, (Xk, zx) ; (X}, 23,)) (H hy (z;) h1 > (t Zi; 7)),

where ’y(k) = Tr, 7®.

Proof. We only need to prove because the a priori bound directly follows from (30))
in Corollary [3.1] and Theorem
To prove , it suffices to prove

Pu7¥Pg =0, if a # 0 or B # 0.
This is equivalent to the statement that

Tr JPPARPs =0, vI® € K.

In fact,
64 Tr JOP7HPs = lim TrJ®PP P
B Nw’ B
(N,w)—00
where

Tr J*®) Pa%va = <J(k ai}N,waPﬁi)N,w>‘
by Lemma We remind the reader that, in the above, P, and Pg are acting only on the
first k variables of ¢ , as defined in |D
Applying Cauchy-Schwarz, we reach

Te J9PoA, P < ITD oplPabisllizeom [ Patby ol p2ceom)
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Use , we have

Tr J(k)Pa:Y%’)wpg‘ < Chwale=318l 5 0 as w — 0o

as claimed. g

N
We see from Corollarythat, the study of the limit point of {F Nw(t) = {%\lﬁ)‘”}k } is di-
“J k=1
N
rectly related to the sequence {Fz7N7w(t) = {iik])vw =Tr, %@w} } C @p=1C ([0, 7], £} (RF)).
e “J k=1

Thus we analyze {T'. n.(¢)} in §5l At the moment, we prove that {T'. n.(t)} is compact with
respect to the one dimensional version of the product topology 7,,,¢ used in Theorem .
This is straightforward since we do not need to deal with oo — co here.

Theorem 4.2. Assume C;N"'®) < w < CoNB) | then the sequence
(k NORE
{Povatt = {38 = 1AL} L e e (or o).
- k=1

is compact with respect to the one dimensional version of the product topology Tproq used in

Theorem [4.1].

Proof. Similar to Theorem we show that for every test function J%¥ from a dense subset
of K (L? (R¥)) and for every € > 0, 35(JM &) s.t. Vi, o € [0,T] with |t; — 5] < 8, we have

sup [TrJ® (39, (1) = 38 (1)) | <=

N,w

We again assume that our test function J%¥ has been cut off in frequency as in Lemma
Due to the fact that ’?i]f])\ﬂw acts on L? (R*) instead of L? (R*), the test functions here are
similar but different from the ones in the proof of Theorem This does not make any
differences when we deal with the terms involving ﬁfw though. In fact, since J%¥) has no

x-dependence, we have

|, ~ m@m (V) +0.) )
< ;Jz(k) <3Z> + ML]ZUG
(Ve +0:) " 2 [ (Va) +05) 7
< [€0) 90|+ 190,

For the same reason, HLjJék)Lj’lHop, HLiLjJZ(k)L;lL;lHOp and |]L;1L;1J§k)LiLj]|Op are all
finite. Although J¥) and the related operators listed are only in £ (L2 (R?’k)), they are
good enough for our purpose.
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Taking Tr, on both sides of hierarchy , we have that ’?ilf])\,yw satisfies the coupled BBGKY
hierarchy:

k k
o~ - 1 -
(65) Zatfy,(zlfj)\ﬁw Z [ z2 Y ,(sz w:| N Z Tr:): |:VN,UJ (ri - ) fyg\’;)w]
j=1 1<j
N _

Z Tr2k+1 Tr, [VNUJ ( rk-‘rl) 75\111)} :

7=1

Assume t; < ty, the above hierarchy yields

0 (10 (1) =38 ()]

jZ:/: dt+NZ/

dt

Tr ‘]z(k) |:_a2 ) f?,(szw

Te 9 Vi (1 = 13), 34,

,w

k

N —Fk b2
+— N ;/ Tr J*) [VN,W (rj — Tht1) s 'yNzl)} ‘ dt.
k N — k k ts
Z/ 1(t)dt + — Z/ I1(t) dt + Z/ 111 (¢) dt
Jj=1 i<j vt j=17t
For I, we have
2 .

