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KBSTRACT. We discuss the role played by logarithmic structures in the theory
of moduli.
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It can be said that Logarithmic Geometry is concerned with a method of
finding and using “hidden smoothness” in singuler varieties. The original insight
comes from consideration of de Rham cohomology. Since gingular varieties natu-
rally occur “at the boundary” of many moduli problems| Logarithmid Gdometry

was soon applied in the theory of moduli.

The main body of work on logarithmic geometry has been concerned with
deep applications in the cochomological study of p-adic and arithmefic schemes.
This gave the theory an aura of “yet ancther extremely complicated theory”, in
the same general baggage as Fontaine’s big rings. It is a bit unfortunate that the
founders m to pursue simple geometric applications right away t
scatter this aura. The treatments of the the theory are however quite accessible.
‘We hope to convince the reader here that the theory is simple enough and useful
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enough to be considered by anybody interested in moduli of singular varieties,
indeed enough to be included in a Handbook of Moduli.

1.2. Normal crossings and logarithmic smoothness

So what is the original insight? Let X be a nonsingular complex variety, S
a curve with a point s and f: X — 5§ a dominant morphism smooth away from
s, in such a way that f~1s = X, = YU ... UY,, is a reduced simple normal
crossings divisor. Then of course Qx,y = Qx/f*Qy fails to be locally free at the
singular points of f. But consider instead the sheaves Qx (log(X,)) of differential
forms with at most logarithmic poles along the Y;, and similarly Qg(log(s)). Then
there is an injective sheaf homomorphism f*Qs(log(s)) — Qx (log(Xs)), and the
quotient sheaf Q]fog is locally free.

So in terms of logarithmic forms, the mdrphism [ is as good as o smooth
morphism.

There is much more to be said: first, this Q]fog can be extended to a log-
arithmic de Rham complex, and its hypercohomeology, while not recovering the
cohomology of the singular fibers, does give rise to the limiting Hodge structure.
So it is evidently worth considering.

Second, the picture is quite a bit more general, and can be applied to all toric
and toroidal maps between toric varieties or toroidal embeddings (with a little
caveat about the characteristic of the residue fields). So there is some flexibility
in choosing X — 5.

1.3. The search for a structure

Since we are considering moduli, then as soon as we consider X — 5 as above
we must also consider the normal crossings fiber X, — {s}. But what structure
should we put on this variety? The notion of differentials with logarithmic poles
along X, is not in itself intrinsic to X,. Also the normal crossings variety X, is
not in itself toric or toridal, so a new structure is needed to incorporate it into the
picture.

One is tempted to consider varieties which are assemnbled from nice variety by
some sort of gluing, as normal crossings varieties are. But already normal crossings
varieties do not give a satisfactory answer in general, bacause their deformation
spaces have “bad” components. Here is a classical example: consider a smooth
projective variety Z such that Pic’(Z) is nontrivial. Let L be a line bundle on
Z and set Y = P(O @ L), with zero section Z C Y. Let X be the blowing up of
Z x0CY x Al. We have a flat morphism f: X — A with fiber Xy = f~1{0) ~
Y UY, where the two copies of ¥ are glued with the zero section of one attached
to the oo section of the other.

- So clearly Xo is a normal crossings variety with a nice smoothing to a copy
of Y. But there are other deformations: the variety Y UY also deformsto Y U Y

§
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4 Logarithmic Geometry and Moduli

where Y’ = P(O @ L') and L' a deformation of the line bundle L. And it is not
hard to see that ¥ UY” does not have a smoothing. Ideally one really does not
want to see this deformation ¥ UY” in the picture - and ideally Xy should have a
natural structure whose deformation space excludes Y UY” automatically.

Such a structure was proposed by Friedman in [8], where the notion of
semistable varieties was introduced. This structure is somewhat subtle, and while
it solves the issue in this case, it is not quite as flexible as one could wish. As
we will see in Section 5, logarithmic structures subsume D-semistability and do
provide an appropriate flexibility.

1.4. Organization of this chapter

The purpose of this chapter is to briefly describe logarithmic structure and
to indicate where they can be useful in the study of moduli spaces. Section 2 gives
sfinitions of logarithmic structures, and section 3 discusses logarithmic
and log smooth deformations, which are important in considering

Section 4 gives the first example where logarithmic geometry fits well with
moduli spaces: the moduli space of stable curves is the moduli space of log smoocth
curves. The issue of D-semistability does not arise since a nodal curve is auto-
matically D-semistable. So the theory for curves is simple. Turning to higher
dimensions, Section 5 shows how D-semistability can be described within loga-

~rithmic structures. _

If one is to enlarge algebraic geometry to include logarithmic structures, the
task of generalizing the techniques of algebraic geometry to logarithmic structure
can certainly seem daunting. In section 6 we show how to encode logarithmic
structure in terms of certain algebraic stacks. This allows us to reduce various
constructions to the case of algebraic stacks. {One can argue that the theory of
stacks is not simple either, but at least in the theory of moduli they have come to
be accepted, with some exceptions [22].)

