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Abstract

In this paper, which is a sequel to [S], we establish some geometric
estimates for immersed paper Moebius bands having an additional
geometric feature called a T pattern. These results, in particular,
give bounds on the geometry of embedded paper Moebius bands of
sufficiently small aspect ratio. This paper is the second of a series

1 Introduction

An embedded (respectively immersed) paper Moebius band of aspect ratio
λ is a smooth isometric embedding (respectively immersion) I : Mλ → R3,
where Mλ is the flat Mobius band

Mλ = ([0, 1]× [0, λ])/ ∼, (x, 0) ∼ (1− x, λ) (1)

The main question about these objects is the value of the smallest λ0 such
that an embedded paper Moebius band of aspect ratio λ exists iff λ > λ0.
B. Halpern and C. Weaver [HW] show that λ0 ∈ [π/2,

√
3]. The book [FT,

§14] gives an excellent exposition of these bounds. The paper [CF] gives
a general framework for understanding objects like smooth paper Moebius
bands. See [AHLM], [CKS], [HF], [MK], [GS] for work that is more or
less related.

Halpern and Weaver conjecture tmake the following conjecture about λ0.
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Conjecture 1.1 (Optimality) A smooth embedded paper Moebius band has
aspect ratio greater than

√
3. Hence λ0 =

√
3.

The upper bound λ0 ≤
√

3 is explained by an example. Figure 1.1 shows
an immersed polygonal paper Mobius band of aspect ratio exactly

√
3.

rotate

Figure 1.1: The conjectured optimizer

The final image is not embedded. It is an equilateral triangle of semi-
perimeter

√
3. However, for any ε > 0, one can approximate this map by

smooth embeddings of Mλ+ε. See [FT] for a discussion about this.
Here is an elaboration on the Optimality Conjecture:

Conjecture 1.2 (Rigidity) A sequence of smooth embedded paper Mobius
bands having aspect ratio converging to

√
3 converges, in the Hausdorff metric

and up to isometries, to an equilateral triangle of semi-perimeter
√

3.

This paper is a sequel to [S], where we show that λ0 > λ1 for some
algebraic number λ1 >

√
3− (1/26). See [S] for the actual expression, which

is rather complicated. In this paper we refine and augment the results in
[S]. The main purpose of these auxiliary results is to give a priori bounds
for some finite dimensional algebraic calculations which, if completely done,
would establish both conjectures above. In a paper that is a sequel to this
paper, I will reduce the conjectures above to these calculations and explain
the extent to which I have verified them.

When I : Mλ → R3 is a paper Moebius band, there is a foliation of
Mλ by segments, called bends . The bends have their endpoints on ∂Mλ

and the restriction of I to each bend is a global isometry. We call these
images the bend images . In other words, I(Mλ) is a ruled surface and the
ruling segments are what we are calling the bend images. We say that a
T -pattern is a pair of coplanar and perpendicular bend images, in which the
interiors of the two segments are disjoint. On the right side of Figure 1.1, the
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dotted horizontal segment and the vertical segment make a T -pattern. Not
all immersed paper Moebius bands have T -patterns. For example, in [FT],
the authors construct an infinite sequence of examples, where λ→ π/2, which
do not have T -patterns. On the other hand, in [S] we prove the following
result:

Lemma 1.3 An embedded paper Moebius band with aspect ratio λ < 7π/12
has a T -pattern.

We used Lemma 1.3 to prove the bound in [S]. Here we will take the
analysis farther. Say that a special immersed paper Moebius band , or SIM
for short, is an immersed paper Moebius band which has aspect ratio less
than

√
3 and also a T -pattern. Since 7π/12 >

√
3 any embedded paper

Moebius band violating the Optimality Conjecture is a SIM.
We always orient Mλ so that it is vertical, as in Figure 1.1. There are

2 bends in Mλ which correspond to the bend images of the T -pattern. We
call these bends the special bends . Here are simplified versions of some of the
results we prove in this paper:

1. The two special bends in a SIM have slopes b ∈ (0, 1/2) and t < 0, and
indeed the pair (b, t) must lie in the set Ω depicted in Figure 3.1.

2. When we cut open a SIM along the special bends, we get two trapezoids.
In each trapezoid, the sum of the lengths of the vertical sides is at least√

3− 1
3
b(1− 2b). In particular, this sum is at least

√
3− (1/24).

