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Introduction to Abstract
Algebra

The overall theme of this unit is algebraic structures in mathematics. Roughly speak-
ing, an algebraic structure consists of a set of objects and a set of rules that let you
manipulate the objects. Here are some examples that will be familiar to you:

Example 0.1. The objects are the numbers 1,2, 3, . ... You already know two ways
to manipulate these objects, namely addition a + b and multiplication a - b

Example 0.2. The objects are triangles in the plane, and we can be manipulate them
by translation and by rotation and by reflection.

Example 0.3. The objects are functions f : R — R, and we can manipulate them by
addtion f(z)+ g(x), by multiplication f(x)-g(x), and also by composition f (g(x))

Our primary goal is to take examples of this sort and generalize them, or in
mathematical terminology, axiomatize them. To do this, we strip away everything that
is not essential and reduce down to an abstract description consisting of a set with
operations (such as addition and multiplication) that are required to satisfy certain
rules, also known as axioms.!

In this unit’s four chapters we will study four different types of objects and their
associated rules:

Chapter 1 Groups

Chapter 2 Rings

Chapter 3 Vector Spaces

Chapter 4 Fields

Although groups, rings, fields, and vector spaces are not the same, the four chapters
share common themes. In each chapter we use axioms to describe objects having
an algebraic structure, and we study maps between these objects that preserve the

structure. Roughly speaking, each chapter is organized as follows, although the order
may vary slightly from chapter to chapter:

! Axioms are also sometimes called “laws”. For example, you’re probably familiar with the “commu-
tative law” for addition, which says that a + b = b + a. But this isn’t really a law, debated and approved
by a legislative body! Instead, addition is a rule that explains how to combine two numbers and get a third
number, and the “commmutative law” is a property that we impose on the “addition rule”.
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2 CONTENTS

e Give an example of a certain type of algebraic structure

e Give a formal definition, using axioms, of the algebraic structure.
e Proof of a basic property directly from the definitions.

e Discuss what a map must do to “preserve the algebraic structure.”
e Give additional examples.

e Investigate and prove a deeper property.

e As time permits, discuss sub-objects and quotient objects.

A Note on the Role of Definitions, Axioms, and Proofs in Higher Mathemat-
ics: Since at least the time of Euclid, circa 300 BC,, the ultimate test of mathematical
rigor lies in the construction of proofs of mathematical statements. Without getting
into deep matters of philosophy, a proof is a sequence of steps that starts with a
known fact and ends with the desired final statement. Each step is required to follow
logically from a combination of one or more of the following:?

o Steps in the proof that have already been completed.
o Statements that have previously been proven.
e Axioms, which are statements that are assumed to be true.

e Definitions, which describe the properties possessed by objects.

Mini-Remark 1. Further Remarks about Definitions: There is nothing magical about a
definition, and in principle there are no restrictions on what may be defined. For example, I
might define a zyglx to be a purple pig with wings. I could then potentially that definition to
prove that zyglxes are able to fly, since they have wings. Is ths useful? No, since as far as I
am aware, there is nothing in the real world to which I could apply the “Zyglx Theory.” So
although definitions are, to some extent, arbitrary, the usefulness of a definition is determined
by its applicability to a range of (realistic) situations. We will see many examples of such
definitions, including especially the definitions of groups, rings, fields, and vector spaces. The
primary goal of theoretical mathematics, and likewise of this course, is to formulate and prove
interesting mathematical statements, which in our case means statements about groups, rings,
etc. And the only way to get started is to have a first understanding of the definitions of the
objects that we want to study. This is why understanding and applying definitions is a crucial
part of modern mathematics, and why you should spend time studying definitions when theyre
introduced and using definitions when you’re trying to prove things.

Mini-Remark 2. Further Remarks about Axioms: In Greek mathematics, axioms were
viewed as statement that are so self-evident, they must be true. The modern viewpoint is that
in principle, one is free to use any set of axioms that one wants. However, not all axiom
systems are created equal. The best and most interesting axiom systems are those that start
with very few axioms and allow one to prove a very large number of useful and interesting and
beautiful statements. The axioms for geometry that appear in Euclid’s work are an example.
But one of thos axioms, the so-called parallel postulate, led to a revolution in mathematics.

2 Axioms and definitions are discussed further in the Mini-Remarks in this section.

Draft: February 14, 2018 (©2018, J. Silverman



CONTENTS 3

This axiom says that given a line L in the plane and a point P not lying on L, there is exactly
one line ' that contains P and does not intersect L. Seems reasonable, but maybe not entirely
self-evident, so mathematicians spent centuries trying to prove that it follows from Euclid’s
other axioms. All failed. Then, in the 19th century, it was discovered that if one changes the
parallel postulate by replacing the words “exactly one line” with “infinitely many lines,” or
with “no lines,” then one gets geometries that are as valid as Euclid’s. These so-called non-
Euclidean geometries have many uses in modern mathematics and physics, and indeed it is
likely that the universe in which we live is actually a “no lines” space!

Important Notes for Math 760: Unit 5: These notes contain more material than
we will have time to cover in class. The “Mini-Notes” are there for you to read as an
aid to understanding. The extra “Optional” sections are there as an invitation for you
to explore additional aspects of abstract algebra. And before you ask, the answer is
no, the material in the mini-notes and the optional sections will not be on the exam!

Ch.1 | Th | 03/01/18 | Groups

Ch.1 | Tu | 03/06/18 | Groups

Ch.2 | Th | 03/08/18 | Rings

Ch.2 | Tu | 03/13/18 | Rings

Ch.3 | Th | 03/15/18 | Vector Spaces
Ch.3 | Tu | 03/20/18 | Vector Spaces
Ch.4 | Th | 03/22/18 | Fields

Ch.4 | Tu | 04/03/18 | Fields

— | Th | 04/05/18 | Unit 5 Exam

Schedule for Math 760 Unit 5: Abstract Algebra (Spring 2018)
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Chapter 1

Groups

1.1 Introduction to Groups

We start with a simple question. What are the different ways that we can rearrange
the list of numbers 1, 2, 3, 4? For example, we could send 1 to 2, send 2 to 3, send 3
to 4, and send 4 to 1. This is conveniently illustrated by the picture

152, 253 354, 41 (1.1)

Another way to rearrange them would be swap 1 and 2 and swap 3 and 4, illustrated
by
1—2 2—1, 3—4, 4 — 3. (1.2)

The mathematical word for such a rearrangement is a permutation, so we have just
described two different permutations of the set {1,2,3,4}. A permutation of the
set {1, 2, 3,4} is described by a rule that assigns to each element of the set {1, 2, 3,4}
an element of the same set {1, 2, 3,4}, with the added proviso that we don’t use any
element twice.

Mini-Remark 3. How many permutations are there of the set {1, 2, 3,4}? We can assign 1
to any of 1, 2, 3, 4, so there are 4 choices for 1, then we can assign 2 to any of the remaining 3
values, after which we can assign 3 to either of the remaining 2 values, and finally we have to
assign 4 to the last remaining value. Thus there are 4 - 3 - 2 - 1, i.e., 24, different permuations
of {1,2,3,4}. More generally, Exercise #1.1 asks you to compute how many permutations
there are of the set {1,2,...,n}.

Mini-Remark 4. If we have two permuations of {1,2,3,4}, we can “compose” them by
doing first one, and then the other. So for example, if we let o be the permuation described
in (1.1) and we let 7 be the permuation described in (1.2), then ¢ o 7 is the permuation having
the following effect on the set {1,2,3,4}:

15253, 25152 35451, 45354,

An interesting observation is that if we compose ¢ and 7 in the other order, we get a different
permutation. Thus
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In general, a permutation of a set X is a rule that “mixes up” the elements of X.
Our first goal is to give a precise mathematical meaning to the notion of “a rule that
mixes up a set.”

We already have a mathematical name for “rules” that tell us how to take ele-
ments of a set X and assign them to elements of a set Y. These rules are called
Sfunctions with domain X and range Y. So a permutation on a set X is a function
whose domain and range are both the same set X, but with some added conditions
to ensure that every image element comes from exactly one domain element.

Definition. A permutation of a set X is a bijective function! whose domain and
range are X. In other words, a permuation of X is a function

Tm: X — X

having the following property: For every element x € X there is exactly one element
x' € X satisfying 7(z’) = x. This allows us to define the inverse of 7 to be the
permutation

X — X

determined by the rule that 7—1(x) is equal to the unique element ' € X such that
m(2") = x. Finally, we define the identity permuation of X to be the identity map,

e: X — X, e(x)=x forallze X.

Example 1.1 (Symmetries of a Square). Next we consider a rigid square whose
vertices are labeled A, B, C, D as in the following picture:

D C

A B

Suppose that we pick up the square and rotate or flip it?> in some way, then put it back
down. Here are three examples:

Recall from Set Theory that a function ¢ : S — T is injective if for every t € T there is at most
one s € S satisfying ¢(s) = ¢, and that ¢ is surjective if for every ¢ € T there is at least one s € S
satisfying ¢(s) = t. A function that is both injective and surjective is said to be bijective. We also recall
that another name for injective functions is one-to-one, and another name for surjective functions is onto.

2Many mathematicians prefer to say that we reflect the square, instead of using the more action-packed
word flip.
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1.2. Abstract Groups

D C
Rotate a quarter turn clockwise
Y
A B
D C
7/
s/ Flip around the axis through A and C
s/
s/
s/
”——o
A B
D' C
|
| Flip around the axis through midpoints of AB and C' D
|
|

A | B

The rotation and flips described in these pictures are permutations of the set

BN

B

{4, B, C, D}. Explicitly, if we call them Rot, Flip,, and Flip,,

Rot | Flip, | Flip,
A—-D| A—-A | A— B
B—-A B—-D|B— A
C—B|C—C|C—D
D—-C|D—-B|D—C

But not all permuations of {A, B,C, D} are permitted, since we’re not allowed to
bend or break the sides of the square. For example, there is no way to pick up the

square and put it back down so that

A— A B—-B, C—D, D-—=C,

without bending or breaking its sides. So the collection of symmetries of the square
includes only some of the permutations of the set { A, B, C, D}. We leave it to you
to check that among the 24 permutations of {A, B, C, D}, there are exactly 8 that

are valid symmetries of the square.

1.2 Abstract Groups

Definition. A group consists of a set G together with a composition law

GxG— G,
(91,92) — 91 - 92,

satisfying the following axioms:

Draft: February 14, 2018
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8 1. Groups

(a) (Identity Axiom) There is an element e € GG such that
e-g=g-e=g forallgeG.

The element e is called the identity element of G.
(b) (Inverse Axiom) For every g € G there is an element h € G such that

g-h=h-g=e.

The element A is denoted g~ ' and is called the inverse of g.

(¢c) (Associative Law) For all g1, g2, g3 € G, the associative law holds, that is,

91 (92-93) = (91 92) - g5
(d) (Commutative Law) If in addition it is true that

g1-92=g2-g1 forallgs,gs €G,
then G is said to be commutative or abelian.’

Remark 1.2. The key attribute of a group is that it includes a “rule” or “operation”
or “law” (satisfying three axioms) for combining two elements of the group to create
a third element. Depending on the context, you may find the group law being called
“addition” or “multiplication” or “composition,” but assigning a name to the group
law is simply a linguistic convenience,* and if you prefer, you may make up some
other name, say “xzyglpqz.” for the group law in your favorite group.’

There are various basic properties of groups that follow from three group axioms.
We list some of them here, prove one, and leave the others as exercises.

Proposition 1.3 (Basic Propreties of Groups). Let G be a group.

(a) G has exactly one identity element.

(b) Each element of G has exactly one inverse.

(c) Let g,h € G. Then (g-h)"t =h=1.g7L

(d) Letg € G. Then (g-Y) "1 =g.

Proof. We prove one part, and leave the others as exercises

(b) Let g € G, and suppose that h1, he € G are both inverses for g. Then

hi=hy-e since e is the identity element,
=hy1-(g- he) since ho is an inverse of g,
= (h1-9) - ho associative law,
=e- hy since hj is an inverse of g,
= ho since e is the identity element.
This completess the proof. O

3The word “abelian” comes from Niels Henrik Abel (1802-1829), a Norwegian mathematician famous
for many discoveries, including a proof that it is impossible to solve a general quintic equation using rad-
icals. The Abel prize for mathematics, modeled after the Nobel prizes and awarded annually since 2002,
is named in his honor.

40r, as Juliet actually said to Romeo, “a group law by any other name would smell as sweet.”

5 Although in practice, people generally don’t call a group law “addition” unless it is commutative.
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1.3. Interesting Examples of Groups 9

Definition. The order of a group G, which we denote by #G, is the cardinality of
the set of elements of G, e.g., if G is finite, it is simply the number of elements in G.°

Definition. Let G be a group, and let ¢ € G. The order of the element g is the
smallest integer n > 1 with the property that ¢" = e. If no such n exists, then we
say that g has infinite order.

Proposition 1.4. Let G be a group, let g € G, and let n > 1 be an integer such that
g™ = e. Then the order of g divides n.

Proof. Let m be the order of g, so m is the smallest positive integer satisfying ¢"”* =
e. Dividing n by m yields a quotient and remainder

n=mq+r with)<r<m.

We use this equality and the fact that g” = g™ = e to compute

n maq+r

e=g"=g""" =(g")-g" =" g" = 4"

Thus ¢" = e and 0 < r < m. But by definition, the smallest postive power of g
that equals e is g"*. Therefore » = 0 and n = mgq, which shows that m, which is the
order of g, divides n. O

1.3 Interesting Examples of Groups

In Section 1.1 we saw a couple of groups. It’s time to expand our repertoire.

Example 1.5 (Group of Integers and Integers Modulo m). The set of integers Z =
{...,=2,-1,0,1,2,...} is a group if we use addition as the group law. It is an
example of an infinite group, that is, a group having infinitely many elements. On the
other hand, if we try to use multiplication as the group law, then Z is not a group. Do
you see why not? The set Z/mZ of integers modulo m forms a group with addition
as the group law. It is a finite group of order m.

Example 1.6 (Additive Group of Real, Rational, and Complex Numbers). The
set of real numbers R with addition is an infinite group, as is the set of rational
numbers QQ and the set of complex numbers C.

Example 1.7 (Multiplicative Group of Real Numbers). The set of non-zero real
numbers forms a group with mulitplication as the group law. The set of positive real
numbers also forms a group using multiplication.

Definition. A group G is a cyclic group if there is an element ¢ € G with the
property that
G={...97%9 "9 eg 0’0", ).

(Here g—* is shorthand for the k-fold product g~ - g=%---g~'.) The element g a

generator of GG, but note that cyclic groups may have more than one generator.

6Qther common notations for the order of a group, or more generally, for the cardinality of a set,
include o(G) and |G|.
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10 1. Groups

Example 1.8 (Cyclic Groups). We have already seen some examples of cyclic
groups. The group of integers (Z,+) is an infinite cyclic group whose genera-
tors are 1 and —1. The group (Z/mZ,+) of integers modulo m is a finite cyclic
group of order m whose generators are precisely the elements a mod m such that
ged(a, m) = 1; see Exercise 1.6.

In general, for n > 1, we create an abstract cyclic group order n, which we
denote C,,, by taking the set

Cn = {907917927"‘7gn71}

and using the composition rule

Gi+j if 4 +] <n,
gi g5 = e .

Givj—n ifi+j>n.
The identity element of C,, is the element gg, and the inverse of an element g; is the
element g,,_;, except that the inveres of gg is gg. We note that C,, is an abelian group,
SINCe Gitj = Gj-+i-
Example 1.9 (Permutation Groups). Let X be a set. We recall that a permutation
of X is a bijective function

T X — X.

The symmetry group of X is the collection of all of permuations of X, with the
group law being composition of permuations. It is denoted Sx. In the special case
that X = {1,2,...,n} consists of the integers from 1 to n, we write S,,. We saw
in Section 1.1 that the group &4 has order 24, and that it is nonabelian, since we
described elements o, 7 € Sy with the property that o7 # 70. Exercise 1.1 asks you
to compute the order of the group S,,.

Mini-Remark 5. The identity element for the group Sx is the identity map 7o (z) = x, while
the inverse of an element 7 € Sy is the inverse map 7, which exists because 7 is bijective.
But why does composition of permutations satisfy the associative law? The composition of
two permutations 71, m2 € Sx is defined by the formula

(m1 0m2)(z) = m (m2(x)).
So we can formally compute

((m1 0 m2) oms) () = (m1 0 m2) (m3(z)) = w1 (m2(ms(z))),
(771 o(mg o0 773)) () =m ((71'2 o 7T3)($E)) =m (71'2 (71'3(1:)))
Alternatively, you may prefer to view a permutation as a function that takes in a value and spits

out a value. Then the composition 7y o 72 o 73, regardless of how you group the functions, is
illustrated by the following picture:
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1.4. Group Homomorphisms 11

Example 1.10 (Matrix Groups). Many of you will have learned how to multiply
2-by-2 matrices,

a1 by as bsy _ [@maz + bico a1bs + bids (1.3)
C1 d1 C2 dg cias + dlcg Clbg + dldg ’ ’
The following set of 2-by-2 matrices ,

GLy(R) = {(ZZ) ca,b,c,d € R, adbc;«éo.},

is a group using matrix multiplication as the group operation; see Exercise 1.11.

Example 1.11 (Dihedral Groups). Let P be a regular n-gon, with vertices la-
beled 1,2, ..., n. Figure 1.1 illustrates the case n = 6. Just as we did with the square
in Section 1.1, we can permute the vertices {1,2,...,n} of P by lifting up the n-
gon, rotating and/or flipping it, and then putting it back down where it originally was.
The group of all such permutations of the n-gon is called the n 'th dihedral group and
is denoted D,,. There are exactly n rotations (if we treat no movement as the trivial
rotation) and exactly n flips, so D, is a group of order 2n; see Exercise 1.8.

I \
5 4 3 2 4 15 \S 6
6 Q 3 4 @ 1 3 . e @ |
1 2 5 6 2 : 1 3 2.
Initial Position Rotated 120° Flipped on Axis  Flipped on Axis

Figure 1.1: A rotation and two flips of a regular n-gon withn = 6

Example 1.12 (Quaternion Group). The quaternion group Q is a non-commutative
group with eight elements,

Q = {&1, 4, +j, +k}.

The pluses and minuses work as usual with (—1)2 = 1. The rules for multiplying the
quantities ¢, 3, k are determined by the formulas

ii=—1, joj=-1, k-k=-1, ij-k=—1.

From these rules one can prove, for example, that j - ¢ = —¢ - j. See Exercise 1.13.

1.4 Group Homomorphisms

Suppose that G and G’ are groups, and suppose that ¢ is a function
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12 1. Groups

¢0:G— G

from the elements of G to the elements of G’. There are many such functions, but
since G and G’ are groups, we want to concentrate on functions ¢ that respect the
“group-i-ness” of G and G'.

Question: What makes a group a group?

Answer: Groups have a composition law and identity elements and inverses.

So we should require that the function ¢ : G — G’ have the following properties:

o #(g1-92) = ¢(g1) - #(g2) forall g1, 92 € G.

e ¢(e) = ¢/, where e and €’ are, respectively, the identtity elements on G and G-
o ¢(g7 ) =¢p(g) " Lforallg € G.

Important Observation: Did you notice that the two “dots” in the formula

?(g1 - 92) = ¢(g1) - #(92)

T (1.4)
G group law || G’ group law

are not the same dot?!! That’s because the dot in ¢(g; - g2) means that g; and g,
are being combined using the composition law on the group G, while the dot in
#(g1) - #(g2) means that ¢(g1) and ¢(g=) are being combined using the composition
law on the group G’. So the formula (1.4) says that ¢ cleverly intertwines the group
laws on G and G'. Tt turns out that this is enough to force the other two properties to
be true, which leads to the following fundamenatl definition.

