THE EVALUATION SPACE OF LOGARITHMIC STABLE MAPS

D. ABRAMOVICH, Q. CHEN, W. GILLAM, AND S. MARCUS

ABSTRACT. For a fine log algebraic space X, we construct an algebraic stack AX
parameterizing standard log points in X. The stack AX is the natural target for
evaluation morphisms from the space of logarithmic stable maps, hence is a key
ingredient in logarithmic Gromov-Witten theory. We also construct a variant AX
parameterizing standard log nodes in X, which is the natural target for evaluations
at nodes of log curves, hence it plays a crucial role in all gluing constructions in
logarithmic Gromov-Witten theory.

1. INTRODUCTION

1.1. Logarithmic stable maps. A theory of logarithmic stable maps and logarith-
mic Gromov-Witten (GW) theory was first proposed during a 2001 workshop lecture
by Bernd Siebert [Sie01]. It provides an approach to vastly generalize relative GW
theory (see [LRO1], [IP03, IP04], [Li01, Li02]) in which enumerative invariants of
curves on varieties satisfying certain contact conditions are defined and used for
computing usual GW invariants through degenerations.

The aim of this paper is to continue the development of logarithmic GW theory
along the lines of [Kim09], [Chel0Oa], and [AC10], where the category of logarithmic
stable maps M, (X) to a (fine, saturated) log scheme X is introduced and studied.
The category M,,,(X) is a stack over the category LogSch of (fine, saturated) log
schemes. An object of M, (X) over a base log scheme Y is a diagram

(1) c-l-x

;

of maps of log schemes, where 7 : C'— Y is a log curve (in the sense of [FK]) with
marking sections py, ..., p, labelling the locus where the relative characteristic of
7w is N. The underlying diagram of schemes is required to be a stable map to X
in the usual sense of Kontsevich. Under reasonable hypotheses on X, the category

M. (X, T) of log stable maps with specified discrete data I' is representable by
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a proper Deligne-Mumford (DM) stack over schemes with a (fine, saturated) log
structure.

1.2. Log points. Given a log stable map (1) over a base Y, the log scheme Y; :=
(Y, pfM¢) is naturally a log scheme over Y, locally isomorphic to

Y x Spec(0: N — C),
and is the motivating example of what we call a standard log point.

In Definition 6 we define the category AX of (standard) log points in a log scheme
X. The category AX is a stack over LogSch. Our first main result is the following;:

Theorem 1. There is a logarithmic algebraic stack (ANX, Mx) representing NX .

The definition of AX is arranged so that taking a diagram (1) to the pair (Y; —
Y, f|Yi : Y; — X) defines an evaluation morphism

(2) ev; :Mg’m(X) — AX.

Theorem 1 is actually the special case P = N of a more general respresentability
result, Theorem 12, for the stack ApX of P log points in X.

1.3. Log nodes. The treatment of maps out of nodal curves in the logarithmic
setting is more complex than in the usual theory of stable maps. For example,
suppose 7 : C' — Y is a log curve over a base log scheme Y whose underlying curve
¢ =, ]_[ﬁ C, splits into two components 7, : C; — Y glued along a common
section p. Then we can consider the log scheme C; := (C;, M¢c|C,) over Y. The
map C; — Y is not a log curve: it is not even log smooth. Rather, C; — Y is what
we call a prenodal log curve, with prenodal structure along the marking section p of
the underlying nodal curve. For a typical target log scheme X, there is in general
no reasonable way to describe Hompegsen(Ch, X) in terms of maps out of an actual
log curve over Y.! On the other hand, maps out of such prenodal log curves will
arise frequently in the study of:

(1) the boundary of the space of log stable maps
(2) localization in the presence of a torus action on X
(3) degeneration formulas

We are led to introduce the category Mg,m,n(X ) of log stable maps to X from
prenodal log curves with n marked prenodal points py, ..., p,. This Mg7m7n(X) is a
stack over LogSch whose objects over Y are as in (1), except that 7 : C' — Y is
now a prenodal log curve with sections p; marking the prenodal points, where the
relative characteristic is Z. In this situation, Y; = (Y, pfM¢) is naturally a log
scheme over Y, and is the motivating example of what we call a standard log node.

IThere is a log curve ¢} — Y’ with €} = C, naturally associated to this situation, but
Homy,ogsch (C7, X) generally has little to do Hompegsen(C1, X).
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In Definition 5, we define the category AaX of (standard) log nodes in X. This
AaX is a stack over LogSch, and we prove

Theorem 2. There is a logarithmic algebraic stack (AaX, Ma.x) representing
AaX.

Again, the definition of Ap X is arranged so that we obtain evaluation maps
(3) Vit Mymn(X) — AaX

and, again, the log stack AAX is the special case of more general log stacks Ap X
for monoid homomorphisms h : Q — P, where h = A : N — N2,

2. CONSTRUCTIONS

In this section, we will give the definition and construction, under appropriate
assumptions, of the log stack of log nodes in X, along with the special case of
log points in X, to which we devote considerable attention. The basic idea of
the construction is similar to the idea used to prove representability of many moduli
problems: We first consider a rigid version of log nodes (Section 2.2) which is clearly
a presheaf over log schemes, then we argue that the desired stack of log nodes can be
recovered from this presheaf by taking a quotient by a group action (Section 2.11).
It then remains to prove that the presheaf of rigid log nodes is representable by an
algebraic space. This is done by constructing this presheaf explicitly in some simple
cases (Section 2.6), then bootstrapping up (Section 2.7) to general X using formal
properties of the presheaves of rigid log nodes (established in Section 2.5).

2.1. Preliminaries. In order to treat log algebraic spaces and log schemes on the
same footing, it is natural for us to work frequently with the category PShLogSch
of presheaves on the category of log schemes. All the presheaves of ultimate interest
to us will be sheaves (in, say, the strict étale topology), but the sheaf property is
rarely important to us, and when it is needed, we can easily spell out the specific
assumption we use. We suppress all notation for the Yoneda functor

LogSch — PShLogSch,

regarding Y € LogSch as an object Y € PShLogSch using the same notation.
The identification

Hompghrogsen (Y, X) = X(Y),

for Y € LogSch, X € PShLogSch coming from Yoneda’s Lemma is used without
further comment.

Let SMon be the category whose objects are sharp monoids and whose morphisms
are monoid homomorphisms h : Q — P with trivial kernel: 2~1(0) = {0}. These
are exactly the monoid homomorphisms that can arise as maps on characteristic
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monoids of log structures. We have a functor
(4) P: SMon”” — LogSch
P — P(P):=Spec(0: P—Z)
(h:Q—P) — P(h):=Spec(h:(0:Q —Z)— (0: P—7)).
The log scheme P(P) represents the presheaf

LogSch®® — Sets
Y — HOIHMOH(P, Ker(ay : My(Y) — Oy(Y)))

The SMon morphism A : Q — P is recovered from the map of log schemes P(h) :
P(P) — P(Q) as the map on characteristics.

Given a monoid P, we let G(P) := Spec Z[P#P], regarded as a group object in log
schemes with trivial log structure. The association P +— G(P) is a functor

G : Mon®® — GpLogSch.
The log group scheme G(P) represents the presheaf
G(P) : LogSch® — Sets
Y +— Homap(P??, 05 (Y)).

Definition 1. Let h : ) — P be a monoid homomorphism. A splitting set for h is
a subset S C P such that (s,q) — s+ h(q) defines a bijection of sets S x Q) — P.

Evidently the existence of a splitting set requires h to be monic. If h: Q) — P is
an integral monomorphism of fine monoids, then F. Kato’s Integral Splitting Lemma
([FK], Section 1, [G], Lemma 7) implies that the set S := P Pm of Q-primitive
elements of P is a splitting set for h in bijective correspondence with Cok h. For
example, S = ({0} ® N) U (N @ {0}) is a splitting set for A : N < N? in bijective
correspondence with Cok A = Z. For reasonable monoid maps, splitting sets are
stable under pushout:

Lemma 3. Suppose h : Q) — P s an integral monomorphism of integral monoids
with splitting set S and f : QQ — R is a monoid homomorphism to an integral monoid
R. Then S is also a splitting set for R — P &g R, in the sense that (s,r) — [s,7]
defines a bijection S x R — P ®¢ R.

