1

THE DIRICHLET
PROBLEM AND
HARMONIC MEASURE

1.1. INTRODUCTION

Let  be a domain on the Riemann sphere and let ¥ be a continuous
real-valued function on I' = Q. The Dirichlet problem is to find, if possible, a
function f which is continuous on € U I = cL(2) and which satisfies the
following conditions:

1. fis harmonic on Q; thatis, Af = 0 on Q.
2. f=uonl.

There certainly are cases in which this problem is not solvable; for example, if
Q ={z:0 <|z|] < 1)and u(0) = 1, u(e'*) = 0, 0 < t < 27. However, there are
a wide variety of domains for which it is solvable since there are quite
reasonable conditions that are sufficient for solvability. The standard approach
is by the method of Otto Perron and makes use of subharmonic functions. We
begin in Section 2 with some material on the Poisson integral and proceed to
the definition of subharmonic functions and some of their basic properties in
Section 3; in Section 4, we use subharmonic functions to “solve” the Dirichlet
problem. Related matters, including harmonic measure, the Green’s function,
and logarithmic capacity are covered in Sections 5, 6, and 7.

1.2. THE POISSON FORMULA AND SOME PRELIMINARIES

It is worthwhile to begin by recalling the Poisson integral formula and some of

its basic properties. Set
P(r,0)=

1-r?

1 —2rcos@ + r?’

O<r<l1, O0<@<27 (2.1)
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P(r, 8) is the Poisson kernel and it is a simple matter to verify that

P(r,0) = Re( } i_ j), z =re' (2.2a)
P(r,8)>0 (2.2b)
if"P(r 0)do=1, 0<r<] (2.2¢)
277 —” b b s
for 8 > 0, limmax{P(r,0):8<|0|<7)=0 (2.2d)
r—1

Now let u be a continuous function on the unit circle T, T = (¢’ : —7 < § <
7}, and set

P, (re") = 2—1'”-./‘_" P(r,t— 0)u(e) do

The function P, is a harmonic function of z = re’ as (2.2a) shows. The
significant thing about P, is what P,(z) does as z tends to a point of T.

Theorem 2.1. P,(z) > u(A) as z > X\, A€ T; that is, P, is continuous on
A U T and coincides on T with u.

Proof. The proof is the standard application of an approximate identity
argument and makes use of (2.2b), (2.2¢), and (2.2d). Let A = ¢*¥. Then

P(re’") — u(e¥) = %f:’P(r, t = 0)[u(e®) — u(e)] do

= +
B—y(<8 “o-y|>8

Given &> 0, choose & > 0 so that whenever |§ — | < & it follows that
[u(e®) — u(e™)| < e/2; from now on we view 7 as being restricted by |t — ¢|
< 8/2. Next, for this 8, let 7, be chosen so that whenever r, < r < 1 it follows
that

max{ P(r,s): gglslgw} <ﬁ (2.3)

where M = max{|u(6)}:0| < #). In the preceding identity for P, (re’') — u(e')
we estimate the first integral by £/2 since (2.2b) and (2.2c) hold. We estimate
the second integral by 2 M max{P(r, s): §/2 < s < 7} < &£/2 because of (2.2b),
(2.2d) and (2.3). Thus, the distance from P, (re™) to u(e') is at most ¢ when
[ — 1] <8/2 and r > r,, which is precisely what was to be shown.
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Definition. Let p be a measure on T and set
P,(re") = [Tp(r, t—6)du(8) (2.4)

The function P, which is harmonic in A, behaves relatively well at the unit
circle T.

Theorem 2.2. Let dp = vd@ + da be the Lebesgue decomposition of u where
v € LT, d#) and da is singular with respect to df. Then

}iiI}Pp(rei‘) =2qv(t) ae.dt (2.5)

Proof. This proof is like that of Theorem 2.1 but, since we are only looking

at radial limits, it is somewhat simpler. The measure dp is given by the function
p of bounded variation on [—, 7] and (2.5) will follow if we show that

rh—I»I} P, (re') = 2mp'(6,) (2.6)

at each point §, at which p is differentiable. Note that if du = 1/(27) d@, then

P, =1 and so (2.6) holds. Hence, we may subtract a constant multiple of

1/(27) df from dp and so assume that {dp = 0; that is, p(—7) = p(w).
One integration by parts leads to

P,(re®) = f_wa’(r, 8 — 1)pu(s) dr

Now P’(r,¢) =[2r(1 — r?)sin ¢]/[(1 — 2rcos ¢ + r?)?] and is an odd
function of . Thus, we obtain

P,(re®) = fjﬂP’(r, OY.
-LAf

- jO"P:(t)[uw — 1) = p(0+0)]

=/_" [—sint]P,’(t)[”(a + tz)s;n”t(o — 91 4

The functions

K(r,1) = (sn0)P(1), 0<r<l
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form an approximate identity; that is, (2.2b)~(2.2d) hold with K(r, ¢) in place
of P(r, t). The function

p(y+t) — p(6,— 1)
2sin ¢

F(t) =
is continuous at ¢ = 0 with value F(0) = p'(,). Hence

umsz_" K(r, 1) F(t) dt = 22F(0)

r—1

= 27p’(6)

which is the desired conclusion.

Proposition 2.3. A harmonic function u in A has the representation
u(re’®) =[rP(r, 6 —t)du(t) 2.7
for some measure p on T if and only if
sup{ f_ﬂ lu(re’®)|do: r < 1} is finite (2.8)

If (2.7) holds, then p is uniquely determined.
Proof. Suppose (2.7) holds. Then

L i X _
2ﬂf_ﬂ|u(re ) dé < 2ﬂ_/;f_ﬂP(r,0 1) dod|p(()
= fdlp(t)| = ||ull, the total variation of p
T

Here we have made use of (2.2b) and (2.2¢). Conversely, suppose (2.8) holds.
Let p, be the measure on T given by

dp,(t) = %u(pe“) d, 0<p<l1

so that (2.8) says exactly that the total variation of p, is uniformly bounded for
0 < p < 1. There thus is a measure p on T which is a weak-* cluster point of



THE POISSON FORMULA AND SOME PRELIMINARIES 5

{m,)- Hence,

u(re®) = hmI u(pre®)
p—

. 1 7 ;
lim Ef_ﬂP(r, 0 — t)u(pe”) dt

p—1

mep(r,o — t) dp, (1)

p—1

=/Tp(r,a —¢) dp(t)

As for uniqueness, suppose p, also satisfies (2.7). The difference p — p; then
annihilates all P(r, 8 — t) and we must show that this implies u — p, is zero.
By taking real and imaginary parts we need only show that if » is a real
measure with

O=fP(r,0—t)dv(t), o<r<1, 6e€[0,27] (29
T
then » = 0. From (2.9) and (2.2a) we have

it
0=Re[ ¢ T 2a(r), o<1
T — Z

so that the analytic function

sz+ 2 av(t) = h(z)

-2

is identically constant and hence 0 since #(0) = 0. However,

h(z) = deu + Ziz"{Le_‘"‘dv(t)}
Hence,

0 =fe—""'dv(t), n=0,1,2,...
T

Since » is real, this implies » is the zero measure.
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Corollary 2.4. If u is a positive harmonic function on A then there is a unique
non-negative measure p on T with

u(re”’)=fP(r,0— t) dp(r) (2.10)
T
Proof. Since u is positive it satisfies (2.8):
I Y o i0
u(0) = Zp f_”u(re ) do

Thus, (2.10) holds for some measure p; note that Proposition 2.3 actually
yielded the information that

1 i6 .
el < sup{ 2 f_"lu(re Ndo:0<r< 1}

In this case, this supremum is #(0); hence

sl < u(0) = fT dp

so that p is non-negative.