Definition. Let G and G’ be groups. A homomorphism from G to G’ is a function
¢ : G — G satisfying

P91 92) = ¢(g1) - ¢(g2) forall g1,92 € G.
We’ll now check that this is enough to get the other two properties that we want.

Proposition 1.13. Let ¢ : G — G’ be a homomorphism of groups.
(a) Let e € G be the identity element of G. Then ¢(e) is the identity element of G'.

(b) Let g € G. Then ¢(g~1) is the inverse of (g).

Proof. (a) We use the fact that e - e = e and the fact that ¢ is a homomorphism to
compute

pe) = (e -€) = ¢(e) - o(e). (1.5)
We now apply ¢(e)~! to both sides to obtain
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1.4. Group Homomorphisms 13

e = ¢(e)- ple)™? since ¢(e) ! is the inverse of ¢(e),
= (¢p(e) - ple)) - ple)! using (1.5),
= ¢(e) - (¢(€) : ¢(€)_1) associative law,
= ¢(e) - ¢ since ¢(e) ! is the inverse of ¢(e),
= ¢(e) since ¢’ is the identity element of G’.

(b) We need to show that ¢(g—!) has the property to be the inverse of ¢(g). So we
compute

dg™h) - olg) = (g7 - g) since ¢ is a homomorphism,
= ¢(e) since g~ ! is the inverse of g,
=¢ from what we proved in (a).

The proof that ¢(g) - #(g~!) = €’ is similar, which completes the proof that ¢(g~!)
is the inverse of ¢(g). O

Example 1.14. Recall from Example 1.11 the the dihedral group D, is the collections
of rotations and flips of an n-sided polygon. It is a group with 2n elements, half of
which are rotations. We can define a homomorphism from D,, to the two-element
group {£1} by the rule

1 if o is a rotation,
d) : Dy, ? {:l:l}a ¢(J) = . . .
—1 ifoisaflip.

In order to check that ¢ is a homomorphism, one needs to check

Rotation o Rotation = Rotation, Rotation o Flip = Flip, (1.6)
Flip o Rotation = Flip, Flip o Flip = Rotation, ’

a task which we leave to you (Exercise 1.16).

Example 1.15. For any integers n > m > 1, there is an injective homomorphism

w(k) ifl1<k<m,

b given by the rule  ¢()(k) {k ifm <k <n.

In other words, if 7 is a permutation of {1, 2, ..., m}, then we view 7 as a permuta-
tion of {1,2,...,n} by letting it permute 1,2, ...,m and having it fix m + 1,m +
2,...,n.

Example 1.16. You already know a very important group homomorphism, namely
the logarithm function (to any base), which gives a homomorphism

log : {positive real numbers with x } — {real numbers with +}.
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14 1. Groups

The logarithm function is a homomorphism because it converts multiplication to
addition,’
log(ab) = log(a) + log(b).

Definition. Two groups G and G are said to be isomorphic if there is a bijective
homomorphism
¢ : Gl — GQ.

The map ¢ is called an isomorphism from G; to Gs. Isomorphic groups are really

the same group, but their elements have been given different names.?

Example 1.17. The groups C2 and Sy are isomorphic, as are the group D5 and Ss.
If p is a prime number, then every group with exactly p elements is isomorphic to Cp,.
The logarithm map (Example 1.16) is an isomorphism from the group of positive real
numbers with multiplication to the group of real numbers with addition. You will get
to prove these assertions in the exercises.

1.5 Subgroups, Cosets, and Lagrange’s Theorem

A guiding principle in mathematics when attempting to analyze a complicated object
may be summarized by the following three steps:

Step 1 (Deconstruction): Break your object into smaller and simpler pieces.

Step 2 (Analysis): Analyze the smaller, simpler pieces.

Step 3 (Reconstruction): Fit the pieces back together.

For a group G, a natural way to form a “smaller and simpler piece” is by taking
subsets [ that are themselves groups. This prompts the following definition.

Definition. Let G be a group. A subgroup of G is a subset H C G that is itself a
group using G’s group law. Explicitly, H needs to satisfy:’
(i) Forevery hy,hs € H, the product hy - ho isin H.
(ii) The identity element e is in H.
(iii) For every h € H, the inverse h~" is in H.
Note that since H uses the same group law as G, the elements of H automatically

satisfy the associative law, so we do not need to add that as a requirement. If H is
finite, we define the order of H to be the number of elements in H.

"Logarithms were discovered by John Napier (1550-1617). Back in “ancient days” when computa-
tions were done by hand, tables of logarithm were used extensively to speed numerical calculations in
astronomy, engineering, and physics.

8The group you are about to study is true. Only the names of its elements have been changed to protect
the innocent. ... Cue Dragnet theme.

9In order to prove that a subset H is a subgroup, it suffices to check that H # ) and that for ev-
ery h1, ho € H, the element h h;l isin H. See Exercise 1.20.

Draft: February 14, 2018 ©2018, J. Silverman



1.5. Subgroups, Cosets, and Lagrange’s Theorem 15

Example 1.18. Every group G has at least two subgroups, namely the trivial sub-
group {e} consisting of only the identity element, and the entire group G. Most
groups other subgroups; see Exercise 1.22.

Example 1.19. Let G be a group, and let ¢ € G. Then the cyclic subgroup of G
generatedy by g, denoted (g), is the set

(@) ={...97%9 %9 " eg,9% 9% ..}

If g has order n, then

(9)={e.9.9%.0%...g" "}
is isomorphic to the cyclic group C,,, while if ¢ has infinite order, then (g} is isomor-
phic to Z.

Every group homomorphism has an associated subgroup, called its kernel, which
can be used to give a convenient criterion for checking if the homomorphism is
injective.

Definition. Let ¢ : G — G’ be a group homomorphism. The kernel of ¢ is the set
of element of G that are sent to the identity element of G’,

ker(¢) = {g € G : ¢(g) = ¢'}.

Proposition 1.20. Let ¢ : G — G’ be a group homomorphism.
(a) ker(¢) is a subgroup of G.
(b) ¢ is injective if and only if ker(¢) = {e}.

Proof. (a) Proposition 1.13(a) says ¢(e) = €', so e € ker(¢). Next let g1,g2 €
ker(¢). Then the homomorphism property of ¢ gives ¢(g1 - g2) = ¢(g1) - d(g2) =
e'-€’,50 g1-g2 € ker(¢). Finally, for g € ker(¢), Proposition 1.13(b) says ¢(g~ 1) =
#(g)71) =€ 1 =c¢,s0g ! € ker(¢). This completes the proof that ker(¢) is a
subgroup of G.
(b) We know from Proposition 1.13(a) that e € ker(¢). If ¢ injective, then there is
at most one element g € G satisfying ¢(g) = ¢/, so we must have ker(¢) = {e}
Next we suppose that ker(¢) = {e}. Let g1,92 € G satisfy ¢(g1) = ¢(g2).
Again using the homomorphism property and Proposition 1.13(b), we find that

1 '

$g1-95") = dg1) - 09 ") = dlgn) - lg2) F =€ &' =
Thus g; - g5 © € ker(¢)) = {e}, so g1 = go. This proves that ¢ is injective. O

Example 1.21. Let d € Z, then we can form a subgroup of Z using the multiples
of d,
dZ = {dn :n € Z}.

Example 1.22. The set of rotations in the dihedral group D,, is a subgroup of D,,.

Example 1.23. The set of elements of the symmetric group S,, that fix n form a
subgroup of &,,. This subgroup is naturaly isomorphic to S,,_1, since its elements
are the permutations of 1,2,...,n — 1.
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16 1. Groups

We are going to use a subgroup H of G to break G into pieces that are called
cosets of H.

Definition. Let G be a group, and let H C G be a subgroup of G. For each g € G,
the (left) coset of H attached to g is the set

gH ={gh:he H}.
In other words, gH is the set that we get when we multiply g by every element of H.

We now prove several properties of cosets which help explain why they’re im-
portant.

Proposition 1.24. Let G be a finite group, and let H C G be a subgroup of G.
(a) Every element of G is in some coset of H.

(b) Every coset of H has the same number of elements.

(c) Let g1, 92 € G. Then the cosets g1 H and g2 H satisfy either

gH=gH or gitHNgH=1.

Using set-theoretic terminology, this says that cosets of H are either equal or
disjoint
Proof. (a) This is easy. Let g € G. The subgroup H contains the identity element e,

so the coset gH contains g - e = g.
(b) Let g1, 92 € G. We claim that

F:giH — g2H, F(g9)=g297"9

is a well-defined bijective map from g1 H to go H. We first check that F' is well-
defined. Let g € g1 H, so g = g1 h for some h € H. Then

F(g) = 9291 "9 = 9297 'g1h = gah € go H,

Next we check that F' is injective. Suppose that g, ¢’ € g1 H and F'(g) = F(g'). This
means that gag; lg=go ' 1g’. Multiplying by ¢; [ ! on left gives

(9195 ") (9291 '9) = (9195 ")(9291 'g’), and canceling yields g =g .

Finally, we check that F is surjective. Let g € g2 H, so g = g2h for some h € H.
Then g1 € g1 H, and F(g1h) = g2g; *g1h = goh = g.

(¢c) If g1 H N goH = (), we are done, so assume the two cosets are not disjoint. This
means we can find elements hi,hy € H satisfying g1hy = gohs. We rewrite this
as g1 = gghghfl. Now take any element g € g; H. We need to show that g is also
in go H. We write g as g = g1 h for some h € H. Then

g=gih = gohahi'h € g2 H,

since the assumption that H is a subgroup ensures that the product hy hflh isin H.
This shows that every element of g; H is in goH, and a similar argument shows
the reverse inclusion. Alternatively, we can use the fact from (b) that g; H and go [
have the same number of elements, so if one is a subset of the other, they must be
equal. O
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1.5. Subgroups, Cosets, and Lagrange’s Theorem 17

We are now going to use the properties of cosets proven in Proposition 1.24 to
derive a fundamental divisibility property for the orders of subgroups.

Theorem 1.25 (Lagrange’s Theorem). Let G be a finite group and let H be a sub-
group of G. Then the order of H divides the order of G.

Proof. We start by choosing elements gi,...,gr € Gsothatg1 H, ..., giH is alist
of all of the different cosets of H. Proposition 1.24(a) tells us that every element of G
is in some coset of H, so G is the equal to the union

G=gHUgHU---UgpH. 1.7

On the other hand, Proposition 1.24(c) tells us that distinct cosets have no elements
in common, i.e., if ¢ # j, then g; H N g; H = (). Thus the union in (1.7) is a disjoint
union, so the number of elements in G is the sum of the number of elements in the
cosets,

#G = #g1H +#goH +--- + #grH. (1.8)

We next invoke Proposition 1.24(b), which tells us that every coset has the same
number of elements, so in particular, #g; H = #eH = # H. Using this fact in (1.8)
yields

#G = k#H.

Thus the order of G is a multiple of the order of H, which completes the proof of
Lagrange’s theorem. O

Corollary 1.26. Let G be a finite group and let g € G. Then the order of g divides
the order of G.

Proof. The order of the subgroup (g) generated by G is equal to the order of the
element g, and Theorem 1.25 tells us that the order of (g) divides the order of G. [

We give one application of Lagrange’s theorem. It marks the starting line of a
long and ongoing mathematical journey that strives to classify finite groups accord-
ing to their orders.

Proposition 1.27. Let p be a prime, and let G be a finite group of order p. Then G
is isomorphic to the cyclic group Cy,.

Proof. Since p > 2, we know that G contains more than just the identity element, so
we choose some non-identity element g € G. Lagrange’s theorem (Theorem 1.25)
tells us that the order of the subgroup (g) generated by g divides the order of G.
But #G = p is prime, so #(g) equals 1 or p, and we know that it doesn’t equal 1,
since (g) contains e and g. Hence #(g) = p = #G. Thus the subgroup has the
same number of elemeents as the full group, so they are equal, G = (g). Writing
the cyclic group C,, as C,, = {90, 91,92, - - - gn—1}, With group law as described in
Example 1.8, we obtain an isomorphism

Cn — G, gi%gi.

This completes the proof of the proposition. O
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18 1. Groups

Mini-Remark 6. The vast theory of finite groups includes many fascinating, and frequently
unexpected, results whose proofs are unfortunately beyond the scope of these notes. To whet
your appetite for studying more group theory, we state two such theorems.

Theorem 1.28. Let p be a prime number, and let G be a group of order p*. Then G is an
abelian group.

On the other hand, we know that there exist non-abelian groups of order p®. For exam-
ple, the dihedral group D4 (Example 1.11) and the quaternion group O (Example 1.12) are
non-abelian groups of order 8. The next result is an important partial converse to Lagrange’s
theorem.

Theorem 1.29 (Sylow’s Theorem). Let G be a group, let p be a prime, and suppose that p"
divides #G for some power n > 1. Then G has a subgroup of order p".

One might hope, more generally, that if d is any number that divides the order of G,
then G has a subgroup of order d. Unfortunately, this is not true, although we have not yet
seen a group that is a counterexample.

1.6 Normal Subgroups and Quotient Groups (*Op-
tional*)

’ This Section is Under Construction ‘

Let ¢ : G — G’ be a homomorphism of groups. We proved in Proposition 1.20
that ker(¢) is a subgroup of G. It actually is a special sort of subgroup, which
prompts the following definition.

Definition. Let G be a group, let H C G be a subgroup, and let g € G. The g-
conjugate of H is the subgroup

g 'Hg={9""hg: g€ G}.
We say that H is a normal subgroup of G if it satisfies
g 'Hg=H foreveryg € G.
Proposition 1.30. Let G be a group, let H C G be a subgroup, and let g € G.
(a) The conjugate g~*H g is a subgroup of G
(b) The map H — g~ 'H g defined by h — g~ 'hg is an group isomorphism.

Proof. O

Proposition 1.31. Let ¢ : G — G’ be a homomorphism of groups. Then ker(¢) is a
normal subgroup of G.
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1.6. Normal Subgroups and Quotient Groups (*Optional*) 19

Proof. We already know from Proposition 1.20(a) that ker(¢) is a subgroup of G.
Let h € ker(¢) and g € G. Then

dlg~" h-g)=¢(g7") ¢(h)-#(9)  homomorphism property of ¢,
=o(9)"' - o(h) - d(g) Proposition 1.13(b),
= ¢(9)"" - 8(9) since h € ker(¢),

Hence g~ - h - g € ker(¢). We have proven that this is true for all & € ker(¢) and
all g € G, which completes the proof that ker(¢) is a normal subgroup of G. O

We now want to turn Proposition 1.31 on its head and use a given normal sub-
group H C G to create a group G’ and a group homomorphism ¢ : G — G’ with
the property that ker(¢) = H.

Recall from Section 1.5 that if H is a subgroup of G and g € G, then the corre-
sponding left coset of H is the set

gH ={gh:he H}.

We would like to take the collection of cosets of H and make it into a group. It is
convenient to have a notation for the set of cosets.

Definition. Let G be a group, and let H be a subgroup of G. We denote the set of
cosets of G by
G/H = {cosets of H}.

There is a natural way try to make G/ H into a group, namely by defining a group
law on cosets via the rule
g1H - goH = g192H. (1.9)

But there is a serious potential problem that our notation conceals. The issue is that
although every coset of H has the form gH, there are lots of choices for g that
give the same coset. Indeed, if h € H is any element of H, then hH = H, so
ghH = gH."" So in (1.9), if we choose different elements g1 and g, of G that give
the same cosets, how do we know that we get the same product coset? The answer
is that in general, we do not get the same product. ® However, if H is a normal
subgroup of G, then turning darkness to light ©, we do get the same product coset,
as we now verify.

Lemma 1.32. Let G be a group, and let H be a normal subgroup of G. Let
91,91, 92, g4 € G be elements of G satisfying

giH=g1H and gLH = goH.

Then
9195H = g1g2H.

10Exercise 1.21 says that the converse is also true, i.e., if g1 H = g2 H, then there is an h € H such
that g1 = ga2h.
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20 1. Groups

Proof. The assumption that g; H = g H implies that there is an h; € H such that
97 = g1hi1. (This assertion is part of Exercise 1.21, but it is very easy. Here is the
short proof: ¢f = ¢} - e € g{ H = g1 H.) Similarly the assumption that g H = go H
implies that there is an ho € H such that g5, = goho.
Let g7 g5h be an element of ¢} g5 H. We want to show that g} ghh is in g1 g2 H. To
do this, we compute
gllgéh = glhlgghgh since gll = glhl and gé = gghg,
= g1(g295 )h1gahoh  inserting gogy ' = e doesn’t change the value,
= g192(g; *h1ga)hah  associative law of group multiplication,

€ 192 the normality of H tells us that g, 'higs € H, so

9y hy g2 - ho - h is a product of three elements of
H, and thus is in H.

Since this is true for every h € H, we have proven that
919:H C g192H.

Reversing the roles of g1, g2 and g7, g5 gives the opposite inclusion. This completes
the proof that gj g5 H = g192H. O

The content of Lemma 1.32 is that the multiplication rule g1 H - goH = g1g2 H
on cosets of H is well-defined provided we take H to be a normal subgroup of G.
The following properties of coset multiplication then follow directly from the corre-
sponding properties of the group operation on G:

eH -gH =gH -eH = gH,
gH -g'H=¢g 'H -gH =eH,
(91H - g2H) - gsH = g1H - (92 H - g3H).
We have proven the first part the following important theorem.

Theorem 1.33. Let G be a group, and let H be a normal subgroup of G.
(a) The collection of cosets G/ H is a group via the well-defined group operation

g1H - goH = g1goH. (1.10)

(b) The map
¢:G— G/H, ¢(g)=gH,

is @ homomorphism whose kernel is ker(¢) = H.
(c) Let
Yv:G— G

be a homomorphism with the property that H C ker(¢). Then there is a unique
homomorphism

N:G/H — G’ satisfying MNgH) = ¥(g).
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Proof. (a) The fact that the group operation (1.10) is well-defined is exactly what
Lemma 1.32 says, and as we noted earlier, the group axioms for G/ H follow imme-
diately from the groups axioms for G.

(b) In order to check that ¢ is a homomorphism, we compute

?(91)8(92) = 91H - g2H = g192H = $(g192).
The kernel of ¢ is
ker(p) ={g€G:¢(g)=eH} ={9eG:gH=H} =H.
(c) We would like to define A : G/H — G’ by the following three-step algorithm:

(1) Let C € G/H be a coset.
(2) Choose some g € G with C' = gH
(3) Define A(C) to be 1(g).

However, there is a potential problem, since there are usually lots of choices for g in
Step (2). So we need to prove the following assertion:

If ¢'H=gH, then v¥(g")=1(g). (1.11)

The assumption that ¢’ H = gH means that g’ = gh for some h € H. This allows
us to compute

P(g") = 1¥(gh) since ¢’ = gh,
=(g) - ¥(h) since 1) is a group homomorphism,
=1(g)-¢ since h € H and H C ker(1)),
=1(g)

This proves assertion (1.11), so our three-step algorithm gives a well-defined map A :
G/H — G'. And now that we know that X is well-defined, it’s easy to check that it
is a homomorphism,

Mgrg2H) = ¥(g192) = ¥(g1) - ¥(92) = Mg1 H) - Mg2H).

