DEGENERATION THEORY FOR GROMOV-WITTEN
INVARIANTS
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ABSTRACT. This is a notes for the degeneration formula in a general
setting.
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1. INTRODUCTION
2. LOG MAPS PUNCTURED ALONG MARKINGS
2.1. Punctured log maps. Denote by m : X — B a flat, proper, and

integral log maps between two fs log schemes.

Definition 2.1.1. A punctured log map to X/B over an fs log scheme with
genus g and n marked points is given by the data f = (f, f°,C/S) such that

(1) ¢: C — S is a family of genus g, n-marked log curves.
(2) f is a family of usual pre-stable maps over S fits in the following

commutative diagram:

f
_
—_—

[
99—

(3) f*: (f*Mx)ce — Mce is a map of fs log structures, where C° C C
is the open curve obtained by removing the marked points of C'/B.
(4) The pair (f, f*)co defines a family of log maps to X/B:

(f,1")
C° =

£

A punctured map is called stable, if the map f is stable in the usual sense.
For simplicity, we will write f : C/S — X/B for a punctured maps, when
there is no danger of confusion.

%

]

As before, we view the category of punctured maps as a category fibered
over the category of fs log schemes.

Definition 2.1.2. An arrow between two punctured maps f; : C1/S] —
X/B and fy : Cy/Sy — X/B is given by a commutative diagram of log
schemes:

014>C2

| |

S —— 52
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such that the following diagram of log schemes commutes:

] ———C3

N

S1 — 52

N

Remark 2.1.3. If we require f extends to all marked points, then this is
the log map defined as before.

2.2. Contact orders along the punctured markings. We now discuss
the behavior of punctured maps near the marked points. They behaves very
much like the log maps except we allowing poles here. For simplicity, we
first assume that B is a point with trivial log structures. Thus the target of
the punctured map is a fs log scheme X.

Fix a punctured map f : C/S — X of genus g, with n marked points.
We assume that the underlying base S is a geometric point. Away from the
marked points, everything beharves the same as the case of log maps.

Consider a marking point ¥ € C. Choose a local coordinate ¢ in a
neighborhood U of ¥, which vanishes at . Denote by logo € M a local
section in U. By abuse of notations, we will identify log o with its image
in the characteristics, when there is no confusion. We are allowed to shrink
the neighborhood U when it is necessary.

Write U° = U ~\ {¥}. We may assume that U contains only one marked
points. For any sections ¢ € (f*Mx)yo, its image under f is of the form

(2.2.1) f2(6) = e+ ex(0) -logo +u

where e € Mg is a section from the base log structure, u € Of; is an
invertible section, and ¢(§) € Z is an integer determined uniquely by d.
Thus, we have

Lemma 2.2.1. There is a map of monoids
Cy (f*ﬂx)z — 7

defined by (2.2.1). Here Z is the group generated by log o by the identification
1—logo.

Definition 2.2.2. The map of monoids ¢y, in Lemma 2.2.1 is called the
contact order of the marked point .

Lemma 2.2.3. Using the notations as above, if the image of cx, is in Z>o,
then the punctured map f can be extended to the marking X uniquely. In
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this case, the map cx. is called positive. It induces the contact order along
the marked points in the sense of log maps.

Proof. This follows directly from (2.2.1). [ )

Remark 2.2.4. Given a punctured map f with positive contact order maps
along all marked points, is equivalent to given a log map with the induced
contact orders long the marked points.

There is another easy but important observation:

Lemma 2.2.5. With the notations as above, if f(X) € (a(d) = 0), and
cx(0) < 0, then the section e in (2.2.1) is not invertible.

Proof. Assume on the contrary that e is a unit. Then «(¢) pulls back to a
rational function on U with poles at . This contradicts the condition that

f(X) € (a(d) = 0). L

2.3. Contact orders. We next introduce some necessary notations and
results for the use of contact order maps. Fix a connected fs log scheme X.
For any geometric point 2 € X with the pull-back log structure!, we are
interested in the set of maps of monoids:

He := Hompson (Mo, 7).
Definition 2.3.1. Elements in H, are called contact orders at x.
Consider contact orders ¢; and ¢y at two different strict points z1 and 9

of X respectively. Further assume that there is a chart U — X containing
both z1 and x9, with a chart of log structures

,8 M — MU = MX’U-
This induces two maps of monoids:
g1: M — My, — P

and o
g2: M — My, — P.

Definition 2.3.2. Two contact orders ¢y and ¢y is called compatible if there
is an étale chart (U, ) as above such that g1 = g2. Two contact orders ¢
and ¢ is called equivalent if there exists a finite sequence of contact orders
¢c=cy, -, = ¢ such that ¢; is compatible with ¢;4q fori =1,--- , k — 1.

Denote by Con(X) the set of equivalence class of contact orders.