1.3.  SUBHARMONIC FUNCTIONS

Definition. A function u(z) defined for z in a domain £ on the sphere is
subharmonic on §2 if it satisfies the following conditions:

—o<gsu(z)<w, z€8 (3.1a)
u is upper semicontinuous on &; that is,
u(a) > limsup{u(z):z > a) foralla € Q (3.1b)

if the closed disc {z:|z — p| < r) lies in &, then

1 7 .
u(p)<ﬁf ”u(p + re'') dt (3.1¢)

Evidently every real-valued harmonic function on £ is subharmonic and if
both # and —u are subharmonic then u is harmonic, since in this case u will be
continuous and equality will hold in (3.1c). It is also evident that the sum and
the maximum of two subharmonic functions are also subharmonic, as is a
positive multiple of a subharmonic function. We gather some simple facts
about subharmonic functions in the next several propositions.
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Proposition 3.1. Let u be subharmonic on £ and let ¢ be a monotonically
increasing convex function on R. Then ¢(u(z)) is subharmonic on .

Proof. If we set v(z) = ¢(u(z)) then it is apparent that v satisfies (3.1a)
and (3.1b). Further, we have

o(p) = o(u(p)) < 8|55 [ ulp +re") at)
< 'Zl—ﬂfjﬂd)(u(p + re')) dt

=2—17r_f” o(p + re) dt
since ¢ is both increasing and convex.

EXAMPLE.

Let f be holomorphic on 2. Then both log|f| and |f|9, 0 < g < oo, are
subharmonic on Q.

This is reasonably straightforward. Clearly (3.1a) and (3.1b) are satisfied.
Further, (3.1¢) is direct for | f|7if 1 < g < oo since

1 ,m .
2_'rrf_ f(p + re") dt‘

1f(p)l =

1/q

(L[ s moal

by Holder’s inequality. However, this argument won’t work for 0 < ¢ < 1, so
we first show log|f| is subharmonic and then apply Proposition 3.1 with

o(1) = e?.
Suppose that {z:|z — p|<r} is in ©; we assume first that f= 0 on
|z — p|=r.Letz,..., zy be the zeros of fin |z — p| < r, and put
- (z,-p)(z-p)
g(Z) f(z)l—[ r(z zj) > |Z_P|<r

Then g is holomorphic on {|z — p| < r), |g(2)| = |f(z) if |z —p|=r, and
|g(2)] > | f(2)|if |z — p| < r. Further, g is zero-free in |z — p| < r so that log|g]|
is harmonic there. Thus,

1 m A
log| f(p)| < log|g(p)l =5~ [ loglg(p + re")|dr

| )
= Ef_wlogv(p + re”)| dt
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Finally, if f does vanish on |z — p| = rchooser, T rsothatf = Oon|z — p| = r,.
Thus,

. 1 7 ,.
log|f(p)| < lim sup ﬁf_ log|f(p + r,e)dt

n—oo

1 7 . i
< -i—;r-f lim sup log|f(p + r,,e”)l

-7 n—o0
_ 1 it
=3 f_ﬂloglf(p + re')| dt

which establishes the desired inequality.

Proposition 3.2. Let {(u,} be a sequence of subharmonic functions on £ and
suppose that u,(z) > u,(z) > ---,z€ Q and lim,_, _u,(zy) = L > — oo for
some z, € Q. Then u(z) = lim,,_,  u,(z) is subharmonic on £.

Proof. Suppose that p € Q is a point at which — oo < u( p). If the disc
{z:]z — p| < r} lies in @, then

1 .
u(p) <un(p) <5 [ u,(p+re)di

-7

But the latter integrals converge to the integral of u by the monotone
convergence theorem. Hence, u satisfies (3.1c) at p. Moreover, u(p + re’’) >
— oo for almost all points (d?) on the circle |z — p| = r.

Next let a be any point of @ at which u(a) > — 0. Then, given £ > 0, there
is a large n for which u(a) > u,(a) — ¢. Thus,

u(a) > u,(a) —e > limsupu,(z) —¢

z—a

> limsupu(z) — ¢

z—a

and so u is upper semicontinuous at a. If u(a) = — oo, then given a large
positive number M, we know that u,(a) < — M for all large n. Hence,

limsupu(z) < limsupu,(z) < - M

z—a z—a

so that lim sup,_, , u(z) = — oo, in the case u(a) = — co.

Proposition 3.3. Suppose u € C*(Q). If Au > 0 in Q, then u is subharmonic
on £.
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Proof. Suppose the disc D = {z:|z — p| < r} lies in §. Green’s theorem
gives

']D;[Au dxdy = f_ﬂﬂr%u(p + te'?) do

=,i(
dt

fﬂ u(p + te”) d0)

-7

t=r

However, the first integral is non-negative so that

—21—'”_/“ u(p + te’®) do

-7

is an increasing function of ¢. As t — 0, this integral converges to u(p), by
continuity. Hence, u satisfies (3.1c).

We need a simple fact about upper semicontinuous functions which we
isolate here; its proof is left as an exercise.

Lemma 3.4. Let K be a compact set and let u be a function on K with values
in [— 00, 00). Then u is upper semicontinuous if and only if there is a sequence
{f,} of continuous functions on K with f, > f, > -+~ and lim f,(z) = u(2),
z€e K

The most important fact about subharmonic functions and the origin of
their name is contained in the next result.

Theorem 3.5. An upper semicontinuous function u on Q with values in [ — 00, )
is subharmonic if and only if, whenever K is a compact subset of Qand h is a
function continuous on K and harmonic on INTK with h > u on JK, then h > u
on INTK as well.

Proof. One direction of the theorem is straightforward. Suppose u has the
property described in the second half of the theorem. If D = {z:|z — p| < r)
lies in 2, then let { f,} b€ a sequence of continuous functions on the compact
set y = {z:|z — p| = r) which decrease to u. Again denote by f, the function
continuous on {z:|z — p| < r}, harmonic on {z:|z — p| < r} which equals f,
on y. Then, we have f, > u on y so that f, > u inside y as well, by the
hypothesis. Thus,

w(p) <fup) =35 [ Sulp +re") a

But the integrals converge to 5 ", u( p + re") dt by the monotone conver-
gence theorem. Thus, u satisfies (3.1c).
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Conversely, let u be subharmonic in €, let K be a compact set in Q and let 4
be continuous on K, harmonic on INTK, and 2 > u on K. Set v = u — % so
that we wish to show v < 0 on INTK. If not, let

m = lub{v(z):z € K}
and
E={(zeK:v(z)=m)

Since v is upper semicontinuous, E is nonempty and closed. Since v < 0 on
dK, we also know that E is a subset of INTK. Let p be a point in JE and
choose r > 0 so small that {z:|z — p| < r) lies in INTK. Then on some arc of
the circley = {z:|z — p| = r) we have v < m — §, § > 0, and everywhere on y
we have v < m. But then we obtain the contradlctlon

m=v(p) < %fjﬂv(p+re“)dt<m

This proves that v < 0 in INTK, as desired.

Proposition 3.6. If u € C*(R), then u is subharmonic if and only if Au > 0
on 2.

