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ABSTRACT. We prove that the classical Coifman-Meyer theorem holds on any polydisc
T of arbitrary dimension d > 1.

1. INTRODUCTION

This article is a continuation of our previous paper [7]. For n > 1 let m(= m(7)) in
L*>*(IR"™) be a bounded function, smooth away from the origin and satisfying

om()] £ T 1)

for sufficiently many multi-indices @ . Denote by TV the n-linear operator defined by

T v @) = [0 (). om0 )

where fi,..., f, are Schwartz functions on the real line R. The following statement of
Coifman and Meyer is a classical theorem in Analysis [2], [6], [4].

Theorem 1.1. T} maps LP* x ... x LPr» — LP boundedly, as long as 1 < pi,...,p, < 00,
pil—i—...—i—pin:% and 0 < p < oo.

In [7] we considered the bi-parameter analogue of T3 defined as follows. Let m(=
m(7y,n)) in L=(IR*") be a bounded function, smooth away from the subspaces {y =
0} U{n =0} and satisfying

1 1
(1ot )

for sufficiently multi-indices o and 3. Denote by T'? the n-linear operator defined by

0300m(v,m)| <

(3)

T (fryeees f)(2) = / o V) FL (s ) e f (s )27 000520 )]

R (4)
where fi, ..., f, are Schwartz functions on the plane R?. The following theorem has been
proven in [7].

Theorem 1.2. T, maps LP* x ... x LP» — LP boundedly, as long as 1 < pi,...,p, < 00,
pil—l—...—l—pin:% and 0 < p < oo.

1A < B means that there exists an universal constant C' > 0 so that A < C'B.
1
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The main goal of the present paper is to generalize Theorem 1.2 to the d-parameter
setting, for any d > 1.

In general, if & = (€)%, ...,&, = (€))%, are n generic vectors in R?, they naturally
generate the following d vectors in IR™ which we will denote by & = (5 Vit - L& =
(7). As before, let m(= m(£) = m(€)) in L=(R™) be a bounded symbol, smooth
away from the subspaces {£; = 0} U ... U {&; = 0} and satisfying

()

|evs]

OO '<Hm

for sufficiently many multi-indices aq, ..., ag. Denote by T\ the n-linear operator defined
by

ﬂwnmwm@=/wm@ﬁ@wﬁ@wm@%%wg (6)

where fi, ..., f, are Schwartz functions on RY. The main theorem of the article is the
following.

Theorem 1.3. T} maps LP* x ... x LP» — LP boundedly, as long as 1 < pi,...,p, < 00,
pil—i—...—i—]izl—ly and 0 < p < oc0.

Traditionally, [2], [6], [4] an estimate as the one in Theorem 1.1 is proved by using the
T'(1) theorem of David and Journé [8] together with the Calderén-Zygmund decomposi-
tion. In particular, the theory of BMO functions and Carleson measures is involved.

On the other hand, it is well known [1], [5] that in the multi-parameter setting all
these results and concepts are much more delicate (BMO, John-Nirenberg inequality) or
inexistent (Calderén-Zygmund theory). To overcome these difficulties, in [7] we had to
develop a completely new approach to prove Theorem 1.2. This approach relied on the
one dimensional BMO theory and also on Journé’s lemma [5]. At that time, we didn’t
know how to extend our argument and prove the general d-parameter case.

The novelty of the present paper is that it simplifies the method introduced in [7] and
this simplification works equally well in all dimensions. Surprisingly, it turned out that
one doesn’t need to know anything about BMO, Carleson measures or Journé’s lemma in
order to prove the estimates in Theorem 1.3.

We shall rely on our previous paper [7] and for the reader’s convenience we chose to
present the argument in the same bi-linear bi-parameter setting (so both n and d will be
equal to 2). However, it will be clear from the proof that its extension to the n-linear
d-parameter case is straightforward.

The paper is organized as follows. In Section 2 we recall the discretization procedure
from [7] which reduces the study of our operator to the study of some general multi-
parameter paraproducts. In Section 3 we present the proof of our main theorem, Theorem
1.3 and in the Appendix we give a proof of Lemma 3.1 which plays an important role in
our simplified construction.
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2. DISCRETE PARAPRODUCTS

As we promised, assume throughout the paper that n = d = 2. In this case, our

d)

operator T#L can be written as

~

Tr(n2)<f, 9)(x) = /]R m(v, ) f (v, m)G(y2, )€ 2miz((y1,m)+(v2,m2)] dvydn. (7)
In [7] Section 1, we decomposed the operator T2 into smaller pieces, well adapted to
its bi-parameter structure. This allowed us to reduce its analysis to the analysis of some
simpler discretized dyadic paraproducts. We will recall their definitions below.
An interval I on the real line IR is called dyadic if it is of the form I = 2¥[n,n + 1] for
some k,n € Z. If A\,t € [0,1] are two parameters and [ is as above, we denote by I, the
interval Iy, = 28\ n + t,n +t + 1].