Remark 2.3.3. In fact, we can sheafify the family of contact orders as
follows. For any X-scheme S, denote by S the log scheme over S with
the pulled back log structure from X. For any ¢ € Con(X), denote by
Con.(S) C Homgs(Mg,Z) the subset of maps sheaf of monoids which is
compatible with ¢. We should be able to check that Con, is a sheaf over X
with étale topology. Question is under what assumption, is this sheaf Con,
of finite type? This should equivalent to the boundedness problem.

L(Qile) T call it strict point in X.
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Definition 2.3.4. For any ¢ € Con(X), denote by

Supp(c) :={x € X | ¢g # 0},
and call it the support of c. Clearly, Supp(c) is a closed subset of X under
the Zarisky topology. We call ¢ connected, if its support is connected.

The following is obvious.

Lemma 2.3.5. Any element ¢ € Con(X) can be expressed as the unique
linear combination of connected elements in Con(X).

Definition 2.3.6. An element ¢ € Con(X) is called a contact order along
X, or simply a contact order if it is connected.

Lemma 2.3.7. Any contact order c is determined uniquely by its fiber at
any point of Supp(c).
Proof. This follows from Definition 2.3.2. [

Consider a puctured map f : C'/S — X over a geometric point S. Then
any marked point ¥ € C' induces a contact order ¢y, € Con(X).

Proposition 2.3.8. Consider a puctured map f : C/S — X over a con-
nected fs log scheme S. Then for any marking X3, the contact order cx, as in
Definition 2.2.2 at each geometric point of S induces the same contact order
in Con(X). By abuse of notation, we denote this contact order by cx.

Proof. 1t is enough to show that punctured maps with a fixed contact order
along ¥ forms an open family. Fix a strict point s € S, and pick a neigh-
borhood V of s. Choose another open neighborhood U of 35 € C. Shrink
U and V if necessary, we may assume that

(1) V.CoU); o

(2) There is a chart 5: M = f*(Mx)s, = f*(Mx) over V.
Thus, for any ¢t € V, the fiber ¢y, is induced by the composition

M — f*(Mx) — Z.
Now the statement follows from Definition 2.3.2. 'Y

3. COMBINATORICS PREPARATION

3.1. Marked graph and the associated monoid. We first introduce the
following conception:

Definition 3.1.1. Consider a map of two sharp and fine monoids A : P —
Q. Let F' C P9 be the subgroup generated by h~'(0), and F~'P C P9 the
submonoid generated by F' and P. The map f is called is called generalizing
if it induces an isomorphism F~!P/F — Q. We also say Q is a generalization
of P.

Definition 3.1.2. A marked graph denoted by G, is a connected finite graph
G, consisting of a set of vertices V(G), edges E(G), and legs L(G), along
with the following data:
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(1) For each v € V(G), we associate a toric monoid P,. (This denotes
the stratum of log structures that v sits in.)

(2) For each | € E(G) joining v; and ve, we associate a toric monoid
P, and an orientation on [ paired with a nodal contact order map
¢ : P, = 7Z, and two generalizing maps of monoids ; : P, = P,, for
1 = 1,2, such that for any nontrivial element § € P}, we have either

¥1(8) # 0 or 12(6) # 0.
(3) Legs are unbounded edges attached to vertices. For each | € L(G),

we associate a contact order map ¢; : P, — Z.
We further require that loops of G have only trivial nodal contact orders.
Definition 3.1.3. Given a marked graph G as above, a flop of an edge
[ € E(G) is a modification of [ in G by reversing the orientation and replacy

¢; by —¢;. Two marked graph G; and Gs is called equivalent if they are
differ by a sequence of flops of their edges.

For a marked graph G, we consider the following monoid:
M:i=() Po Y N)/~
veV(G) I€E(G)

where N; =< ¢; >2 N is the rank one free monoid generated by the element
e; associated to the edge [. Here the equivalence relation ~ is given by

(3.1.1) 1(8) + ci(8) - e = 1a(5) if ¢(6) > 0
(3.1.2) wl(é) = wg(é) - Cl((s) - €] if Cl((s) S 0

where [ is an edge oriented from v; to v, and § € P, is an arbitrary section.

Denote by M(G) the monoid obtained by taking the saturation of M, and
quotient its torsion.

Definition 3.1.4. The fs monoid M(G) constructed above is called the
associated monoid of the marked graph G.

Remark 3.1.5. The formation of M(G) does not depend on legs.
The following is a direct result of (3.1.1) and (3.1.2):

Lemma 3.1.6. The associated monoid M(G) only depends on the equiva-
lent class of G.

For a marked graph GG, we have the following canonical maps
e Ny — M(G),
and o
Xv : Py = M(G)
for any v € V(G) and | € E(G).
Definition 3.1.7. A marked graph G is called admissible if ker ¢; and ker x,,

are all trivial for any v € V(G) and | € E(G). In the rest of this notes, a
marked graph will be automatically admissible unless otherwise specified.
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Definition 3.1.8. A degenerate graph G is a marked graph with the extra
data:

(1) For each | € E(G), we associate an injective map of monoids N — P,
such that the composition map N — P, — Z is zero. Note that this
does change under flops of marked graphs.