3. The convex hull of a T -pattern in a SIM is an acute isosceles triangle,
all of whose angles exceed π/4.

In §2 we will recall the main definitions and results in [S]. In §3-4, we establish
the results related to those mentioned above, and in §5 we establish one
further result. In §6 we will give an explicit example of a SIM.

I would like to thank Dan Cristofaro-Gardiner, Dmitry Fuchs, Steve
Miller, and Sergei Tabachnikov for helpful discussions about this problem. I
would especially like to thank Sergei for telling me about the problem and
pointing me to his book with Dmitry. I would also like to acknowledge the
support of the Simons Foundation, in the form of a 2020-21 Simons Sabbat-
ical Fellowship, and also the support of the Institute for Advanced Study,
in the form of a 2020-21 membership funded by a grant from the Ambrose
Monell Foundation.

3



2 Background

2.1 Polygonal Moebius Bands

Basic Definition: Say that a polygonal Moebius band is a pair M = (λ, I)
where I : Mλ → R3 is an isometric embedding that is affine on each triangle
of a triangulation of Mλ. We insist that the vertices of these triangles all lie
on ∂Mλ, as in Figure 1.1.

In [S] we make the explicit assumption that we would only consider reg-
ular smooth paper Moebius bands. What this means is that the extension
of the map I to a neighborhood of Mλ is such that the differential dI is
nonsingular. This allows us to make a clean polygonal approximation. In
[S, §4] explain how the results we got about Moebius bands in the polygonal
case imply the results in the smooth case. The same remarks imply here.
We henceforth work entirely with polygonal Moebius bands, as in [S].

Associated Objects: Let δ1, ..., δn be the successive triangles of M.

• The ridge of δi is edge of δi that is contained in ∂Mλ.

• The apex of δi to be the vertex of δi opposite the ridge.

• A bend is a line segment of δi connecting the apex to a ridge point.

• A bend image is the image of a bend under I.

• A facet is the image of some δi under I.

We always represent Mλ as a parallelogram with top and bottom sides iden-
tified, oriented vertically as in Figure 1.1.

The Sign Sequence: Let δ1, ..., δn be the triangles of the triangulation
associated to M, going from bottom to top in Pλ. We define µi = −1 if δi
has its ridge on the left edge of Pλ and +1 if the ridge is on the right. The
sequence for the example in Figure 1.1 is +1,−1,+1,−1.

The Core Curve: Mλ contains a circle which stays parallel to the boundary
and is exactly 1/2 units away from either side. We call I(γ) the core curve.
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The Ridge Curve: Let βb be the bottom edge of the parallelogram repre-
senting Mλ. We normalize so that I maps the right vertex of βb to (0, 0, 0)
and the left vertex to (−B, 0, 0), where B is the length of βb. Let E1, ..., En
be the successive edges of the core curve, treated as vectors. Let

Γ′i = 2µiEi, i = 1, ..., n. (2)

Let Γ be the curve whose initial vertex is (B, 0, 0) and whose edges are
Γ′1, ...,Γ

′
n. Here µ1, ..., µn is the sign sequence.

Γ has length 2λ, connects (B, 0, 0) to (−B, 0, 0), and is disjoint from the
open unit ball. The lines extending the sides of Γ are tangent to the unit
sphere. We rotate so that Γ contains (0, T, 0) for some T > 1. If we cone Γ to
the origin, we get a collection ∆1, ...,∆n of triangles, and ∆i is the translate
of µiI(δi) whose apex is at the origin. In particular, the vectors pointing to
the vertices of Γ are parallel to the corresponding bend images.

In [S, §2] we show pictures of the core and ridge curves which illustrate
the relationship they have to one another.

2.2 T Patterns

Here we sketch the main points in [S] concerning T -patterns.

Existence of T Patterns: This is a sketch of the proof of Lemma 1.3.
A pair of perpendicular bend images is contained in a pair of parallel planes.
The small aspect ratio allows us to rotate the image so that the bend im-
ages all make an angle of less than π/4 with the XY -plane. This property
guarantees that the parallel planes just mentioned never contain vertical line
segments. We consider the space P of perpendicular pairs of bend images.
Generically this space is a topological 1-manifold. We show that P contains
a connected component K that is invariant under the involution which swaps
the pair of bend images. Starting with a pair (α, β) of bend images in K we
consider a path to (β, α). The corresponding pairs of perpendicular planes
exchange their position and never contain vertical line segments. Hence, at
some instant along the path, they coincide. ♠