Proof. The surjectivity of (s,r) — [s, r] requires no assumptions at all about @, P, R
or the maps between them, and only uses surjectivity of the original addition map
(s,q) — s+q. Given [p,r] € P®g R, just find s € S and g € Q so p = s+ ¢. Then
the computation

[p, 7] = [s,7] + [q,0] = [s,7] + [0, f(@)] = [s,7 + f(q)]

shows [p,r] is in the image of the map in question. For injectivity, suppose [s, 7] =
[s,7'] in P &g R for some s,s' € S, r,r’ € R. We want to show that s = s’ and
r = r’. Now, using all our hypotheses on @, P, R and ) — P, we know from the
description of the pushout monoid in this situation that [s,r] = [¢’,7’] implies the
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existence of ¢,¢' € @ such that s +¢g=s"+¢ in Pand r+ f(¢') =7+ f(q) in R.
By the injectivity of the original addition map, the first of these equalities implies
s =& and g = ¢/, so the second of the equalities says r + f(¢) =" + f(q). But this
implies r = r’ because R is integral. U

2.2. Rigid log nodes. Consider a morphism A : ) — P in SMon and a presheaf
X on the category LogSch of log schemes. We define a new presheaf /\ZigX on
LogSch as follows: the set (A}8X)(Y) is the set of pairs (f, F) where f € P(Q)(Y)
and F € X(V XIJ;(Q) P(P)). The latter fiber product is with respect to the maps
f, P(h), as emphasized by the superscript f, which we will drop if f is clear from
context. The set (A}2X)(Y) is clearly natural in Y and the formation of the presheaf

/\l,ng is contravariantly functorial in h and covariantly functorial in X, so we have
a functor

A"8 : MapSMon® x PShLogSch — PShLogSch
(h:Q—PX) — NX.
For a fixed h, the forgetful map (f,F) — f makes /\I;LigX a presheaf over P(Q), so
we can view /\1,2lg as a functor
(5) AY® . PShLogSch — PShLogSch/P(Q)
X = AEX.
Definition 2. For X € PShLogSch, the presheaf /\ng is called the presheaf of

rigid h log nodes in X. In case P = A : N — N2, we call /\ng the presheaf of rigid
standard log nodes in X.

Remark 1. For Y € LogSch, if f : Y — P(Q) is identified with a monoid ho-
momorphism f : @ — Keray(Y) € My (Y) as discussed in (2.1), then Y’ :=
Y XI{;(Q) P(P) € LogSch is the log scheme with the same underlying scheme as Y,
but with log structure My, = P @é My and structure map ay+ : My, — Oy given

by ayr = (0, ay) using the universal property of pushout. If 4 : Q — P is an integral
morphism of integral monoids, the same discussion makes sense in the category of
integral log schemes.

2.3. Logarithmic Weil restriction. In the special case where h =0:0 — P, we
write Ap® instead of A}®. The functor

A% . PShLogSch — PShLogSch
X = ABX
is then the formal right adjoint to the base change functor

- x P(P) : PShLogSch — PShLogSch
X = X xP(P)
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in the sense that, for any Y € LogSch, we have
HompghLogsen (Y, /\}ggX ) = (AggX )(Y)
= X(Y xP(P))
= HoanShLogSch<Y X P(P), X)

The problem of respresenting the formal right adjoint to base change is the subject
of Weil restriction. Much is known in the context of schemes.

Definition 3. For X € PShLogSch, the presheaf /\ﬁigX is called the presheaf of
rigid P log points in X. In case P = N, we drop P from the notation and call Ag*X
the presheaf of rigid standard log points in X.

2.4. Group actions. For P € SMon, the log group scheme G(P) acts on P(P) as
follows: Given a log scheme Y, a map

(f: P— Keray) e P(P)(Y),
and a map (g : P® — O3(Y)) € G(P)(Y), we obtain a new map
(g-f: P—Keray) e P(P)(Y)
bgf setting (¢ - f)(p) := g(p)f(p). This action identifies G(P) with the subpresheaf
o
Aut(P(P)) : LogSch®® — Sets
Y — Aut(Y xP(P)/Y)

consisting of those relative automorphisms acting trivially on the (absolute) charac-
teristic monoid.

For a map h : Q — P in SMon, and X € PShLogSch, we will now describe
an action of the log group scheme G(P) on the presheaf A}*X. The action will be
natural in X, but it will not be an action commuting with the structure morphism
NEX — P(Q). Rather, the action of G(P) on A;®X will intertwine with the action
of G(Q) on P(Q) defined in the previous paragraph via the map

G(h)™': G(P) — G(Q)

of log group schemes appearing in the commutative diagram below.

G(P)—" - G(Q)
| G =
G(P)— - G(Q)

Note that inverse is a map of group objects since our group objects are commutative.
Given Y € LogSch and (g : P®* — O3 (Y)) € G(P)(Y), note

(G(h) " (9) : Q% — OV(Y)) € G(Q)(Y)
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is given by q — g(h(q))™. Given f € P(Q)(Y), we construct an isomorphism

G(h)~1(g)-

a(g) 1Y xg WTP(P) = Y x{ P(P)

making the diagram
G(h)~(g)- a(g)

(6) Y xg) T P(P) Y XL, P(P) P(P)

| | o

Y % ! P(Q)

e(h) (o) f

commute (the two “squares” here are cartesian). It is easier to think in terms of log
structures, where a(g) is the isomorphism
—1.
a(g) : PoL My — Pag™ ' My

[p,m] — [p.g(p)m]
of log structures on Y. Here we view O3 as sitting inside My, and the juxtapo-
sition of g(p) and m is the monoid operation on My-. This is well-defined by the
computation

a(g)[h(q),0] = [h(a), 9(h(9))]
= [0,9((0))(G(h)" - f)(q)]
= [0,9(h(a))g(h(q))~" f(q)]
= [0, f(9)]
= a(9)[0, f(q)]
The data consisting of the action of G(Q) on P(Q) and the assignment g — a(g)
defines an action of G(h) : G(P) — G(Q) on P(h) : P(P) — P(Q) in the sense of

Definition 4 in Section 2.8.
This action on h log nodes induces an action on /\ZigX by setting

g-(f,F) = (G(h)(g)~" - [, X(alg))(F)),

where

(f,F) € (MEX)(Y)

g € G(P)Y)
X(a(g)): X(Y xG P(P)) — X(¥ xg) W7 p(P))

(Gh)(9)" - £, X(a(9) € (AEX)(Y).
2.5. Properties of /\}?g . The basic properties of the functor (5) are summed up in
the following

Lemma 4. The functor A} : PShLogSch — PShLogSch/P(Q)...

(1) preserves inverse limits.
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(2) preserves formally log étale maps.

(8) satisfies /\}fgl = P(Q) x X for any presheaf X on schemes (regarded as a
presheaf on log schemes by setting X (V) := X(Y)).

(4) preserves strict maps having a given property P of morphisms of schemes
stable under base change (e.g. being an étale cover, being of locally finite
presentation, being proper, etc.).

(5) preserves the property of having the sheaf property for a given subcanonical
topology T on LogSch.

Proof. For (1), we consider an inverse limit system ¢ — X; in PShLogSch with
inverse limit X. Note X(Y) = lim X;(Y) for Y € LogSch. An element of
%

(lim (A}EX,))(Y) is a set of pairs (fi, Fi) € [[,(AEX,)(Y) satisfying the usual com-
—

patibility for maps ¢ — j in the indexing category. But actually, this describes the

inverse limit of the A, ®X; taken in PShLogSch, whereas we actually take it in

PShLogSch/P(Q), which amounts to requiring that all the f; are given by some
common f € P(Q)(Y), so all the F; are maps

Fy Y %l P(P) = X,

(@)

and the compatibility in ¢ says these F; come from a unique map F' : Y xpg)P(P) —
X. Evidently then, (f, F;); — (f, F') defines a bijection

(i (AEX))(Y) = (AEX)(Y)

natural in X, so (1) is proved.
Recall that a map X — X’ in PShLogSch is formally log étale iff any commu-
tative diagram

Y —X
|7
y! X!

in PShLogSch where Y — Y’ is a strict square zero closed embedding of log
schemes (representable presheaves) has a unique completion as indicated. Given
such a map X — X', we must show that /\;ligX — /\ZigX " is formally log étale, so
consider a commutative diagram

F ri
0

Y’ () /\zigX/

(7)
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with Y < Y a strict square zero closed embedding of log schemes. In particular,

»

f

Yy —-P(Q)
y' - P(Q)

commutes, so the natural identification

Y x{o) P(P) = Y xyr (Y xf P(P))
shows that the left vertical arrow in the diagram
f F
Y Xp) P(P) —~ X
"]
f! F
Y’ Xp(Q) P(P) X'

is a base change of Y — Y’  hence is itself a square zero closed embedding of log
schemes, hence a completion G exists as indicated and then (f’,G) completes (7).

