ON THE A'-CONNECTED VARIETIES

QILE CHEN AND YI ZHU

ABSTRACT. We introduce a comb smoothing technique of A'-connected
varieties. For an application, we investigate the Zariskie density of inte-
gral points of Al-connected varieties over function field of curves under
appropriate assumptions. As examples, the A'-connectedness of semi-
simple groups is studied.
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1. INTRODUCTION

1.1. Some backgrounds. In this section, we temporarily restrict ourselves
to work over the field of complex numbers. We hope this could give the
reader a good picture of the story while avoiding unnecessary complexities.

The behavior of rational curves over projective varieties are intensively
studied during the past decades. The great progresses along this line natu-
rally leads to the consideration of non-proper cases.

Starting with a quasi-projective variety U, by the log resolution one could
embed U into a smooth projective variety X such that D = X \ U is a
simple normal crossings boundary. Note that when D = (), we get back to
the proper case.

The next question is what are the right notion of “rational curves” over
a pair (X,D)? A crucial observation of Keel-McKernan | | suggests
that the right notion of log rational curves on log pairs should consists of
the following two types of rational curves:

e A rational curve on a log smooth pair (X, D) is a morphism of pairs
f:(PL,0) = (X, D), ie., the image of P! avoids D.
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e An Al-curve on a log smooth pair (X, D) is a morphism of pairs
f: (P {c0}) = (X, D), i.e., the image of P* meets D exactly once
at oco.
For the first type, we have the standard definitions of uniruledness and
rational connectedness as below:

e A smooth proper variety X is uniruled if there exists a rational curve
through a general point on X;

e A smooth proper variety X is rationally connected if there exists a
rational curve through a general pair of points on X.

These concepts were introduced and studied by Mori | ], Campana
[ ], and Kolldr-Miyaoka-Mori | ]. Rationally connected vari-
eties are generalizations of projective spaces, which include the class of
smooth Fano varieties. They admits nice arithmetic properties over non-
closed fields, e.g. function fields of curves | , , | and large
fields [ , ].

The study of the second type of rational curves in a pair is of different
flavor, and is more involved. Luckily, the recent development of stable log
maps | , , | provides a solid foundation for working with ratio-
nal curves of the second type. Mimicking the above definition, we formulate
the following concepts:

e A log smooth variety (X, D) is A'-uniruled if there exists an Al-
curve through a general point on X;

e A log smooth variety (X, D) is Al-connected if there exists an Al-
curve through a general pair of points on X.

From the deformation point of view, the Al-curves are better understood as
log maps. We refer to Section 2 for more details.

The idea of A'-connectedness already has its application for even the
study of type one rational curves — it plays a central roll in the proof of
separably rationally connectedness of general Fano complete intersections
over all characteristics | ]. Many interesting examples of A'-connected
varieties were provided there:

Theorem 1.1 (| ). Given a log smooth log Fano variety (X, D) with
D irreducible, (X, D) is A'-connected if (X, D) is A'-uniruled. Moreover,
the latter condition holds when the normal bundle of D is nontrivial and
effective, e.q., D is ample.

One would like to ask for more interesting examples, and even arithmetic
applications of Al-connected varieties. One purpose of this paper is to study
Al-connectedness from those points of view.

1.2. Organization and main results of the paper. A'-connected vari-
eties should be thought as generalizations of affine spaces, where the latter
are obviously A'-connected. Although many results of this paper can be
formulated using the usual schematic language, the setting of logarithmic
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geometry in the sense of Kato-Fontaine-Illusie | ] is more natural and
crucial to the proof.

In Section 2.1, we define and explore basic properties of Al-uniruledness
and A'-connectedness using stable log maps in the sense of [ , ,

]

Section 3 contains the main technique of this paper — the comb smoothing
under the logarithmic setting. This provides us a constructive method for
producing very free Al-curves for general log smooth varieties with possibly
toric singularities, see Theorem 3.1.

The searching of integral points over non-closed field is an old and diffi-
cult arithmetic question. A geometric formulation of the Zariski density of
integral points over function fields of curves was introduced, and the impor-
tant case of Fano smooth pairs was studied by Hassett-Tschinkel [ ].
Section 4 can be viewed as a continuation of their foundational work under
the logarithmic settings.

Since A'-connected varieties are generalizations of affine spaces, we pro-
pose the following question similar to | |, and hope to further pursue
along this direction in our future work:

Question 1.2. Does strong approximation hold for Al-connected varieties?
Or at least at places of good reduction?

In section 5, we investigate the A'-connectedness of semi-simple groups.
These provide many interesting examples with reducible, and even toroidal
boundary divisors. Furthermore, we verify that they fulfill the conditions
for Zariski density in Theorem 4.1.

1.3. Notations. Throughout the rest of this paper, we work over an al-
gebraically closed field k of characteristic chark > 0. We will specify the
conditions on char k when it is necessary.

All logarithmic structures are assumed to be fine and saturated. Capital
letters like X, Y are reserved for log schemes, and the locus of X and Y with
the trivial log structure are denoted by X°, Y° respectively. The underlying
structure of a log scheme X is denoted by X.