In section 7 we make use of logarithmic stacks to describe the complexes which
govern deformations and obstructions for logarithmic structures even in the non-
smooth case. This comes in handy later. For instance, even when studying moduli
of log-smooth schemes, the moduli spaces tend to be singular, and their cotangent
complexes are a necessary ingredients in constructing virtual fundamental classes.

Section 8 describes a beautiful construction, similar to polar coordinates, in
which families of complex log smooth varieties give rise canonically to families of
topological manifolds. Differential geometers have used polar coordinates on nodal
curves to “make space” for monodromy to act by Dehn twists. Rounding (using
Ogus’s terminology) is a magnificent way to generalize this.

The immediate implications of logarithmic structures for De Rham cohomeol-
ogy and Hodge structures is described in Section 9.

- sl
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We conclude by describing three applications, where logarithmic structures
serve as the proverbial “magic powder” (term suggested by Kato and Ogus) to
clarify or remove unwanted behavior from moduli spaces.

Section 10 describes a number of cases where the main irreducible compo-
nent of a moduli space can be separated from other “unwanted” components by
sprinkling the objects with a bit of logarithmic structures.

In Section 11 we introduce twisted curves, a central object of orbifold stable
maps, and show how logarithmic structures give a palatable way to construct the
moduli stack of twisted curves.

Section 12 gives background for the work of B. Kim, in which Jun Li’s moduli
space of relative stable maps, with its obstruction theory and virtual fundamental
class, is beautifully simplified using logarithmic structures.

2. Definitions and basic properties

In the first two sections, we will introduce the basic definitions of logarithmic
geometry in the sense of [18]. A good introduction would be [18] and [30].

2.1. Logarithmic structures\ ?w&

The basic definitions are as follows:

Definition 2.1. A monoid Js a commutative semi-group with a unit. A morphism
of monoids is required to preserve the unit element. We use Mon to denote the
category of Monoids.

Definition 2.2. Let X be a scheme. A pre-logarithmic structure on X is a sheaf
of monocids M on the étale site X combined with a morphism of sheaves of
monoids: a : M — Oy, called the structure morphism, where we view Ox as
a monoid under multiplication. A pre-log structure is called a log structure if
a~Y(0%) = 0% via a. We call the pair (X, M) a log scheme.

Definition 2.3. Given two pre-log structures M and AN on X. A morphism between
them is a morphism M — A of sheaves of monoids which is compatible with the
structure morphisms.

How should one think of such a beast? There are two extreme cases:

(1} If an element m € M has a(m) = z # 0, one often thinks of m as some
sort of partial data of a “branch of the logarithm of 7. Evidently no data
is added if x is invertible, but some is added otherwise. In particular, we
will see later that m permits us to take the logarithmic differential dx/z
ofz.

(2) If a(m) = 0 it is often the case that it m comes by restricting the log
structure of an ambient space, and serves as the “ghost” of a logarithmic
cotangent vector coming from that space. So the log structure “remem-
bers” deformations that are lost when looking at the underlying scheme.

O~




6 Logarithmic Geometry and Moduli

2.2. The log structure associated to a pre-log structure

Given a pre-log structure & : M — Ox on X, we can associate a log structure )
M to be the push-out of -

- a”HO%) — M
O%
in the categary of sheaves of monoids on X, endowed with
M®* — Ox (a,b) — afa)b (a € M, be O%).

In this way, we obtain a functor ¢ : (pre-log structures on X} — {log struc-
tures on X). From the universal property of push-out, any morphism of pre-log
structure from a pre-log structure M to a log structure on X factor through AM®

unigquely.
’6 On the other hand we have a natural inclusion i : (log structure on X) <
(pre-log structure on X} by viewing log structure as a pre-log structure. So we
have the following lemma.
[ Lemma 2.4. {30, 1.1.5] The functor a is left adjoint to .
M Example 2.5. The category of log structures on X has an initial object, called the
trivial log structure, given by the inclusion @5 — Ox. And it also has a final

object, given by the identity map Ox — Oyx.

Example 2.6. Let X be a regular scheme, D C X is a normal crossing dw

can define a log structure M on X associated to the divisor D as

M M = {g € O : g is invertible oufmdp W Lﬁ:&"" o
Mﬂ%———" Of course this can be done for any dense oner
crossings sttuation 18 special - we will see la.te

Note that the concept of normal crossing is local in the étale topology. This

is one reason we use the étale topology instead of the Zarigki.tanglogy. 8 \
pology logy. g o\U)

Ezample 2.7. Let P be a monoid, R a ring. Denofe X Spec R[P], #en X has a

use Spec(P — R[P}) to denote the log scheme X with its canonical log structure.

2.3. The inverse image

Let f: X — Y be a morphism of schemes. Given a log structure My on Y,
we can obtain a log structure on X called the invese image of My, to be the log
structure associated to the pre-log structure f~'(My) — f~1{Oy) — Ox. This
is usually denoted by f*(My). Using the inverse image of log structures, we can
give the following definition.