Finally for a given homomorphism %), it is clear that there is only one map A satis-
fying 1(g) = A(gH), since this equality completely determines the values of A in
terms of the values of ). [

1.7 Cayley’s Theorem (*Optional*)

’ This Section is Under Construction ‘

Theorem 1.34 (Cayley’s Theorem). Every (finite) group is isomorphic to a subgroup
of some symmetric group.
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Exercises

Section 1.1. Introduction to Groups

1.1. Letn be a positive integer, and let G be the group of permutations of the set {1, 2, ..., n}.
Prove that G is a finite group, and give a formula for the order of G.

1.2. (a) Let S be a finite set, and let ¢ : S — S be a function. Prove that the following are
equivalent:

(i) ¢ is injective. (ii) ¢ is surjective. (iii) ¢ is bijective.

(b) Give an example of an infinite set .S and a function ¢ : S — S such that ¢ is injective,
but is not surjective.

(c) Give an example of an infinite set .S and a function ¢ : S — S such that ¢ is surjective,
but is not injective.

1.3. Figure 1.2 shows various rotations and flips of a square. Fill in the boxes with the correct
vertex labels for the indicated operations.

Section 1.2. Abstract Groups

1.4. Let GG be a group. In this exercise you will prove the remaining parts of Proposition 1.3.
Be sure to justify each step using the group axioms or by reference to a previously proven
fact.

(a) G has exactly one identity element.

(b) Letg,h € G.Then (g-h)" " =h"1-g7 L

(c) Letg € G.Then (¢g" )t =g.

1.5. Let G be a group, let g and h be elements of G, and suppose that g has order n and h has
order m.
(a) If G is an abelian group and if gcd(m, n) = 1, prove that the order of gh is mn.
(b) Give an example of an abelian group showing that (a) need not be true if gcd(m, n) > 1.
(c) Give an example a nonabelian group showing that (a) need not be true even if we retain
the requirement that gcd(m,n) = 1.

Section 1.3. Interesting Examples of Groups

1.6. Let G be a finite cyclic group of order n, and let g be a generator of G. Prove that g* is
a generator of G if and only if gcd(k, n) = 1.

1.7. Figure 1.3 shows a hexagon in its initial and three subsequent positions. It thus illustrates
four elements e, r1, f1, f2 of the dihedral group De, where e is the identiy element, 7 is a
rotation, and f; and f> are flips about the indicated axes. We mention that the flips are the
same as those given in Figure 1.1, but the rotation is different.
(a) Write down and give names to the other 8 ways to rotate and/or flip the hexagon. The 12
pictures illustrate the 12 elements of the dihedral group Ds.
(b) What is the smallest power of each of r1, f1, and fs that is equal to the identity transfor-
mation e?
(c) Write down the hexagon configurations that correspond to the compositions 71 f1, fi71,
r1 f2, and fari. Does r1 commute with f1 or fa.
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D c L] L]

( a) Rotate a quarter turn counter-clockwise

L]
L]

HEN

(b) N Flip around the axis thorugh B and D

A B I:‘
D c L]

(C) Flip around axis through midpoints of AD and BC

(] [

A B I:]
D c L]

(d) First do (b), then do (c)

L] [

L] [
L] [

(6) First do (c), then do (b)

A B I:] D

Figure 1.2: Motions of a Square for Exercise 1.3
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I \
5 4 4 3 415 56
12 6 1 2 1 3 2,

Identity e Rotation r; Flip f; Flip fo

Figure 1.3: A rotation and two flips of a regular hexagon

(d) Write down the hexagon configurations that correspond to the fi fo and f2 f1. Show that
each of them is equal to a power of the rotation r1, i.e., the compositions of these two
flips gives a rotation.

(e) Prove that every rotation is equal to some power of 7.
(f) Prove that every flip is equal the composition of f; and some power of 7.
(g) Using (e) and (f), prove that the entire group Dg consists of the 12 elemenets

{firl:0<i<1land0<j<5}.

(h) Express 71 f1 in the form ffr{.

(i) More generally, describe one or more formulas that explain how to write the product
(FErH(F7rT) in the form fird.

1.8. Prove that the dihedral group D,,, as described in Example 1.11, has exactly 2n elements.

1.9. (a) Let Q" be the set of non-zero rational numbers, with the group law being multiplica-

tion. Prove that Q* is a group.

Let p be a prime number. Prove that the non-zero elements of Z/pZ form a group using

multiplication as the group law.

(c) Let m > 4 be an integer that is not a prime number. Prove that the non-zero elements
of Z/mZ do not form a group using multiplication as the group law. (Try it first with
m = 4 and m = 6 to see what’s going on.)

(d) Let m > 2 be any integer, and define

(b

=

(Z/mZ)" = {a € Z/mZ : a# 0 (modm)}.
Prove that (Z/mZ)* forms a group using multiplication as the group law.

1.10. Let C be the set of complex numbers, that is, the set of numbers of the form x + yi,
where =,y € R and i* = —1.

(a) We make C into a group using addition. What is the identity element? What is the inverse
of an element z € C?

(b) Let C* be the set of non-zero complex numbers. We make C* into a group using multi-
plication. What is the identity element? What is the inverse of an element z € C*? Be
sure to write you answers as a real number added to ¢ times another real number.

1.11. (a) Let
GLa(R) = {(‘c’ Z) .a,b,c,d € R, ad—bc#o}.
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be the indicated set of 2-by-2 matrices, with composition law being matrix multiplica-
tion, as described in Example 1.10. Prove that GL2(R) is a group.
(b) Let SL2(R) be the set of 2-by-2 matrices

SLy(R) = {(‘C‘ 2) a,bc,d €ER, adfbc:l}.

Prove that SL2(IR) is a group, where the group law is again matrix multiplication.

(c) This part is for those who have studied n-dimensional linear algebra. Fix an integer n >
1. Generalize (a) and (b) by proving that each of the following sets of n-by-n matrices
is a group using matrix multiplication for the group law:

GLy (R) = {n-by-n matrices A with real entries satisfying det(A) # 0},
SLn(R) = {n-by-n matrices A with real entries satisfying det(A) = 1} .

The group GL,, (R) is called the general linear group, and the group SL, (R) is called the
special linear group.

1.12. Let GL2(R) be the general linear group as described in Example 1.10 and Exer-
cise 1.11(a). Prove or disprove that each of the following subsets of GL2(R) is a subgroup
of GL2(R). In the case of non-subgroups, indicate which of the subgroup conditions fail.

(a) {(‘; Z) € GLg(R):(Ld—bc:Q}.
(b) {(‘c’ Z) € GLa(R) : ad — be € {—171}}.
© {(‘; Z) c GLQ(R):C:O}.
@ {(‘C’ 2) € GLg(R):d:O}.
b

(e) {((cld) GGLQ(R):a:dzlandc:O}.

1.13. Let Q = {41, +4,+7, +k} be the group of quaternions as describe in Example 1.12.
We claimed there that the group law for Q is determined by the formulas

ii=-1, j-j=-1, k-k=-1, 4i-j-k=—1.

Use these formulas to prove the following formulas, which completely determine the group
operations on Q:

ij=k, jok,o=i k-i=3j,
j-i=—k, k-j,=—i ik=—j.

1.14. We can form groups of matrices whose entries are in any algebraic system where we
can add, subtract, and multply. For example, let m > 2 be an integer, and define

SL2(Z/mZ) = {(Z Z) ta,b,c,d € Z/mZ, ad — bc = 1}.

Prove that matrix multiplication (1.3) makes SL2(Z/mZ) into a non-commutative group.
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Section 1.4. Group Homomorphisms

1.15. Recall that two groups GG1 and G2 are said to be isomorphic if there is a bijective
homomorphism

¢ : G1 — GQ.
The fact that ¢ is bijective means that the inverse map ¢! : G2 — G exists. Prove that ¢!
is a homomorphism from G2 to G.

1.16. Complete the proof that the map D,, — {£1} in Example 1.14 is a homomorphism by
showing that compositions of rotations and flips satisfy the rules shown in equation 1.6.

1.17. In this exercise, Cy, is a cyclic group of order n, D, is the n’th dihedral group, and S,
is the n’th symmetric group.
(a) Prove that C2 and S» are isomorphic.
(b) Prove that D3 is isomorphic to Ss.
(c) Let m > 3. Prove that for every n, the groups C,, and Sy, are not isomorphic.
(d) Prove that for every n > 4, the groups D,, and S,, are not isomorphic.
(e) More generally, let m > 4 and let n > 4. Prove the groups D,, and S,, are not isomor-
phic.
(f) The dihedral group D4 (Example 1.11) and the quaternion group Q (Example 1.12) are
non-abelian groups of order 8. Prove that they are not isomorphic. (Hint. How many
elements of order 2 and order 4 are there in D4 and Q?)

1.18. Let SL2(Z/2Z) be the group that we defined in Exercise 1.14.
(a) Prove that # SL2(Z/2Z) = 6.
(b) Prove that SL2(Z/2Z) is isomorphic to the symmetric group Ss. (Hint. Show that the
matrices in SL»(Z/27Z) permute the vectors in the set {(1,0), (0,1), (1,1)}, where the
coordinates of the vectors are viewed as numbers modulo 2.)

Section 1.5. Subgroups, Cosets, and Lagrange’s Theorem

1.19. Let G be a cyclic group of order n, and let d be an integer that divides n. Prove that G
has a subgroup of order d.

1.20. Let G be a group, and let H C G be a subset of G. Prove that H is a subgroup if and
only if it has the following two properties:

(1) H#0
(2) Forevery h1, ha € H, the product h; - h;l isin H.

1.21. This exercise explains when two elements of G determine the same coset of H. Let
G be a group, let H be a subgroup of G, and let g1, g2 € G. Prove that the following three
statements are equivalent:

(@) g =goH.

(b) (2) There is an element h € H such that g1 = g2h.

© (3)g; g1 € H.

1.22. Let G be a finite group whose only subgroups are {e} and G. Prove that G is a cyclic
group whose order is a prime.

1.23. Let G be a group and H C G a subgroup. The index of H in (g, which is denoted
by (G : H), is the quantity #G /#H.
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Exercises 27

(a) Prove that (G : H) is the number of distinct cosets of H.
(b) Suppose that K C H is a subgroup of H, so we may also view K as a subgroup of G. In
other words, K C H C G is a chain of subgroups. Prove the Index Multiplication Rule

(G:K)=(G:H)(H:K).
(Hint. Count cosets.)

Section 1.6. Normal Subgroups and Quotient Groups (*Optional®)
Section 1.7. Cayley’s Theorem (*Optional®)
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Chapter 2

Rings

2.1 Introduction to Rings

When we introduced groups in Chapter 1, they were probably unfamiliar to most
of you. In this chapter we introduce another fundamental type of algebraic object,
called a ring. The good news is that you are already familiar with many rings. Here
are some examples:

e The integers Z are a ring.

e The rational numbers Q and the real numbers R and the complex numbers C
are rings. (They are a special type of ring, called a field, but that’s a topic for a
later chapter!)

e The set of mod m integers Z/mZ that you studied in the Number Theory Unit
forms a ring.

What do these examples have in common? They each have two operations, addi-
tion and multiplication. These operations, individually, satisfy some axioms, and the
two operations interact via one further axiom, the all-powerful distributive law,

a-(b+c)=a-b+a-c

In general, a ring is a set with two operations satisfying a bunch of axioms that are
modeled after the properties satisfied by addition and multiplication of integers.

2.2 Abstract Rings and Ring Homomorphisms

Definition. A ring R is a set with two operations, generally called addition and
multiplication and written

a+b and a-b or ab,
—~— ———

addition multiplication

satisfying the following axioms:
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30 2. Rings

(1) The set R with its addition law + is an abelian group. The identity element of
this group is denoted 0 or Og.

(2) The set R with its multiplication law - is almost a group, but its elements are
not required to have inverses.! Explicitly, the multiplication law of a ring satis-
fies:

e There is an element 1z € R satisfying?

lgp-a=a-1g=a foralla € R.
e The associative law holds,
a-(b-¢c)=(a-b)-c foralla,b,c€R.
(3) [Distributive Law] For all a, b, c € R we have
a-(b+c)=a-b+a-¢c and (b+c)-a=b-a+c-a.
(4) If further a - b =b- a for all a, b € R, then the ring is said to be commutative.

Your long experience with the ring of integers Z might lead you to assume that
various “obvious” formulas are true in every ring. For example, the formulas

Op-a=0r and (—a)-(—=b)=a-b

must be true, right? But why should they be true? The definition of Og is as the
identity element for addition, i.e., a + Or = Or + a = a for every a € R, so why
should that tell us anything about O when we switch to multiplication? Similarly,
the defintion of —a is as the element that gives O when it is added to a, which seems
to tell us very little about the product of —a with other elements of R. The only hope
of proving multiplication properties for 0z and —a lies in the distributive law, which
intertwines addition and multiplication. Study closely the use of the distributive law
in the following proof that Or - a = Op.

Proposition 2.1. Let R be a ring.
(@ Ogp-a=0g foralla € R.
(b) (—a)-(=b) =a-b forall a,b € R. In particular, we have (—1g) - a = —a.

Proof. (a) We start with 1 = 1i + Og, which is true because Oy, is the identity for
addition. We multiply both sides by a and compute

a=a-1g since 1 is the identity for multiplication,
=a-(1p+0g) since O is the identity for addition,
=a-1lp+a-0g distributive law,
=a+a-0g since 1p, is the identity for multiplication.

!For those who are interested, algebraic objects that are like groups except that not every element
needs to have an inverse also have a name; they are called monoids.
2To avoid the trivial ring consisting of a single element, we also include the requirement that 1z # Og.
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2.3. Interesting Examples of Rings 31

We now “subtract” a from both sides. But this one time we will spell out every detail
so that you can see how the different ring axioms come into play:

Or=(—a)+a definition of inverse for addition,
=(—a)+ (a+a-0gr) from our earlier calculation,
=((-a)+a)+a-0p associativity of addition,
=0g +a-0p definition of inverse for addition,
=a-0p since Op is the identity for addition.

(b) We leave this part for you to do; see Exercise 2.1. O

Just as we did with groups, we want to look at maps
¢o:R— R

between rings that respects the “ring-i-ness” of R and R’. Rings are characterized by
their addition and multiplication laws, leading to the following definition.

Definition. Let R and R’ be rings. A ring homomorphism from R to R’ is a function
¢ : R — R’ satisfying

¢(1r) = 1r,
dla+b) = d(a) + ¢(b) foralla,b € R,
¢(a-b) = ¢(a) - p(b) forall a,b € R.

The kernel of ¢ is the set of elements that is sent to 0,,
ker(¢) = {a € R: ¢(a) = 0}.
(The zero here is, of course, the zero element in R’.)

In the next section, after we have a few more examples of ring, we will give some
examples of ring homomorphisms.

Remark 2.2. The axiom ¢(1g) = 1g is included to rule out the boring and trivial
map ¢(a) = Op that sends every a € R to zero.

2.3 Interesting Examples of Rings

Four of the rings that we described in Section 2.1 fit one into another, sort of like
Russian stacking dolls:
ZCcQcRcC.

We say that Z is a subring of QQ, and similarly for the others. The fifth ring that
we mentioned in the introduction is Z/mZ, the ring of integers modulo m. The
ring Z/mZ is not a subring of C, but there is a very natural homomorphism
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32 2. Rings

¢:Z—Z/mZ, ¢(a)=amodm,

called naturally enough the reduction mod m homomorphism. This homomorphism
sends an integer to its congruence class modulo m, and its kernel is the set of all
multiples of m. The fact that ¢ is a homomorphism means checking that reduction
modulo m behaves well for addition and multiplication, facts that you saw in the
Number Theory Unit.

Example 2.3 (Gaussian Integers Z[¢]). Here is another interesting subring of C. It
is called the ring of Gaussian integers.

Zli)={a+bi:a,beZ}.

The quantity ¢ is, as usual, a symbol that represents a square root of —1. Addition and
multiplication of elements in Z][i] follow the usual rules for adding and multiplying
complex numbers,

(a1 + b1i) + (ag + bei) = (a1 + az) + (b1 + b2)i,
(a1 + bli) . (a2 + bgi) = (a1a2 — blbg) + (a1b2 + agbl)i.
Note that if we allowed a and b to be real numbers, then we would get the entire ring
of complex numbers; but we’re restricting a and b to be integers.

Example 2.4 (Polynomial Rings R[x]). Polynomial rings are a way to create bigger
(and better?) rings from an old ring. Thus for any commutative ring R, we use R to
build the ring of polynomials over R,

R[z] = polynomials ag + a1 + asz? + -+ + agz? of all
" | degrees with coefficients ag, a1, ...,aq € R '

You’ve undoubtedly seen polynomials whose coefficients are real numbers, but the
rules that you learned to add and multiply polynomials work with coefficients in any
commutative ring. Indeed, the rule for multiplying polynomials is forced on you by
the distributive law. Here’s a simple example:

(ao + arz + asa?) - (bo + byx)
=ag - (bg + b12) + ayx - (bo + b1x) + agz? - (b + byw)
= (apbo + agb1z) + (a1box + a1b12?) + (asboz?® + asbiz®)
= agby + (a1by 4 a1bo)x + (ayby + asb)x? + (aghy ).
Let
f(x) = ap + a17 + az2® + -+ - + agz® € Rz]

be a polynomial. Then for any element ¢ € R, we can evaluate f at ¢ simply by
substituting ¢ for z. Thus

f(c):a0+alc+a262+"'+adcdeR.
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2.3. Interesting Examples of Rings 33

In other classes you probably took a polynomial f(z) and evaluated it at lots of
different values. In other words, you viewed f(x) as defining a function f : R — R.
This function is almost never a ring homomorphism!

We are going to take a different approach. We choose one particular element ¢ €
R use it to define a function from the ring of polynomials R[z] to the ring R. We
denote this function E, and call it the evalaution at ¢ map. It is defined exactly as its
name suggests,

E.:R[z] — R, E.(f)= f(c).

The evaluation by ¢ map is a ring homomorphism, as you will verify in Exercise 2.7,
and its kernel is exactly the set of polynomials that have a factor of x — c.

Example 2.5 (Ring of Quarternions H). We next describe a famous non-commuta-
tive ring, called the ring of quaternions,’

H={a+bi+cj+dk:abc,deR}.

The quantities ¢, 7, and k are three different square roots of —1, and although we
specify that they commute with elements of R, they do not commute with one an-
other. More precisely, the rule for multipying two quaternions is to use the distribu-
tative law to reduce to multiplying pairs of 2, 7, k, and then applying the following
rules:

iP=-1, 3 =-1, kK*°=-1, i-j=k, j k=1, k-i=3j.
To see that H is a noncommutative ring, we compute
—j~i:j~(71)~i:j'k2~i:(j~k:)~(k:~i):i~j.

Thus 3 -2 = —2- 3, and one can similarly check that k-2 = —¢-kand k-3 = —3 - k.

The ring of quaternions H played an important role in the development of modern
mathematics and physics because it satisfies the so-called cancelation law. Thus you
know that if o and  are real numbers satisfying o - 5 = 0, then either « = 0
or B = 0, and similarly when « and 3 are complex numbers. It turns out that the
same is true if « and 3 are quaternions! See Exercise 2.14.

Example 2.6 (Matrix Rings). There are also rings whose elements are matrices. Let

My(R) = {(‘ég) :a,b,c,deR}

denote the set of 2-by-2 matrices with real entries. We add matrices by adding their
corresponding entries, and we multiply matrices using matrix multiplication.* With
these operations, Ms(R) is a non-commutative ring. However, it does not satisfy the
cancelation law, since

3The letter H to denote the ring of quaternions is in honor of William Hamilton, who first described
them in 1843.

4See (1.3) in Example 1.10 for the formula for matrix multiplication.
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10\ /00y (00
00/\01/) \0O
shows that the product of two non-zero elements may equal 0.

