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All log schemes here should probably be fine and saturated.

1. Log points and their maps

We want to construct the stack ∧X. We start with ∧′X. This is a
log space whose points over a log scheme S are maps S × p† → X. The
automorhism group Gm of p† acts on ∧′X. We have

Lemma 1.1. ∧X = [∧′X/Gm].

We quote from [1]:

Lemma 1.2. If
X = lim

←
Xi

then
∧X ′ = lim

←
∧′Xi.

Problem 1.3. There is an analogous result for ∧X - state and prove it!

Also we have

Lemma 1.4. If X carries a trivial log structure then ∧′X = X.

Finally we have

Problem 1.5. Let Ui → X be a strict étale cover. Write Uij for Ui ×X Uj

as usual, so
X = lim

→
({Uij}⇒ {Ui}).

Show that
∧′X = lim

→
({∧′Uij}⇒ {∧′Ui}).

Show the same for ∧X.

Lemma 1.6 (Gillam). Let

X = Spec(N→ Z[N]).

Then
∧′X = ti∈N Spec(N→ Z[N]),

the action of Gm on the i-th componet is through the character t 7→ ti, the 0
component maps to X isomorphically, and all other components map to the
origin.

Date: today.
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Problem 1.7. Construct ∧′X and ∧X for all fine and saturated X as
follows:

(1) X has an étale covering by charts Ui of the log structure. By a
previous problem it is enough to construct ∧′Ui, ∧′Uij . So we may
assume X has a global chart.

(2) If X has a chart with monoid P we can write

X = X ×Spec Z[P ] Spec(P → Z[P ]).

By a previous problem it suffices to treat

X = Spec(P → Z[P ]).

(3) Choose P a presentation

Nk ⇒ Nl → P

then X is an equalizer

X → (Spec(N→ Z[N])l ⇒ (Spec(N→ Z[N])k.

By a previous problem we have ∧′X is an equalizer

∧′X → (∧′ Spec(N→ Z[N])l ⇒ (∧′ Spec(N→ Z[N])k,

and each term is computed by Gillam’s lemma.

Problem 1.8. Repeat the same for other types of log points, eg log nodes.
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