Proof. Suppose u is subharmonic and {(z:|z — p| < r) liesin Q. If 0 < r, <
r, < r, let v be the harmonic function on |z — p| < r, which agrees with u on
|z —pl=r, Thenu < vin|z — p| < r, so that

f u(p+re‘0 d0<f (p+ re®)ds =270(p)
—f p+re d0
—/ p+r2e d0
Thus, (7, u(p + te’) df is an increasing function of 7 for 0 < ¢ < r and so
d i ™ (4 i
<rz‘/_ u(p +te )d0=/_r 5u(p+te )| 46

= ff Au dx dy

lz=pl<r

by Green’s theorem. This clearly implies Au > 0 in Q.

There is a “maximum modulus” theorem for subharmonic functions.
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Proposition 3.7. Suppose there is a number M < oo such that
lim sup{u(z):z > {} < M forall{ € 90 (3.2)
Then u(z) < M forall z € Q. If u(z,) = M for some z, € {, then u = M in Q.

The proof is virtually the same as that of Theorem 3.5 and we leave it as an
exercise.

As a finale to this section we note that subharmonicity is preserved by
conformal maps, a result we will have need of later. Specifically, let ¢ be a
one-to-one holomorphic mapping of a domain € onto a domain ‘2, and
suppose u, is subharmonic in €,. Then u(z) = u,(¢(z)) is subharmonic in £,
as is easily verified by use of Theorem 3.5.

1.4. SOLUTION OF THE DIRICHLET PROBLEM

The fundamental result needed to attack the Dirichlet problem is this.

Proposition 4.1. Let & be a family of subharmonic functions satisfying these
two conditions:

whenever u, v € &, then max(u, v) also lies in & (4.1)

if(z:|z — p| < r) € Q and if u € &, then the function (4.2)

u(z) iflz—pl=r, 2z€Q
s(u,z) = )

P(z) iflz—p|<r

also lies in .
Set

v(z) = sup{u(z):u € F) (4.3)

Then either v = + oo in & or v is harmonic in .

Proof. Recall that P,(z) is the Poisson extension of u to the disc which, in
this case is the disc |z — p| < r.

Suppose first that there is some point z, € & at which v(z,) = co0. Choose
elements u,, u,,... of & so that {(u,(z,)) increases to co. By (4.1) we may
replace u, by v, = sup{u,,..., #,) and still have v, € . However, v, < v, <

- on all of € and v,(z,) = co. Further, in the disc D = {|z — zy| < r} we
can replace v, by P, and the resulting function s(v,, z) is again in & by (4.2).
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But
0y, Zg) = 2/ (zo + re™) at

2 '-’n(zo)

so that s(v,, zy) = o as n = oo and so s(v,, z) = oo for all z, |z — zp| < r.
Hence, v(z) = o if |z — z,| < r. This implies that the set @' = (z € &: v(z)
= oo} is open. A moment’s thought shows that the same argument implies that
Q' is also closed. Hence, ' = € and v = oo throughout Q.

Suppose now that v is finite at all points of Q; we shall show that v is
harmonic in Q. Let a be a point of € and let D be a disc centered at a whose
closure lies in Q. Let {u,) be a sequence of elements of § with u,(a) - v(a).
By (4.1) we may replace u,, by max{u,,. .., u,} and still remain in &, so there is
no loss in assuming u, < u, < ---. Using the disc D, we may employ (4.2)
and assume as well that each u, is harmonic in D. Hence, the sequence {u,}
increases on § to a function U which is harmonic in D and equals v(a) at a.
Now take b to be any point of D, b = a. We may apply the same sort of
reasoning to find a sequence {w,) of elements of & with w, < w, < -+ on &
and w,(b) = v(b). Let r, be the function in § which is harmonic in D and
which equals max{u,,, ,,} on 3D. Then w,(b) < r,(b) since w, is subharmonic
and likewise u,(a) < r,(a). Further, {r,) increases to a function R which is
necessarily harmonic in D with U(z) < R(z), z € D. But we also know that
U(a) = v(a) < R(a) and U(b) < v(b) < R(b). Hence R — U is a non-nega-
tive harmonic function which vanishes at a and so is identically zero. Conse-
quently, R(b) = U(b) as well so that v(b) = U(b). Thus,v = Uin D and so v
is harmonic in £.

Although Theorem 4.1 produces a harmonic function in £ it does not make
any reference to behavior at d§, which is the essential issue in the Dirichlet
problem. This aspect is attacked by means of a barrier, which we now define.

Definition. Let x € dQ. There is a barrier at x if for each small § > 0 it is
possible to find a function b(z), which may depend on §, such that

~ b is subharmonic in £ (4.4a)
b>0inQ (4.4b)
b(z)>1ifz€Q and |z—-x|>8 (4.4¢)
b(z) > 0ifz€Q and z-—>x (4.4d)

The notion of a barrier and Theorem 4.1 can now be combined to give a
point-by-point solution to the Dirichlet problem.
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Let % be a bounded function on 99 and let & (k) consist of all subharmonic
functions u on € which satisfy

lim sup{u(z):z € @,z > ¢} < h(§), all{ € 99 (4.5)
Then set

v(z) = v,(z) = sup{u(z): u € F(h)} (4.6)

Theorem 4.2. The function v given in (4.6) is harmonic on Q. Further, if h is
continuous at x € dQ and if there is a barrier at x, then

lim o(2) = h(x) (4.7)

Corollary 4.3. If there is a barrier at each point of %, then the Dirichlet
problem is solvable for Q2.

Proof. We now proceed to the proof of Theorem 4.2. We know from
Proposition 3.7 that each function in (k) is bounded above by M =
sup{h({): ¢ € Q) and so the function v given by (4.6) is harmonic on Q.

Let £ > 0 be given; choose 8 > 0 so small that |h(x)— h(y)| <&/2 if
y € 92 and |x — y| < 8. Let b be the barrier for this §. Consider

s(z)=h(x)—e—2Mb(z), z€Q
Suppose y € 9Q and |y — x| < §; then
lim sup{s(z): z = y} < h(x) —e < h(y)

If y € 9Q and |y — x| > 8, then

lim sup{s(z):z = y} < h(x) = 2M < h(y)
Thus, s € F(h) so that v(z) > s(z) for all z € Q. As a consequence, we have

lim inf{v(z): z > x} > liminf(s(z): z = x}

>h(x)—e¢
Since ¢ is arbitrary, we have
liminf{v(z): z = x} > h(x) (4.8)
Consider next the family §(—h) and put

w(z) = ~sup(u(z): u € F(~h))
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Then w is harmonic in € and
lim inf{ —w(z):z = x} > —h(x)
or, equivalently,
lim sup{w(z): z = x} < h(x) (4.9)
Finally, if 4, € &(h) and u, € F(—h), then u; + u, is subharmonic in & and

lim sup{u,(z) + u,(z): z > ¢} < lim sup 4, + lim sup u,

<h(§)+ (=h()) =0

so that ¥, + u, < 0 in Q. Hence, v — w < 0 in ©. This immediately gives the
desired conclusion at x, for

h(x) > lim sup{w(z): z = x}
> lim sup{v(z): z > x)
> lim inf{v(z): z = x)
> h(x)

Thus, lim{v(z): z = x) = h(x), as asserted.

Quite obviously now all that remains to be done to solve the Dirichlet
problem is to give some sort of a condition that guarantees that there is a
barrier; luckily there is a relatively good one that is strictly geometric. Recall
that a continuum is a closed connected set consisting of more than one point.