The point of (3) is that Y x]};(Q) P(P) =Y independent of the f € P(Q)(Y') used

to form the fibered product, so the datum of F' € X(Y xp(g)P(P)) is just the datum
of an element of X(Y) = X (V).

The statement (4) is mostly a matter of definitions. For X € PShLogSch, we
obtain a new object X € PShLogSch by setting X (V) := X(Y). We may also
regard X as an object of PShSch. To say that a map X’ — X in PShLogSch is
strict with property P means two things: First, the diagram

(8) X/ X/

|

X—X

must be cartesian. Second, the map X’ — X should have property P in the sense
that for any map Y — X from a scheme Y, the base change Y’ := Y x x X’ must
“be” a scheme (be representable), and the structure map Y’ — Y should “be” a map
of schemes with property P. The important point is that being strict with property
P is stable under base change. Now suppose X’ — X is strict with property P and
we want to show that the same is true of A}* X’ — A®X. Since (8) is cartesian, we
obtain a cartesian diagram

NEX —=P(Q) x X'

| |

NEX —=P(Q) x X
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by applying the results (1) and (3) proved above. But the right vertical arrow is
just the product of X' — X and the identity of P(Q) (the identification of (3) is
natural), so in fact

/\2ng/ 1/
/\;LigX —X
is also cartesian. This in turn implies that
ABX — NEX — X

]

AEX ——= NEX —— X

is cartesian, and the part about preservation of property P is now obvious.

The natural maps Y — Y yield a natural map X — X in PShLogSch. We know
this new presheaf X satisfies ApX = P(Q) x X (naturally in X) by the previous
argument. By definition, a morphism X — X’ in PShLogSch is strict (of (locally)
finite presentation) iff

X —X

|

X —= X'

is cartesian (and X — X' is representable by maps of schemes of (locally) finite
presentation). When this is holds, applying (1) and the “We know...” observation
to this cartesian square yields (4).

For (5), we don’t actually need that 7 is subcanonical; we merely need that P(Q)
is a sheaf in the topology 7. Consider a 7 cover ¢t : Y — Z. We must prove that

(9) (AREX)N(Z) = (AEX)(Y) = (NEX)(Y %2 Y)

is an equalizer diagram of sets assuming X is a sheaf for 7. Consider an element
(f, F) in the middle set with the same images

<f7T17F1) - (fﬂ-?aFQ)

under the parallel arrows. The fact that fm = fme € P(Q)(Y xz Y) and the
fact that P(Q) has the sheaf property for 7 together imply that there is a unique
g € P(Q)(Z) with f = gt =P(Q)(Y). The identification

Y XIJ;(Q) PQ) = Y xz(Z X%(Q) P(P))
proves that the natural map
/
(10) Y X0 P(P) —» Z xg,(Q) P(P)
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is a base change of t, hence a 7 cover. Furthermore, the fibered product of this map
with itself is identified with

(Y xzY) i/ ™ P(P)

and I} and F; are the images of F' under the parallel arrows in

X(Z x40 P(P)) = X(Y xio B(P) = X((Y xzY) x§iy /™ P(P)).

But F} = F, so by the sheaf property of X for the cover (10), we conclude the
existence of a unique G € X (7 x%(Q) P(P)) pulling back to F' via X of the covering

map (10). The pair (g,G) € (A}®X)(Z) is then the unique element mapping to
(f, F) via the left arrow in (9). O

2.6. Explicit constructions. The purpose of this section is to explicitly construct
the presheaf /\ng for some simple choices of h, X. In this section, we say that
X € PShLogSch is a log algebraic space if it is a sheaf in the strict étale topology
and there is a log scheme Y and a strict étale cover Y — X. A log algebraic space
X is fine iff one can take Y fine.

In the following lemma, LogSch denotes the category of integral log schemes.

Lemma 5. Suppose h : Q — P is an integral monomorphism of integral monoids
with a splitting set S, and X = Spec(N — Z[N|). Then we have a natural isomor-
phism

MEX = T]®(Q) x X)

S

in PShLogSch/P(Q). In particular, /\fligX is representable.

Proof. Note that X “is” (“represents”) the presheaf

LogSch®” — Sets
Y — ./\/ly(Y)

Consider an element (f, F) € (AEX)(Y). Then F € X(Y x{, P(P)) is a global
section of the log structure P ©g My on Y (c.f. Remark 1). By Lemma 3, there is
an isomorphism

EXMyﬁB@QMY

in the étale topos of Y (we use the fact that Y is integral here), so, assuming Y
is connected, this F'is a pair (s, F”) consisting of an element s € S and a global
section F' € My (Y'). The pair (f, F') is the same thing as a map ¥ — P(Q) x X.
Taking the possibility of disconnected Y into account yields the result. 0

The lemma above is essentially the only sfcua‘mon in which we have a direct
construction of AF¥X. For rigid P log points A%, we can directly construct ABEX
for slightly more general X.
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As a matter of notation, we will always write [¢] € Z[Q)] for the image of ¢ € Q in
the corresponding monoid algebra. This is because [0] = 1 is the unit of Z[Q)], and
we certainly do not want to confuse this with 0 € Z[Q)].

Lemma 6. Let P € SMon, Q € Mon, X := Spec(Q — Z[Q]). Then we have an
1somorphism

NEX =[x
PQ

in PShLogSch, where P? is the monoid of monoid homomorphisms from Q to P.

Remark 2. If P, are finitely generated (resp. fine), then one can easily check that
PQ is finitely generated (resp. fine) by using the fact that @ is finitely presented and
an equalizer of maps from a finitely generated monoid is finitely generated. This fact
is not particularly relevant since P? arises only as a set indexing a disjoint union.

Proof. We may assume Y = (Y, My) is connected, so, as in the previous proof,
global sections of the log structure on Y x P(P) are given by My (Y) @ P. By the
adjointness properties of Spec and the associated log structure functors,

HonlLogSch(Y X P(P), X) = HomMon(Q, MY(Y) D P)
= Hompion(Q, My (Y)) x Hompion(Q, P)
= HOHILOgSCh(Y, Q) X PQ.

The choice of h € P% specifies the component of ApX to which Y will map. Taking
the possibility of disconnected Y into account yields the result. 0

More concretely, when X = Spec(Q) — Z[Q)]), Homyegsen (Y x P(P), X) is just
the set of commutative diagrams

Mx(X) o P2 (X, 04)
f
O

Q - Z[Q)]

and this certainly splits as a disjoint union over the possible h € P?. Note that
commutativity forces the right vertical arrow to be uniquely determined from the
left arrow and given by:
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The above commutative diagram fits into a larger commutative diagram

Qe P Z|Q)]
1d ( > o
( hQ) Mx(X)® P2 (X,05) |un
(f)
Q h Z[Q)

where the top horizontal arrow is given by
QeP — Z[Q]

lq], p=0
(¢,p) = { 0. p£0
the top vertical arrows are uniquely determined by the rest of the diagram and where
[a],  h(q) =0
u =
b= { ¢ 7
The universal map
(/\pX)p 4“> X

i

ANpX

in this case is the disjoint union of the maps

(ABX)p —> X

|

ALX
given by (Spec( - — _) of) the diagrams:
Q——7Z[Q
1:1(,9/ /
Qo P——7Z[Q

Note that the component A%X of ApX indexed by h € P? is isomorphic to X,
but the map u, from this component to X is an isomorphism only on the component
where h = 0. However, if () is finitely generated, then wuy, is finitely presented, so u
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is locally of finite presentation. Moreover, if () is integral, then ApX is a fine log
scheme, so the theorem is proved in this case.

2.7. Bootstrapping. Here we use the explicit constructions of the previous section
and the results of Section 2.5 to prove the representability of A}*X by a log algebraic
space for various X, h.