Acknowledgments. The authors are grateful to Jason Starr for initially
suggesting the problem of this paper, and useful discussions. They would
like to thank Johan de Jong and Michael Thaddeus for helpful suggestions
and discussions. Many of the constructions in this paper are influenced by
the work of Hassett-Tschinkel | ], the authors would like to express
their thanks to them.

2. DEFINITIONS OF A'-CONNECTEDNESS

2.1. Notions of log maps. We first recall some basic terminology of log
maps, and refer to | , , | for detailed discussions.
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Definition 2.1. Let X — B be a morphism of log schemes. A stable log
map over a log scheme S is a commutative diagram

(2.1.1) c-1ux

|

S——B

such that C' — S is a family of log curves over S as defined in | , ],
and the underlying map f is a family of usual stable maps to the underlying
family of targets X/B.

For the rest of this paper, we will only consider the case when B is a
geometric point with the trivial log structure. For simplicity, we may write
f:C/S — X for a family of stable log maps over S. When S is a geometric
point with the trivial log structure, we will write f : C' — X for simplicity.

Consider a geometric fiber f : C/S — X. For each marking o € C, we
have a canonical map of monoids

o= ffMxo,— N

as in [AC], called the contact order at 0. A marking o is called a contact
marking if ¢, is non-trivial. Otherwise, we call o a usual marking.

Let X be alog scheme, and I = (g, n, 8, {c; }1_;) the set of data consisting
of the genus g € N, the number of markings n, the curve class § € HyX,
and the set of contact orders {¢;}. Denote by Mir(X) for the stack of stable
log maps with discrete data I'.

Definition 2.2. A log map f : C/S — X is called k-pointed if it has
precisely k usual markings.

Let X be a log smooth scheme. A log map f : C/S — X is said to
be n-contacted if it has precisely n contact markings. A 1-contacted genus
zero stable log maps with smooth domain curve is called an Al-curve. An
Al-curve could also be k-pointed for any non-negative k.

An Al-curve f: C/S — X over a geometric point S is called free (resp.
very free) if f*Tx is semi-positive (resp. ample).

We have the following analogue of | , 1. 3.14]:

Proposition 2.3. Let X be a log smooth log scheme with dim X = r, and
f:C = X be a free Al-curve. Assume the splitting type

["Tx = O(a1) @ Oaz) ® --- ® O(ay),
with a1 > a9 > -+ > a, > 0. Then
(1) If ay > 1, then a general deformation of f is an immersion;

(2) If ag > 1, then a general deformation of f is an embedding.

Proof. The proof is identical to [ , IT 3.14] by working with the stack
of stable log maps and the log deformation theory, see for example | ,
Section 2.5]. '
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Consider a geometric fiber log map: f : C/S — X with a subset of
markings P = {¥;};. Then f is called P-free if H'(f*Tx(—P)) = 0, and
f*Tx(—P) is globally generated.

2.2. Al-connectedness.

Definition 2.4. Let X be a proper log smooth scheme. It is called separably
Al-connected (resp. separably A'-uniruled) if it admits a very free (resp.
free) Al-curve.

Remark 2.5. The reader should be notified that the definition of A!-
connectedness and A!-uniruled in [ | includes the case of complete
rational curves in X°. However, we find it is more convenient to study
the two cases separately, as they require different techniques.

Proposition 2.6. Let X be a proper log smooth scheme. The following are
equivalent:
(1) X is separably A'-uniruled;
(2) there exists a family of 1-pointed Al curves f : C/S — X such that
the one-pointed evaluation is dominant and separable.
(8) there exists a flat family m: U — S of usual schemes with geometric
fiber isomorphic to A', and a separable and dominant morphism
f:U — X° such that each geometric fiber fs: Al — X° is a proper
morphism for each s € S,

When chark = 0, the separable conditions in (2) and (3) can be removed.
If further assume chark = 0 and k is uncountable, then X is A'-uniruled
if and only if there exists an Al curve though general points on X.

Proof. The equivalence of the three conditions follows from the standard
argument of | , IV 1.3] for the stack of stable log maps.

Notice that the stack of Al-curves in X has countably many irreducible
components. The last statement follows from the same argument as in
[ , IV (1.3.5)]. )

Proposition 2.7. Let X be a proper log smooth scheme. The following are
equivalent:

(1) X is separably A'-connected;

(2) there ezists a family of two-pointed log rational curves on X such
that the two-pointed evaluation is separable and dominant.

(8) there exists a flat family w: U — S of usual schemes with geometric
fiber isomorphic to A', and a morphism f : U — X° such that the
fiber fs : A1 — X° is a proper morphism for each s € S, and the two
evaluation map

@ UxgU — X°
s separable and dominant.

When chark = 0, the separable condition in (2) and (3) can be removed.
If further assume char k = 0 and k is uncountable, then X is A'-connected
if and only if there exists an Al curve though general pair of points in X°.
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Proof. The statements follows from the standard arguments, see for example
[ , IV 3.4, 3.5, 3.7] [

Definition 2.8. A smooth usual scheme X° is called separably A'-connected
(resp. separably A'-uniruled) if it satisfies Proposition 2.7(3) (resp. Propo-
sition 2.6(3)).

Corollary 2.9. ¢° : X° — Y° be a finite étale morphism of two usual
smooth schemes. Then any proper A'-curve in Y° lifts to a proper A'-curve
in X°. Furthermore, X is separably Al-connected (resp. A'-uniruled) if and
only if Y is so.