= o) 9 0,400 0) 10, 995, )7(0,) 1.0
< ([ @]+ @), ) o) 1 o)

— O, Te(0.,)7%) (0.,)
< 0y

by the energy estimates (Corollary [3.1]).
Consider IT and III, we have

II =

Tr J® [VN,w (ri —15), ”YE\’;)M]
| Tv L7 L7 T W L LW LiLAN) LiLy — Tr LLy J® L L LLAN), LiL Wi
(HL;lL]ﬂJZ(k)LiLjHOp + HLiLﬂ'Jﬁk)LflL{lHOJ 1Willop T LiLiAN), LiL

CJa

NN
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and similarly,

I =

Tr J¥ [VN,w (rj = Tht1) 75\];11)} ‘
| Tr L7 Lt J® Ly L Wy L Lisa A o Ly L
—TrLjLp Jz('“)L;lL;ileLkﬂﬁw )Lij+1Wj(k:+1)|

(127 9L + N ETOLT ) Wil T oL TN L L
CJ7

NN

where we have used the fact that Ly, and Ll;ll commutes with Jék).
Collecting the estimates for I - III, we conclude the compactness of the sequence I', n ., (t) =

N
(k) }
{,yz N,w k:l. 1

5. LimMiT POINTS SATISFY GP HIERARCHY

N
Theorem 5.1. Let T'(¢ {fy k)}k L bea CiN™ B < w < CoN2B) limit point of{FNw( ) = {&E’V“L} }

with respect to the product topology Tprea, then {i = Tr, 4% }k | s a solution to the coupled

focusing Gross-Pitaevskii hzemrchy subject to initial data 3% (0) = |¢y) (do|* with
coupling constant by = ’fV

, which, rewritten in integral form, 18
(66) 30 = g® )58 (0)

+Zb0 Z/ t - Trzk+1 Tra: [5( - Tk-&-l) 7:)/(k+1) (3)} dS,
where UM (t) = H "% ¢

Proof. Passing to subsequences if necessary, we have

Cle1<B>§w<02Nv2(6) !
Jdm o s TIPS - 00) = 0 VI e K(LARY)

C1 NV1(B) Lw< Oy Nv2(B)

via Theorems [4.1] and 4.2
To establish , it suffices to test the limit point against the test functions Jz(k)
KC(L*(R¥)) as in the proof of Theorem We will prove that the limit point satisfies

(68) Tr JPFE) (0) = Tr JH |¢y) (¢o]
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and

(69) Tr JMA® (1)
Te JPU® (1) 5® (0)

+iby Z/ Tr Jk) (t—s)[6(rj —res1), FEHD (g )] ds

To this end, we use the coupled focusing BBGKY hierarchy satisfied by iiﬁ)\,M, which,
written in the form needed here, is

k k
A+—-Y B+i1-~ D
99 v N)z ,

where

t
B = / TI' Jék)U(k) (t — S) |:_VN70J (ri - T]) 7’?51\;,)0.; (S):| dS,
0

t
D = / Tr Jz(k)U(k) (t—s) [—VN,w (1 = Th41) ’YS\];ZI) (3)] ds.

0
By , we know

Jim T IO () = Tra®0 ),
C1Nv1(B) :(2052 Nv2(8)
lim T JPU® (155, (0) = TrJBU® ()50 (0) .

N,w—00
C1 N1(B) Lw<Cy Nv2(B)

With the argument in [51) p.64], we infer, from assumption (b) of Theorem [1.1}
aﬁfw (0) = |h1 ® ¢g) (h1 @ ¢y| , strongly in trace norm,
that
%\I;)w (0) = |hy @ &) (h1 @ dy|®" ,  strongly in trace norm.