Standard Normalization: The T -pattern in our polygonal Moebius band
may not be unique, but we fix a T -pattern once and for all. Let β1 and β2
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be two bends whose corresponding images β∗1 = I(β1) and β∗2 = I(β2) form
a T -pattern. Since these segments do not intersect, we can label so that the
line extending β∗2 does not intersect β∗1 . We cut Mλ open along β1 and treat
β1 as the bottom edge. We now set βb = β1 and βt = β2 and (re)normalize
as in §2.1. So, β∗b connects (−B, 0, 0) to (0, 0, 0), and β∗t is a translate of
the segment connecting (0, 0, 0) to (0, T, 0). This translate still lies in the
XY -plane. Here B and T are the lengths of these segments.

R1

R2

L 1

L2

L1I( )

R1I( )

R2I( )

b

Figure 2.1: The standard normalization

The left side of Figure 2.1 shows Mλ. Reflecting in a vertical line, we
normalize so that L1 ≥ R1. This means that L2 ≥ R2. We set

Sj = Lj +Rj. (3)

We call this the standard normalization.
The right side of Figure 2.1 shows the T pattern, and the corresponding

images of the sets on the left under the isometry I. The wiggly curves we
have drawn do not necessarily lie in the XY -plane but their endpoints do.
We normalize so that (0, 0, 0) is the right endpoint of the B-bend image. In
the figure (x, y) denotes the vector which points from the white to the pink
vertex on the right side.

Actually, there are two such standard normalizations. We can make the
replacements Mλ → ρ1(Mλ) and I → ρ2 ◦ I ◦ ρ1, where ρ1 is reflection in the
midpoint of Mλ and ρ2 is reflection in the X-axis. This change preserves all
our normalizations, and gives us the pair (τ2, τ1). Aside from swapping the
names of the variables, the only thing that happens to Figure 2.1 is that the
vector (x, y) changes to (x,−y).

6



2.3 A Lower Bound

Here we sketch the main idea for the proof of our bound in [S]. Looking at
Figure 2.1 we get the following constraints:

R1 +R1 ≥ T, (4)

L1 + L2 ≥
√
B2 + (T/2− ε)2 +

√
B2 + (T/2 + ε)2 ≥ 2

√
B2 + T 2/4. (5)

Let L = (L1 +L2)/2 and R = (R1 +R2)/2. If we replace L1, L2 by L,L and
R1, R2 by R,R we get:

2R ≥ T, L ≥
√
B2 + T 2/4. (6)

Let b and t respectively denote the slopes of the sides labeled B and T in
Figure 2.1. Let S = L+R. Since L ≥ R we have b ≥ t.

Since L+R = S and L−R = b− t, and since the Pythagorean Theorem
is true, we have

L =
S + b− t

2
, R =

S − b+ t

2
, B =

√
1 + b2, T =

√
1 + t2. (7)

Plugging these relations into Equation 6, we get S ≥ f(b, t) and S ≥ g(b, t)
where

f(b, t) = b− t+ T, g(b, t) = −b+ t+
√

4B2 + T 2.

Let φ = max(f, g) and let D be the domain where b ≥ t. In [S] we show
that maxD φ >

√
3− (1/26). The actual constant is a complicated algebraic

number we get by actually doing the optimization problem. This gives us
our lower bound on S from [S].
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3 The Slopes of the Special Bends

3.1 The Main Results

We work with the functions f, g, φ considered in §2.3. Let Ω be the set of
values (b, t) satisfying φ(b, t) <

√
3. We plot Ω in Figure 3.1. These are the

possible values (b, t) of slopes of special bends of a SIM. The blue region Ω
is an open region. The vertex (0,−1/

√
3) corresponds to the example from

Figure 1.1.

,-  

t

b= 27 -  11

4

Figure 3.1: The range of slopes.

Figure 3.1 also shows some lines which bound a trapezoid Ω̂ that contains
Ω. The lines through (0,−1/

√
3) are the best possible. They are tangent to

Ω at this point. The red line in Figure 3.1 is not the best possible, but it
is probably the best line with a relatively simple formula. It lies just barely
above Ω.

Our main result shows that indeed this trapezoid contains Ω.
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Theorem 3.1 Let (b, t) be the pair of slopes associated to the special bends

of a SIM. When we have (b, t) ∈ Ω̂.

Proof: We compute

∂f

∂t
= −1 +

t

T
< 0,

∂g

∂t
= 1 +

t

5 + 5b2 + t2
> 0

This calculation shows that the sets f =
√

3 and g =
√

3 are graphs of
smooth functions. Call these graphs Γf and Γg. Let a = (

√
27 −

√
11)/4.