There are lots of interesting homomorphisms to matrix rings. For example, the
map

C— M3(R), x4 yir— (Iy ;Z) ,

is an injective ring homomorphism. You will prove this fact in Exercise 2.8.

2.4 Some Important Properties of Rings

Some rings, such as QQ, R, and C, have the special property that every non-zero
element has a multiplicative inverse. These types of rings are so important that they
have a special name all their own.

Definition. A field is a commutative ring R with the property that every non-zero
element of R has a multiplicative inverse. In other words, for every a € R witha # 0
there is a b € R satisfying ab = 1.

We will use fields in Chapter 3 as the basic building block for the theory of Vector
Spaces, after which we will spend an entire chapter (Chapter 2) studying properties
of fields and field extensions.

Example 2.7. In addition to the already mentioned fields Q, R, and C, for every
prime p, the ring Z/pZ is a field . It is an example of a finite field, and is frequently
denoted I, to emphasize its “fieldiness.” The fact that I, is a field follows from the
Number Theory Unit; or see Exercise 2.16.

We also know lots of rings that are not fields, for example Z, Z[i], and R]x].
But these rings do have the following nice property, which is very useful for solving
equations.

Cancellation Property: Let R be a commutative ring and
suppose that a, b, ¢ € R with a # 0. Then

ab=ac <+<— b=c.

Definition. Let R be a ring. An element a € R is called a zero divisor if a # 0 and
there is some b € R such that ab = 0. The ring R is an integral domain if it has no
zero divisors. Equivalently, the ring R is an integral domain if the only way to get
ab = 0 is to have eithera = 0 or b = 0.

It is easy to check that every field is an integral domain, and that a ring R is an
integral domain if and only if it has the cancellation property; see Exercises 2.16
and 2.17. It is also the case that every integral domain is a subring of a field. The
smallest such field, which we discuss in Section 2.8, is called the field of fractions

of R.
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2.5. Ideals and Quotient Rings 35

2.5 Ideals and Quotient Rings

Do you recall how we constructed the ring Z/mZ of integer modulo m starting from
the ring Z? We simply pretended that that two integers a and b are “the same” if their
difference a — b is a multiple of m. In fancier language, we defined an equivalence
relation on Z by the rule

a is equivalent to b if @ — b is a multiple of m,

and we then defined Z/mZ to be the set of equivalence classes. Of course, it takes
some work to check that addition and multiplication of equivalence classes makes
sense.

Our goal in this section is to generalize this important construction to arbitrary
(commutative) rings. The first step is the generalize the concept of being a “multiple
of m.’

Definition. Let R be a commutative ring. An ideal of R is a non-empty subset I C R
with the following two properties:

e Ifaclandbe I, thena+bel.

e Ifaclandr € R, thenra € 1.

One way to create an ideal is to start with some element of R and take all of its
multiples.

Definition. Let R be a commutative ring and let ¢ € R. The principal ideal gener-
ated by ¢, denoted cR or (¢), is the set of all multiples of c,

c¢cR={rc:r € R}.
We let you verify that cRR is an ideal; see Exercise 2.19.

In some rings, such as Z and Z[i] and R[z], every ideal is a principal ideal, al-
though it requires real work to prove that these assertions are valid. On the other
hand, there are rings such as Z[z] that have non-prinicipal ideals; see Exercise 2.25.

We now create a quotient ring R/I by identifying pairs of elements of R if their
difference is in I, just as we did when we defined Z/mZ. We note that for a given a €
R, the set of b € R that are equivalent to a consists of the set of b such thatb—a € I,
or equivalently, such that b is in the set that is naturally denoted by a + I. This
prompts the following definitions.

Definition. Let R be a commutative ring, and let I be an ideal of R. Then for each
element a € R, the coset of a is the set

a+I={a+c:cel}.

We note that a is an element of its coset, since 0 € I. If a,b € R satisfyb —a € 1,
then people sometimes write

b=a (modI)
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and say that “b is congruent to @ modulo I.” Given two cosets a + [ and b + I, we
define their sum and product by the formulas

(a+T1)+(b+1)=(a+b)+1, (a+1)-(b+1)=(a-b)+1,
and we denote the collection of distinct cosets by R/I.

We now check that our definitions of addition and multiplication of cosets makes
sense, and that they turn the collection of cosets into a ring.

Proposition 2.8. Let R be a commutative ring, and let I be an ideal of R.
(a) Leta+1I and a' +1 be two cosets. Then ' +1 = a+1 ifand only ifa’ —a € L.
(b) Addition and multiplication of cosets is well-defined, in the sense that it doesn’t
matter which element of the coset we use in the definition.
(c) Addition and multiplication of cosets turns R/I into a commutative ring.

Proof. We prove that multiplication is well-defined, and leave the rest of the proof to
you; see Exercise 2.21. Let a,a’,b,b’ € R be elements whose cosets satisfy a’ + I =
a+Tandb 4+ I = b+ I. We need to prove that ab + I is equal to a’b’ + I.

The assumption that @ + I = a’ + I means that there is some ¢ € I such that
a’' = a+c, and similarly the assumption that b+ I = b’ + I means that there is some
d € I such that ¥’ = b + d. It follows that

a't/ =(a+c)(b+d)=ab+ad+bc+cd.
N———

This isin I, since a, b € 1.
Hence a'b’ — ab € I, so from (a), the cosets a’b’ + I and ab + I are equal. O
Ideals and homomorphisms are closely related, as shown by our next result.

Proposition 2.9. Let R be a commutative ring.
(a) Let I be an ideal of R. Then the map

R— R/I, a~—a+R,

that sends an element to its coset is a ring homomorphism whose kernel is I.
(b) Let ¢ : R — R’ be a ring homomorphism.
(1) The kernel of ¢ is an ideal of R.
(ii) The homomorphism ¢ is injective if and only if ker(¢) = (0).
(iil) Writing 15 = ker(¢) for convenience, there is a well-defined injective ring
homomorphism

¢:R/Is — R definedby ¢(a+ 1;) = ¢(a).

Proof. We prove (b), and leave (a) as an exercise; see Exercise 2.22. Our first goal is
to prove that ker(¢) is an ideal. Let a, b € ker(¢). Then

dla+0b) =¢(a)+¢(b) =04+0=0,
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2.6. Prime Ideals and Maximal Ideals 37

so a + b € ker(¢). Next let a € ker(¢) and r € R. Then

¢(ra) = ¢(r) - p(a) = ¢(r) - 0 =0,

so ra € ker(¢). This completes the proof of (i) that ker(¢) is an ideal.

Next suppose that ker(¢) = (0), and that ¢(a) = ¢(b) for some a,b € R. Then
¢(a—b) =0,s0a—b € ker(¢), and hence a — b = 0. This proves the ¢ is injective.

Conversely, suppose that ¢ is injective, and let a € ker(¢). Then 0 = ¢(a) =
#(0), so the injectivity of ¢ implies that ¢ = 0. This proves that ker(¢) = (0), which
completes the proof of (ii).

For (iii), we first want to show that the map ¢ is well-defined. So suppose that a’+
I4 = a + I are two ways of writing the same coset. We need to show that ¢(a’) =
¢(a). The assumption that a’ + I, = a + I, means that ' = a + b for some b € I.
then

¢(d') = ¢(a +b) = ¢(a) + ¢(b) = ¢(a) + 0 = ¢(a).

This shows that ¢ is well-defined. Next, the fact that ¢ is a ring homomorphism
follows directly from the assumption that ¢ is a ring homomorphism. Finally, to see
that ¢ is injective, we observe that

$a' +1y) = Plat+1y) <= ¢(a)=¢(a) <= ¢a'—a)=0
— d-aely, <= d+Ily=a+lI,.

This completes the proof of Proposition 2.9(b). O

2.6 Prime Ideals and Maximal Ideals

You have seen the importance of prime numbers when we studied the Number The-
ory. Recall that an integer p is prime if its only (positive) divisors are 1 and p. An
important property of prime numbers is that if p is prime and p divides a product ab,
then either p divides a or p divides b. We can rephrase this divisibility property using
ideals: if a product ab is in the ideal pZ, then either a € pZ or b € pZ. This version
is the right way to generalize the notion of primes to arbitrary rings.’

Definition. Let R be a commutative ring. An ideal I of R is a prime ideal if I # R
and if whenever a product of elements ab € I, then eithera € I or b € I.

We observe that if [ is a prime ideal, then it also has the following property:

a¢Tandb¢ ] = ab¢l

This statement is the contrapositive of, hence logically equivalent to, the stated defi-
nition of prime ideal.

SThere is also an analogue of the “no non-trivial factors” definition to arbitrary rings. Such elements
are called irreducible. Unique factorization and irreducibility are discussed in Section 2.7.
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Example 2.10. Let m # 0 be an integer. The ideal mZ is a prime ideal if and only
if |m| is a prime number in the usual sense.

Example 2.11. Let F be a field. For every a,b € F with a # 0, the principal ideal
(ax + b)F[z] is a prime ideal. For every a, b, c € F such that a # 0 and b? — ac is
not equal to the square of an element of F, the principal ideal (ax? + bz + ¢) F[z] is
a prime ideal. See Exercise 2.26.

The largest possible ideal in a ring R is the entire ring itself. The ideals that are
as large as possible without being all of R play an important role.

Definition. Let R be a commutative ring. An ideal [ is called a maximal ideal if I #
R and if there are no ideal properly contained between I and R. In other words, if J
isanideal and I C J C R, theneither J =1 or J = R.

Example 2.12. Let p € Z be a prime number. Then the ideal pZ is not only a prime
ideal, it is also a maximal ideal.

Example 2.13. In the ring Z[x] of polynomials with integer coefficients, the principal
ideals 2Z[z] and xZ[z] are prime ideals, but they are not maximal ideals, since they
are contained in non-principal maximal the ideal

{2a(z) + 2b(z) : a(z),b(z) € Z[z]}.

See Exercise 2.25.

Just as prime numbers in Z form the basic building blocks for all numbers, the
prime and maximal ideals of a ring R are, in some sense, the basic building blocks
underlying the algebraic (and geometric!) structure of R. On the other hand, integral
domains and fields are two particularly nice kinds of rings. These facts help to explain
why the next result is so important.

Theorem 2.14. Let R be a commutative ring, and let I an ideal with I # R.
(a) I is a prime ideal if and only if the quotient ring R/I is an integral domain.
(b) I is a maximal ideal if and only if the quotient ring R/ is a field.

Proof. This theorem consists of two if-and-only-if statements, so there are really
four statements that need to be proven.

(a) | I =Prime Ideal — R/I = Integral Domain‘

Let a + I and b + I be elements of R/I whose product is zero, i.e.,
(a+1)-(b+1)=0+1.

This means that ab + I = 0 + I, so ab € I. The assumption that [ is a prime ideal
tells us that either a € I or b € I, which means that eithera + I = Torb+ [ = I.
Thus at least one of a + ¢ or b + [ is equal to 0 4+ I, which completes the proof
that R/I is an integral domain.

(a) ’R/ I = Integral Domain = [ = Prime Ideal

Suppose that a,b € R satisfy ab € I. Then
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(a+I)-(b+T)=ab+T=1,

so the product of @ 4+ I and b + I is zero in the quotient ring R/I. We are assuming
that R/ is an integral domain, so we conclude that eithera + I = Torb+ I = I.
These in turn imply that either a € I or b € I, which completes the proof that I is a
prime ideal.

(b) ] I = Maximal Ideal = R/I= Field‘

Let a + I be a non-zero element of R/I, which means that a ¢ I. We look at the
ideal

J={ar+b:re Randbe I}

(We leave it to you to check that J is an ideal; see Exercise 2.24.) Taking the elements
of J with r = 0 shows that I C .J, while takeing » = 1 and b = 0 shows that a € J.
We know that a ¢ I, so J is strictly larger than I; in symbols, I C J C R. We are
assuming that I is a maximal ideal, so by definition this forces J = R. In particular,
we have 1 € J. Thus there exists some ¢ € R and some b € I such that 1 = ac + b.
In terms of elements of R/I, using the fact that b + I = I, we find

1+I=(ab+b)+I=ac+I=(a+1I) (b+1I).

Hence a + I has a multiplicative inverse in R/, and we’ve proven that this is true
for all non-zero elements of R/I, hence R/I is a field.

(b) ] R/I =Field = I = Maximal Ideal‘

Let J be an ideal satisfying I C J C R. If J = I, we’re done, so we assume
that J # I. This means that we can find some element a € R with a ¢ I. Then the
coset a + I # I, s0 a + I is a non-zero element of the quotient ring R/I. We are
assuming that R/I is a field, so a 4+ I has a multiplicative inverse, say ¢ + I. This
means that

1+I=(a+1I)-(c+1I)=ac+1,

so there is an element b € I such that 1 = ac + b. Buta € J, so ac € J, while
b € I C J, and thus the quantity ac + b is in the ideal J. This proves that 1 € J, but
then for every r € R we have r = r - 1 € J. Hence J = R, which completes the
proof that I is a maximal ideal. O

The strength of Theorem 2.14 is illustrated by the slick proof of the following
corollary.

Corollary 2.15. Every maximal ideal is a prime ideal.®

Proof. Tt is easy to check that a field is an integral domain; see Exercise 2.15. Then
we can apply Theorem 2.14,

I maximal == R/Ifield = R/Iintegral domain = I prime.

This completes the proof of the corollary. O

%The converse is not true, i.e., there may exist prime ideals that are not maximal; see Example 2.13.
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Mini-Remark 7. It would be nice to know that every ring has at least one maximal ideal. It
turns out that this assertion is yet another statement that is equivalent to the axiom of choice!

2.7 TIrreducibility and Factorization (*Optional*)

’ This Section is Under Construction ‘

In this section we discuss irreducibility, which is in some ways a more direct
analogue of the definition of a prime number in Z. However, the unique factorization
property for Z that you proved in the Number Theory Unit fails for many rings. This
is one reason that mathematicians study prime ideals, as we did in Section 2.6. For
example there is a very nice type of ring called a Dedekind domain in which every
ideal factors uniquely into a product of prime ideals.

Definition. Let R be a commutative ring. An element a € R is called a unit if it has
a multiplicative inverse. The set of units of R is denoted R*. It forms a group with
group law being multiplication; see Exercises 2.12 and 2.13.

We note that if w € R* is a unit, then we can factor any element a € R as
a = u~!-u- a. This generalizes the fact that in Z, every integer factorsasa = 1 - a
and as a = (—1) - (—a). These are the only trivial factorizations, reflecting that fact
that Z* = {£1}.

Definition. Let R be a commutative ring. An element a € R is said to be irreducible
if a is not a unit and if the only way to factor a as a = bc is to take either b or c to be
a unit.”

When you studied unique factorization of integers in the Number Theory Unit, it
was necessary to take some care to define just what uniqueness means. For example,
the integer 12 appears to have many “factorizations” as a product of primes,

12=2-2-3=2-3-2=1-2-2-3=1-2-1-2-3.

And if we allow negative numbers, there are also factorizations such as (—2)-2-(—3).
But all of these factorizations are intrinsically the same, they are composed of two
copies of 2, one copy of 3, and some copies of the units 1 and —1.

In order to discuss unique factorization in more general rings, we need to account
for the ambiguities arising from re-ordering the factors and/or including extra unit
factors. These difficulties explain the complications in the following definition.

Definition. A domain R is called a unique factorization domain (UFD) if it has the
following two properties:

"Note that if u € R* is a unit, then we can “factor” any element a € Ras a = u - (u~'a), but this
sort of factorization is not very interesting.
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(a) Let a € R be a non-zero element that is not a unit. Then a can be factored in
the form
a="by -by---by

using irreducible elements by, bo, ..., b, € R.
(b) Suppose that
a=2C-C " Cp

is some other factorization of a using irreducible elements ¢y, co, ..., ¢ € R.
Then m = n, and after rearranging ci, . . ., c,, there are units uy, ..., u, € R*
so that®

C; = uibi for all 1 <i<n.

Example 2.16. We already know that Z is a UFD. Other examples of UFDs include
the ring Z[i] of Gaussian integers (Example 2.3) and polynomial rings F'[x] with
coefficients in a field F' (Example 2.4). These rings actually have stronger properties,
namely they are Principal Ideal Domains, which means that all of their ideals are
principal, and they are Euclidean Domains, which means that they have a “division-
with-remainder” procedure. It turns out that every Euclidean domain is a principal
ideal domain, and that every principal ideal domain is a unique factorization domain,
but this is material beyond what we want to discuss in this section. However, they
help to illuminate why our next result is interesting, since it gives examples of UFDs
that do not have these stronger properties.

Theorem 2.17. Let F be a field, and let F[x1, ..., x,] be the ring of polyonomials
in n variables with coefficients taken from the field F'. Then F[x1, . . ., x,,) is a unique
factorization domain.

Proof. Unfortunately, the proof of this important result is beyond the scope of these
notes. We can only point out that a key idea is to prove a stronger statement: if R is a
UFD, then the polynomial ring R[z] is also a UFD. The stated result then follows by
induction, by adding the variables x1, ..., x, one at a time. The stronger result also
implies, for example, that the polynomial ring Z[z1, . .., x,] is a UFD. O

Example 2.18. It seems worthwhile to describe a ring that is not a UFD. We consider
the ring’

R=7[V-3]={a+b/-3:a,bc Z}.

It is a subring of the field of complex numbers. The number 4 € R can be factored

in R as
4=2-2=(1++v-3)(1-V=3).

We claim that 2, 1 ++/—3, and 1 — v/—3 are irreducible elements of R. To see that 2
is irreducible, we first prove, by contradiction, that 2 is not a unit in the ring R. So
suppose that 2 is a unit. That means we can find some a + b/—3 so that

8If you prefer to be formal, what we should say is that there is a permutation 7 € S,, so that for all
1 <i<nwehavec; = u,-b,r(z-).
9See Exercise 2.5 for some properties of this ring, which we will use in our analysis.
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2-(a+bv/=-3) =1

This implies that 2a + 2by/—3 = 1, s0 2a = 1 and b = 0. But % ¢ R, which proves
that 2 is not a unit. We next suppose that 2 factors as

2 = (a+bv=3)(c+ dv-3), 2.1)

and our goal is to prove that one of the factors is a unit in R. Applying Exercise 2.5(b)
to (2.1), we see that

2=(a—bv/-3)(c—dv-3).
Multipying these two equations yields
4 = (a® + 3b*)(c* + 3d?),

and now we’re working with integers. The only ways to factor 4 as a product of two
positive integers are 1 -4 and 2 - 2 and 4 - 1. But a? + 3b* cannot equal 2, so either

a?+ 30 =4and® =3d%> =1 or a’+3=1land®=3d>=4.

The first case yields ¢ = £1 and d = 0, while the second case yields a = £1 and
b = 0. Hence one of the factors in our factorization (2.1) of 2 is +1, and £1 are
units. This completes the proof that 2 is irreducible. A similar analysis, which we
leave as an exercise (Exercise 2.29), shows that 1 + /—3 are irreducible, and hence
that in R, the number 4 has two different factorizations into irreducibles.

2.8 Field of Fractions (*Optional*)

] This Section is Under Construction \

Our goal in this section is to prove that every integral domain R is a subring of a
field, and that there is a smallest such field F'. The idea of the proof is to construct F'
from R just as one constructs QQ from Z.

Theorem 2.19. Let R be an integral domain. There exists a field F, called the field
of fractions of R, with the following properties:
(i) The ring R is a subring of a field F.
(i) If R is also a subring of some other field K, then there is a unique injective
homomorphism F' — K that takes R to itself by the identity map.