Proof. The first statement follows from the fundamental group of A! is triv-
ial. The second statement follows from the first one and Definition 2.8. &

2.3. Contact orders along the boundary.

Notation 2.10. Let X be a log scheme. Following | ], we introduce a
canonical stratification {X)}xep of X such that

(1) X, is a connected, locally closed subset of X;

(2) X is given by the disjoint union of Xy;

(3) the sheaf of monoid Mx|x, is a locally constant sheaf of monoids
with ﬂX,ac > Py, for any ¢ € X,. Here P, is a sharp saturated
monoid.

Let X, be the closure of X, in X with the reduced structure. A stratum
X is called a center if X, = X in X.

We have a natural partial ordering on the index set A by X > X if X/ C
X,. Note that X has a natural boundary 0X, = Uy~ Xy. In general,
the pair (X),0X)) can be very singular. But in case X is log smooth, one
can check that the pair (X, 0X)) is also log smooth. Denote by X;r\ the log
scheme associated to such pair.

Definition 2.11. Let X be a log smooth scheme with the stratification
{X\} as above. We call X, C X a (very) free support if there is a (very)
free Al-curve with its unique contact marking mapping to a point in X).

Note that if X is a (very) free support, then through general point of X
there is a (very) free Al curve.

Let X be a (very) free support. Let oy be the dual monoid of Py. Let
N) be the lattice generated by oy, and (Ny)x = Ny ®z k.

Following [ |, we view contact orders supported on X, as integral
points in 0. Denote by F (X)) (resp. V(X)) the subset of o) consisting of
contact orders of free (resp. very free) Al curves. Let A(X,) C Ny be the
sub-lattice spanned by the contact orders of any A'-curve supported on X.
We call A(X)) the Al lattice of X.

The following conception turns out to be crucial to the Al-connectedness:
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Definition 2.12. A (very) free support X is called fully if F (X)) (resp.
V(X)) spans the vector space (Ny)k. It is called primitive if F(X)) (resp.
V(X)) spans the lattice N.

The following shows how contact orders control the topology of log schemes:

Proposition 2.13. Let X be a proper log smooth, separably A'-connected
variety. For any codimension one boundary stratum X, C X, assume that
A(X)) spans the lattice Ny. Then any Kummer étale cover Y — X is
trivial. Equivalently, this means that any exact log étale morphism Y — X
is an isomorphism of log schemes. In particular, the log fundamental group
as in [11102, Section 4] of X is trivial.

Proof. Note that X is separably rationally connected, hence has trivial fun-
damental group. Thus any non-trivial Kummer étale cover g : Y — X must
ramify along the boundary. Let X, C X be a codimension one boundary
stratum, and let Y) C Y be the stratum over X,. Assume that g ramifies
along X of index r. Then there is an inclusion of monoids g : oy, — ox,
with finite cokernel of index .

Consider an Al-curve f: C' — X with the contact order ¢ generating the
monoid ox,. Note that f can be lift to an Al-curve f': C = Y with contact
order ¢ such that g(¢) = c¢. The condition A(X)) = N, implies that g is
surjective, and hence r = 1. [

3. A CRITERION FOR Al-CONNECTEDNESS

Our next goal is to prove the following criterion for the existence of very
free A'-curves.

Theorem 3.1. Let X be an irreducible log smooth scheme. Assume there is
a separably rationally connected center Xy C X, or a separably A'-connected

stratum closure X/T\, such that X is a fully free support. Then

(1) X is separably A'-connected with a very free support X ;
(2) If X, is a center, then through every point of Xy there is an A'-
curve.

The proof of this theorem will be given in the end of this section after
various preparations.

3.1. Delign-Faltings log structures. We introduce the log structure as-
sociated to cartier divisors to slightly generalizes the case of simple normal
crossings boundaries. Readers may consult [ , Appendix A] for more
details.

Let D C X be a connected cartier divisor. Such D corresponds to a global
section s € HY(Ox(D)), hence a rank one Deligne-Faltings log structure
Mx over X see | , A.2]. We have the fiber

N, ifbe D;
0, otherwise.

(3.1.1) Mx oz =

)
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where My := M /O* is called the characteristic sheaf of Mx. Denote by
X = (X, Mx) the log scheme.
One may consider the a finite set of connected Cartier divisors

D15D27"' aDm

over X. For each D;, we obtain a rank one Deligne-Faltings log structure
M, as above, hence a log scheme X; associated to the pair (X, D;). Consider
the Cartesian product of log schemes:

(3.1.2) X:Xlxi--'X&Xm

where we view X as the log scheme with the trivial log structure. The log
structure M x of X is called a rank m Deligne-Fultings log structure. We
have the fiber

(3.1.3) My, =N
if & is contained in the intersection of precisely d divisors ﬂ;l:lDij.

3.2. Construct combs with handles on the boundary. Let X be our
target log scheme.

Notation 3.2. We first consider the case of rank one Deligne-Faltings log
structure M x associated to a connected cartier divisor D C X. We fix the
following;:

(1) f,:Co — D is a usual stable map with Cy = P! and marked points

P1, ", Dk GQOa
(2) for each ¢t = 1,--- |k, let f;+ C; = X be a usual stable map with

at least one marking ¢; € C; such that f(a@) =pi, f,(C;) £ D, and
the map L tangent to D at ¢; with contact order ¢; € Z~o;
(3) 2ici+ (f)«[Col N D = 0.
By gluing ¢; with p;, we obtain a usual stable map f:C — X.

