(1) (it fi%) = (min{ai-o(fi)})e €  H°(ZR(Y),Tg+)
Lemma 0.0.1. After passing to completions we may write
C(Z,a) = (%) 4+ (¥ 1C) + -+ (21Ca1—1) + Car.

Theorem 0.0.2. The invariant inv, is independent of the choices. It is upper-semi-continuous. It is
functorial for smooth morphisms: if f : Y1 — Y is smooth and p' € Y’ then invy (ZOy,) = inv s, (I).

Proof. The integer a; = ord,(Z) = max{a : Z, C mj} requires no choices. Given a regular sequence
(1,...,zy) extending (x1, ..., zx), and given another maximal contact element ), we may choose constants
t;, and replace xa, ...z, by o +tox1, ... T, + 1,21 S0 that also (z], za, ..., z,) is a regular sequence. We can
now write 4 = axz; + f with a 20 and f € C1, and the ideal Z[2] = C,,1 remains unchanged. By induction
as,...,ay are independent of choices. Hence (a1, ...,ax) is independent of choices.

Since the closed subscheme V(D<) is the locus where ord,(Z) > a, the order is upper-semi-continuous.
The subscheme V(D=%7) is contained in V(z1) on which inv,(Z[2]) is upper-semi-continuous by induction,
hence inv,(Z) is upper-semi-continuous.

Since both ord,(Z) and the formation of coefficient ideals are functorial for smooth morphisms, the

invariant is functorial for smooth morphisms. &
Lemma 0.0.3. If 2! is another maximal contact element such that (x},xa,...,x,) is a Tegular sequence,
then J = (24", 282 ..., 2¢*) is also a center associated to I at p.

Again 2} = axy + f with a # 0 and f € C;, and the ideal Z[2] = C,,, remains unchanged.

0.0.4. Basic properties. The description of the monomial valuation of J immediately provides the following
lemmas:

Lemma 0.0.5. If J is both I -admissible and Is-admissible then J is 1 +Z1o-admissible. If J is T-admissible
then J* is IF-admissible. More generally if J% is T;-admissible then JX¢ s [1Z;-admissible.

Indeed if v;(f) > 1 and v;(g) > 1 then v;(f +g) > 1 and vy (f + %) > ¢1 + c2, etc.

a;—1 ap—1
Lemma 0.0.6. If J is Z-admissible then J' = J s D(I)-admissible. Ifayx > 1 and J o1 is T-admissible
then J is x1Z-admissible.

Proof. For the first statement note that if Zle a;/a; > 1 and a; > 1 then
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as needed. The other statement is similar. &
Lemma 0.0.7. For Iy C k[xa,...,T,] write Ty = Toklx1,...,xn). Assume a1 < ag and (x32,...x0%) is
To-admissible. Then (x3*,...x*) is Zo-admissible.

Here for generators of Zy we have Zle ;i /a; = Zf:z w;/a;.
Lemma 0.0.8. J is T-admissible if and only if J(@1 =" is C(Z, ay)-admissible.
This combines Lemmas 0.0.5 and 0.0.6 for the terms defining C(Z, ay).

Theorem 0.0.9. If (a1, ...,a;) = inv,(Z), with corresponding parameters x1, ..., x, and J = (z7*, ..., z*)
a corresponding center, then J is T-admissible.



Proof. Applying Lemma 0.0.8, we replace Z by C(Z, aq), rescale the invariant up to a1! and work on formal
completion. We may therefore write

=)+ @0 )+ 4 (@1 Za 1) + Lo,
as in Lemma 0.0.1. B )
The inductive hypothesis implies (z32,...,2}3") is Z,,-admissible. By Lemma 0.0.7 J is Z,,-admissible.
By Lemma 0.0.6 J is (2" ?Z;)-admissible, So by Lemma 0.0.5 .J is Z-admissible, as needed. &

Theorem 0.0.10. The center J associated to T is unique.

Proof. Rescaling, we amy assume a; are integers and centers are represented by ideals. The problem is local,
and can be verified on formal completions at a point p € Y, so that again we may write using the technical
proposition

T= () + @ 1)+ + (1170, -1) + Loy

Let J = (z7',...,2¢*) and J' = (2} ", 25, ..., 2}, *") be centers associated to Z.