(2) For each v € V(G), we associate an injective map of monoids N —
P,.

Furthermore, the above maps of monoids shoud be compatible with the
generalizing map P, — P, if v is an end of [. We denote by e the generator
of the copy of N, and identify it with its image in M(G).

Proposition 3.1.9. Consider a degenerate graph G, there is a canonical
map e : N — M(G), which is compatible with N — P, and N — P, for any
vertex v and edge l. Furthermore, this map does not depend on flops of the
degenerated graph.

Proof. This follows from the fact that the composition N — P, — Z is
Zero. [

From now on, we will use the terminology marked graph for the equiv-
alence classes of marked graph, and a representative for a choice of orien-
tations of all the edges in a fixed equivalence. This will be the same for
degenerated graphs.

3.2. Contraction of graphs. We now focus on operation of different marked
or degenerated graphs.

Definition 3.2.1. Consider two marked graphs G1 and Go. A contraction
¢ : G1 — G2 is given by the following data:
(1) An injection of edges ¢p : E(G2) — E(G1), such that for any [ €
E(G,), we associate a generalizing map of monoids
d)(l) : P¢E(l) — I)lv
which fits in a commutative diagram possibly after a flop of the edge

f%EU B

Cd’EN‘ /

(2) A surjection of vertices ¢y : V(Gl) — V(G2), such that ¢y (v1) =
¢y (v2) if and only if there is a chain of (not necessarily oriented)
edges !y - - - ly, joining v1 and vg with l; ¢ ¢p(E(G2)), fori=1,--- m,
and for any v € V(G1), we associate a generalizing map of monoids

¢<’U) : Pv — P(bv(v)'

(3) For each v € V(Gz), the legs attached to v are one-to-one corre-
sponds to legs attached to (;5‘71(1)) with the same contact orders.
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These data shoud be compatible in the following sense. For any | € E(G2)
oriented from v; to ve in G, we have the image edge ¢ (l) € E(G1) oriented
from v} to v§ in G1. By (2), we have ¢y (v]) = v; for i = 1,2. The we further
require the following diagram is commutative:

Py —————P,

e

Popty ————— B,

Clearly the identity of a marked graph is a contraction.

Definition 3.2.2. A contraction ¢ : G — G5 is called admissible, if both
G1 and Go are admissible. Unless otherwise specified, a contraction will
automatically mean an admissible contraction.

Construction 3.2.3. Consider a marked graph G and an edge | € E(G).
We next construct a contraction ¢ : G — G as follows. Denote by F =<
e; >C M(G)9 the subgroup generated by ;. Write M = F~!M(G)/F.
(Verify that M is a sharp fs monoid.) We thus have the following composi-
tion

cep - Ny —%;@i«?)—%:ﬂg,
and

cxw : Py = M(G) = M.
for any I’ € E(G) and v € V(G).

(1) We first contract edges I’ € E(G) such that ce = 0, and identify the
end points. This yields a new graph G; with orientation of the edges
defined by orientation of G. Clearly we have ce; = 0.

(2) For any v € G, we pick a vertex v € V(G) such that ¢(v) =
v'. Denote by F, =< kercy, >C PJ’ the subgroup generated by
ker cx,. We associate the monoid P, = F~ 'p,/F,. We check that
this does not depend on the choice of v over v’.

(3) For any l” € E(G)) joining v1 and va, write I’ = phi(l') € E(G), with
i« Py — Py, and ¢4 : Py — P,, by (2). Denote by Fj» =< ker ] N
ker ¢, >C Pﬁp the subgroup. We now associate P = Flijl//Flu
with the natural maps P — P, for i =1,2.

(4) Legs with their contact orders attached to each v € V(G)) is defined
in an obvious way.

The above construction yields a marked graph G; with a contraction ¢. One

check that M(G);) = M.

Definition 3.2.4. An edge of a marked graph is called distinguished if its
contact order is non-trivial. A marked graph is called distinguished if it has
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no non-distinguished edge. In particular, a distinguished marked graph has
no loops.

We first observe that

Lemma 3.2.5. Consider an admissible marked graph G. For an nondistin-
guished edge | joining vi and vo, we have the two associated map ¢, : P —
P,, and ¢y : P, — P,, to be isomorphic.