Lemma 7. Let h: Q — P be as in Lemma 5. Then for any integral monoid R, the
presheaf N} Spec(R — Z[R]) is representable by log scheme. If R and Q are fine,

then the scheme underlying /\2ig Spec(R — Z[R)) is of locally finite type over Z and
its log structure is fine.

Proof. For R = N, this is clear from Lemma 5. For any set n, if
X = Spec(®,N — Z[®,N]),
then we see that
nEX = TP x X)),
gn

either by arguing directly as in the proof of Lemma 5, or by using Lemma 5,
Lemma 4(1) and the fact that

X = J]Spec(N— ZN)).

We find that the lemma holds when R is free.
For arbitrary R, we can find a coequalizer diagram
&N = &,N— R
in Mon, and we can take m,n finite if R is fine. Since
Spec( - — _):Mon” — LogSch
preserves inverse limits, we have an equalizer diagram
X — Spec(®,N — Z[®,N]) = Spec(®,,N — Z[®,,N])
in LogSch, with X = Spec(R — Z[R]|). By Lemma 4(1) we have an equalizer
diagram
AEX — AYE Spec(@,N — Z[®,N]) = A8 Spec(P,,N — Z[3,,N])

in PShLogSch/P((Q)). But LogSch has equalizers, and we know the terms on the
right are representable, so we get the representability result. Furthermore, an equal-
izer of locally finite type schemes over Z is again locally finite type, and similarly
for fineness, so we get the finiteness results. 0

Lemma 8. Let h : QQ < P be as in Lemma 5. Suppose X is a log scheme (resp.
algebraic space) with a global chart X — Spec(R — Z[R]). Then AJ®X is repre-
sentable by a log scheme (resp. algebraic space). If Q and R are fine, then /\zigX 8
of locally finite presentation over X and fine.



THE EVALUATION SPACE OF LOGARITHMIC STABLE MAPS 15

Proof. To say that X — Spec(R — Z[R]) is a global chart is to say that
X —— Spec(R — Z[R])

|

X SpecZ[R)

is cartesian in LogSch. By Lemma 4(1)(3), we obtain a cartesian diagram

AEX —— AYESpec(R — Z[R])

| |

P(Q) x X ——P(Q) x SpecZ|[F]

in PShLogSch. All the claims follow from the previous lemma using standard
stability under base change properties. O

Theorem 9. Let h: QQ — P be as in Lemma 5. Suppose X € PShLogSch is a log
algebraic space. Then so is N*X. If X is fine and Q is fine, then N2 X is fine and
of locally finite presentation over X.

Proof. First, /\ZigX is a sheaf in the strict étale topology by Lemma 4(5). Next,
choose a strict étale cover Y — X with Y fine if X is fine. After refining the cover
if necessary, we can assume Y has a global chart Y — Spec(R — Z[R]) with R fine
when X is fine. By definition of a strict étale cover, we have a cartesian diagram

Yy —

|

X —

E—

where the right vertical arrow is an étale cover of the algebraic space X by the
scheme Y. Applying A}*® and using Lemma 4(1)(3), and getting rid of a product
with P(Q)), we obtain a cartesian diagram

ABY — Y

|

NEX — X

in PShLogSch. Since the right vertical arrow is a strict étale cover, so is the left
vertical arrow. Since /\l;ng is a log scheme by the previous lemma, this proves that
/\}?gX is a log algebraic space.

When X and @ are fine, then we can take R fine, so we know from the previous
lemma that A}*®Y is fine and of Lf.p. over Y. But the left vertical arrow is a strict
étale cover, so /\ng is also fine, and the bottom horizontal arrow is of 1.f.p. because
this is true of the top horizontal arrow and being of 1.f.p. is étale local on the
codomain. H
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2.8. Transition functions. Before defining log nodes, it is helpful to recall some
generalities about fiber bundles and transition functions. Let C be a site with fiber
products, X an object of C. A fiber bundle with fiber X is a C morphism Y’ — Y

such that there exists a cartesian diagram

b

(11) UxX Y’
U—*" >y

(called a trivialization of Y/ — Y) where a : U — Y is a cover of Y. Given a
trivialization (11), one sees easily that both diagrams

b(7r1 XX) (TI'QXX)

(U xy U) x X Y and (U xy U) x X 225y
UXyU%Y UXyU%Y

are cartesian, so by the universal property of fibered products, there is a unique C
morphism

g: (UxyU)x X = (UxyU)xX

making the diagram

(UxyU)x X
\\
\ (U xy U) x X 2759 2y
o 7712\L
UxyU—""2 .Yy

commute. Reversing the roles of the m; shows that g is invertible, so
g < Aut((U Xy U) X X/U Xy U) = Aut(X)(U Xy U),
where Aut(X) is the presheaf

Aut(X): C®? — Sets
U — Aut(U x X/U).

This element g is called the transition function of the trivialization (11). It enjoys
various properties, such as a cocycle condition on the three pullbacks to

AUt(X)(U Xy U Xy U),

naturality with respect to the trivialization, and naturality with respect to base
change of Y and base change of trivialization.
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Given a subpresheaf of groups G C Aut(X), a fiber bundle with fiber X and
structure group G is a C morphism Y’ — Y admitting a trivialization (11) whose
transition function g lies in the subset

G(U xy U) C Aut(X)(U xy U).
Fiber bundles with fiber X and structure group G are stable under base change.

When we study log nodes, we will be interested in a more general type of “fiber
bundle”. Fix a model C morphism h : M’ — M. Then a fiber bundle with fiber
h (or modelled on h) is a C morphism Y’ — Y such that there exists a cartesian
diagram

(12) M <ULty
N
M<—U-"2>Y
(again called a trivialization) where a : U — Y is a cover of Y. The isomorphism
(UxyU) x5t M — (UxyU)xY'
(ug,uz,m’) +—  (ug,ug, b(uy,m’))

with inverse (uy, us,y’") — (u1, us, d(u,7y’)) (and a similar variant when ¢ = 2) shows
that both diagrams

(r1xM’) b(max M')

(U xy U) x50 M7 - Y and (U xy U) x5 M’

Y/
Y

(U Xy U) ami=amy Yy (U Xy U) ami=am2

are cartesian, so the universal property yields an isomorphism
g: (UxyU) x5z M — (UxyU) x5 M
of objects over? U xy U making the diagrams

b(7T2 XM/)

(U xy U) x5 M

\ g
\\ =
A B by x M)
AN (U xy U) x5 M’ Yy’
WlQi
e =qaT
UxyU e Y

ZNote that the twist map (u1,ug,m’) — (ug,u;,m’) would also furnish such an isomorphism,
but not over U xy U.
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and
T3
(13) (U xy U) xﬁmM’
7T12l WlQl lh
UxyU Uxy U o M
(&)
commute.

The previous notion of fiber bundle is recovered as the case where M’ = X and
M is the terminal object; our general notion of transition function reduces to the
usual one in that case. In the general setup, it is difficult to say where the transition
function lives, but we can formulate a notion of reduction of structure group which
is adequate for our purposes.

Definition 4. Suppose z : G’ — G is a morphism of group objects of C. Then an
action a of z : G — G on h : M' — M consists of an action of G on M, denoted
(g9, f) — g- f, and the following data: For each object Y of C and each f € M(Y),

g € G'(Y), there is an isomorphism a(g) : Y xf\flg)'f M' =Y x4, M' of objects of C

over Y making the diagram
T o T

(14) Y3 My M M
4T
f
Y Y M
z(9)-f
commute. This data should be natural in Y, f, and the assignment g — a(g) should
be a group homomorphism in the sense that a(Id) : Y xf\gd)'f:f M =Y xt, M is

the identity and a(g192) = a(g1)a(g2) under the identification
Y X;/([91g2)~f M =Y Xj\flg1)~(z(gz)~f) M.

Given an action a of z : G' — G on h : M' — M in the above sense, we say
that a C morphism Y’ — Y is an h fiber bundle with structure group a (or z if
a is clear from context) if there is a trivialization (11) whose transition function
diagram (13) is isomorphic to the action diagram (14) for some g € G'(U xy U)
(called the transition function of the trivialization) after making the substitutions
Y — U xy U, f+ cm in the latter.