Proposition 3.3. With the notations above, there is a stable log map f :
C/S — X over the underlying map f such that
(1) if 32 i + (f,)«[Col N D > 0, we can choose the stable log map f
having exactly one contact marking on the component C, at any
smooth point.
(2) if 3 ;i + (f,)«[Col N D = 0, we can choose the stable log map f
having no marking on C,.
Proof. Denote by P :=Pp(O(D)|p & Op) with two Cartier divisors Dy and
D, isomorphic to D defined by

Op(Do)|p, = Ox(=D)|p and  Op(Dw)|p,, = Ox(D)|p

Gluing Dy with D, we obtain a scheme ¥ = X Up~p, P. Since D C X is
Cartier, Y can be obtained as the pull-back of the universal expansion of the
smooth pairs | ]. Thus, there is a natural morphism of log schemes:

(3.2.1) Y —pf
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together with a log map

(3.2.2) Y - X
where p' is is the standard log points, i.e. 710* =~ N. By the same argument
of | , Lemma 3.5], we may choose a underlying map

Cy—P
tangent to Doo at a single point of contact order =, ¢; + (f,)«[Col N D at
any point away from the nodes, and tangent to Dy at p1, -+ ,pr € D = Dy
with contact order ¢; respectively. The construction in | , 5.2.3] yields
alog map f:C/S — Y/p!, whose composition with ¥ — X is the log map
needed. [ )

For later use, we slightly generalize our construction to the case of rank
m Deligne-Faltings log structures.

Notation 3.4. Let M x be the log structure given by the following Cartier
divisors Dy, -+, Dy,. Assume that
(1) f,: Co — N;D; is a usual stable map with Cy = P! with marked
points p1,- -+, pr € Co;
(2) For each i = 1,--- ,k, let f; + C; = X be a usual stable map with
at least one marking ¢; € C; such that f (¢;) = f,(p:), f,(C;) € D;
for all j, and the map L tangent to D; at g; with contact order
Cij € ZL>0;
(3) Zz Cij + (io)*[Qo] N Dj > 0 for all ]
Gluing p; and ¢; for all 4, we obtain a usual stable map f:C — X.

Proposition 3.5. With the notations above, there is a stable log map f :
C/S — X over the underlying map f such that

(1) If 32 ci + (f))«[Col N Dj > 0 for some j, we can choose the stable
log map f having exactly one contact marking on the component C,
at any smooth point of C.

(2) If 325 ci + (f)«[Col N Dj = 0 for all j, we can choose the stable log
map f having no marking on C.

Proof. By Proposition 3.3, we may construct log maps f; : C;/S — X; with
X; = (X, M;) where M; is the rank one Deligne-Faltings log structure
associated to D; for each j. We may assume that the marked point on
the component C|, is given by the same point for all j. Using (3.1.2), the
product structures of the stacks of stable log maps in [AC] yields the log
map as in the statement. '

3.3. The case of simple normal crossings boundaries. We first verify
Theorem 3.1 for the case of simple normal crossings boundaries. Let X be
a log smooth scheme with simple normal crossings boundary D given by
smooth irreducible components Dy, --- , Dy. For any A C [k] := {1, - ,k},
denote by D) = N;eaD;. Following Notation 2.10, let XI\ be the log scheme
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associated to the pair (Dy,Ujcr(n)(Dx N D;)), where I(A) is the collection
of index ¢ such that D; N D, is a divisor in D). Let Y be the log scheme
associated to the pair (X, D = U;gyD;).

We learned the following lemma from Yi Hu.

Lemma 3.6. There is a natural exact sequence
A
0—>QX; — Qx|p, %O%L‘ — 0.

Proof. There is a strict log map

D>\ —Y
hence an exact sequence
(3.3.1) 0—>N1\§A/£—>QY\DA—>QX;—>O
On the other hand, there is an exact sequence
(3.3.2) 0= Qy = Qx > > Op, =0
1EA
Tensoring with Op, , we obtain the exact sequence:
(3.3.3)
0— ZTOT?X(OD/\7 Op,) = Qy|p, — Qx|p, — ZoDi ®ox Op, =0
iE€A i€

For the term on the right, we have
ZODG ®ox Op, = ZODA-
i S
To calculate the Tor?x (—,—), we take the resolution
0— Ox(—D;) - Ox — Op, =0

Tensoring with Op, we have the exact sequence:
(3.3.4) 0 — Tor9%(Op,,0p,) = Op,(~D;) = Op, — Op, @ Op, =0

Note that if i ¢ A\, then we have

TOT?X(ODMODZ.) =0

since they intersect transversally.
If ¢ € A\, we have
ODi & ODA =0 Dy
Thus the arrow
OD)\ — 0O D, ® @) D,
in (3.3.4) is an isomorphism. This yields

Tor{*(Op,,0p,) = Op,(-D;) = N}, xIp,

hence
> Tor?X(Op,,0p,) = NJj x|p,-
7
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We deduce