Proof. Since the contact order of [ is trivial, the generalizing maps 1;, (3.1.1)
and (3.1.2) induces an isomorphism P,, — P,,. Therefore kert; = 0. This
proves the statement. [

Proposition 3.2.6. For any marked graph G, there is a unique contraction
oq : G — Gy such that Gy is obtained by contracting non-distinguished
edges in G with out changing orientations and those associated monoids.
Furthermore, we have

M(G) =2 M(Gy) ®N"
where n is the number of non-distinguished edges in G.
Proof. This follows from (3.1.1) and (3.1.2), and the previous lemma. &

Proposition 3.2.7. For any contraction ¢ : G — G', the monoid M(G)
is a generalization of M(QG).

Conversely, we have

Proposition 3.2.8. Given a marked graph G, for any generalization M of

M(G), there is a unique contraction v : G — G’ with a canonical isomor-

phism M(G') =2 M.

Proposition 3.2.9. Consider a contraction of two degenerate graph v :
G — G'. Then we have a commutative diagram of monoids:

G)—— M(@)

\/

Proof. Notice that the contraction preserves (3.1.1) and (3.1.2). [
3.3. Graph splitting.

Definition 3.3.1. A degenerate graph G is called a splitting graphif M(G) =
N. A splitting of a degenerate graph G’ is a contraction G’ — G such that
G is a splitting graph.

Construction 3.3.2. Given a splitting ¢ : G — Gy, we construct a set of
degenerate graphs {G }yev (G, as follows. We cut G along the edges in the
subset E(Go) C E(G). After cutting the edges, we obtain a disconnected
graph with its connected components one to one corresponds to the set
V(Gp). We denote the connected component associated to v € V(Gy) by
G,. We then construct the degenerate graph G, as follows:
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(1) The underlying graph of G, is G,,.

(2) The data of monoids, generalizing maps of monoids and contact
order of edges on G, is obtained directly from those on G.

(3) The legs L(G,) = L(v) U R(v) is the union of two parts: the set L,
consists of legs in G attached to vertices in V(G,) C V(G) with the
same contact orders; the set R(v) consists of legs corresponds to the
cut edges E(Gp) attached to vertices in V(G,) with the compatible
contact orders in G defined by taking the edges with the orientation
starting from vertice in V(G,). We call R(v) the set of roots of the
splitting ¢.

We call (G, R(v))vev(co) the gluing data of the splitting G — Go.
Consider a splitting graph GG. Then we have the natural map of monoids
g : N —= M(G) 2 N. Thus, the map 7g is given by the mutiplication with

a positive integer ng.

Definition 3.3.3. We call ng the twisting index of the the splitting graph
G.

Consider a degenerate graph G with a splitting ¢ : G — Go. By Con-
struction 3.3.2, we have the gluing data (G, R(v))yev (qo)-

Lemma 3.3.4. There is a commutative diagram of monoids

> vevie) N N

2o |

>vev(ay M(Gy) ————— M(G)

where the top arrow is given by eg, — eg.

Proof. This can be checked directly using the construction of the associated
monoids of marked graphs. [

Definition 3.3.5. Consider two splittings ¢1 : G1 — Gp and ¢2 : G2 — Gy.
An arrow ¢1 — ¢o over Gy is a contraction G; — G fits in a commutative
diagram

G1 —_— G2
Go

This means that the induced diagram of sets of edges, vertices, and monoids
are commutative.
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Lemma 3.3.6. Given an arrow of splittings ¢1 — ¢o as above, we have a
commutative diagram of monoids

j¥4((;1) >.A4((;2)

~ 7

M(Go)

which is compatible with 7q, fori=1,2,3.

For later use, we introduce the following notations. Denote by &, (&<
respectively) the category of marked graphs (degenerate graphs respectively)
with legs having contact orders given by ¢ = {¢;};, and the arrows are
given by contractions. For a fixed splitting graph G, denote by &(G) the
category of splittings ¢ : G’ — G with arrows given by Definition 3.3.5.
Note that the contact orders of the legs of G’ is given by those of G.

3.4. Discrepant gluing of the splitting data.

3.5. Graphs associated to punctured maps. Consider a punctured map
f:C/S — X where S is a geometric point. We now associate a marked
graph G to the geometric fiber f as follows.

(1) Let G be the dual graph of the nodal curve C, where vertices corre-
spond irreducible components, edges correspond to nodes, and legs
correspond to marked points.

(2) For each vertex v, we associate the fs monoid P, = (f*Mx), where
x is a general point of the component corresponding to v.

(3) For each edge [ of G joining v; and v, we associate the monoid
P, = (f*Mx); with the two natural generalizing map P, — v; and
P — vs.

(4) The contact orders of each edge or legs are given by the contact
orders of each node or marked point respectively.

Definition 3.5.1. The marked graph G as above is called the associated
graph of f.

The following result implies that the associated graph is admissible.

Proposition 3.5.2. There is a canonical map of monoids M(G) — Mg,
whose kernel is trivial.