Case 1: z; = z{. We may assume by induction z; = x; mod z;. Formula (1) shows that J = J’ as
valuative Q-ideals.

Case 2: z; = 2/ for i > 1. Write 2} = 21 + f, where f € Z;. We may write J' = ((z})®, 25, ...,2¢).

The basic lemmas imply that J is admissible for each term in J’ hence J is admissible for the ideal J'.
Reversing the roles we have that J’ is admissible for the ideal J. This implies that J = J’ as valuative
Q-ideals.

Case 3: J' is general but (z},z9,...,2,) is a regular sequence. By Lemma 0.0.3 the center
Ji o= (&)™, 252, ..., x}F) is associated to 7 as well. By Case 2 J = J| as valuative Q-ideals. By Case 1
Ji = J' as valuative Q-ideals, so J = J’ as valuative Q-ideals, as needed.

Case 4: the general case. Since (z1,...,z,) is a regular sequence there are constants t; so that,
setting x = x; + t;x1, both (z1,2%,...,2)) and (21, 24,...,2]!) are regular sequences. By Case 1, J =
({25, ... 2l ) as valuative Q-ideals. By Case 3, (z{*,25,...,2//"") = J as valuative Q-ideals, so
J = J' as valuative Q-ideals, as needed.

&

Theorem 0.0.11. AssumeZ, # (1), andlet (a1, ..., ar) = inv,(Z), with corresponding parameters x1, . .., T,
and J = (x{*,...,2}*). For ¢ € Ny write Y. — Y for the blowing up of the rescaled center Ji/e =
x}/(ww), . ,wi/(wkc)), with corresponding factorization IOy, = E“¢T". Then for every point p' over p

we have invy (Z') < invy(Z).

Proof. If k = 0 the ideal is (0) and there is nothing to prove. When k =1 the ideal is (z]*), which becomes
exceptional with proper transform (1). We now assume k > 1.
Again using Lemma 0.0.1, we choose formal coordinates, work with C := C(Z, a;), and write

C=(af) + @ 'C) + - + (@1C1) + Cay-
Writing (nyC/ = Eu'wieC’ | we will first show that inv, (C') < (a1 —1)!- (a1, as, . . ., ax) for all points p’ over
p

Write H = {x; = 0}, and H' — H the blowing up of the reduced center Jg associated to Jg :=
(52,...,x3*). By Lemma ?? the proper transform H' — H of H via the blowing up of J is the root stack

H'( “*\/Ey) of H' along Ey C H', where ¢ = % Therefore H' is the blowing up of j}{/(cc/),
allowing for induction.

We now inspect the behavior on different charts. On the x;-chart we have x; = u"'° so the first term
becomes (z§"') = E*'1¢. (1) and inv,C’ = inv(1) = 0. This implies that on all other charts it suffices
to consider p’ € H' N E, as all other points belong to the z1-chart. By the inductive assumption, for such
points we have

invy (Cl,) < (a1 — 1)1 (ag, ..., ap).

IThis reflects the fact that before passing to the coefficient ideal ord(Z’) < a1 on this chart - it need not become a unit ideal
in general!
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Note that the term (2%') in C is transformed, via z; = u**“z} to the form Eortwie(z Y Tt follows that
ord, (C') < aq!, and if ord, (C’) < a4! then a fortiori inv,/ (C’) < inv,(C).
If on the other hand ord,/ (C") = a;! then the variable z} is a maximal contact element. Using the inductive
assumption we compute
: N A : 5 : 5
inv, ((2'7") +Cly) = (a1, invy (C,))) < (a1!,invy (Cayt)) = (a1 — 1)!as, . .., ax).
Since C’ includes this ideal, we obtain again inv,/(C’) < inv,(C), as claimed.
We deduce that inv, (Z') < inv,(Z) as well: Once again we may assume z is a maximal contact element
and ord, (Z’) = a;. We have the standard inclusions Z'(*+=Y" ¢ ¢’ € C(Z',a;), hence

inv, (/=D > inv, (C') > inv,y (C(Z', a1)).

Since inv,, (Z'@1~Y") = inv,, (C(Z’, a1)) we have equalities throughout, hence

: N . 51 : N
inv, (Z') = mlnvpr < mlnvp(C) = inv,(Z),

as needed.