Proof. As noted above, the idea is to construct F' from R in the same way that one
constructs the field of rational numbers Q from the integral domain Z. But we need
to be careful, since even for Q, it is important to keep in mind that different looking
fractions such as %, %, and % all represent the same rational number. ... O
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Exercises

Section 2.2. Abstract Rings and Ring Homomorphisms
2.1. Let R be aring, and let a, b, € R. Prove that
(=a)-(-b)=a-b.

Be sure to justify each step of your proof by using either a definition or a ring axiom. This is
Proposition 2.1(b).

2.2. Let R be aring.
(a) Suppose that the map
f:R— R, f(a)=d?
is a ring homomorphism. Prove that 1 + 1z = Og. In less fancy notation, prove that
2 = 0 in the ring R.
(b) Let p be a prime. Suppose that R is a commutative ring in which p = 0. Prove that the
map
f:R— R, f(a)=ad",

is a ring homomorphism. (Hint. Use the binomial theorem.)
Section 2.3. Interesting Examples of Rings
2.3. Let m > 1 be an integer, and define a map
¢: 2 —7Z/mZ, ¢(a)=amodm.

In other words, the map ¢ sends an integer to its congruence class modulo m. Prove that ¢ is
a ring homomorphism.

2.4. (a) Let 7 and 11 be elements of the ring Z/17Z. Compute o + 3 and o - .

(b) Let 2+ 4x and 1 + 4z + 327 be elements of the polynomial ring (Z/7Z)[z]. Compute
a+ fand a- S.

(c) Let « = 3+ 2i and 8 = 2 — 3¢ be elements of the ring of Gaussian integers Z][z].
Compute o + 3 and « - 5.

(d) Leta = 3 + 2z — 2? and § = 2 — 3z + 2 be elements of the polyomial ring Z[z].
Compute o + S and « - 3.

(e) Let R = Z[i] be the ring of Gaussian integers, and let « = (1 + ) 4+ (2 —4)z — 2* and
B = (2+1%) + (1 + 3i)x be elements of the polynomial ring R[x]. Compute « + 3 and
a- B.

(f) Leta=142i—j+kand 8 = 2—1i+ 35 — k be elements of the ring H of quaternions.
Compute « + 3 and « - 5.

2.5. We have already seen the ring of Gaussian integers Z[i]. More generally, for any integer D
that is not the square of an integer,'® we can form a ring

ZIVD] = {a+bVD :a,b € Z}.

If D > 0, then Z[v/D] is a subring of R, while if D < 0, then in any case it is a subring
of C.

10We rule out the case the D is a square, because if D = d2, then Z[v/D] = Z[d] = Z, so we don’t
get an interesting new ring.
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(@) Leta =2+ 35 and B = 1 — 24/5 be elements of Z[+/5]. Compute the quantities
a+8, a-B8, o.
(b) Prove that the map
¢ : Z]VD] — Z|VD], ¢(a+bVD)=a—bV/D

is a ring homomorphism. (For notational convenience, for & = a + bv/D € Z[/D],
people often write @ = a — by/D, similar to the notation for complex conjugation.)
(c) With notation as in (b), prove that

a-aeZ foreverya e Z[VD).
2.6. Let p be the complex number p = 71%“/5 € C, and let
Zlp] = {a+bp:a,b € Z}.

(a) Prove that Z[p] is a subring of C. (The key here is to prove that if you add or multiply
two elements of Z[p], you get back an element of Z[p].)

(b) Prove that p® = 1. Thus p is a cube root of unity.

(c) Prove that the polynomial X3 — 1 factors as

X*—1= (X = (X = p)(X - p).

2.7. Let R be a commutative ring, let ¢ € R, and let E. : R[z] — R be the evaluation
map E.(f) = f(c).
(a) Prove that E. is a ring homomorphism.
(b) Prove that E.(f) = 0 if and only if there is a polynomial g(z) € Rlx] satisfying
f(z) = (x — ¢)g(x), i.e., prove that ker(E.) is the set of multiples of z — c.

2.8. Prove that the map

C— M:[R), z+yi— (fy 37)’

as discussed in Example 2.6, is an injective ring homomorphism.

Ma(R) = {(‘i Z) :a,b,c,deR}

be the set of 2-by-2 matrices with entries in R. Define addition by adding the corresponding
entries, and define multiplication as described by (1.3) in Example 1.10.
(a) Prove that M>(R) is aring.
(b) Prove that M>(R) is non-commutative.
(c) Find non-zero elements A, B € M»(R) such that AB = 0. (In the terminology of Sec-
tion 2.4, the elements A and B are zero divisors, and M2 (R) is not an integral domain.)

2.9. For any ring R, let

(d) Prove that a matrix (¢ %) has a multiplicative inverse if and only if ad — bc has a multi-
plicative inverse in R.

(e) For those who have taken a class in linear algebra, generalize (a), (b), and (c) to M, (R),
the set of n-by-n matrices with entries in R.
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2.10. Let R be a commutative ring. We consider the ring of polynomials in two variables'!
with coefficients in R,

Rz, y] = {aoo + a10z + any + azox” + anizy + aozy” + -+ : aij € R}.

In other words, an element of R[z,y] is a sum of the form

n k
flay) =" aip—ia'y* ™"

k=0 i=0

(@) Let f(z,y) =342z —y+2°+zyand g(x,y) = 1 — x4+ 3y — zy + 2y be elements
of the ring Z[z, y]. Compute f + g and f - g.

(b) Same question as in (a), except suppose that f and g are in the ring (Z/4Z)[x, y].

(c) For b, c € R, define an evaluation map

Epc: Rlz,y) — R, Ep(f(z,y)) = f(b,c).
Prove that E . is a ring homomorphism.

2.11. Let R be a commutative ring, and let f(x) =€ R[] be a polynomial with coefficients
in R. We define the formal derivative f'(z) of f(x) by writing f(x) as

flz)= Zakxk and setting  f'(z) = Z kapa"".
k=0 k=0

Note that there is no limit being taken, so the formal derivatie makes sense even if, for ex-
ample, R is a ring such as Z/mZ. It also means that when doing this exericse, you’ll need to
directly use the definition of f’(z), since you can’t rely on the proofs from calculus.

(a) Let f(z),g(z) € R[z]. Prove that (f + g)'(z) = f'(x) + ¢'(z).

(b) Let f(z),g(z) € Rlz]. Prove that (f - g)’ (z) = f(x)g' (z) + g(2) f'(x).

(¢) Let f(z), g(x) € R[z]. Prove that the formal derivative of f(g(x)) is f' (g(z))g (x).

2.12. Let R be a commutative ring. The group of units of R is the subset R* of R defined by
R* = {a € R : there is some b € R satisfying ab = 1}.
Prove that R* is a group, where we use multiplication for the group law.

2.13. For a commutative ring R, we let R* denote the group of units of R as defined in
Exercise 2.12.

(a) Prove that Z* = {-1,1}.

(b) Prove that Q" = {a € Q : a # 0}.

(c) Prove that Z[{]* = {-1,1,4,—i}.

(d) Consider the ring Z[v/2] = {a 4+ bv/2 : a,b € Z}. Prove that 1 + /2 € Z[/2]*. Prove
that the powers of 1 + /2, that is, the numbers (1 + +/2)" forn = 1,2,3,.. ., are all
different, and use that fact to deduce that Z[+/2]* has infinitely many elements.

(e) Prove that R[z]* = R*, i.e., the only polynomials in R[z] that have multiplicative in-
verses are the non-zero constants.

1'We leave it to you to generalize to polynomials in more variables, if you want.
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(f) Prove that 1 + 2z is a unit in the ring (Z/4Z)[z] of polynomials with coefficients in the
ring Z/4Z. (Challenge: Describe the complete unit group (Z/47)[z]".)

2.14. For aquaterniona =a+ bt +cj +dk € H,weleta = a — bt — cj — dk.
(a) Prove that aa € R.
(b) Prove that o = 0 if and only if o = 0.
(c) Suppose that o, 8 € H and that a3 = 0. Prove that either « = 0 or § = 0.

Section 2.4. Some Important Properties of Rings

2.15. Let R be a field. Prove that R is an integral domain, i.e., prove that R does not have any
zero divisors.

2.16. Let m be a positive integer.
(a) Prove that Z/mZ is an integral domain if and only if m is prime.
(b) Prove that Z/mZ is a field if and only if m is prime.

2.17. Let R be aring. Prove that R is an integral domain if and only if it has the cancellation
property.
2.18. Let R be a commutative ring.

(a) Prove that there is exactly one integral domain R such that the map

f:R— R, f(a):a67

is a ring homomorphism. (You’ll need to use the fact that 1r # Or.)
(b) Find all integral domains R such that the map

f:R—R, f(a)=a",

is a ring homomorphism.

(c) For each of parts (a) and (b), find at least one ring that is not an integral domain for which
the indicated map is a ring homomorphism.

(d) Let p and g be distinct primes. Characterize all integral domains R for which the map
f(a) = aP? is a ring homomorphism.

Section 2.5. Ideals and Quotient Rings

2.19. Let R be a commutative ring and let ¢ € R. Prove that cR = {rc : r € R} is an ideal
of R.

2.20. Let R be a commutative ring. Prove that R is a field if and only if its only ideals are the
zero ideal (0) and the entire ring R.

2.21. Prove the remaining parts of Proposition 2.8. Let R be a commutative ring, and let I be
an ideal of R.
(a) Leta~+ I and a’ + I be two cosets. Prove that a + I = a’ + I if and only if a — a’ € I.
(b) Prove that addition of cosets is well-defined. definition.
(c) Prove that addition and multiplication of cosets turns R/I into a commutative ring.

2.22. Let R be a commutative ring, and let I be an ideal of R. Prove that the map
R— R/I, a~—a+R
that sends an element to its coset is a ring homomorphism whose kernel is /. This is Proposi-

tion 2.9(a).
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2.23. Let I be the principal ideal of R|[x] generated by the polynomial 2 + 1. Prove that the
map

¢:Rl]/T — C, ¢(f(2) +1) = f(0),
is a well-defined isomorphism, where 4 = \/—1 as usual. This shows how one can use ring
theory to abstractly construct the complex numbers from the real numbers. We will super-
generalize this example in Section 4.6. (Hint. One way to do this exercise is to write out all

the grubby details, but it is easier to apply Proposition 2.9 to the evaluation homomorphism

2.24. Let R be a commutative ring and let / and J be ideals of R.
(a) Prove that the ideal sum

I+J={a+b:aclandbe J}

is an ideal of R.

(b) Give an example to show that the set of products {ab : a € I and b € J} need not be an
ideal. (Hint. If I or J is a principal ideal, then this set will be an ideal, so you’ll need to
use some non-principal ideals.)

(¢) The ideal product of two ideals is defined to be

IJ ={a1bi + asba+---+anb, :n>1anda,...,a, € [and by,...,b, € J}.
Prove that 1J is an ideal of R.
Section 2.6. Prime Ideals and Maximal Ideals
2.25. Let I be the following subset of the ring Z[z] of polynomials having integer coefficients:
I = {2a(z) + xb(z) : a(z),b(z) € Z[z]}.

(a) Prove that [ is an ideal of Z[z].

(b) Prove that I # Z[z].

(c) Prove that I is not a principal ideal, i.e., prove that there does not exist a polynomial
c(x) € Z[z] such that I = ¢(z)Z]x].

(d) Prove that [ is a maximal ideal of Z[x].

2.26. (a) Let m # 0 be an integer. Prove that the ideal mZ is a prime ideal if and only if |m)|
is a prime number in the usual sense of primes in Z.
(b) Let F'beafield, and let a, b € F with a # 0. Prove that the principal ideal (az + b) F/[x]
is a prime ideal of the polynomial ring F'[z].
(c) Again let F' be a field, and let a, b, ¢ € F be elements with a # 0 and b? — ac not equal
to the square of an element of F'. Prove that the principal ideal (az® + bx + ¢) F[z] is a
prime ideal of the polynomial ring F'[z].

2.27. Let Rbe aring, letb,c € R, and let Fy, . : R[z,y] — R be the evaluation homomor-
phism described in Exericse 2.10.

(a) If R is an integral domain, prove that ker(E} ) is a prime ideal of of Rz, y].

(b) If R is a field, prove that ker(E} ) is a maximal ideal of of R[z, y].
(Hint. Use Proposition 2.9 and Theorem 2.14.)

Section 2.7. Irreducibility and Factorization (*Optional®)
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2.28. Let Rbe aring, and let a,b € R.
(a) Assume that R is a domain. Prove that the principal ideals a R and bR are equal if and
only if there is a unit u € R™ satisfying b = au.
(b) Is (a) true for rings that are not domains? Either prove that it is true, or give an example
of a ring for which it is not true.

2.29. Let R = Z[+/—3] be the ring that we studied in Example 2.18.
(a) Prove that &1 are the only units in R.

(b) Prove that 1 ++/—3 and 1 — 1/—3 are irreducible elements of R. (Hint. After you prove
that 1 + +/—3 is irreducible, you can use Exercise 2.5(b) to easily prove that 1 — /—3
is also irreducible.)

Section 2.8. Field of Fractions (*Optional®)
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Chapter 3

Vector Spaces

3.1 Introduction to Vector Spaces

You have probably already studied vectors in the plane, possibly in the guise of
arrows and possibly as pairs of real numbers, where (a, b) denotes the arrow with
tail at (0, 0) and tip at (a, b).

What sorts of operations can we perform on vectors. One thing that we can do is
multiply a vector v,! by a number c. For example, the vector 2v points in the same
direction as v and is twice as long, while —3v points in the opposite direction to v
and is three times as long:

%/%/

Writing v = (a, b) using coordinates, multipying v by the number c is described by
the simple algebraic formula

cv = (ca, cb). (3.1)

You may also have learned how to add vectors by putting them tip-to-tail and
drawing the third side of the triangle, as in the following picture:

!n this book, we denote vectors using boldface type. You can’t do this in handwritten homework, so
instead you should put a little arrow over the letter, thus ¥.
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v + V2

V2

V1

In terms of coordinates, addition of two vectors in the plane is given by the formula
vy +v2 = (a1,01) + (az,b2) = (a1 + az, by + b). (3.2)

Thinking abstractly, we observe that vectors allow two sorts of operations:

e We can multiply a vector by a number. This is called scalar multiplication.

e We can add two vectors. This is called vector addition.
And these operations are related by various sorts of formulas, for example there is a
distributive law c¢(v1 + va) = cv1 + cva.

So now it’s time to take the space of vectors in the plane and “jazz it up”? into

a general mathematical construction, similar to the way that we started with Z and
ended up with Rings.

3.2 Vector Spaces and Linear Transformations

The numbers (scalars) that we used for the “arrow-vectors” in Section 3.1 are real
numbers. If we instead look at vectors that are pairs (a, b) of numbers, and if we add
and multiply by ¢ them using the rules (3.1) and (3.2), then we could take a, b, c to be
some other sort number. For example, we could take a, b, ¢ to be complex numbers.
More generally, we can use any sort of “numbers” that allow us to add, subtract,
multiply, and divide. As we discussed in Section 2.4, these algebraic objects are
called fields. They are commutative rings, but they have the special property that
every (non-zero) element has a multiplicative inverse.

Definition. A field is a commutative ring F' with the property that for every a € F
with a # 0 there is a b € F satisfying ab = 1.

Example 3.1. You are already familiar with lots of fields, including Q, R, and C,
known respectively as the fields of rational numbers, real numbers, and complex
numbers. For every prime p, the ring of integers modulo p is a finite field, denoted I,
or Z/pZ. In Chapter 4 we will see lots of other fields.

In this chapter we fix a field and use it as a basic building block in the defini-
tion of a vector space. Subsequently, in Chapter 4, we will use vector spaces as a
fundamental tool to study fields and field extensions.

2 As you know by now, the formal mathematical term for “jazz it up” is “axiomatize”.
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Definition. Let F' be a field. A vector space with field of scalars F', or alternatively
an F-vector space, is an abelian group V' with a rule for multiplying a a vector v €
V by a scalar ¢ € F' to obtain a new vector cv € V. Vector addition and scalar
multiplication are required to satisfy the following axioms:
(1) [Identity Law]

lv=wvforallveV.

(2) [Distributive Law #1]

c(v1 4+ v2) = cvy + cvg forall vy, vy € Vandallc € F.
(3) [Distributive Law #2]

(c1+c)v=civ+cuforallv € Vandall ¢1,co € F.

The identity element of V' is called the zero vector and is denoted by 0. It should not
be confused with O € F', which is the zero element of the field F'.

Just as with the axiomatic definitions of groups and rings, there are many basic
facts about vector spaces that can be proven directly from the definitions. We list a
couple of them here, but leave the proofs for you as an exercise.

Proposition 3.2. Let V be an F-vector space.
(@ Ov=0forallveV.
) (-)v+v=0foralveV.

Proof. See Exercise 3.1. O

The operations that characterize a vector space are vector addition and scalar
multiplication, so we focus on maps between vector spaces that respect these opera-
tions.

Definition. Let F' be a field, and let V and W be F'-vector spaces. A linear trans-
formation from V to W is a function

L:V—W
satisfying:
L(c1vy1 + cavs) = c1 L(v1) + coL(vy) forall vy, ve € Vandall ¢1,co € F.

In the next section we will provide many examples of vector spaces and linear
transformations.

3.3 Interesting Examples of Vector Spaces

We already discussed how to define vectors in the plane as pairs of real num-
bers (a, b), and similarly vectors in 3-dimensional space where we live® can be spec-
ified by triples (a, b, ¢) of real numbers. More generally, we can form a vector space
using the set of n-tuples with coordinates in any field.

30r maybe not, since according to modern physics, we may be living in a 26-dimensional space, but
most of the dimensions are packed up so tightely that we can’t see them!

Draft: February 14, 2018 (©2018, J. Silverman



52 3. Vector Spaces

Example 3.3. Let F be a field, and let n > 1 be an integer. Then F™ is the F'-vector
space whose vectors are n-tuples of elements of F',

"= {(al,ag,...,an) 1a1,...,0n € F}
Vector addition and scalar multiplication are done coordinate-by-coordinate,
(a1,a2,...,a,) + (b1,ba,...,b,) = (a1 + b1,a0 + ba,...;an + by), (3.3)
clar,as,...,a,) = (cay,cag, ..., can). (3.4)
We leave it to you to check the vector space axioms; see Exercise 3.6. Among the

interesting special cases of this construction are R", C", and IFZ Notice that the
vector space [} is finite; it contains exactly p™ different vectors.

Example 3.4. The maps
L(ay,a2) = (3a1 — 5asg, 2a1 + 3asz),
L'(al, as, a3) = (3@1 — das + 2a3,2a; + 3as — 7a3),

are, respectively, linear transformations L : R?> — R? and L' : R® — R2. See
Theorem 3.17 for a super-generalization of these examples.

Example 3.5. The set of polynomials F'[z] with coefficients in a field F' is an F-
vector space, where we add polynomials and multiply polynomials by scalars in the
usual way. For any ¢ € F', the evaluation map

E.:Fla] — F, Ec(f(x)) = f(c),

is a linear transformation. More generally, for any list of values c;,...,c, € F, we
can define a linear transformation by the formula

Ee: Fla] — F",  Ec(f(2)) = (f(c1),+ , f(en)-
Example 3.6. This example is for students who have taken calculus. Let
V = {functions f : R — R},
Vet = {continuous functions f : R — R},

V4T — fdifferentiable functions f : R — R}.