Proof. Need details. [

Definition 3.5.3. The punctured map f : C/S — X over a geometric
point S is called minimal (or basic) if the canonical map M(G) — Mg is
an isomorphism of monoids. A family of punctured maps is called minimal
if every geometric fiber is minimal.
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Proposition 3.5.4. Given a family of punctured maps f : C/S — X over
an fs log scheme S, the fiber with minimal punctured maps form an open
famaly.

Proof. Need details [

Consider the case of a proper, flat, and integral family of fs targets X — B
where B is a smooth (not necessarily proper) curve with only one marked
point 0 € B. The log structure on B is given by the divisor 0 € B. Consider
again a geometric fiber of punctured maps f : C'/S — X/B. If the image of
S in B is not 0, then this reduce to the case as above.

Proposition 3.5.5. Consider a punctured map f : C/S — X/0. Denote
by G the marked graph associated to f : C'/S — Xo. Then

(1) For everyv € V(G) andl € E(G), there is a natural map N = Mg —
P, and N = My — P, which is compatible with the generalizing map
P, — P, if | is attached to v.

(2) For each | € E(G), the image of the composition N — P, — Z is
zero, where the section arrow is the contact order map.

Thus, G becomes a degenerate graph.
Proof. Verify directly. [ )

Definition 3.5.6. A punctured map f : C'/S — X/B is called minimal, if
the punctured map f : C/S — X by forgetting the base B is minimal.

Minimality for the family case is again an open condition by the above
definition and Proposition 3.5.4.

Proposition 3.5.7. Consider a punctured map f : C/S — X /B, where B
could be a point with the trivial log structure, or the marked curve (B,0)
as above. There is a minimal punctured map fm, : Cp/Sm — X/B and a
morphism of fs log schemes 0 : S — Sy, which fits in a commutative diagram:

S—>S

such that

(1) The underlying map 0 is the identity of S.
(2) The f is the pull-back of fp, via 0.
(8) The pair (fm,0) is unique up to a unique isomorphism.

Proof. Similar to the log case. [

3.6. Open immersion of log stack induced by generalizing maps.
For a sharp fine monoid P, denote by

Tp := | Spec k[P]/ Spec k[ PP
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where the quotient is the stack quotient. Note that the stack 7p has a
natural fs log structure My, given by the log scheme Tp, see [Ols03al.
For simplicity, we sometimes view Tp as the log stack with its natural log
structures, if no confusion could arise.

Consider a generalizing map of monoids h : P — . Denote by K =
ker(h : P — Q. Write N = K~'P C P9 the submonoid generated by
inverting K in P. We thus have an exact sequence of monoids:

(3.6.1) 0—>K9p—>NL/>Q—>O.
Namely, for any a,b € N such that h'(a) = 1/(b), then (a — b) € K9P.

Lemma 3.6.1. Consider an element e € P9. Then e € N if and only if
h9P(e) € Q.

Proof. This follows from the exact sequence 3.6.1. [

Since h is generalizing, we have an exact sequence of free abelian groups
of finite rank

0— K9 — P% — Q9 — 0.

We fix a (non-canonical) splitting
(3.6.2) PP =~ K9P ¢ Q9P
We then identify @) as a submonoid of P9 via the second factor.

Lemma 3.6.2. With the fized splitting as above, the inclusion q : Q@ — P9
factors through N.

Proof. This follows directly from Lemma 3.6.1. )

By abuse of notation, denote by ¢ : @ — N the inclusion. Thus ¢ becomes
a section of h’. Now consider the injection of monoids

P — N.
This induces a strict open embedding of log schemes:
Spec(N — k[N]) — Spec(P — k[P)]),

which is Spec k[P9P]-equivalent. Consequently, we have a strict open immer-
sion of log stacks:

(3.6.3) Tn — Tp.
Lemma 3.6.3. There is a canonical isomorphism of log stacks
7&’-% 7@.

Proof. Note that for any scheme X, the groupoid Tp(X) consists of log
structures M on X, which admit maps (not necessarily unique) P — M
that locally lifts to a chart. We refer to [Ols03a] for the detail. We construct
the map Ty — 7o as follows.



equ:mon-charts |

prop:log-stack-embd ‘

cor:asso-stack-embd ‘

prop:rel-graph—stack‘

14 DAN ABRAMOVICH, QILE CHEN, MARK GROSS, AND BERND SIEBERT

Consider a log structure M on X with the map 8 : N — M which locally
lifts to a chart. Since M is a sheaf of fs sharp monoid, we have the following

commutative diagram
N—"
N
M

Note that if locally the map S lifts to a chart N — M, then we obtain
another chart Q — N — M by composing with ¢, which lifts 5’. Thus, we
obtain an object (N, 8) € To(X).