We check algebraically that Γf and Γg intersect only at (0,−1/
√

3) and
(a,−a/2). Moreover, we check that Γg lies below Γf at b = −1, 1. Hence Γg
lies below Γf for all b 6∈ [0, a]. Given our derivative calculation, this shows
that Ω lies in the strip between the lines b = 0 and b = a. Now we consider
the 3 non-vertical constraint lines:

• We show that Ω lies below the line t = (2/3)b− (1/2). Since ∂g/∂t > 0
it suffices to prove that the restriction of g to our line is greater than√

3. The minimum of g(b, (2/3)b−1/2) occurs at b = (39+
√

8151)/520
and the value there is about

√
3 + .00002.

• We show that Ω lies above the line t = (2/3)b−1/
√

3. Since ∂f/∂t < 0
it suffices to show that f(b, (2/3)b− 1/

√
3) >

√
3 for b > 0. We check

that this is the case. The infimum occurs at b = 0 and the value is
√

3.

• A similar argument, with g in place of f , shows that Ω lies below the
line t = (4/3)t− (1/

√
3).

This completes the proof. ♠

3.2 Corollaries

Theorem 3.1 will be important when we deduce other geometrical properties
of SIMs. It also has a nice corollary which we mention in the next section.
We will see this in the coming chapters.

Theorem 3.1 contains Item 1 mentioned in the introduction, namely that
b ∈ (0, 1/2) and t ∈ (−1/

√
3, 0). The case b = 0 and t = −1/

√
3 corresponds

to the triangular example in Figure 1.1. This, this example does solve a kind
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of optimization problem for SIMs: The associated (b, t) pair is a vertex of
the set Ω of possibilities for these slopes. Here we mention an immediate
corollary.

Corollary 3.2 A SIM contains at least 2 bends which are perpendicular to
the boundary.

Proof: A given SIM corresponds to a point in Ω. This point must lie in
the (+,−) quadrant of the XY -plane. Hence the special bends associated
to the SIM have slopes of opposite sign. But then by continuity, each of the
complimentary trapezoids has a bend of slope 0. Given our normalization,
these bends are perpendicular to the boundary. ♠

3.3 A Mild Extension

As we mentioned in the introduction, we might sometimes want to work with
paper Moebius bands whose aspect ratio is larger than

√
3. Given an paper

Moebius band of aspect ratio at most
√

3 + ε, the set of possible pairs (b, t)
would lie in a larger open set Ωε which contains Ω. However, as ε → 0, the
set Ωε would converge to Ω in an appropriate sense.

So, suppose we have a sequence of polygonal Moebius bands

In : Mλn → R3

whose aspect ratio sequence {λn} converges to
√

3. Given the statement
about Ωε, one of two things is true about the associated sequence ({(bn, tn)}
of slopes:

1. (bn, tn) lies in the interior of Ω̂ for all n sufficiently large.

2. On a subsequence {(bn, tn)} converges to a vertex of Ω.

The reason is that the interior of Ω̂ contains the closure of Ω minus its
vertices.
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4 Aspect Ratio Bounds

4.1 The Main Results

In this chapter we elaborate on Items 2 and 3 mentioned in the introduction.
We first establish some notation. Referring to Figure 2.1, we let Sj = Lj+Rj.
We have λ = (S1 + S2)/2. As in Figure 2.1, the vector (x, y) is midpoint of
the vertical bend image in the T -pattern. We have normalized so that the
right endpoint of the horizontal bend image is (0, 0). Thus, (x, y) represents
the extend to which the T -pattern differs from what one might call a “perfect
T”. Finally, let ∆ be the convex hull of the T -pattern.

Theorem 4.1 For any immersed paper Moebius with a T -pattern and aspect
ratio less than

√
3, the following is true.

1. Sj ≥
√

3− 1
3
b(1− 2b) for j = 1, 2.

2. x < 1/18 and |y| < 1/30.

3. ∆ is a triangle with minimum angle greater than π/4.

The rest of the chapter is devoted to proving this result. Throughout
the chapter, we use the notation above, and also the notation established by
Figure 2.1. For convenience, we repeat the picture here.

R1

R2

L 1

L2

L1I( )

R1I( )

R2I( )

b

Figure 4.1: The standard normalization
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4.2 Another Constraint

As a prelude to proving Theorem 4.1, we first establish another constraint
imposed by Figure 2.1.