(3.3.5) O%N%A/X|D>\_>QY|D>\_>QX|D>\_>ZOD>\ —0
1EN
Putting (3.3.5) and (3.3.1) together, we have the following commutative
diagram with the exact row and column:

(3.3.6) 0

Dy/X

IR

OHNgA/XHQY’DA 4>ZQ)(|DA HZie)\oDx —0

Now the statement follows. 'y

We next study the comb-smoothing technique under the logarithmic set-
ting. For later use, we consider slightly more general situations:

Notation 3.7. Let f : C/S — X be a genus g stable log map over the
geometric point S with one contact marking ¢ such that
(1) C = un,C; with smooth irreducible component C; = P! for i # 0,
and a smooth genus g component C|,.
(2) For each i # 0, we have a unique node r; € C joining C; and C,. All
nodes of C are of this form. Let p; and ¢; denote the special point
on C; and C| corresponding to r;.
(3) f(Ci~Api}) € X° and f(pi) € X)\ for i # 0.
(4) f(Co~{o}) C X
It follows from the assumption that the restriction f|c, defines an Al-curve
fi : Cl — X for i # 0 of contact order ¢;, and the one-contacted genus g log
map fo : C) — X;r\.
We further assume that ¢; € Nj is a non-trivial integral vector, and f is
a local immersion away from the nodes and the contact marking.

Consider the following sequences:
df : f*QX — QC’/S'

and

dfZ : f*QX — ch{
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By [ |, the above sequences governs the deformation of f and f; respec-
tively. The assumption on ¢; and the local immersion of f implies that df
and df; are surjective with locally free kernel N}/ and N}Z respectively. We
now consider the following commutative diagram:

(3.3.7) 0 0 0
0 NY (N))e, 1% 0
0—— fiQt — f*Qxle, OF 0
A
¢
0 QC«(/] Qclecy —— > kg, —0
0 0 0

where each rows and columns are exact. A local calculation at ¢; shows that

Lemma 3.8. The restriction ¢lq, is given by the (1 x |\|)-matriz (—c¢;),
where c; is the contact order at g;.

We then have the following:

Proposition 3.9. Theorem 3.1 is true when X has simple normal crossings
boundary.

Proof. We only consider the case that X, is a center. The proof for the
other case is completely identical.

Since X is separably rationally connected, we may choose a very free
curve f 0" Cy = P! — X, through general points of X,. We may further
assume that f  is an immersion by [ , II. 1.8]. This can be achieved

by for example replacing X by X x P'. Note that if we could construct
the desired very free A'-curve in X x P2, then taking the composition with
the projection X x P? — X will yield the desired very free Al-curve in X.
For any fixed positive integer n, further require that N fo(—n) to be ample,

where Ny = (NY V.

o
By the assumption, we may also choose free Al-curves f; : C; — X for
i1=1,2,--- ,k, such that the contact marking send to a general point of the

image of f 0 with contact order ¢;. We may further assume that f; is an
immersion for all i by replacing X with X x P!, and applying Proposition
2.3.
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Let k be sufficiently larget. By Proposition 3.5, we can glue io’ fiy e
together to form a log map f : C' — X with a single contact marking o € C,,.
We then arrived at the situation of (3.3.7).

Fix any positive integer n. Since X is a fully free support, we may
choosing k sufficiently large, and ¢; sufficiently general for all ¢, by Lemma
3.8 we could require VV(—n) to be ample. In particular, (Ny)c,(—n) is
ample. We then deform f fixing the contact marking o. By upper semi-
continuity, A general deformation f; of f provides the very free Al curve in
X as in the statement. ®

We also proved that

Corollary 3.10. Assume that dim X > 2. For any fized positive integer
n, we may construct f as in the proof of Proposition 3.9 whose general
deformation f; is an immersion of A -curve away from the contact marking,
and the conormal Ny, (—n) is ample.

The following result helps us to generalize the above result to arbitrary
log smooth schemes.

Proposition 3.11. Let X be a log smooth scheme with not necessarily sim-
ple normal crossings boundary, and let Xy be a (very) free support of X.
Then the set of integral points F(X)) = F(X)) (resp. V(X)) = V(X)) is
closed under addition in o.

Proof. We only consider the case F(X)). The other case is identical.

For any two points ¢1,c2 € F(X)), we choose two free log maps fi :
C1 — X and f : Cy — X with the corresponding contact orders. Since the
deformations of f1 and fs swept out a general points of X, we may assume
that p = f1(01) = f2(02), where o; is the contact marking of f;.

Let C be a rational nodal curve given by three irreducible components
CyuUdd; Ul such that ¢; = C; N C for @ = 1,2. Choose another smooth
point o € C, to be the marking. Let f : C — X be the stable map defined
by gluing f, and f, along the contracted component C,,. We next lift f to
a log map f with a unique marking ¢ with tangency c,. It is then clear that
f deforms to a free Al-curve with tangency ¢, = ¢1 + c2, which proves the
statement.