To see that the map Ty — 7g is essentially surjective, consider an object
(N, B') € To(X). Then the image of the pair (N, 3 = ' o k') € Ty(X) is
isomorphic to (N, 3'), since ¢ is a section of I/

Now the full faithfulness follows from the fact that the map 7Ty — T¢g does
not change the log structure. This finishes the proof of the statement. &

(3.6.4)

Proposition 3.6.4. For any generalizing map P — @, we have a canonical
open strict embedding of the associated log stacks

hr:Tg — Tp.
Proof. This follows from (3.6.3) and Lemma 3.6.3. [ )

For simplicity, we use the notation 7g := TW(G) for a marked graph G.
Consider a contraction of marked graphs ¢ : G; — G2. Thus we have a
generalizing map ¢y7 : M(G1) = Mg,. Combine this with Proposition
3.6.4, we have

Corollary 3.6.5. For a contraction of marked graphs ¢ : G1 — Go, we
have a natural open immersion of log stacks

o7 T, = Ta, -
3.7. Log stacks charted by graphs. Let & be the category &., &, or

C’
®(Go) where c is the set of contact orders of the legs, and Gy is a fixed
splitting graph. Denote by &° the dual category of &. Consider the log

stack given by the following limit:
To o= lim 7o

60

Proposition 3.7.1. (1) The log stack Te is irreducible, connected, and
log smooth of pure dimension 0.
(2) The canonical log map T — T is a strict open embedding for any
G e 6.
(8) The set {Tg — Tstges forms an open covering of Tg.
(4) For any family of minimal punctured maps f : C/S — X, there is a
canonical strict log map S — Tg.



equ:nd-monoid-split |

equ:contract-logstack |

cor:stack-contract-nd ‘

equ:log-point-curve |

DEGENERATION THEORY FOR GROMOV-WITTEN INVARIANTS 15

Proof. This follows from the limit construction. 'y

Definition 3.7.2. The stack Tg is called the log stack charted by &. Denote
by M, its natural log structure.

Denote by © the category of distinguished marked graphs associated to
graphs in &. We can similary take the limit:

To = @Tg.
@O

Note that for each marked graph GG, we can associate a distinguished graph
G? and a canonical contraction G — G¢. The splitting given in Proposition
3.2.6 induces a natural isomorphism

(3.7.1) Te = Tga x A™,

where [ is the number of non-distinguished edges in G, and A = [A!/G,,].
This induces a natural smooth projection

(3.7.2) Ta — Tga.

Gluing above projection, we obtain

Corollary 3.7.3. There is a natural log morphism
o Te = To

which is induced by (3.7.2). Furthermore the underlying map mg and is a
smooth morphism of the underlying stacks.

We fix a connected smooth curve B with a special point 0 € B. Then
the pair (B,0) can be viewed as a log scheme B with underlying structure
given by B, and the log structure given by the divisor 0. Thus, we have an
induced strict map

(3.7.3) B — A
Given a degenerate graph G, the composition
T% M(G) — M,
induces a rank 1 sub-log structure of My, hence a log map
ma: Ta — A.
We still use mg to denote this map.
Lemma 3.7.4. Consider a contraction of degenerate graphs ¢ : G1 — Ga.

We have a commutative diagram of log stacks:

Ta, S N Tc,

N\ S

Proof. This follows from Propostion 3.2.9. [
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Denote by & the category of degenerate graphs ngl or B(Gy). We consider
the fibered product of log stacks:

Q@Z%XAB.

Since the map B — A is strict, the log structure on T is the pull-back log
structure from 7¢.

Definition 3.7.5. The log stack T is called the log stack charted by de-
generate graphs in &.

Similarly, we have

Proposition 3.7.6. (1) The stack T is irreducible, and log smooth of
pure dimension 1.
(2) There is a set of strict étale charts {Tg x4 B — T }.
(8) For any minimal punctured maps f : C/S — X/B, we have a canon-
ical strict log map S — Tg.

We now consider the category ® consists of distinguished graphs asso-
ciated to graphs in the category & of degenerate graphs. Combining the
above with Corollary 3.7.3, we have

Corollary 3.7.7. There is a natural log morphism
T & ng — 553

which is induced by the contractions of non-distinguished edges. Furthermore
the underlying map wg and is a smooth morphism of the underlying stacks.

Denote by 2. the set of splitting graphs with fixed contact orders on legs.

Consider the stack
Q = T@ﬁ XB 0.
This stack is reducible and non-reduced in general. We consider the similar
log stack
Qa, = Te(ao) XB 0.

This stack is again non-reduced and irreducible. In fact, over each chart
To X4 B — T, the substack Qg, is defined by a(eg) = 0, where eq is the
local generator of Mpg. We have

Proposition 3.7.8. The log stack Q is of pure dimension zero, and has
irreducible components given by {Qa, }coee-

Denote by eg, the local generator of 7g,. Denote by T, C Qg, the
substack locally defined by a(eg,) = 0.