Lemma 4.2 B2 − L2
j + (T −Rj)

2 ≤ 0 for j = 1, 2.

Proof: We take the case j = 1. The case j = 2 is the same, except that the
vector (x, y) is replaced by the vector (x,−y). We set L = L1, etc.

Let
Θ = (B/2 + x, y). (8)

Let Γ be the portion of the ridge curve corresponding to τ . Here Γ connects
(B, 0, 0) to (0, T, 0). Let µ1, ..., µn be the associated sign sequence. The (−)
signs corresponding to the left side of the trapezoid τ and the (+) signs
correspond to the right. Let M± ⊂ {1, ..., n} denote those indices i such that
µi = ±1. Let Γ′1, ...,Γ

′
n denote the edges of Γ. Let

Lstr =
∑
i∈M−

Γ′i, Rstr =
∑
i∈M+

Γ′i. (9)

It follows from the definitions that

‖Lstr‖ ≤ L, ‖Rstr‖ ≤ R, Rstr + Lstr = (−B, T, 0), Rstr − Lstr = 2Θ.
(10)

See Equation 2 for the justification of the last inequality. Define

p = (B, 0, 0) +Rstr = (0, T, 0)− Lstr =

(
B

2
,
T

2
, 0

)
+ Θ. (11)

Let πk be projection onto the kth coordinate. We have π1(p) = B + x.
Also,

π2(p) ≤ ‖Rstr‖ ≤ R < 1 ≤ T.

Set ζ = (0, T, 0). By the Pythagorean Theorem:

‖(B,R, 0)− ζ‖ ≤ ‖(B + x, ‖Rstr‖, 0)− ζ‖ ≤ ‖p− ζ‖ = ‖Lstr‖ ≤ L. (12)

Hence ‖(B,R) − (0, T )‖ ≤ L. Squaring both sides and rearranging, we get
the advertised constraint. ♠
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4.3 A Trick for Dealing with Solvable Expressions

In our arguments below we will sometimes be interested in proving inequali-
ties of the form A+B

√
C > 0 on some domain X. Once we know that there

is some parameter choice for which A − B
√
C > 0, it only remains to show

that A − B
√
C does not vanish on X. The trick is to complete the square,

and instead consider the expression

A2 −B2C = (A+B
√
C)(A−B

√
C).

If A2−B2C does not vanish on X then neither does A−B
√
C. The expression

A2−B2C might still contain an undesired radical. In this case we can iterate
the trick. In all the expressions we encounter we will be able to reduce to
the case of a polynomial expression by iterating the above trick finitely many
times and then taking the numerator of the rational expression we get.

4.4 Proof of Statement 1

We pick an index j = 1, 2 and then set L = Lj, etc. Plugging in Equation 7
into the constraint from Lemma 4.2, we see that this constraint is equivalent
to

2 + b2 + t2 + bT − tT − S(b− t+ T ) ≤ 0.

Rearranging this expression, we see that we must have

S ≥ ψ(b, t) :=
2 + b2 + t2 + bT − tT

b− t+ T
. (13)

Hence

S +
b(1− 2b)

3
−
√

3 ≥ ψ̂(b, t) := ψ(b, t) +
b(1− 2b)

3
−
√

3. (14)

Hence, it suffices to prove that minΩ̂ ψ̂ = 0, where Ω is as in Figure 5.2.
The expression b − t + T is positive when b > t, which we have on Ω.

Using the solvable expression trick, we find that ψ̂(b, t) = 0 only if P (b, t) = 0,
where P (b, t) is the following polynomial:

4b6 − 8b5t− 16b5 + 20b4t+ 12
√

3b4 + 12b4 − 24
√

3b3t− 8b3t− 24
√

3b3 − 8b3+

9b2t2 + 12b2t+ 30
√

3b2t− 12
√

3b2 + 59b2 + 18bt3− 42bt− 12
√

3b+ 27t2 + 18
√

3t+ 9
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It suffices to prove that P > 0 on Ω̂.
The expression for P is a monster but it is cubic in t. Let Z be the segment

which is the subset of the line

t = (2/3)b− (1/
√

3). (15)

parametrized by b ∈ (0, 1/2). Given the description of the set Ω̂, every point of
Ω can be reached from a point of Z by travelling upwards on a vertical ray. So,
to prove that P > 0 on Ω it suffices to prove that P ′′′ > 0 when b > 0 and that
P, P ′, P ′′ > 0 on Z. Here we are taking derivatives with respect to t but then we
will use Equation 15 to express the answer in terms of b.