Theorem 4.4. Let Q be a domain and let x € 9. If there is a continuum in the
complement of Q which contains x, then there is a barrier at x.

Proof. Let x’ be another point in the continuum. There is a linear
fractional transformation which sends x to oo and x’ to 0. We may thus restrict
ourselves to the case when x = oo and the continuum C in the complement of
€ contains both 0 and oo.

There is a single-valued branch of log z in the domain % = C \ C; note that
2 c 9. Let A be the image of ) under log z so that 4 is also a domain. There
is no loss of generality in assuming that %R meets the imaginary axis (otherwise,
just replace log z by log z — a for some @ € R.) Let us write

RN (it:teRy= U (ia;, iB;)
Jj=1
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where

@ <B<ay<By<-- and Y (B-a)<27 (4.10)

(there may, of course, be only a finite number of the intervals (aj, B;); this is
not relevant.)

Define
h(z) = arg| %Y Rez>0, j=1,2
,-(Z)—afgz_ij, ez >0, J=12,...
and then
1 o0
h(z)= - .Z,hf(z)’ Rez>0 (4.11)
j=

Then each h; is harmonic on Rez > 0 and 4 is the increasing limit of the
partial sums of its series, so 4 is also harmonic on Re z > 0. Further, —1 <
h(z) <.

If x € (a;, B;) for some j and if {z,) is a sequence in Rez > 0 with
Zz,, = ix, then h(z,) > = while h,(z,,) > 0 as m - oo, k = j. Hence, h is
continuous at ix with h(ix) = — 1. Finally, if Rez, > 0 and |z,,] = oo then
h(z,) — 0. Set

-1 ifRez < 0, zER
8(z) = {h(z) if Rez > 0, ze] (4.12)
Then g is continuous in R, subharmonic on R, —1 < g(z) < 0, and g(z) - 0
if Rez > 0 and |z| —» .
Now set

G(z)=g(logz), z€9

Then G is subharmonic in M, —1<G<0, and G(z) > 0 as [z| = oo.
However, it may happen that G — 0 at some finite boundary point. To
compensate for this, let {¢,} be real numbers increasing to co so that the lines
Rez =1, all meet R. Let g, be the function corresponding to the line
Rez =1, and put

[ o}

H(z)= T 5eg,ogz), zed

n=1

The series is uniformly convergent so H is actually continuous on D, sub-
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harmonic there, and —1 < H < 0. Moreover,
Wim{H(z):|z| > 0;z€ D} =0

If y is any finite point in 3%, then log y is a finite point in R and so
g,(log y) = —1 for all n > n,. Hence

limsup(H(z):z€ D,z >y} <0
Thus, if we are given a (large) M and we put

p= sup {limsup{H(z):z € D,z - y})
yIsM

then p < 0 so that the function p~'H(z) is the desired function for the barrier.

Corollary 4.5. If each component of 3K is nontrivial, then the Dirichlet problem
is solvable in Q.

We should note that the existence of a barrier at each point of df is not
only sufficient to solve the Dirichlet problem in £, it is also necessary. To see
this let x be a point in d2 and let ¥ be a continuous function on 32 with
u(x)=0 and 0 <u(y)< 1 for all y € 3Q, y = x. If h is the harmonic
extension to € of u, then p~'h(z) is a barrier at x for an appropriately small p.

1.5. THE GREEN’S FUNCTION OF A DOMAIN

Suppose that © is a domain on the sphere and that p € Q. A function g(z; p)
is a Green’s function for £ with pole (or singularity) at p, p = oo, if

g(z; p) is harmonic on € — { p) (5.1a)
g(z; p) + log|z — p|is harmonic near p (5.1b)
lim{g(z; p):z—> ¢} =0 forall{ € IR (5.1¢)

If p = o0, then (5.1b) is modified to
g(z; o0) — log|z| is harmonic near oo (5.1p")

We begin by compiling a (short) list of some features of the Green’s
function.

Proposition 5.1. (a) The Green’s function is unique, if it exists.

(b) If ¢ is a one-to-one holomorphic mapping of a domain £ onto a domain
Q, and if @, has a Green’s function g,(z; p,) with singularity at p, = ¢(p),
then g(z; p) = g,(¢(2); p,) is the Green’s function for Q with singularity at p.
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Proof. (a)If h(z; p) is another function on © with properties (5.1a), (5.1b),
(5.1c), then the difference g(z; p) — h(z; p) is harmonic on all of @ and tends
to zero at every point of dQ2. Hence, it is identically zero.

(b) Clearly g(z; p) has properties (5.1a) and (5.1c). To check (5.1b) let us
assume that neither p nor p, is the point at co. Then, near p,

8(z; p) +log|z — p| = g,(¢(2); p,) + log|z — p|
= u(z) ~ log|¢(z) — ¢(p)| + log|z — p|
where u is harmonic near p. However, because ¢’( p) * 0 we have
¢(z) —¢(p) = (z - p)¥(2)

where ¥/(z) does not vanish near z = p, and hence log|y/| is harmonic near p.
Thus,

8(z; p) +log|z — p| = u(z) — log|¢(z)]
near z = p and so g satisfies (5.1b). If p or p, is oo, the proof is similar.

Theorem 5.2. Let Q be a domain for which the Dirichlet problem is solvable
and let p € Q. Then § has a Green’s function with pole at p.

Proof. By an initial linear fractional transformation we may assume p = oo
and that J€ is compact. Let & be the harmonic function on € whose values on
dQ are —log|z|, and set

g(z;0)=h(z) +1loglz|, z€Q

Then g is harmonic on £\ (o), g vanishes on 9, and near oo, g(z; 00) —
log|z| = h(z) so that g satisfies (5.1b").

It turns out that there is a “Green’s function” for most every domain,
whether or not the Dirichlet problem is solvable but it is necessary to relax
condition (5.1c). The construction of the Green’s function is by means of a
“regular exhaustion” of €, which we now define.

Definition. Let £ be a domain. A regular exhaustion of  is a sequence .,
of subdomains of Q satisfying

)cQ,.,, n=12,... (5.2a)
ue, =2 (5.2b)

each component of 92, is nontrivial (5.2¢)
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Proposition 5.3. Each domain has a regular exhaustion.

Proof. There is no loss in assuming oo € & so that 3¢ is compact. Cover
3Q by a finite number of open discs of radius 1/n and let D, be the
complement of the union of the closures of these discs. Let &, be the
component of D, which contains co.

Let © be any proper subdomain of the Riemann sphere and let p € {. Let
{R,) be any regular exhaustion of £; there is no loss in assuming that p = oo
and that p lies in all the @,. Let g,(z; p) be the Green’s function for 2, with
pole at p; this exists because of Theorem 5.2 and assumption (5.2¢). If m > n,
then g, — g, is harmonic on €, and is positive on 3§, and hence positive on
all of Q,. Hence, the sequence {g,(z; p)} is increasing on 2\ {p) for each j
and so converges, uniformly on compact subsets of 2\ {p} to either + oo
identically or to a harmonic function g(z; p). If the former occurs we say that
© has no Green’s function; more on this is given in Section 7 of this chapter. If
the latter occurs, then it is a simple matter to check that g(z; p) is independent
of the particular choice of the regular exhaustion {(£,) and that g(z; p)
satisfies (5.1a) and (5.1b). Finally, if @ already is known to have a Green’s
function satisfying (5.1a), (5.1b), (5.1c), then again it is immediate that the
g(z; p) arrived at by this process must coincide with it.