When M is the terminal object, the data of a z action on h is nothing more or
less than the data of a G’ action on M’ and the corresponding notion of fiber bundle
with structure group z is just the usual notion of fiber bundle with fiber M’ and
structure group G'.
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2.9. Log nodes. Let h : ) — P be an SMon morphism. In the terminology of
the previous section, an h log node is a map of log schemes Y’ — Y which is a
P(h) : P(P) — P(Q) fiber bundle (in the strict étale topology on LogSch) with
reduction of structure group to G(h) : G(P) — G(Q).

Definition 5. For an SMon morphism h : () — P and a presheaf X € PShLogSch,
let A, X be the category whose objects are pairs (Y’ — Y, F'), where Y/ — Y is an
h log node and F € X(Y’). A morphism

Y' =Y, F)— (Z' — Z,G)

in A\pX is a cartesian diagram

in LogSch such that F' = X (b)(G).

The category A, X is called the category of h log nodes in X. The forget functor
Y =-Y,F)—Y

fibers A, X in groupoids over LogSch. It is easily seen to be a stack in the strict
étale topology when X is a sheaf in this topology.

2.10. Log points. When h = 0 : 0 — P, we call an h log node a P log point. A
P log point is a map Y’ — Y of log schemes which is a P(P) fiber bundle with
structure group G(P). Let us spell out the following special case of Definition 5.

Definition 6. For a sharp monoid P, and a presheaf X € PShLogSch, the category
ApX of P log points in X is the category whose objects are pairs (Y — Y, F)
consisting of a P log point Y' — Y and an element F' € X (Y”). Morphisms in ApX
are as in Definition 5.

2.11. Quotient presentation. Fix an SMon morphism h : () — P. The point of
this section is to present the category of h log nodes in X as a global quotient of
the category of rigid h log nodes in X under appropriate hypotheses on X.

Proposition 10. Suppose X has the sheaf property for h log nodes. Then there is
an equivalence

MX = [NEX/G(P)]
of groupoid fibrations over LogSch.

Theorem 11. Suppose X is a log algebraic space and h is as in Lemma 3. Then
ArX is a log algebraic stack (admits a strict smooth cover by a log scheme). If X
and Q) are fine, then A\, X is a fine log algebraic stack admitting a strict smooth cover
by a log scheme of locally finite presentation over X.

For concreteness, we spell out a particular case of the previous theorem:
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Theorem 12. Suppose X is a fine log algebraic space. Then for any integral monoid
P, ApX is a fine log algebraic stack admitting a strict smooth cover by a log scheme
of locally finite presentation over X.

3. THE DF(1) CASE

In this section we will give a largely self-contained treatment of log points and log
nodes in a DF(1) log scheme X. In this situation we have relatively simple notions
of contact order and a relatively simple global construction for log points and log
nodes in X. In particular, we can easily describe the cohomology of these spaces.
The discussion of this section generalizes easily to the case of a DF(n) log scheme,
and also fairly easily to the case of a DF(P) log scheme for an arbitrary monoid P.

3.1. Scholium on DF(1) log structures. The material in this section is merely
a slight elaboration of some things M. Olsson mentioned in his Pisa lectures on log
geometry.

Consider a scheme X (we drop the underline from various notation if there is no
chance of confusion) equipped with the data of a line bundle (invertible sheaf of Oy
modules) L and a section s : Ox — L. To this data we will associate a log structure
a: M(L,s) - Ox on X. This log structure will be natural under pullback in
the following sense: Given a map of schemes f : X' — X, there will be a natural
identification

ffM(L,s) = M(f'L, f*s).

The log structure M(L, s) is also natural in (L, s) in the following sense: Given
another line bundle L' with section s’ : Ox — L' and an isomorphism of line
bundles ¢ : L — L’ satisfying ¢s = s’, we will obtain an isomorphism

¢: M(L's) — M(L,s)
of log structures on X (note the abusive notation and the contravariant nature of
the isomorphism).

The log structure o : M(L,s) — Ox is equipped with various additional struc-
ture: It comes with a map

B:N — M(L,s)

of sheaves of monoids (this is equivalent to the data of the global section (1) €

M(L, s)(X) of the characteristic monoid) which locally lifts to a chart for M(L, s).
It also comes with an O% equivariant map

n:LY\0x — M(L,s).

Here LY \ Ox is the O% torsor associated to the dual of L (the complement of
the zero section in L") and O% acts on M(L, s) through the inclusion of monoids
0% € M(L,s). This action is faithful because every log structure considered in
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this manuscript (including M(L, s)) will be integral. These additional structures
are related by a commutative diagram

1

N LY\ Ox

| N

M(L,s) <— M(L,s) *— Ox

of 0% equivariant morphisms (with O% acting trivially on N and M(L,s)). The
universal property of M(L, s) is the following: If o/ : M’ — Ox is a log structure
on X, then giving a map of log structures

g: M(L,s) — M
is the same thing as giving an O% equivariant map
h:LY\0x — M
making
L\/
N
M -0y
commute. More precisely,
7" : Hompogser(x)(M(L, 5), M) — Homo: jo, (L' \ 0x, M’)
is bijective. Here, Homo+ /0, means morphisms in the category of sheaves with O

action over Ox.

Now, having made all these assertions about M (L, s), we still need to construct it!
The point is that, in light of the universal property, we can construct it locally. The
locally constructed log structures will then glue to a global log structure because
they both satisfy the same universal property on overlaps. To perform the local
construction of M(L, s), we can assume there is a section o of the O% torsor LY\ Ox.
We then declare M(L, s) to be the log structure associated to the prelog structure

a:N — Ox
1 — s'(o).
That is:
M(L,S) = N@aﬁl(’)} O}k(,

with structure map

o N@a*10§( O}— — Ox

n

n,u] — us(o)"
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Since we have the section o, any other section of LY \ 0y can be written uniquely
as uo for some u € O%. We can therefore define the map 7 locally by the formula:

n: LY \ Oy — N@a—l(Q;{ O;(
uo +— [1,ul.
This map is clearly O% equivariant and the diagram

LY\ Oy

J{n \
N@aflo} O} . OX
clearly commutes. One can check that these locally defined n glue to a global
n by examining the effect of a different choice of section ¢’. The local version
of B : N — M(L,s) is just the natural map from the prelog structure a to the

characteristic monoid of the associated log structure. These local § clearly glue to
a global 8 because changing ¢ by a unit does not effect the latter map.

To check that M(L, s) has the desired universal property, consider an O% equi-
variant map

h: LY \ Ox — M
making
v
[
M =0y

commute. From this, we define a map of log structures g : M(L,s) - M’ on X by
the formula:

N®g-10, Ox — M
[n,u] +— wh(o)".
The composition
mg=gn:L'\0x — M
is clearly just the original map h.
This concludes the construction of M(L, s).

We can reformulate our discussion in the language of stacks as follows: consider
the data of X, L, s as above. This may be viewed as a map of algebraic stacks

(L,s): X — [rigA'/G,,].

Indeed, the scheme
LY\ 0x = Specy (Snezl")

comes with a natural G,, action (relative to X) corresponding to the indicated Z
grading of its structure sheaf making it a G, torsor over X. Furthermore, the
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section s(1) € L is a section of the degree 1 part of the structure sheaf of LY \ Oy,
hence it corresponds to a G, equivariant map

“s" LY\ 0x — rigA'

for the usual action of G,, on rig A'.

So far we have only considered rig A* with the trivial log structure. If we consider

rig A' with its natural log structure, then it represents the presheaf

LogSch®® — Sets
Y — My(Y).
The group scheme G, (with the trivial log structure) represents the presheaf
LogSch®® — Sets
Y — Oy(Y).
and the natural action of G,, on rig A corresponds to the natural (effective!) action
of O%(Y) on My(Y). The quotient [rig A'/G,,] (taken either in the category of

stacks in the strict étale topology or sheaves in the strict étale topology—the result
is the same since the action is effective) therefore represents the presheaf

LogSch®® — Sets
Y — ﬂy(Y)
The natural map

[rig A'/G,,] — [rigA'/G,,)]

then has the following interpretation: Given a global section ¢ € My (Y), one
obtains an 05 torsor

T. = {m&€ My :m=cin My}
and an O3 equivariant map
ay|T.: T. — Oy
from T, to Oy, which is the data of a Y point of [rig A'/G,,]. (We saw earlier how

to convert from this to principal G,, bundles and G,, equivariant maps to rig A'.)