Definition 2.1. For J C R an arbitrary interval, we say that a smooth function ®; is a
bumb adapted to J, if and only if the following inequalities hold

1 1
oV (2)] < Cpa— 8
SRS Te-t ?

for every integer a« € IN and for sufficiently many derivatives | € IN. If ®; is a bump
adapted to J, we say that |.J|7Y2®; is an L? - normalized bump adapted to J.

For A, t1,ts,t3 € [0,1] and j € {1,2,3} we define the discretized dyadic paraproduct
I of “type j” by
At1,to,ts

H}\tl,tg,tg f g Z |[‘1/2 }At >< @%A t2>q)?>\,t37 (9>

1€D
where f, g are complex-valued measurable functions on R and @hti are L2-normalized
bumps adapted to I, with the additional property that f]R @f}kyt_(x)dx = 0 for i # 7,
i = 1,2,3. D is an arbitrary finite set of dyadic intervals and byl (-,-) we denoted the
complex scalar product.
Similarly, for X,#;, 5,13 € [0,1]% and j € {1,2,3}% we define the discretized dyadic
bi-parameter paraproduct of “type j

.. .. =17

At1,t2,t3 Nttty

t, ® H)\// t// t” t”
by

2 3
>\t17t27t3 Z |R|1/2 f ®R~ ~><g7® _, ﬂ>¢R 3 (10)
ReD
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where this time f, g are complex-valued measurable functions on R?, R = I x J are dyadic
rectangles and ®? L. are given by

' =P P’
RX,t; )\/ t’ ® J)\// t;’

for i = 1,2,3. In particular, if i # j' then [Rr ®} (r)dz = 0 and if i # j” then

PR
1

f]R f, o (x)dz = 0. D is an arbitrary finite collection of dyadic rectangles.

We will also denote by A [ (f,g,h) the trilinear form given by
1,02,

;tl,tz,tg(f 9, )_/]R H;tm,t%(f 9)(z,y)h(z,y)dzdy. (11)

In [7] we showed that Theorem 1.2 can be reduced to the following Proposition.

Proposition 2.2. Fixje {1,2,3}% and let 1 < p,q < 0o be two numbers arbitrarily close
to 1. Let also f € LP, ||fll, =1, g € LY, ||lgll, = 1 and E C R?, |E| = 1. Then, there
exists a subset E' C E with |E'| ~ 1? such that

N nn(fra b S1 (12)
uniformly in the parameters X 11, ts ta, ts € [0,1]2, where h := Y pr.

It is therefore enough to prove the above Proposition 2.2, in order to complete the
proof of our main Theorem 1.2. Since all the cases are similar, we assume as in [7] that
j=(12).

To construct the desired set E’, we need to recall the “maximal-square”, “square-

maximal” and “square-square” functions considered in [7].
For (z,y) € R? define

1 I(f th~1>|
MS(f)(z,y) = SUP 7172 Z sup TXJ(Q) xr (), (13)
J:R=IxJeD Ml
o.9% . )P W 1/2
SUP j. g ged SUPK 4 — 17— XY
SM{g)ay) = | 3 ———— (@) (14)
I
and
h @ )P v
SS(h ZSUP TR (15)

Then, we also recall (see [8]) the bi—parameter Hardy-Littlewood maximal function

2A ~ B means that A < Band B< A
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MM (F)(z,y) = sup . |F (', y")|dx'dy'. (16)
@welxs LI Jrss
The following simple estimates explain the appearance of these functions. In particular,
we will see that our desired bounds in Theorem 1.2 can be easily obtained as long as all
the indices involved are strictly between 1 and oc.
We start by recalling the following basic inequality, [7]. If II' ia a one-parameter
paraproduct of “type 1”7 given by

I ) = 3 crg e ) 950 (17)
I

then we can write

‘Al(fl,fmfs)‘ = ‘/Rnl(fl’f2)(flf)f3($)dx

,sZm%/z|<f1,<b}>||<f2,¢%>||<f3,<1>§>|
[, D [ @3], @)
o <Z TR e e X’(x))dx

S [ M @S @S () ) (19

where M denotes the Hardy-Littlewood maximal function and S is the square function
of Littlewood and Paley. In particular, we easily see that II' : LP x LY — L" for any
1 < p,q,r < oo satisfying 1/p+ 1/q = 1/r. Analogous estimates hold for any other type
of paraproducts II’ for j = 1,2, 3.