Proposition 54. Let g be the Green’s function for €. Then for all points
p = qin & we have

g(p.q) =2(q. p) (5.3)

Proof. Assume first that  is a bounded domain each of whose boundary
components is nontrivial. The function

g(z; q) +logjz — g

is harmonic on € and continuous at d2 with boundary values equal to
log|z — qJ, z € 9. Let I(z; q) = log|z — g and let £ be the linear functional:
£(u) = @i(p), where i is the harmonic extension to Q of u. Since I is a
harmonic function of g, so is £(I(-; q)). But £(I(; q)) = g(p; q) + log|p —
g|. Consequently, g( p; ¢) is a harmonic function of g for ¢ € Q,q=+p.

Next, set d(p, q) = g(p; q) — 8(g; p)- d is a harmonic function of both p
and g except possibly where p = ¢. From the foregoing we see that g(p; q) has
a logarithmic pole at p (as a function of ¢) and, of course, g(g; p) also has a
logarithmic pole at p as a function of g. Hence, d(p, z) is harmonic in a
neighborhood of z = p. Further, if x € 92, we have

liminf(d(p,q): ¢ — x) = liminf{g(p,q): ¢ > x} > 0
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and hence d(p, ¢) > 0 in & for each p and all ¢q. On the other hand,
lim sup{d( p, q): p — x} = limsup{—g(q, p): p = x} < 0

so that d(p,q) < 0 in & for each ¢ and all p. Thus, d = 0 and we see that
g(p. q) = &4, p)-

For the general case let {{2,,} be a regular exhaustion of &; there’s no loss in
assuming that p, g € Q,. If g,, is the Green’s function for 2, then we know
{g,(z; w)) increases to g(z; w), z,w € € and z = w. Thus,

g(p,q)=1limg,(p,q)=limg,(q, p) = g(q, p)

1.6. HARMONIC MEASURE

Let Q be a domain on the sphere for which the Dirichlet problem is solvable
and let p be a point of . For each real-valued continuous function # on
dQ =T we can associate the real number #( p), where @& is the harmonic
extension to £ of u. The rule u — ii( p) is linear and, because of the maximum
principle, we know |#( p)| < ||u||r = sup{u(z)|: z € T'}. Thus, the Riesz repre-
sentation theorem implies that there is a unique real measure w, on I' with

i( p) =frudwp, ue C(T) (6.1)

This measure is the harmonic measure on T for p. Note as well that if u > 0
then #(p) > 0 and so w, is a non-negative measure; further, the total mass of
w, is 1 since

lepll = [1da, = 1(p) =1
Clearly w, depends on © but we shall suppress this in the notation except when

needed.
The next theorem relates the measures w, and «, for p, ¢ € Q.

Theorem 6.1. If p,q € Q, then w, and w, are boundedly mutually absolutely

continuous. Indeed, if K is a compact set in Q, then there is a constant M with
w,(E) < Mw,(E)

for all q € K and for all measurable sets E in T.

Proof. We first show that w, and w, are mutually absolutely continuous.

Suppose E is a closed set in I' of w,-measure 0. Let u be a continuous function
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onI withu=1o0n E and 0 < u <1 off E. Let v, be the harmonic extension
to  of u". Then {v,)} is a decreasing sequence of positive harmonic functions
on £ and

0, =fu"dw, > w,(E)=0
\(p) = [u" da, > o, (E)
Hence, v, — 0 on all of  so that
0=1imu"(q)=1imfu”dwq=wq(E)
r

For p € @ fixed, let us write dwq =4, dwp, where A4, is a non-negative
function in L‘(wp )- We wish to show that 4 is actually in L*(w,) and, indeed,
its sup norm is uniformly bounded as g varies over K.

The key ingredient in the proof is Harnack’s inequality: there are positive
numbers ¢, and ¢, depending only on K and p with the property that if v is a
positive harmonic function on & satisfying

v(p)=1, then ¢, <v(g)<ec,, geK

It suffices to prove this when K is a closed disc containing p. Let 5D be an open
disc containing both p and K. Suppose the assertion about the upper bound ¢,
is false. Then there is a sequence {v,} of positive harmonic functions on & and
a sequence {q,} of points in K with v,( p) = 1 but v,(g,) > n. There is no loss
in assuming that g, — ¢ € K. Consider the holomorphic functions

fo=exp[—v, —i*v,]

where *u, is the harmonic conjugate of v, in %) vanishing at p. These functions
f, are bounded by 1 and so at least a subsequence converges uniformly on
compact sets in %) to a holomorphic function f. Since f,( p) = e~ ! for all n, we
have f(p) = e~ ' and so f is not zero anywhere on 9. But |f,(g,)| < ™" so that
f(q) =0, a contradiction. In a similar fashion the lower bound ¢, can be
shown to exist.

With this observation, the proof of the theorem is quite easy. Let E be a
closed set in I' and suppose w,(E)= ¢ > 0. Again let 4 be a continuous
function on I with u = 1 on E and 0 < u < 1 off E. As before, let v, be the
harmonic extension to & of 4" and let v be the limit of the sequence {v,}. Then
v is a positive harmonic function in @ and

v(p)=ﬁmLu"dwp=dep=wp(E)=o
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Thus,
oc, <v(qg) <oc, forallgeK.
However,
v(g) =limuv,(q) = lim/u" dw,
= fE dw, = w,(E)
Consequently,
oc, S w,(E)<oc,, qe€K
Equivalently,
w,(E)
< < 6.2
9! wp(E) %) ( )

Since (6.2) holds for all closed sets E in I" and since the measures are regular,
(6.2) also holds for all measurable sets and this is exactly the assertion of the
theorem.

Proposition 6.2. Suppose @, and @, are two domains and 4 is a holomorphic
function on £; which maps cL(£2,) homeomorphically onto cL(£2,). Suppose
the Dirichlet problem is solvable in @, (and hence in £,); let p, € €, and put
P, = h(p,) € Q,. Let w, be harmonic measure on 32, for p,, and define a
measure p on d@, by the rule

w(E) = o,(h"\(E)), Ecog, (63)

Then p is harmonic measure on 92, for the point p,.

Proof. The proof is shorter than the statement. The rule (6.3) is equivalent
to the statement

f udp=[ uohdw, uec C(32,) (6.4)
a9, 3,

Hence,

[ udn= k() = a(h(p) = a(p,)

2

which is just what was to be proved.
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Theorem 6.3. Harmonic measure has no atoms.

Proof. Fix some p € @ and let » be harmonic measure for p. There is no
loss in assuming that co € Q and that 0 € I' = 992. We shall show that  has
no mass at 0; indeed, that log|z| is in LY(T, w).

Let g(z; o) be the Green’s function with pole at oo and put u(z) = g(z; )
— log|z|. Then u is harmonic in € and u is continuous at all points of I" \ {0}
with value equal to —log|x|. Let { f,} be a sequence of continuous functions on
Fwithf, < f, < ---,limf,(x) = —log|x|if x € T, x = 0, and { £, (0)} increas-
ing to co. Let u, be the harmonic extension of f, to €. Then u; < u, < --- in
Qandu,(z) < u(z)ifz € Qsince u,, < uon I'\ {0} and surely u,(z) < u(z) if
|z| is small enough. Thus,

u(p) > limu,(p) = lim [ f, de

m[£,©)w(@)] + [ ~ loglx| da(x)

which proves that w({0}) = 0 and log|x] is in L'(T, w).

When the domain  has a nice boundary, harmonic measure is particularly
easy to understand. We shall have great use for the next few results in Chapters
4 and 5.