Note that the image of C under f is the point p. We may focus on a

neighborhood of p, and assume a chart 8 : M, — Mx. Since M,, is fine,
saturated, and sharp, we have a coequalizer diagram of monoids

T _
(3.3.8) P—= P —1 M,

r2
where both P} and P, are finitely generated free monoids, see | , The-
orem 2.1.9 (7)]. As in [AC, (3.12.3)], the above (3.3.8) lifts to a coequalizer

of log structures around p

(3.3.9) Mo —=3 My —25 My
T2
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with charts 81 : P, — Mj and (3 : P, — My induced by 5. Let {J;}; be
a set of generators of P, and {e;}; be a set of generators of P». Now for
each ¢;, consider the pull-back of 1(0;) over C; and C5, and denote by dy;
and dy; the corresponding degree. We thus fix a rational function s; over C,
with dy;-th order poles at g, do;-th order poles at go, and (dy; + dg;)-th zero
at 0. Thus same as the proof of Proposition 3.3, a choice of the rational
functions for each 1:

(3.3.10) Us * S;

where u; € k* defines a log map f’: C'/S — X' where X' = (X, M;). By
the universality of minimality as in [AC, Proposition 3.18], we may assume
f’ is minimal for the convenience of calculation. In fact, a direct calculation
using [AC, 4.1.2] shows that Mg = N.

To show that f’ descents to a log map f to X, it remains to show that

there exists a choice of {u;};, such that the two compositions
& 0k
(3.3.11) i*MQ T:Q; i*./\/ll — MC”
are equal. Note that the two composition 71 o f and r9 o f” induces two log
maps to (X, Mj).

In fact, since the tangency at nodes and the marked point is governed by
the contact orders ¢; and cs, it suffices to check this over a general point of
x € Cy. We first verify that the two compositions are equal on the level of
characteristics. Consider

— & — () ~— —
(3.3.12) (f*Ma2)e —= (f"M1)s —— Mcrp = Mg

T2 -

For any element e € (f*Ma),, since r1(e) and ro(e) correspond to the same
element in M,,, we have

c1(g(ri(e))) = ea(g(r2(e)))

Since f’ is minimal, the two composition are equal by a direct calculation
using [AC, 4.1.2].

Since groupification of monoids has a right adjoint, we obtain a coequal-
izer

gp i gp 9% —9p
(3.3.13) P% %; P{¥ —— M,
L)

Let K = ker g%?. Then K C Py” is the subgroup given by the image of the
following
(3.3.14) v: PP — PP e riP(e) — riP(e).

Restricting to « € C, the choice of {u;} as in (3.3.10) is equivalent to an
element in
[s] = (u; - si ) € Hom(P{P k*).
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We have a commutative diagram

3.3.15 Hom (P, k*
( )

TR

Hom (K, k*) Hom(P5? k*)

To finish the proof, it suffices to show the existence of {u;} such that
vV ([s]) is the trivial element. This follows from the surjectivity of the left
skew arrow in the above diagram.

[ )

Remark 3.12. The proof of Proposition 3.11 can be used to construct log
comb for general log smooth target as in Proposition 3.5. But we will not
carry out the details here, since it is not needed in the following discussions.

Proof of Theorem 3.1. By the log étale modification of | ] and | ],
there is a birational log étale modification 7w : Y — X such that Y has simple
normal crossings boundary. Consider the strata of Y which is birational to
X under 7. Clearly if X is a center, then all strata of Y birational X, are
again centers. By Proposition 3.11 and | , Proposition 3.2], at least
one stratum Y) over X is a fully free support. We obtain the desired very
free Al-curve in X by first producing a very free Al-curve with the corre-
sponding properties using Proposition 3.9 for Y and Y),, and then taking the
composition with 7. 'Y

The comb smoothing construction also provides us the following:

Corollary 3.13. Let X be a proper log smooth variety with a free Al -support
X such that XI\ is separably A'-connected. Then for any positive number
n, there exists an A'-curve passing through m general points on X.

Proof. By the resolution argument, we may assume X has simple normal
crossings boundary. Now the statement follows from attaching m free Al-
curves to a very free Al-curve in X/T\7 and smoothing the comb with m usual
markings on the m-teeth fixed. ®

4. INTEGRAL POINTS OVER FUNCTION FIELD OF CURVES.

Let F be the function field of a proper, smooth, and irreducible algebraic
curve B of genus g. Here we view B as the log scheme with the trivial log
structure. Inspired by the work of Hassett and Tschinkel [ |, we study
the Zariski density of integral points of log smooth schemes over F. This can
be also viewed as the logarithmic version of Graber-Harris-Starr | ],
and de Jong-Starr | ]

Theorem 4.1. Let m : X — B be a proper, flat morphism of log smooth
schemes. Assume there is a stratum X, C X such that
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(1) The restriction 7|x, : Xy — B is flat with general fiber smooth and
separably rationally connected;

(2) General fibers of | x, are fully very free centers of the corresponding
fibers of .

Let S C B be any non-empty finite subset of points containing the images of
the singularities of m and 7|x,, and the boundary of Xi. Then there exists
a log map s : Bt = X with Bt = B and s(B~ S) C X°, where X° is the
interior of X. Furthermore, general deformations of s firing S swept out an
open dense subset of X.

Proof. The proof of the above theorem in several steps, which is parallel to
that of Theorem 3.1.

First consider a log étale modification g : Y — X such that Y has simple
normal crossings boundary. Same as in the proof of Theorem 3.1, we observe
that there is a stratum Y) birational to X which satisfies assumptions (1)
and (2) as in the statement for X,. Furthermore, the projection Y\ — B
is smooth away from the fiber of S. By replacing X with a resolution, we
conclude that

Lemma 4.2. To prove Theorem /.1, it suffices to consider the case X with
stmple normal crossings boundary.