Similarly, for the bi-parameter paraproduct II!? of “type (1,2)” formally defined by
12 = IT' ® I1? one obtains the inequalities

A2 F fo )l = | [ T2 fo) (,9) fo(, y)dady
R

S o MU @) SM () . ) S (3) . 9}y, (19)

and analogous estimates hold for any other type of paraproducts II7 for ; e {1,2,3}>
It is important that all these M.S, SM and SS functions are bounded on LP for any
1 < p < oco. We recall the proof of this fact here (see [7]). We start with SM(f2)(x,y).
It can be written as

[(f2.92002) 2 12

Mgy — 32 W (20)

I
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1/2

2, @2
< (M)

|j|1/2
where I and J are the intervals where the corresponding supremums over X, ty € 0,1]2 in
(14) are attained.
In particular, by using Fefferman-Stein [3] and Littlewood-Paley [8] inequalities, we
have

1/2
2, 02
[SML), 5 | ZM(%)?@M@ Iy (21)
(o, 9 "
SHE 7= wa@ | Skl

1

for any 1 < p < co. Then, we observe that the M S function is pointwise smaller than a
certain SM type function and hence bounded on L?; while the S\S function is a classical
double square function and its boundedness on LP spaces is well known, [1]. As a conse-
quence, it follows as before that II(h2) : P x L9 — L" as long as 1 < p,q,r < oo with

1/p+1/qg=1/r.

3. PROOF OF PROPOSITION 2.2

It remains to prove Proposition 2.2. First, we state the following Lemma.

Lemma 3.1. Let J C R be an arbitrary interval. Then, every bump function ¢ ; adapted
to J can be written as

¢J _ Z 2—1000k¢§ (22)
kelN

where for each k € N, ¢% is also a bump adapted to J but with the additional property
that supp(¢%) C 2%.J 3. Moreover, if we assume fR ds(x)dx = 0 then all the functions ¢
can be chosen so that f]R ¢*(x)dx =0 for every k € IN.

The proof of this Lemma will be presented later on in the Appendix. It is the main
new ingredient which allows us to simplify our previous argument in [7]. Using it, we can
decompose our trilinear form in (10) as

- - 1 -
J _ E —1000|k| E 1 2 3,k
A;\‘7tﬂl’t§’tg(f>gvh) - 2 ‘ |R|1/2 <f> (I)Rx’t~1><qu) X,t”2><h’ (I)RX,t§>’

ieIN® ReD (23)

39k J is the interval having the same center as J and whose length is 2%|.J].
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where the new functions @[D%’if - have basically the same structure as the old @%X - but
'3 . . b3
they also have the additional property that Supp((I)?,’%]; ;) C QkRX ;- We denoted by
- — — "3 '
2kR5\'7t~3 = 2k1[>\/7tg X 2k2¢])\u’té/, k= (k’l, k‘g) and |k‘| = k’l + k’g.

Fix now f, g, F,p,q as in Proposition 2.2. For each k € IN? define

Oz = {(z.9) € R? : MS(f)(z.9) > C2W} U{(z) € R? : SM(g)(x,y) > C2F}.

(24)
Also, define
~ 1
Q—5|E| = {(l‘,y) € R2 : MM(XQ%‘,;‘)(%?/) > m} (25)
and then
ew) > o) (26)
51| Y olkl*

Q_5|E\ = {(z,y) e R*: MM (xq
by

Finally, we denote

Q= @
keIN?

It is clear that |©2] < 1/2 if C' is a big enough constant, which we fix from now on.
Then, define £’ := E \ Q and observe that |E’| ~ 1. We now want to show that the
corresponding expression in (12) is O(1) uniformly in the parameters X, 1, f3, i3 € [0, 1]2.
Since our argument will not depend on these parameters, we can assume for simplicity
that they are all zero and in this case we will write @}, instead of @}, _ for i = 1,2 and
<I>?}’%’k instead of (ID?}’{’I; -

Fix then k € IN? and look at the corresponding inner sum in (23). We split it into two
parts as follows. Part I sums over those rectangles R with the property that

ROQC o #0 (27)

while Part IT sums over those rectangles with the property that

RNQO°

—51F

0. (28)
# () then

R C Q_5| 7 and in particular this implies that kR - Q—s\ 7 which is a set disjoint from
E’. Tt is therefore enough to estimate Part I only. This can be done by using the technique
developed in [7].