Theorem 6.4. Suppose  is bounded by a finite number of disjoint analytic
simple closed curves. For each p € § we have

-1 4
do, = 5—5-8(-; p) ds (6.5)

where g(-; p) is the Green’s function for Q with pole at p, 3/9n is the derivative
in the direction of the outward normal at U, and ds is arc length.

Proof. The proof is an application of Green’s theorem. Let 4 be a smooth
function on I'" and for small é > 0 let

Qs =0\ {z:]z— p| < 8}

Let u be the harmonic extension to @ of 4 and let v(z) = g(z; p). Then by
Green’s theorem on O,

,!;/[“AD — vAu]dxdy = -/:99 u— - v——] ds (6.6)

Now the left-hand side of (6.6) is zero since both u and v are harmonic on ;.
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Further, v = 0 on T, so (6.6) simplifies to

fh@dm [u@—oﬂ]ds
r 9n lz—p|=sl On an

Letussetz =p + re””,0 < r < 8, and 0 < ¢ < 27. Then the normal derivative
is just the radial derivative and g(z; p) = —logr + G(z) where G is harmonic
near p. Thus,

a 1 )
—% = — 7 + continuous term

Since u is also continuous near p, we have

f uﬁds= —fz‘”u(p+6e"’) dr + 0(8)

- —27u(p) asd -0

Finally, the other term

_'/I; —pl=8 a”

behaves like —8log & as § — 0 and so goes to zero as § — 0.

It is convenient to put here two more facts related to harmonic measure. Let
us assume that T' = dQ consists of m + 1 disjoint analytic simple closed
curves. Let p € @ and let h(z) = h(z; p) be the harmonic conjugate of
g(z; p), the Green’s function for @ and p. Of course, 4 is not single-valued
since it has periods about the holes in £ (we will explore this type of difficulty
later in some detail) but locally g + ik is analytic and its derivative is
single-valued on Q. We write Q = g + ih and Q’ for its complex derivative.

Proposition 6.5. dw,({) = ﬁQ'(f) d¢

Proof. Let n be a unit outward normal at { € T, and let 7 be a unit tangent
at {. By the Cauchy-Riemann equations

Zr=2w =0

since g vanishes on I'. Next, note that n = —it = —id{/|d¢| and

0/) = tim QU+ ) = 0(0)

tl0
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Further,

98 _ . 88+ m) —2(8)
on t10 t

Thus,

0

- - lim g($ + tnt) - g(“w

dg
a 8nds

which establishes the result in light of Theorem 6.4.

.
Proposition 6.6. Let I' = 2 consist of m + 1 disjoint analytic simple closed
curves, let p € Q, and let Q(z) = g(z; p) + ih(z; p) where h is the (multiple-
valued) harmonic conjugate of g. Then

(a) Q' does not vanish on I'
(b) Q' has precisely m zeros in Q, counting multiplicities

Proof. We know that Q' has a single pole of order one at p. Further, from
Proposition 6.5 we also know that iQ’(z) dz is a non-negative measure on T.
Thus, the total change in 1/27arg Q'(z) as z traverses I' once is precisely
m — 1. But this must be exactly the number of zeros of Q' minus the number
of poles, and hence (b) is proven. To see (a) note that the Cauchy-Riemann
equations imply that k4 is increasing locally on T and thus Q must be
one-to-one in a neighborhood of each { € T.

Definition. The m zeros of Q' in Q are the critical points of the Green’s
function g(-; p). They obviously depend on p but we suppress this in the
notation.

The critical points of the Green’s function will reappear in several different

contexts in the succeeding material.

1.7. LOGARITHMIC CAPACITY

This section contains a quick trip through some of the most basic theorems in
potential theory with the view of gaining some knowledge which will be helpful
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later on, as well as to become more familiar with the functions from the first
part of the chapter.

Let E be a compact set in the plane and let ¢(E) denote the set of
probability measures on E: » € P(E) if » is a non-negative measure of total
mass 1. For v € P(E), set

p(z)= —fElog|z—§'|dv(§), zeC (7.1)

p, is the potential generated by v. Some properties of the potential follow.

p, is harmonic off E except at oo where p,(z) + log|z| is (12)
harmonic ’

— p, is subharmonic on C (7.3)

p(z)<sup{p({):$€E} ifz¢E (7.49)

It is easy to verify (7.2). As for (7.3), let
L,(w) = max{log|w|, —n}

Then L, is subharmonic and continuouson € and L, > L, > --- . Set

g.(2) = [L,(z = §) dv(3)

Then g, is continuous, subharmonic, and {g,(z)} decreases to —p,(z) for each
z. Thus, (7.3) holds by Proposition 3.2.

To see that (7.4) holds, there is nothing lost in assuming that sup{p,({):
¢ € E} is finite. Let M denote this supremum and note that since M is finite, »
can have no point masses. Given ¢ > 0 and {, € E choose § > 0 so that the
mass of » on the disc V = {{:|{ — {,| < 6} is no more than &. Put

pi(z) = —/vlog|z —¢ldr(g)

pa(z) = — /E o8l = §1dr ().

P, is continuous on V. Let z € E and let {’ be a point of E at minimum
distance to z. Then {’ — {, as z — {, and further, if { € E, we have

$=8<B —zl+]z =< 2]z =]
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This gives
Pi(2) < v(V)log2 + py({)
< elog2 + p,(&)
Thus, for z near {,, we find
p.(2) = pi(2) + pa(2) < elog2 + py () +p,(§) + ¢
= ¢(1 + 1og2) +p,({)
<e(l +1log2) + M

This proves that lim sup{p,(z): z — {,} < M for all {, € E and hence (7.4)
holds. .

Proposition 7.1. Let @ be a domain containing co on which the Dirichlet
problem is solvable and let w,, be harmonic measure on 9% for o0. Let g(z, )
be the Green’s function for £ with pole at oo and put

y = lim{g(z, ) — log|z|:|z| = o0} (7.5)

Then the potential generated by w,, satisfies

B [y —g(z;00), z€Q
— [loglz — §1dw,($) = {Y, ceausg 79
and

—/loglz —¢ldw,(§) <y forallz 7.7

Proof. Fix any point a € @, a * 00. Set

w(z) = f10g|a — ¢l dw,(§) — logla — z| + g(z; )

The function w has a logarithmic pole at a, is harmonic on £ \ {a}, including
at oo, and w vanishes identically on dQ. Thus, w(z) = g(z; a). However,
g(z; a) = g(a; z) by Proposition 5.4 so we have

— [ logla — §1de,(¢) = (g(z; ) — loglz — al) — g(a; ) (78)
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In (7.8) let |z] — oo; the term in the curly brackets approaches y so that
= [logla = §1da,(§) = v - g(a; o)
which is the desired equality in (7.6) for a € Q. Next suppose a & @ U 99; put

w(z) = ~ [logla — {|dw,(¢) + log|z — a| — g(z; o)

Then w is harmonic in € and identically zero on 4. Thus w vanishes
identically and, in particular

0 =w(w) = ~ [logla - {|dw,(¢) — v

which is the desired equality in (7.6) fora & © U 9. Lastly, (7.7) follows from
(7.6) and the fact that a potential is lower semicontinuous.

Definition. The number y defined by (7.5) is the Robin’s constant of Q, or the
Robin’s constant of E = Q°.