We compute P ′′′ = 108b, which is certainly positive when b > 0. We then
compute other derivatives and restrict to Z:

P ′′ = 54− 36
√

3b+ 90b2, P ′ = b(12 + 12b+ 28b2 − 24
√

3b2) + b4(20− 8b).

(3/4)P = b2(21− 12
√

3 + 18b− 10
√

3b+ 12b2 − 8
√

3b2 − 2b2) + b5(2
√

3− b) (16)

On (0, 1/2), every linear polynomial in sight is positive and, as can be checked by
the quadratic formula, every quadratic polynomial is positive as well. Hence, the
expressions in Equation 16 are all positive on (0, 1/2). This completes the proof.

4.5 Proof of Statement 2

We can normalize by an isometry so that y ≥ 0.

Lemma 4.3 x < 1/18.

Proof: Let L′2 denote the length of the segment in Figure 3.1 joining the endpoints
(yellow, black) of I(L2). Define R′1 similarly. From the Pythagorean Theorem,

L2 ≥ L′2 =
√

(B + x)2 + (T/2 + y)2 ≥
√

(B + x)2 + T 2/4. (17)

Also, we have R1 ≥ R′1 = T/2 + y ≥ T/2. Define the function

f(b, t, x) = T/2 +
√

(B + x)2 + T 2/4−
√

3.

Since L2 +R1 <
√

3, we can prove that x < 1/18 by showing that f > 0 on Ω.
Every point in Ω can be reached by following a downward-pointing vertical ray

which starts on the segment

Z = {(b, t)| t = (2/3)b− (1/2), b ∈ I}, I = (0, 1/2). (18)
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Since (clearly) ∂f/∂t < 0, we just need to prove that φ > 0 on [0, 1/2], where

φ(b) = f(b, (2/3)b− (1/2), 1/18). (19)

We check that φ(0) > 0. So, we just have to show that φ does not vanish on
[0, 1/2]. The expression for φ is an iterated radical. An expression of the form
u+v
√
w vanishes only if u2−v2w vanishes. Using this fact 3 times, to eliminate the

iterated radical, we find that φ(b) = 0 only if the following polynomial vanishes.

379204871936− 2821217402880b− 3788174241792b2 + 59974706921472b3−

81516306161664b4 − 11284439629824b5 + 30126667530240b6 − 2821109907456b8

Any number of methods – e.g., Sturm Sequences – shows that this does not hap-
pen. The closest root is 0.624325.... ♠

Lemma 4.4 |y| < 1/30.

Proof: We keep the notation from the previous lemma. We have

R1 − y ≥ R′1 − y = T/2 =⇒ y ≤ R1 − (T/2).

Since x ≥ 0, Equation 17 says that

L2 ≥
√
B2 + (T/2 + y)2. (20)

Since L2 +R1 <
√

3, we have

y ≤ (R1 + L2)− L2 − (T/2) <
√

3−
√
B2 + (T/2 + y)2 − (T/2).

The last inequality comes from Equation 20.
Define

h(b, t, y) =
√
B2 + (T/2 + y)2 + (T/2) + y −

√
3 (21)

To finish our proof it suffices to prove that h(b, t, 1/30) > 0 on Ω. The argument
is just as in the previous case, except that now the final polynomial is

−300b4 − 40
√

3b2 + 1600b2 − 600b+ 80
√

3− 79.

This polynomial has two negative roots and two non-real roots. ♠
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4.6 Proof of Statement 3

Since |y| < T/2, the convex hull ∆ is a triangle. Now we consider the angles. To
make the numbers easier, all we use is that x < 1/18 and |y| < 1/8.

The (vertical) base of ∆ has length T =
√

1 + t2. The (horizontal) altitude of
∆ has length B =

√
1 + b2 + x. Let α be the foot of the altitude and let β be the

midpoint of the base. We have |t| < 1/
√

3 on Ω. Hence ∆ has base length less
than 5/4. Since ‖α−β‖ = |y| < 1/8, the foot α is at most 3/4 from either the top
or bottom vertex. The altitude has length at least 1. Hence, both top and bottom
angles exceed

tan−1(4/3) > π/4.