- RNQ_; :
Since RﬂQc_s‘E‘ # (, it follows that | ﬂ‘RT\kH < 155 or equivalently, |RﬂQC_5|E|

We observe that Part II is identically equal to zero, because if R N QC_S‘EI

| > o5 12l

100
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We are now going to describe three decomposition procedures, one for each function
f,g,h. Later on, we will combine them, in order to handle our sum.
First, define

) 251k
Q—5|1€|+1 ={(z,y) e R": MS(f)(z,y) > o1 }
and set
T_5|EH’1 = {R < ﬁ : ‘R n Q—5|EH—1‘ > 100|R‘}
then define
2 C2%IH
Qe = (o) € R MS(P)wy) > =)
and set
T 0 ={R€ D\T_ s | RN G740l > 1OO‘R|}

and so on. The constant C' > 0 is the one in the definition of the set E’ above. Since
there are finitely many rectangles, this algorithm ends after a while, producing the sets
{Q,} and {T,} such that D = U,'T,.

Independently, define

) ) 25k
Y = (@ y) € R SM(9)(2,y) > ——}
and set
T/—5|E\+1 {R € D : |[RNQ" 5|k‘+1\ 10O|R\}
then define
/ CQ5|E|
Q_5|E\+2 = {(z,y) € R? : SM(g)(x,y) > 7}
and set
T i = (RED\T ;1 |RNQ o ] > 1OO\R|}

and so on, producing the sets {2/} and {T.} such that D = U, T’,. We would like to
have such a decomposition available for the function A also. To do this, we first need to
construct the analogue of the set Q_5| T for it. Pick N > 0 a big enough integer such that

for every R € D we have |[RN Q"] > | R| where we defined

Oy ={(z,y) € R?: SS*¥(h)(z,y) > C2"}.
Here SS% denotes the same “square-square” function defined in (15) but with the functions

q)?;éif _ instead of (I)?éx - Then, similarly to the previous algorithms, we define
,t3 3
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" 2 r C2N
Wy = z,y) € R SSY()(2) > =1}
and set
T v ={R€ D:|RN vl > 100|R|}
then define
o CQN
Q' oo = {z € R*: SS*(h)(z) > 5 }
and set
- 1
T o ={ReD\T y, : [RNQ y 5| > |R|},

100

and so on, constructing the sets {Q”} and {T”} such that D = U, T".
Then we write Part I as

1 3,k
> > |R|g,/2|<f L Op)[1(g, PRI (R, ©37)[| R, (29)
nl,n2>—5|E|,n3>—N R€Tng,ng,ng

where T, nyny := Ty, NT;,,NT; . Now, if R belongs to Ty, s, ., this means in particular
that R has not been selected at the previous ny — 1, no — 1 and n3 — 1 steps respectively,
which means that |[R N Q,, 1| < 55| R, |RﬂQ’2 1| < 15| R| and |ROQ”3 1| < 55| R| or
equivalently, |[RN QS | > Z|R|, [RNQE_y| > 2 |R| and [RN Q| > E|R|. But
this implies that

97
100
In particular, using (30), the term in (29) is smaller than

|RNQ; lmQ lanS 1| > —|R|. (30)

> >l Rl SRl eI RN D, N0l 9 -

n1,n2>—5\E|,n3>—N RETny ng,ng

> S el Ok, @3 0 ) oy

= Qe N nQlc
nl,n2>—5\k|,n3>—N n1—1 ng—1 n3—1 ReT”l n2,n3

-

< ¥ / MS(f) (2, y)SM(g)(z, y)SSF(h) (. y) dady

c 'c e
7L1,n2>—5\k\,n3>—N in—lanQ—lﬂQn371ﬂQTn1,n2,n3

5 Z 2_n12_n22_n3|QTn1,n2,n3 |7 (31>

nl,n2>—5|E\,n3>—N

where
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QT7L1,7L2,7L3 = U R

RETnl,nz,n3

On the other hand we can write

1

|QTn1,n2,n3| S |QT7L1| S |{('x7y) € ]R’2 : MM(Xin)(x?y) > m

H

C
S | = K y) € R® - MS(f)(2,y) > 503 S 27

Similarly, we have

|QT7L1,n2,n3| 5 2"2‘1

and also

naQ
|QTn1,n2,n3| 5 2 )