For what follows, we assume X having simple normal crossings boundary.
Since the general fiber of X\ — B is separably rationally connected, by
[ | there is a section f : B — X,. This section f naturally defines

a log map fo: Cop — X;\ with Cj = B, since no components fallen into the

boundary of X/T\. Since any S-integral section of X x P2 — B will induce an
integral section of X — B. Replacing X by X x P2, we may assume that
dim7|x, > 0. We may play the gluing-smoothing argument as in | ,
Proposition 24], and assume that

(1) fo is an immersion;

(2) the morphism dfy : xt — ¢, is surjective, with locally free kernel
Nio;

(3) H'(NY (=S)) =0, and N{ (—S) is globally generated.

Note that the proof of the above argument is identical to the case of usual
stable maps, since we do not glue components on the boundary of X/T\.

Parallel to Proposition 3.5, we introduce a gluing-smoothing technique
for the higher genus case.

Notation 4.3. let f: C — X be a usual stable map over a geometric point
such that

(1) C consists of irreducible components Cy U C; U --- U C,,,, where
Cy = B is of genus g, and all other irreducible components are
rational.
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(2) For each i # 0, the irreducible component C; is attached to C, at a
general point p; € C, and there is no node on C' other than p; for
i=1,--,m.

(3) f(Cy) C Xy, and ¢; = f(p;) is in general position of X for all i.

(4) f(Ci ~{pi}) € X° for any i # 0.
Lemma 4.4. Let D C X be an irreducible smooth boundary divisor con-
taining Xx. Denote by ¢;(D) = degg, f*(D) for all i, and ¢ = 3, ¢i(D).
Fiz any point o € Cy. Assume that ¢ > 0, and there is an isomorphism
ND/X|QO = OQO(C 0 — ZCZ‘ pz)
i>1
Then there is a log map fp : C/Sp — Xp with a unique contact marking o
of contact order ¢, where Xp is the log scheme associated to the pair (X, D).

Proof. By assumption, we may choose a surjection
Oc, ® Np/xlc, = Oc, (Y ci-pi)
i>1

where the restriction to the first factor is given by the divisor ) ;< ¢; - pi,
and to the second factor is given by ¢ - o. This induces a morphism C, —
P(O¢, ® Np/x|c,) tangent to Do, at o of order ¢, and tangent to Dy at
p; of order ¢;. By the same argument as in Proposition 3.3, the section s
induces a map to the expansion, hence a log map as we wanted. '

Let Dq,---, Dy be the smooth irreducible boundary divisors of X con-
taining X. Write ¢;; = degg, f*(Dy) for all i, j. We now form the matrix
A = (cij)icism1<j<k-

Let J be the Jacobian of C';. We have a morphism
(4.0.16) ba:C— J*
given by
(@1, s am) = O e (@i —0),- Y cin - (w1 — 0)).
i>1 i>1
We first need the following result
Lemma 4.5. Notations as above, fix k-uple of line bundles L = (Ly,--+, L)
corresponding to a point [L] € J*. Assume that m is sufficiently large, and

the matriz A is general of rank k. Then the fiber gb;‘l([f;]) contains a general
m-uple of points in C|.

Proof. The case g = 0 is trivial. So we assume that g > 1. Consider the
map

¢:B—J
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defined by x — (x—o0). Denote by d¢ : Tp — ¢*T; the morphism of tangent
bundles. Then we have dgp4 = A®d¢. Since A is of rank k, we observe that
d¢a, hence the morphism ¢4 is surjective.

By choosing sufficiently large m, and general A, we may assume the re-
striction

dm; : kerdgpy — 7w Tp

is surjective for all ¢ > 1, where m; : B™ — B is the projection to the i-th
factor. Thus, we deduce that the restriction

7t 67 (L) > B
is surjective for any i. This proves the statement. [
Applying Lemma 4.5 to
[L] = ((Nﬁl/X”QO ® 0601'07 ) (Nl\ék/X”Qo ® 0601'0)7

and combining Lemma 4.4 and the product argument in Proposition 3.5, we
obtain

Lemma 4.6. Consider the situation of Notation 4.5. Assume that the re-
striction fl|o, : C; — X is obtained from an Al-curve with sufficiently gen-
eral contact orders, and m is sufficiently large. Then there is a log map

f:C/S = X lifts f.

By the assumption (2) of Theorem 4.1, we may choose f|c, : C; — X to
be very free Al-curves of the fiber of 7 to fulfill the conditions in the above
lemma. Furthermore, we may assume that f is a local immersion away from
the special points. We are now in the situation of (3.3.7). By attaching
sufficiently many very free Al-curves, we may assume that H 1(N]\/(—S ) =
0 and N}/(—S) is globally generated. Theorem 4.1 follows from taking a
general deformation of f. [

5. WONDERFUL COMPACTIFICATIONS OF SEMISIMPLE GROUPS

5.1. The adjoint case. In this subsection, we prove that the wonderful
compactification of a semisimple algebraic group of adjoint type is Al-
connected.