Now we consider the angle at the left vertex. The function f(b, t) = (B+ 1
18)/T

is maximized at the right vertex of Ω and its value there is 1.129... < 1.13. Hence,
the altitude/base ratio of ∆ is at most 1.13. At the same time, the base length is
at least 1 and (again) ‖α− β‖ < 1/8. Hence, the left angle of ∆ is at least

tan−1

(
3/8

1.13

)
+ tan−1

(
5/8

1.13

)
= (1/4)× 3.30... > π/4.

This completes the proof.

4.7 A Mild Extension

We consider the sequence of polygonal Moebius bands from §3.3. If the corre-
sponding set of slopes {(bn, tn)} lies in the interior of Ω̂ for n large then the the
proofs of Statements 1 and 2 work the same way once this happens. Statement 3,
whose proof has some slack in it, works for all sufficiently large n regardless of the
choice taken in §3.3.

Suppose that {(bn, tn)} converges to a vertex of Ω. The right hand vertex
lies strictly above the segment considered in the proof of Statement 1 and strictly
below the statement considered in the proof of Statement 2. So, the same proof
goes through in this case.

We just have to worry about what happens when {(bn, tn)} → (0,−1/
√

3).
Statements 1 and 2 might not hold in this case for the polygonal Moebius bands in
our sequence, but this does not bother us. In this case the perimeter of the convex
hull ∆n of the T -pattern associated to the nth example is triangle whose base
converges to 2/

√
3 and whose height converges to 1. Since λn →

√
3, this situation

forces ∆n to converge, modulo ambient isometries, to the equilateral triangle of
perimeter 2

√
3.
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5 Bounds on the Pitch

In this chapter we get some geometric bounds on some of the bend images in a
SIM. These bounds essentially say that the ridge curve defined in §2 does not
backtrack much. We work with a SIM that has its standard normalization, as in
Figure 2.1. In particular, the T -pattern lies in the XY -plane. For each bend β we
let β∗ = π ◦ I(β), the projection of the bend image I(β) into the XY -plane. Each
bend β of τ1 has associated to it an angle θ ∈ [0, π] such that when we rotate the
positive X-axis counterclockwise by θ we arrive at a ray parallel to β∗. We call θ
the bend pitch.

The example in Figure 1.1 has the property that the bend pitch varies mono-
tonically with the bend. In general, this need not be the case. It might happen
that β1, β2, β2 are 3 bends, but θ(β2) does not lie in the interval bounded by θ(β1)
and θ(β2). Put another way, this means that the projection of the ridge curve into
the XY -plane does some backtracking. In this chapter we prove a result which
limits how much this can happen.

Let π be projection from the R3 into the XY plane.

Theorem 5.1 The following is true with respect to any SIM. If β1, β2, β3 are 3
bends, appearing in order in one of the two trapezoids associated to the T -pattern,
then θ(β2) is at most π/30 from the interval bounded by θ(β1) and θ(β2).

Proof: Let τ1, τ2 be the two trapezoids which comprise the complement of the
special bends in Mλ. We will assume that our bends all appear in τ1. The case
for τ2 has the same treatment.

Let Γ1 be the portion of the ridge curve associated to τ1. The curve Γ1 connects
(B, 0, 0) to (0, T, 0). This curve perhaps does not stay entirely in the positive sector
consisting of points (x, y, z) with x, y ≥ 0, but it certainly does not “go around the
back”. For instance, the projection π(Γ1) avoids the ray of slope 1 which starts at
(0, 0) and goes through (−1,−1).

Let Π1 and Π2 be two planes in R2 which contain the Z-axis. Suppose that
the dihedral angle between Π1 and Π2 is θ. Suppose these planes are ordered so
that Γ1 must hit Π1 before hitting Π2. We give a lower bound on the length if Γ1

goes from (B, 0, 0) to a point p ∈ Π2, to a point q ∈ Π1 to (0, T, 0). Figure 5.1
shows what Π(Γ1) would look like in several cases.

It is worth pointing out that Γ1 lies outside the open unit ball, but π(Γ1) does
not necessarily lie outside the open unit disk. The shaded region in Figure 5.1 is
one quarter of the unit disk.
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q=(0,T)

B,0) B,0)

2
1 R R (0,T)1

Figure 5.1: Projection of the ridge curve.

Let `1 denote the length of Γ1. Let Rj denote reflection in Πj . We write
Γ1 = Γ11 ∪ Γ12 ∪ Γ13, where Γ11 goes from (B, 0, 0) to p and Γ12 goes from p to q
and Γ13 goes from q to (0, T, 0).