Thus we have checked , the left-hand side of , and the first term on the right-hand
side of for the limit point. We are left to prove that

. B
N,I:J]E)loo N B 0’
C’lNUI(B)gwgCQsz(B)
lim 1 - E D = by t JR ) (t—s) [5 (rj —7rre1) 7(k+1) (8)] ds.
N,w—o0 N 0 T J +1)

O N1(B) Lw<Cy NV2(B)
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We first use an argument similar to the estimate of II and III in the proof of Theorem [4.2] to
prove that |B| and |D| are bounded for every finite time ¢. In fact, since U%®) is a unitary
operator which commutes with Fourier multipliers, we have

t
|B\</
0

t
= /0 ds| Tr L7 LTV I LL,U® (t— s) Wy LiLiAN, (s) LiL;

Tr Jz(k)U(k) (t—3) |VNw (ri — 1) ,:yg\lfiu (3)] ‘ ds

~ T LL JO L7 LT UW (t— ) LiLiAY), (s) LiL Wi

t
< / ds | L7 L7 TP L || [ UP ), IWill Tr LiLARY, (s) LiLs
0

Wil Tr LAY, (s) LiL,

N

t
+ [as|nz o, )

< Oyt
That is
. ) kD
lim — = lim — =0.
N,w—ro0 N N,w—00 N
C1NV1B) <Oy Nv2(B) C1 N1 (B) L Oy NV2(B)

We now use Lemma (stated and proved in Appendix|Al), which compares the §—function
and its approximation, to prove

t
(70) NEI_I:OO D = bo/ T JPUB (1 — s) [6 (rj — Th41) kD) (s)] ds,
Clel(’B)’gw<CQN”2(ﬁ) 0

Pick a probability measure p € L' (R?) and define p, () = a3p (£) . Let JW = JPu® (- ),

we have

T OO (¢ = 5) (=Vivs (15 = 1) 687 () = bod (rj = 7a1) 7 (9))|
=TI+ 141V

where

I=

Y

Tr J®, (Vi (75 — 1ra1) = bod (15 — 1)) At (5)

IT = by

bl

Tr J5, (8 () — i) = pa (7 = 101)) 75" (5)

111 = b, ’Tr J®, o () = risn) (%5;1’ (s) — 7%+ (s)) ‘ :

IV:bO

e I, (pa (rj = 1) — 6 (ry — ren)) FFHY (3)) :
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Consider 1. Write V,,(r) = %V(\%,z), we have Vi, = (Nw)* V,,((Nw)’ r), Lemma [A .2

then yields
b
o ([ V) e dr
(Na)™

x (HL TOL oy + 1L TOL, ) LN (5) Ly L

o, Vo)l Ir["dr)
(Nw)™

Notice that ([ |V, ()] |r|" dr) grows like (\/E)“ so I <Cy (Lw))ﬁ which converges to zero

as N,w — oo in the way in which N > w2 . So we have proved

lim I1=0.
N,w—o0
1 N1(B) Lw< Oy Nv2(B)

Similarly, for IT and IV, via Lemma [A.2] we have

< Choa™ (LWL + 15 TO L) T LiLasn 3650 () L
< Cya” (Corollary 3.1)

V< Copa” ([|LI9L |+ L T L ) T L™ (5) LiLn
< Cya” (Corollary [4.1)

that is
II<Cja” and IV < Cja”,

due to the energy estimate (Corollary . Hence II and IV converges to 0 as o — 0,
uniformly in NV, w.
For III,

I < b

1 -
Tr J! tpa( Tkﬂ)m (75\1;:1)( ) — A&+ (3)>‘

+bo

el [k -

The first term in the above estlmate goes to zero as N,w — oo for every € > 0, since we have

assumed condition 1.} and J, tpa (r; — Ths1) (14 €Lpy1) " is a compact operator. Due to

( + (k+1)

the energy bounds on 7 and 5+ the second term tends to zero as € — 0, uniformly in

N and w.
Putting together the estimates for I-IV, we have justified limit . Hence, we have
obtained Theorem [5.1] §

Combining Corollary and Theorem we see that %) in fact solves the 1D focusing

z

Gross-Pitaevskii hierarchy with the desired coupling constant by ([ |hy (z)|" dz) .
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N
Corollary 5.1. Let I'(t {’Y k)}k LbeaN = w?Ore Limit point of{FNw( ) = {:YS]\;)W} }
“) k=1

with respect to the product topology Tpreq, then {72 = Tr, 4% }k:1 1 a solution to the 1D

Gross-Pitaevskii hiemrchy subject to initial data 7% (0) = |dy) (¢o|“* with coupling
constant by ( [ |h (x | dm), which, rewritten in integral form, is

(71) 7&)
= UM )7¥ (0)

+iby (/ hy ()] dx) Z/ Wt —s ) Trs, ., [0 (25 — 241) A+ (s)] ds.