Proposition 3.7.9. The stack T, is reduced, and of pure dimension zero.
The map Ta, — Qg, s a closed embedding of degree néé

Proof. Note that eg = ng, - ec,- [ )

We can similarly formulate the statements for the category ®.
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4. THE STACK OF PUNCTURED MAPS

Notation 4.0.10. Consider a projective, integral fs log map 7 : X — B.
We use I' to denote the set of data (g,n, {c;}"), where ¢; € Con(X) is the
contact order of the i-th marked points. Denote by 9 (X/B) the category
of stable punctured map to X — B with genus g, n marked points, and the
prescribed contact orders ¢; for the i-th marking, fibered over the category
of fs log schemes. If B is a point with trivial log structure, then we write
Mr(X) for this fibered categroy.

The goal of the section is to prove that 9ip(X) is represented by the
proper DM stack parametrizing minimal punctured maps with its natural
log structure. Repeat the argument in [AC], we obtain the construction for
Mr(X/B).

4.1. Algebricity and boundedness. Algebricity should follow from the
construction of Hom of log structures. But for the purpose of boundedness,
we need to modify the proof to add the data of prescribed poles.

4.2. Weak valuative criterion. The proof of this is the same as log maps.

5. THE DEFORMATION THEORY OF PUNCTURED MAPS

In this section, we fix a projective family of integral and log smooth
target with fs log structures X — B. We first investegate the deformation
theory of punctured maps with target X — B. This construction naturally
generalizes the deformation theory of log maps. We then use the result to
construct a perfect obstruction theory of punctured maps. For any fs log
scheme T over B, write Xp := X xgT.

5.1. Deformation over small extensions. Consider a punctured map

0 : Co/So — X/B over an affine fs log scheme Sy relative to B. Choose
another fs log scheme S over B with a exact closed immersion j : Sy — S.
Denote by J the ideal sheaf of Sy in S. Assume further that J? =0, i.e. S
is a small extension of Sy. We would like to classify the deformations of f,
i.e. for the commutative diagram of solid arrows:

(5.1.1) Co—T" s xq
! \ /
|
|
|
|
|
34
C-—-—4--3Xg
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we would like to classify punctured maps f : C/S — X /B making the above
diagram commutes, such that the two side squares are cartesian. Since
j Sy — S is a small extension, they have the same topological space and
étale topology. Write Q := fi€Qx,/p the pull-back of the vector bundle of
log differentials, and I := O¢ ®pg J = Oc, ® J the sheaf of ideal defining
Cy C C.

We first look at an easier situation. Assume that we have an extension
C — S of the log curve Cy — Sp. Then we get a diagram of solid arrows:

(5.1.2) Co—T"  xg
G
Lemma 5.1.1. (1) There is a canonical obstruction o € Ext!'(Q,1),

whose vanishing is sufficient and necessary for the extension of the
extension f of the punctured map fy.
(2) If o = 0, then the set of isomorphism classes form a torsor under
the group Ext®(Q, ).
Proof. Note that away from the marked points, the punctured map fy is a
well-defined log map. Hence the statement follows from [Ols05, Theorem
5.9]. Thus, we may assume that Cy is a smooth affine curve with a unique
marking > C Cj.
Now assume that we have two extensions f1 : C — Xg and fy : C — Xg
of fo. These yield a commutative diagram:

C() — X
J f1 WJ
C —— B.

Away from X, we thus have a commutative diagram of log structures over

Co 2
Me, &— fiMx

Mc ¢ g*"Mp
As in [Ogu06, Chapter IV Section 2] or [ACG™, Section 3], we can define

a morphism of sheaf of groups Dy _y, : fy lMgf — I such that for every
m € fiMx we have

(fi = f2)(m) = 1+ Dpy— g (m).
This defines a derivation Dy, _f, € Homc, x(2,I). We now check that
Dy, _4, naturally extends to a section in Homg, (12, I).
Choose a point p € X. Locally around p, we fix a chart

B:P:.= f(jlﬂxg — ff)k/\/lx’g.
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Denote by ¢ : P — Z the contact order at p, and 0 € Mg, the section
locally at p corresponding to the marking . Thus, for any m € ffMx we
have

(fi—f2)(B(m)) = (log us+e+c(m)-o)—(logui+e+c(m)-o) = log u; —log ug,

where u1 and ug are locally invertible sections around p, and e is a section
of Mg. This proves that D¢ _y, € Homg, (92, 1).
Also notice that we have a commutative diagram of the structure sheaves:

OCO <TfO_1MX

Oc¢ filg—lOB

which induce a derivation 9y, _y, : fo'Ox — I as usual. It is well-known
that Dy _y, uniquely determines dy, _r,.
On the other hand, given one extension f and a section D € Hom, (2, 1)
we obtain a different extension fy by reversing the above construction.
Now the statement follows from the standard cocycle argument of the
deformation theory. 'y

Now we turn to the situation of (5.1.1). It is not hard to check that
the punctured map fy induces a morphism of the sheaves of logarithmic
differentials:

(dfo)v Q= QCO/SO'

Denote by LL the cone of (dfy)Y, i.e. we have a distinguished triangle:

cplx:deformation| (5.1.3) Q= Qc¢ys, — L

Recall that the deformations of log curves is controlled by the Ext'(Q¢, /505 1)
for i = 0,1,2. We refer to [Ols05, Theorem 5.6] for the precise statement.
Combining the deformation of the source curve and the result of Lemma
5.1.1, we have

>rop:total—deformation‘ Proposition 5.1.2. (1) There is a canonical obstruction o € Ext?(LL, I),
whose vanishing is sufficient and necessary for the existence of the
extensions as in (5.1.1).