Given the data X, L, s as above, if we let X := (X, M(L,s)), then I claim:

Proposition 13. The diagram

X —7 g AY/G,]
J( CONg j
X rig A /G,

is a cartesian diagram of log algebraic stacks.
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The top horizontal arrow 3 is (pullback of) the natural global section
B(1) € M(L, s)(X)

discussed above. Indeed, for a log scheme Y, the data of a map from Y to the
cartesian product stack

X Xpig /6, [1ig A /Gy

consists of:

Al. A map of schemes f:Y — X.
A2. A global section e € My (Y).
A3. An isomorphism h : f*LY \ 0y — T, of O3 torsors making the diagram

f*LV\Oy h

f* s\/ A

Oy

1Ie

commute.

By the universal property of
fTM(L,s) = M(f°L, f*s)

discussed above, the composition of A with the inclusion T, C My determines a map
fr: f*fM(L,s) = My of log structures on Y, and hence the pair (f, f1) determines
a map of log schemes f : Y — X. This shows how to go from a Y point of the
cartesian product to a Y point of X. To go the other way, suppose we have a map
of log schemes (f, fT) : Y — X. Then of course we have the underlying map of
schemes f : Y — X. The map of log structures f7: f*M(L,s) — My sits inside a
commutative diagram

f* S\/

(15) f*LY\ Oy Oy
f*n Ja ay
fT
! f*M (L7 S) MY
JEN— 71— RN
N—"L (L, s) —— My

from which we can read off the other pieces of data constituting a map to the
cartesian product: The global section e € My (Y) is the composition of the global
section B(1) (really f~13(1)) of f~'M(L,s) and the map 7T, and the isomorphism
h of O% torsors is the composition fTf*n (which lands in T, by commutativity of
the above diagram).
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Example. Consider the case X = Ml with the line bundle L = Oy, 41(0) whose
sections are the “meromorphic functions on rig A' with at most a simple pole at
the origin”. This L comes with the tautological section s = 1. The dual map
sV 1 LY — Oygar is of course nothing but the inclusion of the ideal of functions
vanishing at the origin; this map takes the nowhere vanishing section

2 € (LY \ Oyig 41) (rig A")

to z € Oygai(rig A') = Z[z]. According to our above local recipe (which applies
globally here), the log structure M(L, s) is the one associated to the chart

N = Ou(rigA') = Z[2]
1 = =z

This is the “usual” log structure on rig A'. This example readily generalizes to the
case of a scheme X with a Cartier divisor D C X by taking L = Ox(D) with the
tautological section sp € Ox(D)(X) (pardon the notation!) vanishing along D.
The dual map s¥ : Ox(—D) — Ox is the inclusion of the ideal sheaf of D, and
a (local) section of the O% torsor Ox(—D) \ Ox is a (local) equation f for D and
the corresponding log structure M(Ox (D), sp) is (locally) the one associated to the
prelog structure

NHOX
1 - f

(This is not generally the same as the “divisorial” log structure
My = {f € Ox : f|X\D € O}\D}

associated to D C X, though they agree when X and D are smooth varieties.)

3.2. P log points in a DF(1) log scheme. Let P be a fine, sharp monoid. Let
P(P) := Spec(0: P — Z). Let X = (X, M(L,s)) be a log scheme with a DF(1) log
structure (a log structure of the form discussed in the previous section). Consider
the presheaf

NEX : LogSch® — Sets
Y — Hompegsen(Y x P(P), X).

Note that

YxP(P) = Y
and the log structure of Y x P(P) is given by
(16) ayxpp)y: My @ P — Oy

@Y(m)a p=0
(m.p) — { 0, otherwise.
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3.2.1. Contact order. Since X is DF(1) it comes with the global section (1) €
Mx(X). Given a map
(f, /)Y xP(P) - X
(i.e. an element of (A"2X)(Y)), we can compose (1) (really f~'4(1)) with
7T fTMx — MyoP
and the second projection m onto P to obtain a global section
c = mf B(1) € P(Y),

that is, a locally constant function ¢ : ¥ — P. This locally constant function c is
called the contact order function. The contact order function c is clearly natural in
Y, so it yields a coproduct decomposition

NEX = [ AEX,
peEP
where Agtng is the subpresheaf of AR X consisting of P log points in X with contact
order function given by the constant function p (“contact order p” for short). That
is, (Ap,X)(Y) consists of those
(£.11) € (NFX)(Y) = Homypogsen(Y x P(P), X)
where WQ?T p € P(Y) is the constant function p.

In addition to the contact order function, we can also compose (1) (really
f71B(1)) with TT : "My — My ® P and the first projection m onto My to
obtain a global section
e = 7T1?T6(1) € My(Y).

The function e is also clearly natural in Y so it determines a morphism
e NEX = [rig AY/G,,]

and hence, by restriction to components, morphisms
ep /\g’ng —  [rig AY/G,,]

for each p € P.

3.2.2. Definition of v,. Consider an element p € P. If p =0, let
v, : [rig A')G,,] — [rigA'/G,,)

be the natural map (the one induced by the unique map rig A — rig A' which is
the identity on underlying schemes—this is G,,, equivariant for the natural actions).
If p#£0, let v, : [rig A'/G,,] — [rig A'/G,,] be the map induced by the unique map

rig A — rig A' which is the contraction to the origin on underlying schemes—this is
also G,, equivariant. When p = 0, the map v, : [rig A*/G,,] — [rig A'/G,,] factors
naturally through the inclusion of the “origin”

BG,, — [igA'/G,,]
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(this map is a strict closed embedding). In either case (p = 0 or p # 0), we have
Proposition 14. The diagram

NEX —— [rig /G,

| X
(L,s)

X [rig A*/G,,]

18 cartesian.

Before proving Proposition 14, let us spell out the “modular interpretation” of v,
in the p # 0 case (the p = 0 case was discussed already). Given a log scheme Y’
and a global section ¢ € My (Y) (that is, an element of [rig A'/G,,](Y)), the map
v, associates the “usual” Oy torsor

T. = {m e My :m=cin My}
and the O3 equivariant map 0 : 7. — Oy (as opposed to ay). Note
(T.,0) € BG,,(Y) C [rig A'/G,,](Y).

We first prove Proposition 14 in the p = 0 case. Recall from above that an element
of

(X Xpigat/e,,) [rig A'/G])(Y)

consists of data f,e, h as in (Al), (A2), (A3) above. Given this data, if we compose
h with the inclusion 7, € My and use the universal property of f*M(L,s) we
obtain a morphism ff: f*M(L,s) — My of log structures on Y. Looking at the
formula (16) for ay xp(p), we then see that the formula

(f1,0): ffM(L,s) — My@P

m = (f(m),0)

defines a map of log structures on Y from f*M(L, s) to the log structure of Y xP(P).
That is,

(f7 (fTa O)) € HOHlLOgSch(Y X ]ID(P)7 X) = (/\;gXXY)v
and, in fact, we clearly have
(f, (f1,0)) € (NFHX)(Y) C (AFFX)(Y).
This discussion is natural in Y so we obtain a map

X X [Ml/(}m] [rlg Al/Gm] — A;;:goX

The inverse map _
/\;fgoX — X X[Ml/Gm} [Yig Al/Gm]

is defined as follows: An element of (/\ggoX )(Y') consists of a map of schemes f :
Y — X and a map
flef*M(L,s) = My @ P



28 D. ABRAMOVICH, Q. CHEN, W. GILLAM, AND S. MARCUS

of log structures on Y with the property that mofT is the zero map. The key point
here is that, by examining the formula (16) for the structure map

ayxprp) - My @ P — Oy
and using m fT = 0, we in fact see that the map
mft fFM(L,s) = My

is also a map of log structures on Y'! Hence, by the universal property of f*M(L, s),
we have a commutative diagram

(17) FLV\ 0y 2

Oy

f*n oy

B mf

N fﬁlM(La 5) —— My

reminiscent of the diagram (15) we obtained in the proof of Proposition 13. From

this we obtain a global section e := 7T17Tﬁ € My (Y) (ie. e € [rig AY/G,](Y)); we
also obtain an isomorphism h : f*LY \ 0y — T, of O} torsors making

h

f*LV \ OY

T
Oy

commute by restricting 7, fTf*n and arguing that this lands in 7, C My by com-
mutativity of (17) just as we did in the proof of Proposition 13. The data of f,e, h
furnish a map

(AEX)(Y) = (X Xpuigar/g, Mg A'/Gu)(Y)

which is clearly inverse to the map constructed in the previous paragraph, thus we
complete the proof of Proposition 14 in the case p = 0.