for every @ > 1. Here we used the fact that all the operators SM, MS, SS’;, MM are
bounded on L* (independently of k) as long as 1 < s < oo and also that |E'| ~ 1. In
particular, it follows that

|QTn1,n2,n3‘ 5 onipbti gnagbz gnzabs (32)

for any 0 < 6,605,053 < 1, such that 0; + 6, + 05 = 1.
Now we split the sum in (31) into

: : 2_n12_n22_n3 |QT7L1 ng,n3g _I_ E 2_n12_n22_n3 |QT7L1 ng,ng | :

n1,n2>—5|k|,n3>0 n1,ne>—5k[,0>n3>—N 33)

To estimate the first term in (33) we use the inequality (32) in the particular case 6; =
0, = 1/2, 65 = 0, while to estimate the second term we use (32) for 6;, j = 1,2, 3 such
that 1 —pf; > 0, 1 — gfy > 0 and afl3 — 1 > 0. With these choices, the sum in (33) is
O(210|E‘) and this makes the expression in (23) to be O(1), after summing over k € IN?.

This completes our proof.

It is now clear that our argument works equally well in all dimensions. In the general
case, exactly as in [7] Section 1, one first reduces the study of the operator T 6 the study
of generic d-parameter dyadic paraproducts U for 7= U1, ja) € {1,2,3}* formally
defined by IV =1"®-- ol Then, one observes as before, by using the one-parameter
theory and Fefferman-Stein inequality, that all the corresponding “square and maximal”
type functions which naturally appear in inequalities analogous to (18), (19) are bounded
in LP for 1 < p < co. Having all these ingredients, the argument used in Section 3 works
similarly. Finally, the n-linear case follows in the same way. The details are left to the
reader.
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4. APPENDIX: PROOF OF LEMMA 3.1

In this section we prove Lemma 3.1. Fix J C R an interval and let ¢; be a bump
function adapted to J.

Consider ¥ a smooth function such that supp(¢) C [-1/2,1/2] and ) = 1 on [—1/4,1/4].
If I C R is a generic interval with center z;, we denote by 1; the function defined by

r — Ty

Since

L=y + (Yog —Vs) + (25 — t2y) +
it follows that

Gy =5 s+ Y by (Varg — a1y
k=1

=55+ Z 271000k [21000k¢J +(Yar g — Yar-1y)]
k=1

o
— ~1000k 4k
=) 2 o}
k=0

and it is easy to see that all the ¢¥ functions are bumps adapted to J, having the property
that supp(¢k) C 2%J.
Suppose now that in addition we have f]R ¢j(x)dx = 0. This time, we write

by =0y Vs + o5 (1—1y)

=Ffw-(fﬂu M{/¢sz>w)¢4

+'{(]E;zézgﬁi;'J4{¢U($)¢U($)d$) -wJ%—¢J<1—-wJ{

= ¢y + Ry,
Clearly, by construction we have that [ ¢5(z)dz = 0 and therefore [g Ry(z)dx

=0
Moreover, ¢ is a bump adapted to the interval J having the property that supp( %) CJ.
On the other hand, since

'Jﬁ{wJ T j/ 6(2)0y (x

'W /¢J (1 —4s(z))dx

5 2—1000

(35)

it follows that || RY||s < 2710,
Then, we perform a similar decomposition for the “rest function” RY, but this time we
localize it on the larger interval 2.J. We have
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RO:RS'¢2J+33'(1—¢2J)

::[fﬁ}'déJ'— <j£{;g%(§5&5 'jgifﬁ%ﬁﬂﬁbJ(x)d$> '¢QJ}

1
- - . RO dr ) - RO .(1—
= 2—1000¢(1] + R}]

As before, we observe that [R ¢j(z)dz = 0 and also [ Rj(z)dz = 0. Moreover, ¢}
is a bump adapted to J whose support lies in 2J and ||R}|| < 271902, Tterating this

procedure N times, we obtain the decomposition

N
¢y =) 270%gh + RY (36)
k=0

where all the functions ¢% are bumps adapted to J with f]R ¢%(z)dz = 0 and supp(¢h) C
2k J, while || RY o0 < 271000,
This completes the proof of the Lemma.
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