These are R-vector spaces, where we add functions and multiply them by scalars as
usual,

(f+9)(x) = f(x) +g(z) and (cf)(x) = cf(x).
Differentiation is a linear transformation
D:VY —V, D(f(z)) = f(z) = lim feth - f@)
h—0 h
Similarly, for any a € R, integration is a linear transformation

Lo s Ve — VAT L (f(2) = / f(t) dt.
The Fundamental Theorem of Calculus is then summarized by the two formulas

IooD(f(2)) = f(z) — f(a) and Dol,(f(x)) = f(x).
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3.4 Bases and Dimension

It is very convenient that every vector in R? can be uniquely expressed using the two
vectors e; = (1,0) and e; = (0, 1). More precisely, a vector v = (a,b) € R? can
be written as

(a,b) = a(1,0) +b(0,1) = ae; + bea,

and the coefficients a and b uniquely identify the vector v. A similar construction
works for R™, and indeed for F'™, where F' is any field. As we’ve done many times
before, we now axiomitize the idea of a collection of vectors in V' that can be used
to uniquely express every vector V.

Definition. Let V' be an F-vector space. A finite* basis for V is a finite set of vec-
tors B = {vy,...,v,} C V with the following property:

Every vector v € V can be written in the form

V= a1 + a2 + -+ a, vy,

for exactly one choice of scalars ay,...,a, € F.
An expression of the form ayv; + --- + a,v, is called a linear combination
ofvi,...,Un.

Example 3.7. Let F be a field. The standard basis® for F™ is the collection of vec-
tors {e, eq, ..., e,}, where

e, =(0,0,...,0,1,0,...,0,0).
T
k’th coordinate
We note that a vector v = (ay,...,a,) € F™ can be written as a sum
v =a1€e1 +ases + -+ an€y,

and that the coefficients of ey, ..., e, are uniquely determined by v. The coeffi-
cients a1, ..., a, are called the coordinates of v for the standard basis of F™.

Example 3.8. Consider the three vectors v1 = (1,0), v2 = (0,1), and v3 = (1,1)
in R2. Every vector in R2 is a linear combination of vy, v4, and v3, but in many
different ways, so {v1, v2, v3} is not a basis for R2. For example we can write the
vector v = (5, 3) as

v = 5v1 + 3vy = 3v1 4+ vo + 2v3 = Tvy + dvy — 2v3.

How can we tell if a given set of vectors is a basis? This is answered by a propo-
sition that depends on two important concepts.

4Not every vector space has a finite basis. See Remark 3.15 for a discussion of infinite bases and
Exercise 3.13 for an example of an infinite dimensional vector space.
5 As the terminology suggests, we will see shortly that there are many other bases for F'™.
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Definition. Let V' be an F-vector space, and let A = {vq,...,v,} be a set of

vectors in V.

(1) The set A spans V if every vector in V' is a linear combination of the vectors
in A, i.e., if for every vector v € V we can find scalars aq, ..., a, € F so that

V= a1v1 + agy + -+ apv,.

(2) The set A is linearly indpeendent if the only scalars aq, . .., a, € F that make
ai1v1 + asvg + - -+ apv, =0 are ay=ay=---=a, =0.
Proposition 3.9. Let V be an F-vector space, and let A = {v1,...,v,} be a set of

vectors in V. Then A is a basis for V' if and only if A both spans V' and is linearly
independent.

Proof. Suppose that A is a basis. If we write
a1v1 +asve+ -+ apv, =0=0-v1+0-vo4+---+0-v,

for some scalars aq, . . ., a,, then the uniqueness of the coefficients tells us that a; =
az = - -+ = a,. Hence A is linearly independent.

Suppose now that .4 spans and is linearly independent. The fact that .4 spans
means that every vector v € V is a linear combination of the vectors in A, so it
remains to prove that the coefficients are uniquely determined by v. So suppose that
we have

v =a1v1 +asvy+ - +a,v, and v =bjvy+ byvs+---+b,v,.
Then
0=v—v=_(a; —b)vy+ (a2 —ba)va+ -+ (an — bp)vn.

The definition of linear independence tells us that every scalar coefficient is 0, so
a; = b; forevery 1 <i < n. O

The next theorem tells us that if we are given a finite spanning set, then we can
find a subset that’s a basis.

Theorem 3.10. Let V be an F-vector space, and let A = {v1,...,v,} be a finite
set of vectors in V that spans V. Then there is a subset of A that is a basis for V.

Proof. Among the subsets of A that are spanning sets, we take one containing the
smallest number of vectors. Relabeling the vectors in A, we may assume that this
“smallest” subset, which we denote by B, is {v1, ..., v, }. Thus B is a spanning set
with the property that no subset of B is a spanning set. We claim that B is a basis.
In view of Proposition 3.9, it suffices to prove that B is a linearly independent
set. So we suppose that B is not linearly independent and deduce a contradiction.
Our assumption means that we can find scalars a1, ..., a, € F, not all 0, such that
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ai1v1 + asvy + - - + a;, v, = 0. 3.5)
Again relabeling the vectors if necessary, we may assume that a; # 0. Dividing (3.5)
by a1, and to make notation easier letting b; = —a;/ay, we have
v = bQ'UQ + e+ bm'l)m. (36)
We claim that {vs, ..., v,,} is a spanning set, which will contradict the choice of B
as having the smallest number of elements of any spanning subset of .A.
To check that {vs,...,v,,} is a spanning set, we start with an arbitrary vector
v € V . The fact that B is a spanning set means that we can find scalars ¢y, ..., cp,
so that
V=C1V1 + Vs + -+ CpUm. 3.7
Then
V=211 + U2+ -+ CnUm from (3.7),
=c1(bova + -+ bpvy) + c2V2 + -+ U, from (3.6),

= (Clbg + 02)1)2 + -4 (Clbm + cm)vm.

This shows that v is a linear combination of vy, . .., v,,, and hence {va, ..., v, } is
a spanning set. This contradiction concludes the proof of Theorem 3.10. O

The next result is of fundamental importance in studying vector spaces and for
applying the theory of vector spaces to other areas of mathematics.

Theorem 3.11. Let V' be a vector space that has a finite basis. Then every basis
for' V' has exactly the same number of elements.

Proof. Let
A={vy,...,v,} and B={w,...,wy}

be two bases for V, where by switching A and B if necessary, we may assume
that m < n. The idea of the proof is to show that we can replace m carefully chosen
vectors in .4 with the vectors in B and still have a basis.

We want to do this one vector at a time, so what we will do is prove that the
following statement holds for all integers k between 0 and m. The proof will be by
induction on k.

Statement(k): It is possible to relabel the vectors in A so
that the set of vectors

{wy,..., Wk, Vpt1,Vg42,...,Vn} 1S abasis for V.

We start by observing that Statement(0) simply says that A is a basis, which we
know. So that gets the induction started.

We next assume that Statement(k) is true for some k satisfying 0 < k <
m, and our goal is to prove that Statement(k + 1) is true. The assumption that
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Statement(k) is true says that possibly after relabeling the vecors in .4, the set of
vectors

C= {wl, ey Wy, V41, V425 - - - ’Un}
is a baiss for V. In particular, we can write wy1 as a linear combination of the
vectors in C, say

Wil = QW1 + -+ + QpWg + Qg 1Vi41 + -+ ApUn. (3.8)

We note that it is not possible for all of the coefficients ay+1, . . ., a, to vanish, since
if they did, then we would have

awy + -+ apwy — wiy1 = 0,

contradicting the fact that B is a linearly independent set. Hence at least one
of agy1,...,a, is non-zero, and relabeling the vectors in A, we may assume
that ax41 # 0. This allows us to divide (3.8) by ar4+1 # 0 and solve for vy,
thus

om a a2 an
Vi1 = — wy == Wp — Wh1 — ——Vkgp = — V.
G41 Q41 Q41 Q41
To ease notation, we are going to let b; = —a; /a1, which allows us to rewrite this
as
Vi1 = bwy + - + bpwg + bp1 Wi 1 + bp2Vk+2 + -+ bpvn,  (3.9)
where we note that by = —1.

We claim that

D = {wla"'awk7wk+17vk+2?"'avn}

is a basis for V, which will complete the proof that Statement(k + 1) is true. Ac-
cording to Proposition 3.9, we need to prove that D spans V" and is linearly indepen-
dent.

We start by showing that D spans. Let v € V. We want to write v as a linear
combination of the vectors in D. We first use the induction assumption that C is a
basis for V' to write v as a linear combination of the vectors in C, say

V= Clwy + s+ CpWE + Ch1Vk41 + Chy2Vk42 + -0+ CpUp.
We use (3.9) to eliminate v, and then a bit of algebra to compute
vV=clwi + -+ cpwi
+ crr1(brwy + -+ bpwp + bpp1Wrt1 + b p2Vkra + -+ byvy)
+ Ck42Vk42 + -+ -+ CrUy

(1 + cpprbr)wr + -+ (e + Crp1bp) W + Chp1Wi41
+ (Cht1bk42)Vky2 + - - + (Chp1bn)vn.
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This expresses v as a linear combination of the vectors in D, which completes the
proof that D spans V.

Finally, we want to show that D is a linearly independent set. So suppose that we
have a linear combination of the elements of D that sum to 0, say

dywi + - + dpwy, + dpg1 Wit + di2Vpq2 + - +Fdpvy, =0 (3.10)

for some scalars di,...,d, € F. We need to show that all of the d; vanish. Using
the fact that by 1 = —1, we rewrite (3.9) as

Wiy = biwy + -+ bpwg + bpp1Vp1 + bppoVpio + o+ bpv,. (Bi11)
We use (3.11) to eliminate w1 from (3.10) and do a little algebra, thus

0=diw; + - +dywg + dgr1Wk+1 + digy2Vp42 + - - - + dpv,  from (3.10),
=dywi + -+ dpwy
+ di1 (hiwi + -+ - + bpwy + b1 Vg1 + bpg2Vig2 + - + bpvy)
+ dpyoVir2 + - -+ +dyv, using (3.11) to eliminate w41,
= (dy + dpp1br)wy + - + (dp + dpprbp)wi + dig 10k 1VE41
+ (dgt1bkt2 + dit2)Vkq2 + - - + (dg1bn + dp)vs. (3.12)

Our induction assumption that C is a linearly independent set implies that all of the
coefficients of (3.12) vanish. Looking first at the coefficients of vy, we find that
di+1bk+1 = 0. But b1 = —1, so di1 = 0. Substituting dx4+1 = 0 into (3.12)
yields

0=dywi + - +dpwi + dpy2Vp42 + - - + dpvy,.

The vectors wy, ..., Wk, Vgto,...,V, are in the set C that we know is a linearly
independent set, which allows us to conclude thatd; = -+ = d, = dg42 = --- =
d,, = 0. But we already proved that dj,; = 0, so we have shown that all of the coef-
ficients of (3.10) vanish. This completes the proof that D is a a linearly independent
set, and thus that it is a basis.

We have now proven that for all 0 < k < m, if Statement(k) is true, then
Statement(k + 1) is also true.We conclude by induction that Statement(k) is true
for all 0 < k& < m. In particular, Statement(m) is true, so possibly after relabeling
the vectors in our original basis A, we have shown that the set

{wl,wg,...,wm,vm+1,...,vn} (313)

is a basis for V. But we also know that B = {w1, ws, ..., w,,} is a basis for V.
Suppose that n > m + 1. Then the fact that B is a basis means that we can
write v, 11 as a linear combination of the vectors in B, say

Um+1 = €1W1 + - tenwn,.

This allows us to write 0 as ejw; + - -+ + €, Wy, — U1, Which is a non-trivial
linear combination of the vectors in (3.13). Hence (3.13) is not linearly independent,
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so it’s not a basis. This contradiction proves that n < m + 1. Since we started with
the assumption that m < n, and since m and n are integers, this completes the proof
that m = n. O

Definition. Let V be a vector space that has a finite basis. The dimension of V' is the
number of vectors in a basis of V. This is a well-defined quantity, since Theorem 3.11
tells us that every basis has the same number of elements. The dimension of V' is
denoted dim(V), or sometimes dim (V') if we want to specify the field of scalars.
A vector space that does not have a finite basis is said to be infinite dimensional.

Example 3.12. The vector space I’ has dimension n. The set of standard basis
vectors {ey, ..., e,}, as described in Example 3.7, is a basis.

Example 3.13. For any n > 0, the set of polynomials

{f(@) € Fla] : deg(f) < n}

is an F-vector space of dimension n + 1. The set {1, z, 22, ..., 2"} is a basis.

Example 3.14. The F-vector space F'[x] consisting of all polynomials is an infinite
dimensional vector space. See Exercise 3.13.

Remark 3.15. Does every vector space have a basis? Before answering this question,
we need to figure out what it means for an infinite set 3 to be a basis. Here is the
standard definition. We say that B is a basis for V' if every element of V' can be written
in exactly one way as a linear combination of some finite subset of B. It is important
that our linear combinations have only finitely many terms, since in general there is
no way to compute infinite sums, which would require some sort of limiting process.
With this defintion, the assertion that every vector space has a basis is one of the
many statements that are equivalent to the Axiom of Choice, which you studied in
Unit #1.

3.5 Linear Transformations and Matrices (*Optional*)

’ This Section is Under Construction ‘

In this section we discuss how linear transformations may be described using
matrices, and vice versa. The key to doing this is to choose a basis for the domain
and the range.

Definition. Let V and W be finite dimensional F'-vector spaces, and let
By ={vi,va,...,v,} and By = {wi,wa,...,w,}

be bases for V' and W, respectively. Let L : V' — W be a linear transforma-
tion. Then we can write the images of vy, ..., v, uniquely as linear combinations
of wy, ..., wy, say
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L(vq) = annwi + a21wa + -+ + Q1 Wi,

L(v2) = ajpwi + 2wz + - -+ + AmaWy,,
(3.14)

L(v,) = aipnwi + a2pwa + -+ + G Wiy,

for a list of scalars a11, ..., am, € F.Itis standard practice to arrange these scalars
into an m-by-n array called a the matrix of L relative to the bases By and Byy,

a1l aiz *-- Qain
a21 Q22 -+ Q2n

Mipysw=1| . . . . |- (3.15)
Am1 Gm2 " Amn

A matrix having m rows and n columns is called an m-by-n matrix.

Example 3.16. Let L : F™ — F"™ be a linear transforamtion. Then the matrix of L
relative to the standard bases of I’ and F'™ is often just called the matrix of L. For
example, the matrices of the linear transformations L : F?2 5 F2?andl : F?2 > F3
in Example 3.4 are

3 2
ML = <_35 ?ﬁ) and ML/ = -5 3
2 =7

Theorem 3.17. Let V and W be finite-dimensional F-vector spaces and let By
and By be bases, respectively, for V and W.
(@) Let L : V — W be a linear transformation. Then the matrix My g, s, of L
relative to the two given bases, as given by (3.15), completely determines L.

(b) Conversely, if A is an m-by-n matrix with entries a;;j in F for 1 < i < 'm and
1 < j < n, then there is a unique linear transformation L4 : V — W whose
matrix relative to the two given bases satisfies My, g, 5., = A.

Proof. (a) Let By = {v1,vs,...,v,}and By = {w1,wa,...,w,} be the given
bases, so the entries of My, 3, 5, are determined by (3.14). Let v € V. Since By is
a basis, we can write v as a linear combination of the vectors in By, say

V=cv1+ -+ Ccpv,. (3.16)

We compute
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L(v) = L(Z cjvj> from (3.16),
j=1

= Z ¢;L(vj) since L is a linear transformation,
j=1

= Z cj Z a;jw; using (3.14),
j=1 =1

= Z ( cjaij) w; switching order of sum.
i=1 \j=1

This formula shows how to use the matrix My, g, 5, to compute the value of L(v)
for every vectorv € V.
(b) We leave this as an exercise. See Exercise 3.14. O

The next order of buisness is to figure out what happens to the matrix My, 5, 3B,
if we choose different bases for V and W. ...

3.6 Subspaces and Quotient Spaces (*Optional*)

’ This Section is Under Construction ‘

3.7 Inner Products (*Optional*)

’ This Section is Under Construction ‘

Exercises

Section 3.2. Vector Spaces and Linear Transformations

3.1. Let V be an F'-vector space. Use the axioms for a vector space to prove the following
statements.
(a) Ov =0forallv e V.

(b) (-1)v+v=0forallveV.

3.2. Let V be a Q-vector space. Let n € QQ be a positive integer, and let v € V be a vector.
(a) Prove that

n=v+v+--+0v.
n copies of v
(Hint. Induction.)
(b) What happens if n is a negative integer?
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3.3. Let F' be a field, let V and W be F'-vector spaces, and let L : V' — W be a linear
transformation from V to W. Let v1,...,v, € Vandcy,...,c, € F. Prove that

L(civr 4+ cov2 + -+ - + ¢cnvyn) = c1L(v1) + c2L(v2) + - - - + cn L(vy).
3.4. Let V be an F'-vector space, and let
Li:V =V andLy:V =V

be linear transformations from V to itself. We define new functions L, + Lo and L, L2 map-
ping V to V' by the following rules:

(L1 + L2)(v) = L1(v) + La(v) and  (L1Lz)(v) = L1 (L2(v)). (3.17)

(a) Prove that L1 4+ Lo and L; Lo are linear transformations.
(b) Let L3 : V — V be another linear transformation. Prove the following formulas:

(1) (L1 + L2) + Lz = L1 + (L2 + L3).
(2) (LlLZ)L3 = L1(L2L3).
(3) Li(L2+ L3s) =L1La+ LiLs and (L1 + L2)L3 = L1Ls + Lo Ls.

(c) Prove that the set of linear transformations from V' to V' is a ring, where addition and
multiplication are given by (3.17). What is the identity element of this ring. What is the
additive inverse of a linear transformation L?

The ring of linear transformations from V' to V is called the endomorphism ring of V' and is
denoted End(V'), or sometimes End (V') if one wants to emphasize the field of scalars.

3.5. This is a continuation of Exercise 3.4. Let V be an F'-vector space, and let L. €
Endg(V). Prove that

L is a unit in the ring Endr (V) ifand only if L : V — V is an isomorphism.

The group of units in End (V) is called the General Linear Group of V and is denoted
by GLr(V).6

Section 3.3. Interesting Examples of Vector Spaces

3.6. Let F' be a field, and let n > 1 be an integer.
(a) Prove that the set of n-tuples F", with the vector addition and scalar multiplication
rules (3.3) and (3.4), is an F'-vector space.
(b) Let p be a prime. Prove that the IF;,-vector space I, has exactly p™ distinct vectors.

3.7. Prove that the map L and L’ in Example 3.4 are linear transformations.
3.8. Let F'be afield, and let ¢y, . .., ¢, € F. Prove that the map

Ee:Flz] — F", Ec(f(z)) = (f(c1), -, flcn)).
is a linear transformation.

Section 3.4. Bases and Dimension

In the special case that V' = F™, the group GLx(F™) is frequently denoted by GL,, (F)
or GL(n, F).
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3.9. Let V be a finite dimensional vector space, let A be a finite subset of V, and suppose that
#A = dim(V'). Prove that the following are equivalent:

(1) Aspans V.

(2) Ais linearly independent.

(3) Aisabasis for V.

3.10. Let V be a finite-dimensional F-vector space, and let n = dim(V'). Prove that V' is
isomorphic to F'", the vector space of n-tuples discussed in Examples 3.3 and 3.7.

3.11. Let V be a finite-dimensional F'-vector space, let n = dim(V), and let {v1,...,vi}
be a set of linearly independent vectors in V. Prove that £k < n, and that if k < n, then there
exist vectors V41, . ..,U, € V so that {v1,...,v,} is abasis for V.

3.12. Let V and W be finite-dimensional F'-vector spaces.
(a) Suppose that there is an injective linear transformation V' — W. Prove that dim (V') <
dim(W).
(b) Suppose that there is a surjective linear transformation V' — W. Prove that dim(V') >
dim(W).