Now let E be any compact set in C and let  be the unbounded component
of the complement of E. Let {Q,) be any regular exhaustion of € and let
{8,(z; p)} be the corresponding Green’s function with pole at p. We noted in
Section 5 that the sequence {g,(z; p)} is increasing with n for each z and
converges uniformly on compact subsets of § to either + oo identically or to a
function g(z; p) which possesses properties (5.1a) and (5.1b). If the latter
occurs for some p € § then it occurs for all p € © and the function g(z; p)is
independent of the sequence {2,). In this case we know that

Y, = lim{g,(z; ) — log|z|:|z| > oo}
increases to
¥ = lim{g(z; o) — log|z|:|z| - o0} (7.9)

and this number is surely finite. Furthermore, if wg') is harmonic measure on
9%, for oo, then at least some subsequence of (w{} converges weak-* in the
space of measures to a probability measure » supported on E (indeed, on a)
which satisfies

y — g(z; ), zeQ

Y, z &€ QU 0 (7.10)

n(2)= |
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In this case we define the logarithmic capacity of E by
cap(E) = e 7 (7.11)

What, however, happens in the former case, when g, (z; p) increases to + 00
for each z, p € Q7 In this case we must have (y,) increasing to + oo [or else
g,(z, 00) would stay bounded] and we set

cap(E) =

Note well that the capacity of E depends only on the unbounded cofnponent of
the complement of E. We can phrase this in the following way:

cap(E) = cap(E) (7.12)
where E is the polynomial hull of E defined by the rule
z € Eif and onlyif | p(z)| < max{|p(¢)|: ¢ € E}

for all polynomials p. We now show that E is obtained from E by the device of
adding to E all the bounded components of the complement of E. First, if Ois -
a bounded component of E€, then the maximum principle immediately implies
that each point of O lies in E. Second, if |zo| > max{|{|: { € E}, then z, & i
since the polynomial p(z) = z is larger at z, than it is on E. Let @ be the
unbounded component of the complement of E. Clearly the set of those points
of £ which are not in E is open. We shall also show that @ N E is open and
thus £ N E is both open and closed and consequently empty. Let a € & N E;
then the functional p — p(a) defined on all polynomials is bounded, with
norm 1, since | p(a)] < || plig. Hence, it can be extended to a linear functional
on C(E) of norm 1; this implies that there is a measure A on E of total
variation 1 with

fp d\ =p(a), papolynomial
E
The function

z—a
u(b)—- EZ“b

is continuous for b € © and equals 1 at a; let b be any point near a at which
u(b) = 0. If p is a polynomial then so is

p(z) - p(b)(z a)

z—-»
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and we find
0= fp( Z)_‘Z(b)(z—a)d)\(z)
p(b) = cfp(2)7=5dNz), o= (u(b)”"
Consequently,

lp(B)l < Clipllg

where C is a constant depending only on a and b, not p. Replace p by p”, take
nth roots, and then let n - c0. We find

lp(B) < llplle

That is, b € @ N K if b is near a. This shows N E is open and, as above,
2 N K must be empty. In summary, we have this result.

Proposition 7.2. Let E be compact, and set

E = {z:1p(2)| < || pllg for all polynomials p}

Then E is obtained by adding to E all the bounded components of E°.
Furthermore, cap(E) = cap(E)

We now derive another approach to the logarithmic capacity of a compact
set.
Let E be a compact set and for each positive integer n set

mf{ sup ]—[|z z|iz,..., 2, € C} (7.13)
z€E

That is, M, is the smallest that the sup norm on E of a monic polynomial of
degree n can be made. We leave it as an exercise to show that the infimum in
(7.13) is actually a minimum and that if z},..., z* are points for which

n
M, = sup [ ]|z — z¥
zeE 1

then z§,..., z¥ lie in the closed convex hull of E. Next we observe that

M,,, < M,M, foralln, m (7.14)
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since the union best points for n and the best points for m form one possible
set of points for n + m. We now need a simple fact:

suppose ¢, + ¢,, = C,,,, for all n, m; then limc,/m

exists although it may be — o0 (7.15)

To see (7.15), let a > inf{c,,/m). Then choose an integer s with a > ¢ /s. For
m > s we write m = us + v, where 0 < v < 5. Hence

cm=cu5+9<cu3+cvsucs+cv
Thus,
c u
m
— < ¢, +—c
m “us+vo° m?

As m — oo, we know u — oo; we then have for large m

c c
gLt e<a+te
m s
Consequently,
. € . C
1nf—”'<11msup{—"i.m->oo}
m m m
CS
€£—<=x<a
s

Since this holds for all a > inf{c,,/m} we find that
. [ Cm . i of Cm
hm{;.m—*oo} —mf{ m}
With this in mind and in view of (7.14) we see that
p(E) = lim{ M}/™: m - oo} (7.16)

exists, although it may be 0.
The function p is a set function, defined at least on compact sets and p has
these two properties

if ECF, then p(E) < p(F) (7.17)

if (E,) is a decreasing sequence of compact sets with

E = ME,, then p(E) = lim p(E,) (7.18)

The proof of (7.17) is trivial so we examine (7.18). Given & > O there is a
large integer s such that

e + p(E) > M//*(E)
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However, with this s fixed, we know that
M,”*(E) > M;/*(E,) — e
for all large enough » and also that
M)*(E,) > p(E,), alls

since p(G) = inf {M/"(G)) for any compact set G. Putting these inequalities
together we find

2¢e + p(E) > p(E,), nlarge
so that (7.18) holds.

Theorem 7.3. p = e™¥ = cap(E)
Proof. Let zf,..., z)} be an optimal choice in (7.13). Then

logM, >3 log|lz—z} if ze€E
1

and so if we define

1 n
v(z) = — =3 log|z — z*
1

:

we find
o(z) > —%logMn, z€E

Put F={z€C:v(z)> —(1/n)log M,}. Then F is compact and E C F.
Consequently,

Y(E) > v(F) (7.19)

However, we notice that —v(z) — (1/n)log M, has all the properties of the
Green’s function of the complement of F with pole at co so that

-v(z) —%logM" = g(z,0;F°)

Thus,

¥(F) = im{g(z, o0; F°) — log|z|:|z| = oo}

1
s log M,
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Consequently,
1
Y(E) > v(F) = -~ log M,
which implies
cap(E) = e7"® < p(E)

We prove the reverse inequality first for a compact set E with the property
that ©, the unbounded component of the complement of E, is regular for the
Dirichlet problem; that is, the Dirichlet problem is solvable in . Suppose,

then that € is such a domain, oo € @, and E is the complement of . Let
g(z, o) be the Green’s function for & with pole at co and recall (7.6)

—floglz —$ldo ($)=7—-g(z,0), z€Q (7.20)
Choose a compact set K in £ so close to d$ that
g(z,o)<e, z€K (7.21)

Since w, is a probability measure on 32 C E there is a sequence (»,} of
measures of the form

X | —

v, =

n
Z aj,n
Jj=1

where §; ,, is the unit point mass at a point {; , € 94, such that {»,} converges
weak-* to w, in the space of measures on 3€; the points ¢ in need not be
distinct. Thus,

/loglz - §ldv,($) —->flog|z = {ldw(£)

uniformly on compact subsets of Q and, in particular, on K. If K is chosen so
that E lies in K then

max{|q(z)|: z € K} > max{|q(z)|: z € E} (7.22)

for any polynomial g. Set

0,(2) = n (2= )
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Then

1
’;log|Qn(z)|—flog|z—{|dvn(§) < g, zekK
for n large enough and so, combining this inequality with (7.20), (7.21) and
(7.22) we find
p(E) < max|Q,(2)]'/" < 77"
Hence, Theorem 7.3 holds in the special case when the Dirichlet problem is
solvable in the unbounded component of the complement of E. For the general

case let {Q,) be a regular exhaustion of £ and let E, be the complement of {,,.
Then, by definition

e o e Y
and p(E,) — p(E) by (7.18). This finishes the proof.