Proof. This is a direct computation by plugging into . 1

APPENDIX A. BASIC OPERATOR FACTS AND SOBOLEV-TYPE LEMMAS

Lemma A.1 (|31, Lemma A.3]). Let L; = (1 — ATJ.)%, then we have

L7 LV (s =) LT L] S C IV

Lemma A.2. Let f € L' (R?) such that [y (r) f(r)]dr < oo and [p f(r)dr =1 but
we allow that f not be nonnegative everywhere. Define fo (r) = a™3f (a) Then for every
k € (0,1/2) , there exists C, > 0 s.t.

I Tr I (fo (r; — rai1) = 6 (rj — 1)) YY)

c, ( [1r0) Wdr) o ([[79 L, + 1L TOL,) T Ly Ly L L

for all nonnegative v € £ (L? (R3*+3)) .
Proof. Same as [22, Lemma A.3] and [20, Lemma 2]. See [45, 1], 31] for similar lemmas. &

Lemma A.3 (some standard operator inequalities).
(1) Suppose that A >0, P; = Pr, and I = Py+ P,. Then A <2P,AP, + 2P, AP,.
(2) If A> B >0, and AB = BA, then A* > B* for any a > 0.
(3) If Ay > Ay > 0, By > By > 0 and A;B; = BjA; for all 1 < i,j < 2, then
A1B; > Ay Bs.
(4) If A>0 and AB = BA, then AY?B = BA'Y2.

Proof. For (1), ||AYV2f||> = ||AY2(Py + Py) f||? < 2||AY2P,f||? + 2| A2 P, f||?>. The rest are
standard facts in operator theory. 1

Lemma A.4. Recall
S=(1-0>+w(=2-20,+ |z’
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we have

(72) S2>1-A,

(73) S?P.y > Poy(1— 0% —wl, + wlz]?)Pay
(74) S2P.y > wPsy

Proof. Directly from the definition of S, we have
(75) P>1(1 —83 —WA$+W|$|2)P>1 :2wP>1+§2P>1.

all terms positive

The eigenvalues of the 2D Hermite operator —A,, + |z|* are {2k + 2};°,. So
(76) 2wPs; < w(=2— Dy + |z)*)Poy < S2Psy.

and immediately follow from and .
We now establish using . On the one hand, we have

(77) S*>(1-09)

On the other hand,

(78) Py(=D,)P $1< 5?

since Py is merely the projection onto the smooth function C’e—#. Moreover, by ,
(79) Poi(=A;)Ps1 < §2P>1 < 52

Thus Lemma , and together imply,

(80) -0, £ 87

The claimed inequality then follows from and . 1
Lemma A.5. Suppose o : L>(R3) — L*(R3%) has kernel

O-(rk:?r;g) = /¢<rk>rNk)E(r;garNk) dry_,

for some 1 € L*(R3N), and let A, B : L*(R3*) — L*(R3%). Then the composition AcB has
kernel

(A0 B)(r0,1) = [ (A0) . r-2) (B0)(r 1) e
It follows that
Tr AcB = (A, B ).
Let K denote the class of compact operators on L*(R3%), LI denote the trace class
operators on L?(R3%), and £? denote the Hilbert-Schmidt operators on L?(R**). We have
Ly C L; C Ky,

For an operator J on L*(R%), let |.J| = (J*J)¥/? and denote by J(ry,r}) the kernel of J and
|J|(rk, r},) the kernel of |.J|, which satisfies |J|(ry, 1)) > 0. Let

> > >0



42 XUWEN CHEN AND JUSTIN HOLMER

be the eigenvalues of |J| repeated according to multiplicity (the singular values of J). Then

[Tl = llttnllee = w0 = 11T lop = [ llop
10cz2 = ltallez = 119 (i vl 22y ) = (Te 7)Y
171 cz = lealler, = NI (ers wr)ll o gy = T | ]|
The topology on K coincides with the operator topology, and Ky is a closed subspace of the
space of bounded operators on L?(R3¥).