3.13. Prove that the F-vector space F[x] consisting of all polynomials with coefficients in F’
is an infinite dimensional vector space, i.e., prove that F'[z] does not have a finite basis.

Section 3.5. Linear Transformations and Matrices (*Optional®)

3.14. Let V and W be finite-dimensional F'-vector spaces and let By and By be bases,
respectively, for V' and W. Let A is an m-by-n matrix with entries in F. Prove that there is
a unique linear transformation L4 : V' — W whose matrix relative to the two given bases
satisfies M1, 5, .8, = A. (This exercise is asking you to prove Theorem 3.17(b).)

Section 3.6. Subspaces and Quotient Spaces (*Optional®)

3.15. Let V be a finite-dimensional F'-vector space, and let W C V be a vector subspace.
Prove that IV is finite-dimensional and satisfies

dim(W) < dim(V).

Section 3.7. Inner Products (*Optional®)
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Chapter 4

Fields

4.1 Introduction to Fields

In Chapter 2 we introduced fields as being those commutative rings having one ad-
ditional very special property,! and in Chapter 3 we built vector spaces using fields
as scalars.

Definition. A field is a commutative ring F' with the property that for every a € F
with a # 0 there is a b € F satisfying ab = 1.

In this chapter we continue the journey by studying fields in their own right. On
the way, we investigate how fields fit one within another, learn how to construct new
fields from old fields, and describe all fields having a finite number of elements.
These finite fields are not just mathematical curiosities; they play a crucial role in
many areas of pure and applied mathematics and engineering, including for example
signal processing, error correcting codes, and cryptography.

Mini-Remark 8. Some Historical Motivation: Field theory was originally developed to aid
in studying roots of polynomials. It is easy to find the root of a linear polynomnial ax + b,
and methods for finding the roots of a quadratic polynomial az® + bz 4 ¢ have been known
since antiquity. In the 16’th century, similar formulas involving cube roots and fourth roots
were discovered for the roots of cubic and quartic polynomials,” and the race was on to find
formulas for polynomials of degree 5 and higher. The theory of fields was developed to provide
a repository for the roots of the polynomials, and somewhat surprisingly, group theory turned
out to be a fundamental tool in proving that there is no formula involving only n’th roots of
numbers to solve a general equation of degree at least 5. Indeed, field theory and the theory of
finite groups both originated primarily to study roots of polynomials.

IFields are not your plain, everyday, commonplace, come-what-may, average, ordinary kind of rings.
2The history of these discoveries, and the machinations of the rival mathematicians, makes for a fasci-
nating story, which you can read about by looking up “Cardano’s formula.”
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4.2 Abstract Fields and Homomorphisms

We begin by recalling from Section 2.7 the definition of the unit group of a commu-
tative ring R; see also Exercises 2.12 and 2.13.

Definition. Let R be a commutative ring R. The unit group of R is the group
R*={a € R:thereisab € R such that ab = 1},
where the group law is ring multiplication.

With this definition, a succint way to characterize a field is that it is a commutative
ring F' satisfying
F*={a€F:a#0}.

As for maps between fields, we obviously want them to preserve the properties
that make a field a field. In particular, since fields are rings, we want our maps to
(at least) be ring homomorphisms. It turns out that that’s enough to ensure that mul-
tiplicative inverses go to multiplicative inverses. We prove this assertion, as well as
the somewhat surprising fact that maps between fields are always injective. Note that
this last assertion is definitely not true in general for rings; for example, the reduction
mod m homomorphism Z — Z/mZ his highly non-injective.

Proposition 4.1. Let F' and K be fields, and let ¢ : F' — K be a ring homomor-
phism.

(a) The map ¢ is injective.

(b) Leta € F*. Then ¢(a™ 1) = ¢(a)™ L.

Proof. (a) According to Theorem 2.9(b-ii), we need to show that ker(¢), the kernel
of ¢, is the zero ideal. We do a proof by contradiction. Suppose that ker(¢) is not the
zero ideal, and let a € ker(¢) with a # 0. Then a has an inverse, say a - b = 1p. We
use this to compute

1 = ¢(1p) = ¢(a-b) = ¢(a) - p(b) = Ok - $(b) = Ok

But the axioms for a ring include the fact that 1 # 0, so this contradiction proves
that ker(¢) consists of only 0.

(b) From (a) we know that ¢ maps non-zero elements of F' to non-zero elements
of K. And since we are told that ¢ is a ring homomorphism, we know in particular
that ¢(ab) = ¢(a)¢p(b) for all a, b € F. In particular, we see that the map

¢: F* — K*
is a group homomorphism from the unit group of F' to the unit group of K. Then

the fact that ¢ sends multiplicative inverses to multiplicative inverses is exactly the
statement of Proposition 1.13. O
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4.3 Interesting Examples of Fields

Example 4.2 (The Fields Q, R, C). There are three fields with which you’re al-
ready very familiar, and they fit one within the next, like Matryoshka nesting dolls,

QcRcC.
Example 4.3 (The Field Q(2)). The following subset of C is a field:
Q@) ={a+bi:a,beQ}.

The multiplicative inverse of a non-zero element a + bi can be obtained by “rational-
izing the denominator,”

1 1 a—bi a—bi a b

at+bi a+bi a—bi  a2+b>  aZ+ b2 _a2+1)22'

Example 4.4 (The Field Q(\/i) ). In a similar fashion, we can use /2 to describe a
subset of R that is a field:

Q(V2) ={a+bv2:a,b € Q}.

The multiplicative inverse of a non-zero element a + b/2 can again be obtained by
rationalizing the denominator,

1 1 a—b/2 a—b\/ii a b

= : —= = - 2.
a+bv/2 a+bv/2 a—bv/2 a2 —2b%2 a2 —2b? a2—2b2\[

The inverse of a@ + bv/2 is well defined, because v/2 is not a rational number, as you
proved in the Number Theory Unit. It follows that a? — 2b% # 0 for a, b € Q as long
as a and b are not both 0.

Example 4.5 (The Finite Field F,,). In general, the ring Z/mZ need not be a field.
For example, the ring Z/67Z is not a field, since 2 does not have a multiplicative in-
verse. However, it follows from the Number Theory Unit that if p is a prime number,
then every non-zero element of Z/pZ has a multiplicative inverse, and hence Z/pZ
is a field. It is an example of a finite field and is often denoted IF,,. It turns out that
there are other finite fields. More precisely, it can be shown that for every prime
power p”, there is exactly one finite field containing p* elements. See Exercise 4.5
for a description of a field with 4 elements.

Example 4.6 (Skew Fields). A skew field, also called a division ring, is ring in which
every non-zero element has a multiplicative inverse, but we no longer require that the
ring be commutative. A famous theorem of Wedderburn says that a finite skew field
must be commutative, but there are many interesting non-commutative infinite skew
fields. See Exercise 4.2 for an example.
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4.4 Subfields and Extension Fields

Definition. Let K be a field.? A subfield of K is a subset I of K that is itself a field
using the addition and multiplication operations from K.

Definition. Let F be a field. An extension field of F is a field K such that F is a
subfield of K. One writes that &/ F is an extension of fields.

Example 4.7. The field Q is a subfield of the field R, and thus R is an extension field
of Q. The fields Q@ and R are subfields of the field C, and thus C is an extension field
of the fields Q and R.

The fields Q(i) and Q(+/2) described in Examples 4.3 and 4.4 are extension
fields of Q. The former is a subfield of C, but not of R, while the latter is a subfield
of R.

Let K/ F be an extension of fields. We observe that we can add elements of K,
and we can multiply elements of K by elements of F', and that with these obser-
vations, the field K becomes an F'-vector space. What we’re doing, in essence, is
discarding much of the multiplication operation in K, and only retaining multiplica-
tion of elements of K by elements of F'. This myopic policy is the key to using tools
from linear algebra to study field extensions. We start with an important definition.

Definition. Let K/F be an extension of fields. The degree of K over F', denoted
[K : F], is the dimension of K when viewed as an F'-vector space,

(K : F] = dimp(K).

If [K : F) is finite, we say that K/ F'is a finite extension, otherwise we say that K/ F
is an infinite extension.

Example 4.8. The fields Q(i) and Q(v/2) described in Examples 4.3 and 4.4 have
degree 2 over Q,

[Q(): Q] =
[@(v2): Q]

Similarly, we have [C : R] = 2, since {1, 4} is an R-basis for C. On the other hand, it

is not hard to see that [R : Q] = oco. Here’s a fancy proof by contradiction, although

there are certainly other, more perspicacious, proofs. Suppose that {a1,...,a,} C
R is a finite set of real numbers that formed a basis for R as a Q-vector space. Then

since {1, i} is a Q-basis for Q(i),

2,
2, since {1,V/2} is a Q-basis for Q(V2).

R={cia1+ - +cpay:c,...,c, €Q}.

But the set on the right is countable, since its cardinality is the same as the cardinality
of the set of n-tuples of rational numbers, while you proved in the Logic and Set
Theory Unit that R is uncountable.

3 A remark on notation. Since the letter F" is frequently used to denote a function, the letter K is often
used to denote a field, coming from the German word Korper for field. The French word for field is corp,
but it would be confusing to use C, which usually denotes a constant, to be a field.
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The next theorem has a flavor similar to the index multiplication rule, described
in Exercise 1.23, which counts cosets in a chain of groups.

Theorem 4.9. Let L/ K/ F be extensions of fields, i.e., L is an extension field of K,
and K is an extension field of F, so we may also view L as an extension field of F'.
Then

[L:F]=[L:K] [K:F], 4.1)

in the sense that one of the following is true:
(1) All of the degrees [L : F), [L : K],and [K : F] are finite, and (4.1) is true.
(2) [L: F] = o0, and either [L : K| = o0 or [K : F] = oc.

Proof. We start with the case that L/K and K/F are finite extensions. This means
that we can choose bases,

A ={a1,as,...,a,} = basis for K as an F-vector space,
B={p1,P2,...,0n} = basisfor L as an K-vector space.

We claim that the set
C={af;:1<i<m,1<j<n}
is a basis for L as an F'-vector space. Assuming this, it is easy to prove (4.1), since
[L: F)=dimp(L) = #C =mn=#A-#B
=dimp(K) -dimg (L) =[K : F]-[L: K].

We will prove that C is a linearly independent set and leave the rest of the proof
of Theorem 4.9 to you. So suppose that we have an F'-linear combination of the
elements of C that sums to 0, say

Z Z cijaiﬂj =0 withall Cij € F.
i=1j=1
Our goal is to show that all of the c;; are 0. We switch the order of the sums to obtain

>3 cwes) 5, =0, 42)
=1

Jj=1

The inner sum is in K, since ¢;; € F and o;; € K.

This gives a linear combination of 1, . .., 3, with coefficients in K. But 51,..., (3,
is a basis for L as a K -vector space, so in particular it is K -linearly independent. It
follows that all of the coefficients of the 3; in the sum (4.2) vanish,

Zcijai =0 foralll <j<mn. (4.3)

i=1
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But we also know that a, ..., a,, is a basis for K as an F'-vector space, and the
F'-linear independence of «vy, . . ., oy, implies that the ¢;; coefficients in (4.3), being
in F', must all vanish. This completes the proof that every c;; = 0, and hence that C
is an F'-linearly independent set.

The other step in proving that C is a basis for L as an F-vector space is to prove
that C is a spanning set. As mentioned earlier, we leave this, and the other parts of
the proof of Theorem 4.9, to you. See Exercise 4.6. O

4.5 Polynomial Rings

In this section we briefly discuss some properties of polynomials with coefficients in
a field F'. We start with a couple of familiar definitions.

Definition. Let F' be a field, and let f(z) € F[z] be a non-zero polynomial.
Write f(x) as

f(@)=ag+arz+ - +agz? withay # 0.

The degree of f is
deg(f) =d.

By convention, we set deg(0) = —oo, a quantity that is smaller than every real
number. Further, if a; = 1, then we say that f is a monic polynomial.

One easily checks that the product of two polynomials fi(x), fo(z) € F[z] sat-
isfies

deg(f1f2) = deg(f1) + deg(f2).

See Exercise 4.7.

An important property of polynomials is the following division-with-remainder
formula, which you’ve undoubtedly seen for polynomials with real coefficients. It is
analogous to the division-with-remainder formula for integers that you used in the
Number Theory Unit.

Proposition 4.10 (Division-with-Remainder for Polynomials). Let F be a field, and
let f(x),g(x) € F|x] be a polynomials with g(x) # 0. Then there are unique poly-
nomials q(x),r(z) € F|x] satisfying

f(z) = g(@)q(z) +r(x) with deg(r) < deg(g). 4.4)

Proof. The division algorithm for dividing polynomials that you learned in high

school actually works for polynomials with coefficients in any field and can be used

to compute ¢(x) and r(x). We give a fancier existence proof that is not algorithmic.
We consider the following set of polynomials:

S ={f(z) - g(x)a(x) : ¢(z) € Fla]}.

Among the polynomials in .S, we take a polynomial r(z) € X having smallest
degree, and we let ¢(x) be the polynomial satisfying f(z) — g(x)q(z) = r(x).
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If deg(r) < deg(g), we’re done. So we assume that deg(r) > deg(g) adn derive a
contradiction.
We write

g(z) = ag + a1z + asx® 4 -+ agz?  with ag #0,
r(z) = by + b1z + box® + -+ + bya™  with b, # 0.

Our assumption that deg(r) > deg(g) means that n > d. This allows us to consider
the polynomial
r(z) = bya; 2" g(z).

What we’ve done is canceled the highest degree term in 7(x), so
deg(r(z) — bnaglx"*dg(w)) < deg(r). (4.5)
On the other hand, this polynomial is in the set S, since it is equal to

r(z) —byag'z"g(z) = (f(z) — g(z)q(x)) — byay 'z "g(x)
= f(x) — (q(x) + bnaglx”_dg(m))g(x) €S, (4.6)

i.e., it has the correct form to be in .S. But among the polynomials in S, the polyno-
mial 7(z) has the absolutely smallest possible degree, so (4.5) and (4.6) are contra-
dictory. This completes our proof by contradiction that there are polynomials ¢(x)
and r(x) satisfying (4.4).

The second assertion of Proposition 4.10 is that for a given f(z) and g(z), there
is only one choice for ¢(z) and r(x). We leave the proof of this uniqueness property
to you; see Exercise 4.8. O

4.6 Building Extension Fields

In this section we are going to build fields using roots of polynomials. However,
we don’t know, a priori, where those roots might live. So instead we take a field F’
and a polynomial f(z) € F[z] and construct a field extension K/F that magically
contains a root of f(x). The model for this construction is the abstract construct
of the field of complex numbers from the real numbers and the polynomial 2 + 1
described in Exercise 2.23.

Definition. Let I’ be a field. A non-constant polynomial f(z) € F[z] is said to be
reducible if there exist non-constant polynomials g(z), h(x) € F[z] such that f(z)
factors as f(x) = g(x)h(x). Anirreducible polynomial is a non-constant polynomial
this is not reducible.

Example 4.11. We can list the four quadratic polynomials in Fy[z], only one of which
turns out to be irreducible.

=z > +1=(x+1)?
2> +rx=x(x+1) 22 + 2 + 1 Irreducible
Quadratic Polynomials in Fy[z]
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Similarly, there are eight cubic polynomials in F5[x], two of which are irreducible.

=z P+l=(z+ D@ +x+1)
4+ r=x(r+1)? 23 + 2 + 1 Irreducible
>+ 2% =22z +1) 2% + 22 + 1 Trreducible
?+i+r=x(@*+z+1) P+ +ar+1=(r+1)?

Cubic Polynomials in Fs ||

We start with an elementary proposition that characterizes irreducible polyno-
mials of degrees at most 3. But note that this result goes as far as it can, since for
example if f(z) and g(x) are irreducible polynoimals of degree 2, then f(x)g(x) is
a reducible polynomial of degree 4, yet has no roots in F'.

Proposition 4.12. Let F' be a field.

(a) Every polynomial of degree 1 is irreducible.

(b) A polynomial of degree 2 is irreducible if and only if it has no roots in F'.
(c) A polynomial of degree 3 is irreducible if and only if it has no roots in F.

Proof. (a) This is trivial. If a linear polynomial ax + b factors as g(x)h(z), then
comparing degrees shows that one of g(x) or h(x) has degree 0, and hence is con-
stant.

(b,c) Let f(x) € F[z] be a polynomial whose degree satisfies 2 < deg(f) < 3,
and supppose that f(z) is reducible. This means that we can factor f(z) as f(x) =
g(x)h(z) using non-constant polynomials g(z) and h(z). Switching g and h if nec-
essary, we may assume that deg(h) > deg(g). We use this to compute

3 > deg(f) = deg(g) + deg(h) > 2deg(g).

Hence deg(g) < 2. But deg(g) is a positive integer, so we must have deg(g) = 1.
Thus g(x) = aa?+bf0rsomea b€ F witha # 0. Thena™'b € F is aroot of g(z),
and hence also a root of f(z) = g(x)h(z).

Conversely, suppose that f(x) has aroot ¢ € F. We divide f(x) by = — ¢ to get

flz) = (v —c)g(x) +r(z) withdeg(r) < deg(x —c¢) = 1.

Thus 7(x) is a constant polynomial, which we denote by r. Evaluating f(z) = (x —
¢)q(xz) + r at x = ¢ and using the assumption that f(c) = 0 yields 0 = 0 + r,
so 7 = 0. Therefore f(z) = (x — ¢)q(x). Since deg(f) > 2, this is a non-trivial
factorization of f(z), which shows that f(x) is reducible. O

Theorem 4.13. Let F be a field and let f(x) € F|x] be an irreducible polynomial.
Then the principal ideal f(x)F[x] generated by f(x) is a maximal ideal.

Proof. The proof of Theorem 4.13 is almost identical to the proof, which you saw in
the Number Theory Unit, that if p € Z is a prime number, then its principal ideal pZ
is a maximal ideal. More precisely, you proved that Z/pZ is a field, but Theorem 2.14
says that this is equivalent to proving that pZ is a maximal ideal. The key tool in both
proofs is division with remainder. Exercise 4.13 sketches a proof of Theorem 4.13
and asks you to fill in the details. O
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We can use Theorem 4.13 to construct an extension field that contains the root of
a given polynomial; see also Exercise 4.12.

Theorem 4.14. Let F be a field, let f(x) € F[x] be an irreducible polynomial, let
Iy = f(x)F[x] be the principal ideal generated by f(x), and let Ky = F|x]/I; be
the indicated quotient ring.

(@) The ring Ky is a field.

(b) The field Ky is a finite extension of the field of F'. Its degree is given by

[Ky : F] = deg(f).
(¢) The polynomial f(z) has a root in the field K ;.

Proof. (a) Theorem 4.13 tells us that I; is a maximal ideal of the ring F'[z], and
then Theorem 2.14(b) tells us that the quotient ring F'[z]/I is a field.
(b) Letd = deg(f), and let

B = x + Iy = the coset of x in the quotient ring F'[x]/I;.

We claim that the set

B={1,8,6%...,6"}

is an F’-basis for K.
First we check that B spans. Let g(«) + I be an arbitrary element of K ;. We
divide the polynomial g(z) by f(z) to get a quotient and a remainder,

g(z) = f(x)q(x) + r(z) forsome q(z),r(z) € Flx] with deg(r) < deg(f) = d.
Since f(z) € Iy, the cosets g(z) +I; and r(x)+ I are the same. On the other hand,
if we write (x) as

d—1

T(x):ao+a1$+a2x2+~~+ad,1w — withag,...,aq_1 € F,

then we can compute

g(x) + Iy =r(z)+ If
= (ap + a1z + apz® + - + ad_lxd_l) + Iy
= (a0 + Iy) + (mz + Iy) + (aga® + I) + - - + (ag12%~" + I)
=ao(l+If) +ay(x+If) +as(x +Ip)* 4+ +ag_i(z + I)* !
=ao+a1B+af+-+ag 187"
This prove that every element of Ky is an F-linear combination of the elements in B.