Combining Proposition 13 and the case of Proposition 14 we just proved (and not-
ing that vy : [rig A'/G,,] — [rig A'/G,,] is the same as the arrow in Proposition 13)
we obtain:

Proposition 15. For a DF(1) log scheme X and a sharp, fine monoid P, the

presheaf A?%OX of rigid P log points in X with contact order zero is represented by
X itself.
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We still need to prove Proposition 14 in the case p # 0. The proof is very similar
to the p = 0 case, so let me just highlight the differences: An element of

(X Xpigat/e,, [rig AYG))(Y)

in this case consists of the following data: f:Y — X, e € My (Y) just as in (A1),
(A2), but instead of h as in (A3), we have

B3. An O3 equivariant isomorphism h : f*LY \ 0y — T, making the diagram
f*LV \ OY

T
m %
Oy

commute. The only difference between this and the h of (A3) is that ay has
been replaced by 0—c.f. the modular interpretation of v, above.

h

Let’s notice right off the bat that the very existence of the h in (B3) requires f*s" =
0, which requires f to factor through the zero locus of s. By examining formula
(16), we see that the map 0 : T, — Oy is part of a commutative O equivariant
triangle

C7
Te (_ p) MY EB B
N A(P)
Oy

because p # 0. Concatenating this triangle and the one in (B3) yields an O3
equivariant commutative diagram

g=h(C,p)

fLY\ Oy My &P

m A(P)
Oy

and hence, by the universal property of M(L,s), a map f1 : M(L,s) - My & P
of log structures on Y. Thus we obtain an element (f, fT) € (Ap5X)(Y).

The inverse map is constructed exactly as in the p = 0 case, except this time an
element of (AL, X)(Y') consists of a map of schemes f:Y — X and a map

ML s) = My @ P

of log structures on Y with the property that mofT = p # 0. Examining formula
(16) we find that

*s\/
FLY\N 0y 0y

. l 0 T

fn QY xPB(P)

FM(Lys) L= My P
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commutes, so the usual formula h := 7 fTf*n identifies the O% torsor f*LV \ Oy
with the O3 torsor
T, = {meMy m= 7T17T6(1)}

in a manner identifying f*s¥ : f*LY\0y — Oy with the zero map to Oy (as opposed
to identifying it with ay : T, — Oy as in the p = 0 case).

This completes the proof of Proposition 15.

The next step is to notice that, in the p # 0 case we can also understand the fiber
product X X, a1/g,, [1ig A'/Gy,] “directly” just as we did in the p = 0 case via
Proposition 13. We mentioned already that

Up£0 - [rlg Al/Gm] — [l"lg Al/Gm]

factors as the composition of the map = : [rig A'/G,,] — BG,, and the inclusion of
the origin BG,, < [rig A'/G,,]. On the level of underlying stacks,

7 : [rig A'/G,] — BG,,

is just the universal line bundle. Indeed, the universal principal G,, bundle is
SpecZ — BG,, and the universal line bundle is obtained from the universal G,,
bundle by the usual twisted quotient construction

SpecZ xg,, rigA' = [rig A'/G,,].

(The x here is not the fibered product.) The map 7 itself is interpreted as the
universal line bundle, equipped with the DF(1) log structure from the zero section.
Let D C X be the zero locus of s. Then we have a cartesian diagram:

(18) Ll rig A'/G]
Llp rig A'/G,]
D" pg,
X 2 . [rigA'/G,)

Combining this with Proposition 15, we find:

Proposition 16. For a DF(1) log scheme X = (X, M(L,s)) a fine, sharp monoid
P, and a nonzero element p € P, the presheaf /\;:g’pX of rigid P log points in X with

contact order p is represented by L|p (the total space of the restriction of the line
bundle L to D, with the DF(1) log structure from the zero section).
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For the sake of completeness, let me explain directly how to construct the iso-
morphsim
N X — Llp.
An element of (/\g’ng )(Y) consists of a map of schemes f:Y — X and a map
floffM(L,s) - Mya@P
of log structures on Y with WQTTB (1) =p € P(Y). The composition
(19) aym fif'n: f*L\0y — Oy

is an 0§ equivariant map—one checks easily that this is the same thing as a a
global section ¢ € (f*L)(Y), which is the same thing as a map ¢ : Y — L factoring
f through L — X. (Note that, although the composition

anP(P)fo*n fL \ 0y — Oy

is just the zero map, the map (19) is not generally zero.) We already saw that f has
to factor through D, so we may as well view ¢t as amap ¢t : Y — L|p. The lifting of ¢
to a map of log schemes Y — L|p corresponds exactly to the map 7 fT f*n factoring
aym fTf*n through ay-.

Recall that we can pass from rigid P log points to log points by taking quotients
by G(P). The action of G(P) on ApyX = X is the trivial one, while the action of
G(P) on /\?,i)X = L|p is the one induced by the natural scaling action of G,, on
L|p and the map of group schemes

G(p): G(P) — G(N)=G,.
For example, in the case P = N, we find
AnoX = X x BG,,
Anp#oX = [L|p/yGml,

where the subscript p indicates that the action in question is the p'® power of the
natural scaling action.

3.3. Cohomology. Of course this description allows us to compute the cohomology
of the various Ay X, but it seems more meaningful to compute the “log cohomol-
ogy”, which might mean one of the following:

(1) the cohomology of the “interior” (Ay,X)° (the open locus where the log
structure is trivial)

(2) the cohomology of the Kato-Nakayama space

(3) the log deRham cohomology

Let’s assume that X is a smooth variety with the DF(1) log structure from a smooth
divisor D C X. Then X is log smooth, and each of the stacks Ay, X is log smooth
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(over a point with trivial log structure), so these three cohomologies will be the same
and we can unambiguously denote this cohomology Hy,,. Explicitly, we have:

Hi,(AnoX) = Hp,(X x BCY)
— H*(X°) ® H*(BCY)
= H(X\ D)[t]

= H(X™)[1]

— H*(OBIpX)[{]

(

(

(
Hfog(/\N,WéOX) = *(ND/X/I? )

(

(

(D

|
T =

= H'((Np/x \ 0p)/,C")
= H* OBIODND/X/p )

= H'(D)[t]/(* — c1(Npyx)).

3.4. Log nodes in a DF(1) log scheme. The case of log nodes in a DF(1) log
scheme is very similar to the case of log points, so we can be quite brief. We fix
an integral monomorphism h : ¢ < P of sharp, fine monoids with trivial kernel:
h~1(0) = {0}. Recall that a splitting set for h is a subset S C P such that (s,q) —
s+ h(q) defines a bijection of sets S x Q) = P. Recall that S remains a splitting set
for any pushout of h along a map @ — @’ (as long as @’ is also integral). Notice
that a splitting set must contain zero because P is sharp. Every h as above has a
splitting set consisting of the Q-primitive elements of P.

For example,
S = {(a,b) eN’*:a=0o0rb=0}
is a splitting set for A : N — N2

Recall that P(P) := Spec(0 : P — Z) and that an h as above induces a map
P(h) : P(P) — P(Q). To give a map from a log scheme Y to a P(Q) is to give a map
of monoids z : Q — My (Y) satisfying ay(2(q)) =0 € Oy(Y) for all ¢ € @ \ {0}.
The fibered product Y X[?ED(Q)IED(P> is just Y with the log structure My, := My @qP.

Fix a DF(1) log scheme X = (X, M(L,s)). The presheaf of rigid h log nodes in
X is the presheaf

/\fligX:LogSchOp —  Sets

taking a log scheme Y to the set of pairs (z, f) where z : Y — P(Q) is a map of log
schemes and f is an element of Homy,ogscn (Y Xpg) P(P), Z). Such an f consists of
a map of schemes f : Y — X together with a map

T fFM(L,s) = My,
of log structures on Y. The chosen splitting set S gives natural isomorphisms
My,z = My xS
My, = MyxS
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of objects of the étale topos of Y. Composing 3(1) € M(L, s) with fT, the second
isomorphism above, and the projection m : My x S — S yields an element of
S(Y) , i.e. alocally constant function from Y to S, which we call the contact order
function. It is natural in Y, hence it determines a coproduct decomposition

NEX = [ aEX
ses
of rigid log nodes into components with fixed contact order s € S.