Lemma A.6. On the one hand, let x be a smooth function on R3 such that x(£) = 1 for
€] <1 and x(§) =0 for || > 2. Let

k
Qui)tr) = [ e [T ) ey de

On the other hand, with respect to the spectral decomposition of L*(R?) corresponding to the
operator H; = —Aij + |:1cj|2, let X7, be the orthogonal projection onto the sum of the first M
eigenspaces (in the x; variable only) and let

k
Ry =[] X
j=1

We then have the following:

(1) Suppose that J is a compact operator. Then Jy o RyQuJQuRy — J in the
operator norm.

(2) HjJnr, JuHj, A Jar and Jy A, are all bounded.

(3) There exists a countable dense subset {T;} of the closed unit ball in the space of bounded
operators on L*(R3*) such that each T; is compact and in fact for each i there ewists
M (depending on i) and Y; € Ky with ||Y;|lop < 1 such that T; = RyQuaYiQu Ras-

Proof. (1) If S,, — S strongly and J € Ky, then S,J — SJ in the operator norm and
JS,, — JS in the operator norm. (2) is straightforward. For (3), start with a subset {Y,,}
of the closed unit ball in the space of bounded operators on L?(R3%) such that each Y,, is
compact. Then let {T;} be an enumeration of the set Ry;Q Y, Qnr Ry where M ranges over
the dyadic integers. By (1) this collection will still be dense. The {Y;} in the statement of
(3) is just a reindexing of {Y,,}. u

APPENDIX B. DEDUCING THEOREM [I.1] FROM THEOREM [1.2]

We first give the following lemma.

Lemma B.1. Assume %N,W(O) satisfies (a), (b) and (c) in Theorem . Let x € C§° (R) be
a cut-off such that 0 < x <1, x(s) =1 for 0 < s <1 and x(s) =0 for s > 2. For k > 0, we
define an approrimation of 1y, (0) by

% </<; (ﬁNM — 2Nw) /N) IZ}N,UJ(O)

Vnw(0) = HX (H (HN,w _ QNw) /N) @N,W(O)H.
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This approzimation has the following properties:
(i) QZJHNM(O) verifies the energy condition

TR i ~K Qka
(D (0), (i = 2Nw)Ty,(0)) < =5
(i1
sup [y, (0) = Iy (0) , < Ot
N,w L

(i1i) For small enough k > 0, 121’;,&,(0) is asymptotically factorized as well

lim Tr

N,w—00

Fe(0, 21, 212, 7)) — hi)h(})de(21)B0(2})] = 0,

where ’y'f\}g) (0) is the one-particle marginal density associated with IL]HVM(O), and ¢, is the

same as in assumption (b) in Theorem[1.1]

Proof. Let us write x <li (ﬁ[ Nw — 2N w)) as y and 1 Nw(0) as 0 N- This proof closely follows
[33, Proposition 8.1 (i)-(ii)] and |31, Proposition 5.1 (iii)]

(i) is from definition. In fact, denote the characteristic function of [0, A\] with 1(s < A). We
see that

X </1 <I:IN,W - 2Nw> /N) = 1(Hy,, — 2Nw < 2N/k)x (/{ <ﬁN,w - 2Nw> /N) :