Next we check that B is F-linearly independent. So we suppose that we have a
linear combination

ot e+t 4 Hea =0

Draft: February 14, 2018 ©2018, J. Silverman



72 4. Fields

for some cg,...,cq—1 € F. Our goal is to prove that all of the ¢; vanish. Using the
definition 8 = x + I, we compute
0+1Ip=co+ciB+ B>+ +ca1 84!
=co(l+1Ip)+e(z+1Ip)+eala+ 1)+ +cqmr(z+Ip)" !
= (co+1f) + (crw + Ip) + (c22® + Ig) + -+ + (camra™ ' + I)
=(co+crz+ 62.132 + -+ Cd_lxd_l) + Iy.

This tells us that the polynomial ¢y + c12 + cpx? + - - - +cq_ 124! is in the principal

ideal Iy generated by f(z), so there is some polynomial g(x) € F'[z] such that
o4z +cox? + -+ cqo1297 = f(2)g(2). 4.7)
If g(x) # 0, then we could take the degrees of both sides to obtain the contradiction

d—1>deg(co+ -+ cqg12??)
= deg(f(x)g(x)) = deg(f(x)) + deg(g(z)) = d + deg(g(x)) > d.

Hence g(x) = 0, and thus (4.7) becomes an equality
co+cix+ 02x2 + -+ cd_lxd_l =0

that is true in the polynomial ring F'[x]. Therefore ¢y = --- = ¢4—1; = 0, which
completes the proof that B is F'-linearly independent, and thus is a basis for K /F.
It further proves that

[Ky: F] = #B = d = deg(f).

(c) It almost seems like cheating, but we claim that the element 8 = z + Iy € Ky
is aroot of f(x). To see this, we write f(x) as

f(x) = by + by + bpx? + - - - + by
Then

F(B) =bo+ b1+ baf8* + - - + baff
=bo(1+1If) +bi(w+If) +ba(x + I5) + -+ ba(x + 1)
= (b + If) + (b1x + I;) + (bax® + If) + -+ + (bgx® + I})
=bo+ b1z +box?® + -+ bgat + 1
= flx)+ 1y
=0+ 1.
Hence f(f3) is zero element of the field K'y. O
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4.7 Finite Fields

In this section we apply all of the tools that we’ve developed in order describe finite
fields and to construct finite fields of various prime power orders.

Proposition 4.15. Let F' be a finite field.
(a) There is a unique prime p with the property that p = 0 in F, or equivalently,
with the property that every a € F satisfies

at+a+---+a=0.
—_———

p terms

The prime p is called the characteristic of the field F'.
(b) The finite field F, is a subfield of F'.
(¢c) The number of elements of F' is given by the formula

#F _ p[F:le] )
In particular, the order of every finite field is a power of a prime.

Proof. (a) Let m = #F be the number of elements of F'. We write O and 1p
for the additive and multiplicative identity elements of F', so as to distinguish them
from the integers 0 and 1. Addition makes F' into a finite group with m elements, so
Lagrange’s theorem (Corollary 1.26) says that every element of the group (F, +) has
order dividing m. In particular, if we add any element to itself m times, we get Of.

We let n > 1 be the smallest integer with this property. We claim that n is prime.
In any case, we let p be a prime dividing n and write n = pq, and then our goal is so
show that n = p. We know that

Op=1p+1lp+---+1F
n terms

=lp+lp+---+1F

pq terms
= <1F+1F+~--+1F) : (1F+1F+--~+1F)-
p terms q terms

Since F'is a field, we know that one of the factors must be O . If it’s the first factor,
then for every o € F' we have

OF:a‘OF:Oé'(1F+1F+"‘+1F):<04+Oé+"'+04),
—_—————

p terms p terms

and similarly if it’s the second factor, then for every o € F' we have

Op:a~0pza-(1F+1p+--~—|—lp):<a+a+-~-—|—a).
—_——

q terms q terms
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But n is the smallest positive integer with this property, so since p > 2, we must
have n = pand ¢ = 1.
(b) Informally, we can identify IF;, with a subfield of F' via the map

Fp,=2/pZ - F, n+pZ+—lp+1lp+---+1p.

n terms

More formally, given any ring R, there is a unique ring homorphism from Z to R
that take 17 to 1, so in particular we have

n terms

From (a) we see that the kernel of ¢ contains the ideal pZ, and ker(¢) cannot be all
of Z, since ¢(1) = 1p # Op, so the fact that pZ is a maximal ideal of Z implies
that ker(¢) = pZ. Then Proposition 2.9 tells us that ¢ induces an injective ring
homomorphism

Z/pZ — F.

This gives the desired copy of ), in F'.

(c) From (b) we know that I is an extension field of [F,. And since F' has only
finitely many elements, its dimension as an I ,-vector space is finite, since there are
only finitely many elements to use in forming a basis! Let

B:{ﬁhﬁQa--wﬁd}

be an F,-basis for F', so by definition, d = [F: IFp}. The definition of basis tells us
that F’ consists of exactly the elements

apfr+cafa+ - +cqfy wither,...,cq € Fp,

and that different choices of ¢y, . . . , ¢q give different elements of F. In fancier terms,
there is a bijection of sets (and indeed, of IF,-vector spacdes) defined by

FL— F, (c1,....cq) — 1By + -+ cafa.
Hence
#F = #FL = p?,
which completes the proof of (c). O

The full proof of the next result is unfortunately beyond the scope of these notes.
We will prove that it is true up to degree 3, and refer the reader to other sources
for the complete proof. We want to stress that the result is by no means obvious.
For example, it would not be true if we replaced IF, with the field R, since every
irreducible polynomial in the ring R[x] has degree 1 or 2.

Theorem 4.16. Let p be a prime and let d > 1. Then the ring Fp[z] contains an
irreducible polynomial of degree d.
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Proof (for d < 3). For d = 1, any degree 1 polynomial will work.

Since we can always multiply a polynomial by a non-zero scalar without affect-
ing its irreducibility, it suffices to look at monic polynomials, that is, polynomials
whose leading coefficient is 1. We let

Poly, = {monic polynomials in F,,[z] having degree d},
Irredy = {monic irreducible polynomials in IF,,[z] having degree d }

Redy = {monic reducible polynomials in IF,,[x] having degree d }

We note that # Poly, = p?, since a monic polynomial of degree d in F,[z] has
exactly d coefficients that may be freely chosen from IF,,

We start with d = 2, so we want to compute # Irreds, the number of irreducible
monic quadratic polynomials. We won’t do this directly, but instead will use a lesson
learned in the Combinatorics Unit. We will count the number of reducible monic
quadratic polynomials, which are the polynomials that we don’t want, and subtract
this value from the total number of monic quadratic polynomials to get the number
that we do want.

Okay, which polynomials of the form z2+az+b are reducible. They are precisely
the polynomials that factor as

2? +ax+b=(z—a)(xr—B) forsomea,scTF,.

It may look as if there are p? choices for (v, 3), but we need to be careful not to
double count the resulting polynomials! There are two cases. First, if & = 3, then
we get p different polynomials (z — a)? with a € F,,. Second, if o # 3, then there
are p(p — 1) choices for the pair (v, 8), but since the order of o and 5 does not
change the product (x — «)(x — ), the number of polynomials that we get is the
combinatorial symbol (’2’) , i.e., the number of ways to choose two distinct elements
of I, if the order doesn’t matter. We have shown that

-1 2
#Redy = p+ <§) :p+p(p2 ) _P ;rp'

Removing these from the totality of all monic quadratic polynomials gives

2 9
4 Trredy — # Poly, —# Reds — p? — 2 ;p e (4.8)

This last quantity is positive for all p > 2, which proves that Irreds is non-empty.

Next up are cubic polynomials. We want to count how many of them are re-
ducible. There are quite a few possible ways that a monic cubic polynomial can
factor. Here’s the list, with a count of how many distinct polynomials there are of
each type:

] Polynomial \ Notes | # of Polys |
(x —a)? acl, D
(z —a)*(z — ) a,BERy, a#p plp—1)
(x —a)(x—B)(x—7) a, B,y € Fy, a, B, distinct (’3’)
(z —a)(@? +ax +b) |a,a,b €F,, 27+ ax + birreducible | p - # Irred,
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We note that for polynomials of the form (z — a)?(x — 3), the order of « and 3 does
matter, which is why we get p(p — 1) of them, and not (}). Adding the last column
of the table and using the value # Irreds = (p? — p)/2 that we computed earlier, we
find that

#Redo =p+pp—-1)+ <§) + p - #Irreds
—1)(p—2 2 —
:p2+p(p )(p )+p,p P
6 2
_ 2P +p
==
Hence
2 3 3
# Trreds = # Poly, —# Reds = p® — -2 3”) _P . P (4.9)
This proves that Irreds is non-empty for all p > 2. O

Example 4.17. Taking p = 2 in the formulas # Irreds = %(p2 —p) and # Irreds =
(p* — p) that we derived while proving Theorem 4.16 shows that F2[x] has exactly
one monic irreducible quadratic polynomial and exactly two monic irreducible cubic
polynomials. These values agree with the exhaustive lists that we made in Exam-
ple 4.11.

We are going to prove the first part of the following fundamental theorem, but
for completeness we include the second part, which would generally be proven in a
more advanced abstract algebra class.

Theorem 4.18. Let p be a prime and let d > 1.
(a) There exists a field F containing exactly p® elements.

(b) Any two fields containing p® elements are isomorphic.

Proof. (a) Theorem 4.16 tells us that there is an irreducible polynomial f(z) €
F,[z] satisfying deg(f) = d. We let Ky = Fp[z]/f(z)F,[z] be the field described
in Theorem 4.14. That theorem tells us that [K; : F] = deg(f) = d. In particular,

we see that K has finitely many elements, sinceif ai, ..., aq € K is a basis for K¢
considered as an [F,,-vector spaces, then

Ky={cia1+---+cqaqg:c1,...,cq € Fp}.
Indeed, we have essentially reproven Proposition 4.15, which says that
#Kf — p[Kf:]FP] — pd.

This completes the proof of (a), and we refer the reader to any standard abstract
algebra text for a proof of (b). O
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Addendum to Section 4.7

Remark 4.19. The inclusion/exclusion combinatorics that we used in proving The-
orem 4.16 for degrees 2 and 3, where we listed all possible factorizations of a a
polynomial of degree d, becomes increasingly complicated as d increases. So al-
though one might be able to prove a general formula for # Irred; by this method,
the task would be painful. An alternative approach starts with the following interest-
ing identity, which we will not prove:*

11 f(z)=a"" — 2. (4.10)
f(@)EF, o]
f monic irreducible
deg(f) divides n

Taking degrees of both sides of (4.10) gives the formula
> d-#Tredy = p". “4.11)

d|n

This formula and inclusion/exclusion can be used to compute # Irred,. For example,
suppose that we take n to be equal to a prime ¢. The only divisors of £ are 1 and /,
so (4.11) becomes
# Irred; +£ - # Irred, = p’.
We know # Irred; = p, which yields the formula
P —p
7

This agrees, as it should, with the formulas (4.8) and (4.9) that we found earlier for
# Irreds and # Irreds.

# Irredy =

Exercises

Section 4.2. Abstract Fields and Homomorphisms

4.1. Let F be a field, and let f(x) € F'[z] be a non-zero polynomial.
(a) Suppose that @ € F is a root of f(z), i.e., f(a) = 0. Prove that there is a polyno-
mial g(z) € Flx] such that f(z) = (z — a)g(z).
(b) More generally, suppose that a1, . . ., @, € F are distinct roots of f(z). Prove that there
is a polynomial g(z) € F[z] such that

f(@) = (z —an)(z —az) - (z — an)g(z)

(Hint. Use (a) and induction. But note that somewhere you will need to use the fact
that F' is a field, since the result need not be true if F' is an arbitrary ring. For example,
the polynomial 2 — 1 € (Z/8Z)[x] has distinct roots 1,3, 5,7 € Z/8Z.)

4You can find a proof of formulas (4.10) and (4.11) in most number theory and algebra textbooks;
see for example Theorem 2 of Chapter 7 Section 2 of Ireland—Rosen, A Classical Introduction to Modern
Number Theory, Springer, 1990.
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(c) Use (b) to deduce the following important result.

Theorem 4.20. Let F be a field, and let f(x) € Flz]| be a non-zero polynomial.
Then f(z) has as most deg(f) distinct roots in F.

4.2. Prove that the ring of quaternions H described in Example 2.5 is a skew field, that is, it
has the property that every non-zero element has a multiplicative inverse. (Hint. You may find
Exercise 2.14 helpful.)

Section 4.3. Interesting Examples of Fields

4.3. Prove that each of the following subsets of R is a field.
(@ Q(v3) ={a+b/3:a,beQ}.
(b) Q(V4) ={a+bv4:a,b€Q}.
(© Q(¥2) ={a+b¥2+c¥4:a,bccQ}.

4.4. Prove that each of the following rings is not a field.
(@ Z[i] ={a+bi:a,beZ}.
) Z[V2] = {a+bv2:a,beZ}.
(©) Z/p2Z, where p is a prime.
(d) Z/mnZ, where m > 2and n > 2.

4.5. Consider the set Fy = {0, 1, o, 3} consisting of 4 elements. Define an addition law and
a multiplication law on F4 using Table 4.1.
(a) Prove that these rules make F into a field.
(b) Prove that IF4 is not isomorphic to the ring Z/4Z, although they both have 4 elements.
(Hint. Find some property for which Fy4 and Z/4Z differ.)

HIo[fa]8)  [x[0[1]a]A]
0 0(0

1|« 010

SRR
i

0|8 ][0T [er
510 a||0]|a|B
all 51101511

™R~

1
«
B

Table 4.1: Addition and Multiplication Tables for Fy

Section 4.4. Subfields and Extension Fields

4.6. Let L/K/F be extensions of fields. This exercise asks you to complete the proof of
Theorem 4.9.

(a) Assume that L/ K and K/F are finite extensions. During the proof of Theorem 4.9, we
defined aset C = {a;f3; : 1 < ¢ <m, 1 <j < n},claimed that C is a basis for L as
an F'-vector space, and proved that C is linearly independent. Prove that C is a spanning
set, thereby completing the proof in this case.

(b) Prove that L/F is an infinite extension if and only if at least one of L /K or K/F is an
infinite extension.

Section 4.5. Polynomial Rings
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4.7. (a) Let F be a field and let f1(z), fo(x) € F[z]. Prove that

deg(f1f2) = deg(f1) + deg(f2).

(b) Let R be the ring Z/6Z. Find non-constant polynomials f1(z), f2(z) € R[z] for which
there is a strict inequality deg(f1 f2) < deg(f1) + deg(f2).

4.8. This excerise asks you to prove the uniqueness of the quotient and remainder appearing
in Proposition 4.10. Let F' be a field, let f(x), g(z) € F[z] be a polynomials with g(x) # 0,
and suppose that there are polynomials ¢1 (), g2(x), r1(x), r2(x) € F[z] satisfying

9(@)qi(x) +r1(z) with  deg(r1) < deg(g),
g(x)g2(z) + r2(z) with  deg(rz) < deg(g).
Prove that ¢1(z) = g2(x) and r1(z) = r2(x).
Section 4.6. Building Extension Fields

4.9. This exercise asks you to prove the converse of Theorem 4.13. Let F' be a field, and let
f(z) € F|x] be a polynomial with the property that the principal ideal f(x)F'[z] is maximal.
Prove that f(z) is irreducible in F'[z].

4.10. This exercise shows that Theorem 4.13 is not true for polynomials in more than one
variable. Let F be a field, and let f(z,y) € Fx,y] be a polynomial in two variables. Prove
that the principal ideal f(x)F[z] generated by f(z,y) is not maximal.

4.11. In this exercise, you may use the fact that every non-constant polynomial in C[z] has at
least one root in C. The mathematical term for this property is that C is algebraically closed.
(a) Prove that the only irreducible polynomials in C[x] are linear polynomials.
(b) Let f(z) € R[z] and suppose that a + bi € C is aroot of f(z). Prove that a — bi is also
aroot of f(x).
(c) Let f(x) € R[z] be an irreducible polynomial in R[z]. Prove that deg(f) < 2. (Hint.
Use (b).)

4.12. Let F be a field, let f(x) € F'[z] be a possibly reducible non-constant polynomial, and
let d = deg(f).
(a) Prove that there exists a field extension K/ F satisfying [K : F] < d such that f(z) has
arootin K.
(b) Prove that there exists a field extension L/F and elements ¢ € F and a1,...,aq € L
such that f(x) factors in L[z] as

f(@) = clz —a)(@ —az) - (z — aq).
Prove that it is always possible to find such an L that also satisfies
[L:F]<d.
The field L is called a splitting field for the polynomial f(x) over the field F.

4.13. Let F be a field. In this exercise you will prove that irreducible polynomials in F'[z]
generate maximal ideals.
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(a) Let f(x),g(x) € F[z] be polynomials, not both 0. Let I be the set’
I= {f(:c)u(m) + g(z)v(z) : u(z),v(z) € F[x]}

Among the non-zero polynomials in I, let A(z) be one having the smallest possible
degree.

(i) Prove that h(z) divides f(z) and g(x). (Hint. To show that h(z) divides f(z),
write f(z) = h(z)g(z) + r(z) with deg(r) < deg(h), and prove that r(x) € I.
Then use the minimality of the degree of h(x) to show that r(z) = 0.)

(ii) Conversely, prove that if a polynomial divides both f(z) and g(x), then it also
divides h(z).

(b) Let f(x) € F[z] be an irreducible polynomial. Prove that the principal ideal f(z)F|[x]
generated by f(x) is a maximal ideal. (Hint. Let J be an ideal containing f(z)F'[z], and
suppose that Jcontains a polynomial g(x) not in f(z)F[x]. Look at the set I generated
by f(z) and g(z) as in (a) and prove that a smallest degree non-zero polynomial h(z)
in I must be a constant polynomial.)

Section 4.7. Finite Fields

4.14. Let F be a finite field with g elements.
(a) Prove that every non-zero element of F is a root of the polynomial z¢~1 — 1. (Hint.
Apply the corollary of Lagrange’s theorem, Corollary 1.26, to the group of units F'*.)
(b) Prove that every element of F' is a root of the polynomial z¢ — .
(c) Prove the formula
H(:Efa):xqfx.
a€F
(Hint. Use Theorem 4.20 that appears in Exercise 4.1(c).)

4.15. In the proof of Theorem 4.16, we made a table listing all of the possible non-trivial
factorizations of polynomials of degree 3 in F,, [z], counted how many there were of each type
of factorization, and summed them to compute # Reds.
(a) Make a list of all possible factorizations of polynomials of degree 4 in Fp[z], and use
your list to compute # Reds and # Irreda.
(b) Check your answer by using formula (4.11), which we did not prove, to compute
# Irredy. Is this easier than the method in (a)?

4.16. In this exercise, you may use formula (4.11) to compute # Irredy for various values
of d.

(a) Let ¢ be a prime. Compute # Irred,2 and # Irred,s, use your answer to guess a formula
for # Irred,« for all k > 1, and then use (4.11) and induction to prove that your formula
is correct.

(b) Let £ and g be distinct primes. Compute # Irredeq.

>You may want to verify that T is in fact an ideal of the ring F/[z].
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