Theorem 74. Let E be a compact set of capacity zero. Then there is an element
o € P(E) such that

lim{ p,(z):z > E} = 0 (7.23)

Proof. We begin by noting that the proof of Theorem 7.3 showed that
when computing M, and p attention could be restricted to monic polynomials
all of whose zeros lie in E (indeed, in d9Q, where @ is the unbounded
component of the complement of E.) Let z,,,..., z,, be points of E such that

1/n
max( nlz ) <eg,

z€E |\ j=

where ¢, = 0 as n — oo, since cap(E) = 0. Thus,

-= Z log|z — z;,| > —loge,, z€E
j=l

Choose n = n;, = oo such that ¢, < exp[—e*] and put
op,=— 28 ,, k=123,

where §; , is the unit point mass at z . n, Finally, put
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so that o € 9(E) and for z € E we have

[+ o}

po(2) = = [loglz = §1do(5) > %ek _
1

By lower semicontinuity we find
liminf( p,(z):z > {,E € B} > p,(§) = w0

The final theorems of this section show that a compact set of capacity zero
is “removable” for bounded harmonic functions and that this property char-
acterizes such sets.

Theorem 7.5. Let E be a compact set and Q any domain containing E. If E has
logarithmic capacity zero then each function u which is bounded and harmonic in
Q \ E extends to be harmonic in Q.

Proof. Let ' be a domain for which the Dirichlet problem is solvable with
E c @ and cL(Q') € Q. Let h be the function harmonic on §’, continuous on
cL(R), with h=u on 9% and put v =u — h. Then v is bounded and
harmonic on &'\ E and v = 0 on Q. Let o be the measure constructed in
Theorem 7.4 and let p(z) be the potential generated by o. The function v — ep
is harmonic on €'\ E and is nonpositive on (2’ \ E) € 32’ U E (we may
assume that the diameter of € is at most one with no loss of generality). Hence,
v < egp on &'\ E and, letting ¢ = 0 we find that v < 0 on @'\ E. In a like
fashion by considering v + ep we see that v > 0 on &'\ E. Hence, v = 0 on
@'\ E and so ¥ = h on @'\ E. But 4 is harmonic across E and thus u is as well.

Theorem 7.6. Let E be a compact set. Suppose E has the property that
whenever ) is a domain containing E and u is bounded and harmonic on @\ E,
then u is actually harmonic on Q. Then E has logarithmic capacity zero.

Proof. The hypothesis certainly implies E contains no continuum (other-
wise there is a nonconstant bounded analytic function in the complement of
that continuum). Hence, = S$2\ E is connected. Suppose cap(E) is positive;
then @ has a (generalized) Green’s function g(z,o0) with pole at oo. By
hypothesis g(z, o) extends to be harmonic across E and hence g(z, o) is
harmonic on € with a logarithmic pole at oo. Let & be the harmonic conjugate
of g(z, 00) on € and consider

F = exp[—g — ih]

F is a bounded entire function and hence is constant; this contradicts the fact
that g(z, o) is not identically co. Thus, cap(E) = 0.
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ADDITIONAL READINGS AND NOTES

The material of Chapter 1 is classical and may be found in many texts. The
paperback book of Fuchs (1967) has a nice development of the topics of this
chapter and others as well; the presentation here is very much like his. The
book of Tsuji (1959) is a compendium of results on function and potential
theory in the plane. Helms (1969) gives an exposition of potential theory in
Euclidean n-space. In the exercises which follow two more notions of capacity
are developed and shown to coincide with the logarithmic capacity presented
in Section 1.7; the concept of the transfinite diameter of a compact set was
introduced and studied by Fekete. Among other things, he showed that the
logarithmic capacity (equivalently, the transfinite diameter, 7) is the only
nonzero set function defined on the compact sets in the plane which satisfies
these four properties:

TE)<t(FH)ifECF

If a € C and aE = {az: z € E}, then 7(aE) = |a|7(E)

Ife>0and E, = {(z:dist(z,E) < ¢}, then 7(E,) > 7(E) as ¢ —» 0

If Q is a monic polynomial of degree k and if E* consists of all roots of
Q(z) = w as w ranges over E, then 7(E*) = (7(E))/*

LW =

See Fekete (1923).

EXERCISES
1. Prove the assertion made in the introduction to this chapter, that the
Dirichlet problem is not solvable on the punctured disc, 0 < |z| < 1.

2. If u is subharmonic on a < |z| < b, then

I(r)=f_7r u(re")dt, a<r<b

is a convex function of log r.

3. Let @ be a domain for which the Dirichlet problem is solvable and let E
be a w-measurable set in I' = dQ. If u is subharmonic on £ and

limsup{u(z):z > ¢} <M, all{€E
limsup{u(z):z > A} < L, allA€T\E
then

u(z) < Mw,(E) + Lw,(T\E), z€Q
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11.

12.

13.
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If, in problem 3, E =T and if u(z,) = M for some z, € @, showu = M
in Q.

Prove a function u on a compact set K with values in [ — o0, 00) is upper
semicontinuous if and only if there are continuous functions { [} on K
withf, > f, > - -+ and f(x) = u(x), x € K.

Suppose Q is simply connected and I' = JQ has two or more points. Show
that the Dirichlet problem is solvable in .

Let © be bounded and simply connected and let g(z; z,) be the Green’s
function for @ with pole at z,. If H is the harmonic conjugate of
G(z) = g(z; zy) + log|z — z5| on R, show that F(z) = (z — z,)
exp[— G(z) — iH(z)] is a one-to-one mapping of @ onto the open unit
disc A, with F(z,) = 0.

Find the Green’s function for the open unit disc A with pole at a € A. Do
the same for the annulus {z: 1 < |z| < p} with pole at r € (1, p).

Let E be compact. Show that there are points zf,..., z* such that

n
M, = sup{nlz —zf:z € E}
1

Show further that z§,..., z¥ lie in the convex hull of E.

Let E be a compact, connected set with connected complement © (relative
to the sphere) and let f(z) = Az + by + b,/z + --- be the Riemann
mapping of € onto {w:|w|> 1} with f(e0)= 00, 4 > 0. Show that
cap(E) = 1/|4|. If E = [qa, b] in R, show cap(E) = (b — a).

Let & be a domain for which the Dirichlet problem is solvable and let
E c 99 be compact. If cap(E) = 0, then the harmonic measure of E is
also zero.

Let @, and Q, be two domains on which the Dirichlet problem is solvable
and suppose , C Q,. Let p € Q, and let w, and w, be harmonic measure
on 92, and 9Q,, respectively, for p. If E is a compact set in 2, N 3Q2,,
show that w,(E) < &,(E).

There are at least two other ways to arrive at the logarithmic capacity
of a compact set E. These are developed in the next several exercises.

Let z,,..., z, be points of E and set
a. P(z,...,z,)= l_[ 12; = 2
i<k

b. P, =sup{P(zy,...,2,):2y,...,2, €EE}

c. dn = PnE"’ £, = 2/n(n - 1)

Show thatd, > d, > --- . Let 7(E) = lim d,; 7 is the transfinite diameter
of E.