Notation 5.1. We follow basic notations from | , Chapter 6]. Let G
be a simply connected semisimple algebraic k-group. Let X be the wonde-
ful compactification of G4, which is smooth with simple normal crossing
boundary. Let X be the log variety with underlying variety X and diviso-
rial log structure on the boundary divisor. Let T be a maximal torus of G
and B be a Borel subgroup containing 7. Let r be the rank of G, i.e., the
rank of the character lattice X*(7T).

(1) Let Xy,---, X, be the irreducible components of the simple normal
crossing boundary divisor X \Gyq. Let Y be the common intersection
of X;’s, which is isomorphic to G/B x G/B. Write ¢ : Y — X the
embedding.
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(2) Let D; be the closure of a codimension one Bruhat cell Bs; B~ for
i=1,-- 7

Theorem 5.2. With the notations as in 5.1 and assuming that chark is
zero, the wonderful compactification X' of a semisimple linear algebraic
group Ggq of adjoint type is A'-connected. Furthermore, the unique closed
G x G-orbit is a fully very free center.

We recall two basic propositions for wonderful compactifications of adjoint
groups.

Proposition 5.3 (] |, Prop. 6.1.11). (1) The restriction map * :
Pic X — PicY is injective and the image consists of the classes
Ly (A) = Ly (—woA) B Ly (N), where X € X*(T). In particular, we
use Lx(A) to denote the inverse image of Ly ().

(2) Ox(D;) = Lx(xi) and Ox(X;) = Lx (o), fori=1,---,r, where
X:’s are the fundamental weights and a;’s are the positive simple
T001S.

(3) Lx(X) is ample if and only if \ is reqular dominant, i.e., a positive
linear combination of fundamental weights. The nef cone is a smooth
cone in X*(T).

(4) Lx(X) is effective if and only if \ lies in the cone generated by a;’s.
The effective cone is a simplicial cone in X*(T). [ )

Proposition 5.4 ([Bri], Thm. 2). There exist B-invariant rational curves
Bi,---, B, on'Y such that the matrix given by

(Di-tx(By)) = (" Lx (xa)-Bj) = (Ly (xi)-Bj) = 6i5. W
Proposition 5.5. There exists rational curves Cp,--- ,Cy in'Y such that
(X,LL*(CJ)) = déija
where d is the determinant of the Cartan matriz associated to G. In partic-

ular, d is a positive integer.

Proof. Let C' = (c;;) be the Cartan matrix associated to the root system of
G. We know that the simple roots and the fundamental weights are related
by the Cartan matrix. In particular,

Xi = Z chji-
J

Let C* = (¢j;) be the adjoint matrix of the Cartan matrix. Let () be the
curve class ), aj;[B;] in Y. By | ], C* is a positive integral matrix and
det C' is a positive integer. Therefore we can find a rational curve Cj with
the curve class ;. Then we have

XZL*(Ck) = ZDjCji. ZGZIL*(B]C) = Zajiazléﬂ = Zajia,’gj = det(C’)(S,k
J l k,l k
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Proof of Theorem 5.2. Since Y is a projective homogeneous space, by Theo-
rem 3.1, it suffices to prove that Y is a fully free support. By taking positive
integer combinations of C;’s, we may find rational curves Cy,---,C, on Y
such that ¢;; = Xj.L*(éi) is positive for all i’s and j’s. By Proposition
3.5, for each Cj, we could associate a log structure, and lift it to an Al-
curve, still denoted by C; — XT. Since the wonderful compactification of
an adjoint group is log homogeneous, i.e., the log tangent bundle is globally
generated [ , Thm. 5.1], C; is unobstructed and hence can be deformed
to a free Al-curve whose contact order is (ci1, -+ ,¢ir). In characteristic
zero, we can easily choose Cj’s such that the matrix of contact orders (ciz)
is invertible. 'y

5.2. The general case. We next study the A'-connectedness for wonderful
compactifications of semisimple groups.

Let G be a connected semisimple linear algebraic k-group, and Ggq :=
G/Z be the associated adjoint group, where Z is the center of G. Fix a
Boral subgroup B C Gg,q with the maximal torus T C B. Let G,q be the
wonderful compactification of G,q, and G be a toroidal embedding of G
[ , 6.2.2] with the equivalent finite morphism of usual schemes

(5.2.1) G — Guq.

Denote by G = G \ G and 0Guq = Gaq ~ Guq. Since the pairs (G, 9G)
locally having only toroidal singularities, and (G, 9G4q) is a simple normal
crossings pair, we may view the pairs as log smooth schemes, and still denote
them by G and G4 respectively.

Lemma 5.6 (] ], Prop. 6.2.3). The morphism as log schemes
@ — éad
is Kummer étale in characteristic zero. 'y

Theorem 5.7. Toroidal G-embeddings are separably A'-connected in char-
acteristic zero, with a fully very free center.

Proof. Note that G has a unique center Y’ which is mapped isomorphically
to the center Y’ of G,4. By Theorem 5.2, we could find a set of very free
Al-curves on Guq, whose contact orders forms a basis of (Ny+)y, where Ny
is the lattice associated to Y as in Section 2.3. By Lemma 5.6, the set of
Al-curves on G can be lift to Al-curves on Goq. Their contact orders again
form a basis of (Ny ), since the morphism Ny, — Ny is a refinement of
lattices. '
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