(2) If o = 0, then the set of isomorphism classes of such extension forms
a torsor under the group Ext'(L,I).

(8) The group of automorphisms of a such extension is a torsor under
Ext%(L, I).
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Proof. Denote by Obs and Def the obstruction and deformation space for
(5.1.1). Taking the long exact sequence of (5.1.3), we have

(5.14) 00— Ext'(L,I) —— Ext®(Q¢,/s,, 1) — Ext?(Q,1)

—— Bat!(L,I) —— Eat'(Q¢, /5., 1) — Eat'(Q,1)

—— Bxt*(L,I) — Ext*(Qc,/s,,1) = 0

We fix the trivial deformation C' — S of the source log curve Cy — Sp.
Then any obstruction of the arrow fy as in (5.1.2) induces an obstruction in
Obs. We thus obtain an arrow Exzt!(€2, I) — Obs. The kernel of this map is
Ext'(Qq, /505 1)- In fact, we can take the trivial deformation of fy associated
to each deformation of the source log curves. By forgetting the obstruction
of the arrow, we have a natural map Obs — Ext2(§200 /S0, 1) But since
the deformation of log curves are unobstructed. This means that the map
Ext'(Q,I) — Obs is surjective. Comparing with (5.1.4), we conclude that
Obs = Ext*(L, ).

When the obstruction vanishes, we have a natural map

Def — Extl(QCO/Soa I)
by forgetting the deformation of the maps. The sequence
Def — Ext'(Qcy /sy, 1) = Ext'(Q,1)

is certainly exact for the vanishing of the obstruction.
On the other hand, fixing the trivial deformation of the source curve,
there is an induced map

Ext'(Q,I) — Def.
We claim that the sequence
Ext’(Qcy /50, 1) = Ext®(Q,1) = Def — Ext'(Qc, /s, O)

is exact. In fact, the image im(Ext’(Q,I) — Def) is precisely the defor-
mations with trivial source curve extensions by definition, and the image
im(ExtO(QCO/SO,I) — Ext%(Q, 1)) is the extension of the map determined
by the automorphism of the source curves. Again, comparing with (5.1.4),
we conclude that Def = Ext!(L,I).

Finally, elements in Ext(LL, I) correspond to automorphisms of the ex-
tension of Cy — Sy, which induce the trivial deformation of fy. This proves
the last statement. 'y
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5.2. A perfect obstruction theory of punctured maps. This can be
constructed relative to the stack of base log structures similarly as the case
of expanded degeneration. The formation will commutes with arbitrary base
change.

5.3. The Splitting formula. Follows from the push forward formula of
virtual cycles and the formation of the perfect obstruction theory.

6. GLUING FORMULA
APPENDIX A. STACK OF NODES

A.1l. P-log points. Fix a fs sharp monoid P. In the paper, we only need
P = N2. Denote by
Bp = [Spec k/ Spec k[PIP]]
and
Ap = [Spec k[P]/ Spec k[ PP]]
where the quotients is given by the stack quotient. Thus, we have a natural
closed embedding

aqu:quotient—embedding| (A.1.1) Bp — Ap.

Definition A.1.1. A family of standard P-log points over S is given by

a log scheme (S, Ng) such that for each geometric point 5§ € S, we have
Ngs = P. A family of P-log points over a (fs) log scheme S is given by a
family S’ = (S, Ng & Mg) — S, where the arrow is given by the canonical
injection of log structures Mg — Ng ® M.

Corollary A.1.2. For any P-log points S’ — S as in the definition, we

have a unique (up to a unique isomorphism) standard P-log points (S, M's)
with the following log cartesian diagram:

§ ————— (S, M)

| |

S——— 8.

Note that we have a natural embedding (A.1.1). Denote by Np the natu-
ral log structure on Bp obtained by pulling-back the canonical log structure
of Ap. We denote by Bp and B/, the log stack with trivial log structure and
the natural log structure Np respectively. The following result is obvious:

Proposition A.1.3. (1) The stackBp with its trivial log structure parametrizes

family of standard P-log points over schemes.
(2) The log stack Bp parametrizes family of P-log points over log schemes.
Furthermore, the universal family is given by B',.

Proof. This follows directly from Corollary A.1.2. [ )

A.2. Construction of the stacks.
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