
Definition of Y ′ → Y

Let J̄ = (x
1/w1

1 , . . . , x
1/wk

k ). Define the graded algebra

AJ̄ =
⊕

(IJ̄m)Tm ⊂ OY [T ],

with monomial ideals

(AJ̄)m =
(
xb1

1 · · · x
bn
n :

∑
biwi ≥ m

)
. Note(AJ̄)0 = OY .

It is the integral closure of the image of

OY [Y1, . . . ,Yn] // OY [T ]

Yi
� // xiT

wi .

Let S0 ⊂ SpecY AJ̄ , S0 = V ((AJ̄)>0). Then

BlJ̄(Y ) := ProjYAJ̄ :=
[
(SpecAJ̄ r S0)

/
Gm

]
.
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Description of Y ′ → Y : charts

The x1-chart is
[Spec k[u, x ′2, . . . , x

′
n] / µw1

],

with x1 = uw1 and xi = uwi x ′i for 2 ≤ i ≤ k , and induced action:

(u, x ′2, . . . , x
′
n) 7→ (ζu , ζ−w2x ′2 , . . . , ζ

−wkx ′k , x
′
k+1, . . . , x

′
n).
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Description of Y ′ → Y : toric DM stack

Y ′ corresponds to the star subdivision Σ := vJ̄ ? σ along

vJ̄ = (w1, . . . ,wk , 0, . . . , 0),

with a natural toric stack structure, with the cone

σi = 〈vJ̄ , e1, . . . , êi , . . . , en〉

endowed with the sublattice Ni ⊂ N generated by the elements

vJ̄ , e1, . . . , êi , . . . , en,

for all i = 1, . . . , k .
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Description of Y ′ → Y : quotient of the Cox construction

Consider Spec k[x1, . . . , xn,T ] with Gm action with weights
(w1, . . . ,wn,−1).
Let U be the open set where at least one of the xi is a unit.
Then Y ′ = [U/Gm].
It is an example of a fantastack [Geraschenko-Satriano], the stack
quotient of a Cox construction.
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