Thus

(a0 (o = 280) 500

- <M 1(Ax,, — 2Nw < 2N/k) (HN,M - 2Nw> M>
HX¢N,w waN,w

~ ~ k
< Hl(HNM — 2Nw < 2N/k) (HNW - 2Nw>

op

ok Nk
Kk

We prove (ii) with a slightly modified proof of [33, Proposition 8.1 (ii)]. We still have

wN,w - wN,w 12
~ ~ X{DN,M 5
< X¢N,w - 1/’N,w 2 Tl =7 — X¢N,w
HX%V w 12
< X&N,w - &N,w 2 + 11— HXQLN,LU

Y

< 2 HX&N,OJ - &N,w

LQ
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where

~ ~ 2
”X¢N,w - ¢N,w 12

N

_ <¢N’ Ly n(ﬁNjw—QNoO ¢N>

< <wN, 1(- <ﬁN’wN_ ), 1>wN>.

To continue estimating, we notice that if C' > 0, then 1(s > 1) < 1(s+ C > 1) for all s. So

< <@N,w, ( <HN“_2NW> z/»Nw>

- - 2
HWN,W - wNw 12

HNW _ONw+ Na) i
,lvwaa N > 1),’7Z}N,w
With the inequality that 1(s ) < s for all s > 0 and the fact that

H, —2Nw+ Na >0

proved in Theorem [3.1] we arrive at

- . 2
HXQ/JN,LU - z/fN,w I

< % <¢N,w7 (F[N,w —2Nw + NO() ’(ZJN7w>

K/~ ~ ~ ~ ~
< N <¢N,w7 (HN,w — 2NW> wN,w> +akK <wN,w7 ¢N,w> ;
Using (a) and (c) in the assumptions of Theorem [L.1, we deduce that

HX@ZJN,QJ - &N,w ; <Ck

which implies

Cr? .

- r(/)N,w 12 <

(iii) does not follow from the proof of [33, Proposition 8.1 (iii)] in which the positivity of
V is used. (iii) follows from the proof of [31, Proposition 5.1 (iii)] which does not require V'
to hold a definite sign. Proposition follows the same proof as [31], Proposition 5.1 (iii)] if
one replaces Hy by (ﬁva — 2Nw) and Hy by

N

1
> (=0, +w(=2 - Ay, +xl?) + N > Viwlri— ).

k41 k+1<i<j<N
Notice that we are working with Vi, = (Nw)* V,((Nw)’r) where V,(r) = %V(\%,z),

38
thus we get a (Nw)¥ Vo3 ~ % instead of a N% in [31), (5.20)] and hence we get a
(Ncu)%f1 in the estimate of [31, (5.18)] which tends to zero as N,w — oo for 8 € (0,2/3). 1
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Via (i) and (iii) of Lemma QZ;W(O) verifies the hypothesis of Theorem H for small
enough k > 0. Therefore, for %i\}i) (t), the marginal density associated with e®*#~ ’wﬂ)HN’w(O),
Theorem gives the convergence
k

'm,(olj) (t, Xp, 24} X}, 2,) — H ha () ha (@) (¢, 25)b(t, 25)

(81) lim Tr
N,w—o0
O NV1(B) Lw< Oy NV2(B)

= 0.

for all small enough x > 0, all £ > 1, and all ¢t € R.
For 75\]20 (t) in Theorem we notice that, V.J*) € K, ¥t € R, we have

T 79 (58, ()~ 10 © 6 (1) (@ 6 (1),

< [T (0, 0 = 38 @)+ [T g (3RS @) = @ 6 @) (@ 6 (0]
= I+1IL
Convergence then takes care of II. To handle I, part (ii) of Lemma yields
T ~ 1
() B (O] IS (L) B (O] I e

which implies

I_

Ted® (348, (1) =358 )] < ¢ 79, x5

Since k > 0 is arbitrary, we deduce that

Jim T (58,0 = @ e @) (@ o (0| =0,
cmvﬂﬁfgwgcmvz(ﬁ)

i.e. as trace class operators
S () = hy @ 6 (1) thy @ 6 (B)]* wealk*,

Then again, the Griilmm’s convergence theorem upgrades the above weak* convergence to

strong. Thence, we have concluded Theorem [I.1] via Theorem [I.2] and Lemma [B.1]
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