The continuous path

Γ∗1 = Γ11 ∪R2(Γ12) ∪R2R1(Γ13)

has the same length as Γ1 and connects (B, 0) to R2R1(0, T, 0). This latter point
lies in the XY plane and makes an angle 2θ with the Y -axis, as shown (projected
into the XY -plane) on the right side of Figure 5.1. But then

`1 = |Γ∗1| ≥ (π/2) + 2θ. (22)

Let `2 denote the length of Γ2, the portion of the ridge curve associated to τ2.
From Theorem 4.1 we have `1 <

√
3 + (1/24). Combining this with Equation 22,

we have
2θ <

√
3 + (1/24)− (π/2) < π/15. (23)

Hence θ < π/30. If one of our estimates failed, Γ1 would make exactly the kind of
path just studied, where the angle θ between Π1 and Π2 would be θ = π/30. This
is a contradiction. ♠

Remark: There is some slop in our argument above, so in the situation here, our
result above holds, say, as long as the aspect ratio is less than

√
3 + 10−100. This

covers the situation discussed in §3.3.
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6 An Example

In this chapter we give an almost explicit example of a SIM. The example would be
completely explicit except that two of the parameters computed by Mathematica
are enormous solvable numbers. Rather than waste several pages writing these
numbers down, we will explain how we arrived at them and give 32 digit decimal
expansions for each one.

Our construction refers to Figure 6.1. The left side shows a triangulation for
a polygonal Moebius band of aspect ratio just slightly less than

√
3. As usual, the

width is 1. The red horizontal lines are not part of the bends. They are present
just to show how we define our parameters. The figure on the left is invariant
under 180 degree rotation about its midpoint. This is why we only specify the
lower half, the part corresponding to the shaded trapezoid.

a

b

c

d

e

1

5

4
3

2

1

Figure 6.1: The conjectured optimizer

The figure on the left is meant to be completely folded over each shown bend
line. In other words, all the bending angles are 180 degrees. The right side of
the picture shows what the bottom half looks like after it is folded up. Actually,
the example we give is not precisely the one described by the parameters below.
We found this one numerically, and then we found nearby explicit parameters in
Mathematica.

We completely specify the picture by giving numerical values to a, b, c, d, e.
The aspect ratio is λ = (a + b + d + e) + (b + d). Our goal is to choose these
parameters in such a way that we get a T -pattern and λ <

√
3.
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Let Rj denote reflection in the line extending the segment marked j. Let M1 =
R2R3R4(L5). All we need for a T -pattern is that L1 and M1 are perpendicular
and disjoint. However, if we want to guarantee that the two halves of our folded
object fit together property, we need R1(M1) = M1. We specify

a =
5

27
, b =

18

53
, c =

33

128
. (24)

We then solve the equations

R1(M11) = M12, R1(M12 = M11, (25)

for d and e. Here we are writing M1 = (M11,M12). We get explicit solvable
numbers. Expressing these numbers to 32 decimal places, we have

d = 0.21778861997940448854884398362715... (26)

e = 0.430276286044826578252918671160933... (27)

This gives us the value
λ−
√

3 = −0.0017... < 0. (28)

Finally, we compute that

M11 +M12

2
− L12 = (.0054..., .0010...) (29)

which indicates that the midpoint of M1 lies to the right of the right endpoint of
M1. This establishes that we really do have a SIM.

Remark: There is something more we want to say about our example. The
right side of Figure 6.1 shows one half of the immersed paper Moebius band. The
other half is obtained by reflecting in the X-axis, which contains the line segment
marked 1. The two halves fit together perfectly, but their union is not smoothly
approximable by embedded paper Moebius bands. The problem derives from the
little bumps which stick out past the convex hull of the T -pattern. A nearby
embedded example would have to get around these bumps somehow, and this
would prevent the example from being too close to the one we are considering.
The bumps we have in mind are the endpoints of the segment marked 3 on the
right. In our sequel paper, we will discuss these kinds of bumps in much greater
detail.
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geometric problem to a variational problem’ . J. Elast. 119, 3–6 (2015)

[HW], B. Halpern and C. Weaver, Inverting a cylinder through isometric immer-
sions and embeddings, Trans. Am. Math. Soc 230, pp 41.70 (1977)

[MK] L. Mahadevan and J. B. Keller, The shape of a Mobius band , Proceedings
of the Royal Society A (1993)

[Sa], M. Sadowski, Ein elementarer Beweis für die Existenz eines abwickelbaren
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