On the component with contact order zero, an element of (AS%X )(Y') consists of
amap z:Y — P(Q), a map of schemes f: Y — X, and a map

f1o ML, s) = My, = My ©g P

of log structures on Y fitting in a commutative diagram
1t
[TM(L,s) —= My ®q P

gx0

MyXS

It is easy to see that the map g here is a map of log structures, so that an element of
(NroX) (2 1 Y — P(Q)) is nothing more or less than a map of log schemes Y — X
hence /\;:%X is represented by X x P(Q)). On a component with nonzero contact
order, we have the same story as in the log points situation: the underlying map of
schemes f must factor through D := Z(s), and the log data is the same thing as a
map from Y to the total space of L|p (with the log structure from the zero section),
50 ApazoX = Llp x P(Q).

To pass from rigid to nonrigid log nodes, we take a quotient by G(P). The action
of

G(P)(Y) = Homap(PeP, 05 (Y))
on (/\ziiX )(Y) is described in §2.4. Following this through our isomorphisms, we see
that G(P) acts on /\;igOX = X x P(Q) through the natural action of G(Q) on P(Q)
and the group homomorphism G(h) : G(P) — G(X) (the action here is only on the
P(Q) factor; the action on X is trivial). On a component A% (X = L|p x P(Q)
parameterizing log nodes with nontrivial contact order, G(P) acts on the P(Q) factor
as before, but it also acts on the L|p factor through the natural G,, = G(N) action
scaling the fibers of L|p and the group homomorphism G(s) : G(P) — G(N) (recall

that s is an element of the splitting set S C P, so we can view it as a monoid
homomorphism s : N — P).

For example, if h = A : N — N? then G(A) : G}, — G, is the multiplication map
m for G,,. For a nonzero element of S, say (a,0), the action of G2, on /\Zg(a X =

L|p x P(N) is given by
(A, A2) - (Lp) = (AT, AA2 - p).
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4. TOPOLOGICAL VIEW

In this section, we discuss our evaluation spaces for log stable maps in terms of
Kato-Nakayama spaces. We work over C; all monoids are assumed finitely generated.
Recall that the Kato-Nakayama log structure

CK251XRZO — C
(u,7) +— ur

is just the usual multiplication map, where we think of S* and Rs( as subsets
(submonoids in fact) of C in the usual way.

Recall that the Kato-Nakayama space [KN] is an inverse limit preserving (left
exact) functor

LogAnEsp — Top
X — XKN

from log analytic spaces to topological spaces.®> The space X¥N comes with a natural
structure map XN — X. We often view X — X®N as a functor from log schemes
of finite type over C to topological spaces by composing with the analytification
functor. Notation for analytification is suppressed.

Recall that
Spec(Q — CIQD*YN = Hompmon(Q, S* x Rsg)
=1 (5" xRx0)(Q),
and that, under the natural bijection
(SpecC[Q])(C) = Homppon(Q,C)
C(Q),

the structure map
Spec(Q — C[Q)™ — (Spec C[Q])(C)
is identified with
.t (ST x Rx0)(Q) — C(Q).
Note also that
P(P)™N = SY(P)
St(per)
is the Pontryagin dual of the finitely generated abelian group P*P.
For X € LogAnEsp, we have
(X x P(P))N = XKNx SY(P)

3In fact it may be viewed as a functor to locally ringed spaces, but we will not need the structure
sheaf of XXN in this discussion.
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Note
G(P)(C) = (SpecC[P*F])(C)
= CH(P).
The argument map
cr - St
z = 2/l

induces a map G(P)(C) — S*(P#”). A map g € G(P)(X), yields a map
§(C) : X > C(P),
and composing with the argument map yields a map
X — SH(PeP).

Upon applying the Kato-Nakayama space functor, a P log point Y’ — Y becomes
an S1(P%) torsor over YXN. In particular, an N log point Y’ — Y becomes a
circle bundle over YEN. If Y — Y is trivialized on a (strict) étale cover U — Y,
with gluing cocyle data g € G(U xy U), then the S*(P#P) torsor (Y/)KN — YEN jg
trivialized on the (classical) cover UKN — YEN and has gluing cocycle data given
by the composition of the structure map

(U xy U)XN = U xy U,

and the map
g(C) : (U xy U)(C) — S*(PeP)
mentioned above.

Recall from Lemma 6 that when X = Spec(@Q) — C[Q)]), we have

NEX = H X

heP(Q

and that, over the component indexed by h : Q — P, the universal diagram

X xP(P) —= X

l

X

Q——-ClQ
IjV /
QoeP——ClQ

(IdQ’O) T
Q

is Spec( - — _) of
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where
_Jld, ng=0
w)={ {020
Taking Kato-Nakayama spaces here yields a diagram

KN

(" X Rs)(Q) x S(P) —— (5" x Rs0)(Q)

QT Qs
st
Up

(S x Rx0)(Q) C(Q) C(Q)
where
(e = {50 1020
and

N1 SYQ) x (Rx0)(Q) x SY(P) —  (S' x Rs0)(Q)
_ | (fila), f2(a)), h(g) =0
on(f1, fo,9)(q) = { (9(h(@) £1(q),0),  hlq) #£0

For example, when P = (Q = N and A : N — N sends 1 to h(1) =: h in Ny, the
above diagram looks like:

(u,myv) = (v"u,0)

Sl X]R>0><Sl S1 ><]R>0

\\\\\\\\\C

In particular, over the origin this diagram looks like:

(u,w)—vu

\\

{0}

\

{0}

Now let’s pass from this local study to the global situation. Suppose X is a
smooth variety with log structure from a smooth divisor D C X. Then étale locally,

1><Sl
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X looks like
Spec(N — C[N]) x D,
so the stack AnX of N log points in X is étale locally
An(Spec(N — C[N])) x D.

Suppose (T" = T, f : T" — D) is a standard log point in D (with the log structure
inherited from X) with “contact order” h € N.g.? Let us now proceed naively,
forgetting our study of the stack of log points, and attempt to find a topological
stack which naturally receives an “evaluation morphism” from 75N in this situation.
After taking Kato-Nakayama spaces, (T")¥N — TXN is a circle bundle, and

fKN . (T/)KN — DKN — SlND/X
becomes a “map of circle bundles,” but not in the usual sense: instead it is S!

equivariant for the usual action on (7)¥N and the A" power of the usual action on
S'Np,x.° In other words, fXN is naturally viewed as a map of topological stacks

TN — [SlND/X/h‘Sl] =D X Bj.

On the other hand, our log point in X over 7" may also be viewed as a map
of stacks T' — AD C AX, and we may take Kato-Nakayama spaces everywhere to
find an alternative (“less naive”) topological stack receiving an evaluation morphism
from TXN. The component of AX where this is mapping looks locally like

D x [(SpecN — C|N]) /1G]

(where the h subscripts always indicate that the action is through the h*® power of
the usual action) and hence its Kato-Nakayama space looks locally like

Q X [Sl X Rzo/hc*],

and the (contact order h component of the) Kato-Nakayama space of AD sits inside
this as
D x [S' x {0}/,C*] = D x Bu, x BRy.

Notice that this “evaluation space” is basically the same as the one we arrived at
from the naive study, up to the BR- factor. This factor might be considered trivial
since R is contractible, and every R+, torsor on a paracompact space is trivial.®
The presence of this extra factor is ultimately accounted for as follows: Recall that
we had an action

b:G,, x Spec(0: N — C) — Spec(0: N — C).
Taking Kato-Nakayama spaces, we get an action
N . C* x St — St
which is given by b¥N(z, u) = (2/||2||)u, so the subgroup R.q C C* is acting trivially.
“Meaning: for every ¢t € T, ?T : MDyf(t) — MT//T is multiplication by h.
5This is a local question, so to see this, we can assume 7" = Ty is the trivial N log point, then
we know this is true from our study of the universal standard N log point. On the other hand, one

could also see this directly from the definitions of “contact order” and Kato-Nakayama spaces.
5The long line, however, has lots of nontrivial R torsors over it.
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