But the normal M(U %3
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Definition 2.8. A morphism of log schemes (X, Mx) — (¥, My) consists of a
morphism of underlying schemes f : X — Y, and a morphism f* : f*My — My
of log structures on X.

We use LSch to denote the category of log schemes.

Ezample 2.9. In Example 2.7, the log structure on Spec(P — R[P]) can be viewed
as the inverse image of the log structure on Spec(P — Z[P]) via the canonical map
Spec(R[P)]) — Spec(ZIP]).

Ezample 2.10. Let k be a field, Y =Spec k[zs,- - ,%,), D=V (21 - z,). Note that
D is a normal crossing divisor in ¥'. By example 2.6, we have a log structure My
on Y associated to the divisor D. In fact, AMy can be viewed as a subsheaf of Oy
generated by 0% and {z1, -, z.}.

Consider the inclusion j : p = Spec & — Y sending the point to the origin
of Y. Then j*My = k* @ N, and the structure map j*M — Ox is given by
(a,ny, - ,n) =+ a-0™ 1T+ where we assume 0° = 1 and 0" = 0 if n # 0. Such
point with the log structure above is call a logarithmic point, when r = 1 we call
it the standard logarithmic point.

2.4. Charts of log structures

Definition 2.11. Let (X, Mx) be alog scheme, and P a monoid. A chart of Mx is

a morphism P — I'(X, Mx), such that the associated log structure to the pre-log )

structure P — I'(X, Mx) = T'(X, Ox) is M. PSRN J‘..a‘b MW-?;
In fact, a chart of My is equivalent to a morphism f : (X, Mx) — Spec(P —

Z|P]), such that f* is an isomorphism. In general, we have the following:

Lemma 2.12. [30, 1.1.9] /—\ WQ“J—

Hompsen((X, Mx), Spec(P — ZiP])) = Homagon(P,T(X, Mx)). ;’”"25 '(_. 2.

‘We can also consider the charts of log morphisms. m"’

Definition 2.13. Let f : (X, Mx) — (¥, My) be a morphism of log schemes. A
‘F’_, chart ?E’f is a triple (Px — Mx,Qy — My, Q — P) where Px and Qy are the
constant sheaves associated to the monoids P and €}, which satisfy the following
conditions:
(1) Px — Mx and Qy — My are charts of Mx and My
(2) the morphism of monoeids @ — P makes the following diagram commuta-
tive:

Gx — Px

L]

"My —— Mx.

i
3




8 Logarithmic Geometry and Moduli

2.5. Fine log\stfcrm'e:——/ N , E }
In generalVMog structures are too wild to manipulate. Next we will introduce

some well-behaved log structures. Given a monoid P, we can asso h STOUpP

P = {(a,b)|(a,b) ~ (c,d) if 3s € P such that s +a+d =sTFb+c}.

Note that any morphism from P to an abelian group factor through P97 uniquely.

Defindtion 2.14. P is called iptegral if P — P97 is injective. It is called ﬁatura.ted
if it is integral and for any p € P97, if n-p € P for some positive integer n then

peP. ‘y’(g
Definition 2.15. A log scheme (X, Mx) is said to be fine, if étale locally there is
a chart P — M with P a finitely generated integral monoid. If moreover P is ‘]é-"" ? M. b 4
saturated, (X, Mx) is called fine and saturated, and we denote it fs. V » '
* In the following, we will focus on fine log schemes. \-\,\‘,

3. Differentials, smoothness, and log smooth deformations
|
3.1. Logarithmic differentials |

In [11] Grothendieck defines a derivation as the difference of infinitesimal
liftings of a section. We can do the same thing with logarithmic schemes. First, we
need a concept of infinitesimal extension, which requires the following definition.

Definition 3.1. A morphism f : (X,Mx) — (Y, My) is called strict if f* :
F*My — My is an isomorphism. It is ealled a strict closed immersion ! if it
is strict and the underlying map X — Y is a closed immersion in the usual sense.

O f g
; i 7 . Ot LA b
Let us consider thg feHoWing commutative diagram: »‘;, e,.a-ea-eo |

(To, Mx,) —— (X, Mx)
T

g1 . 1

g M :
' Y

(TlsMTl)T)'( ,MY)M, .

where § is an exact closed immersion defined by‘ﬁvith J? = 0. Note that T}

and T; have the same underlying topological space. Then we have the following

commutative diagram of sheaves of algebras given by the underlying maps:

On 97 0x

[

OT1 {i———::'l,[)_l Oy

i
|
\
}
}
H

I [18}, this is called an exact closed immersion. But I feel more explicit if using the word
“strict” instead of “exact”.
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Then gf’e - gf is a derivation 8, _g, : ¢7'Ox — J in the usual sense. We also
have a commutative diagram given by the log structures:

My b—_gl_ﬁ_lMX M AZC M
g
MT1 1{ 92¢_1

mutiplicative monoids . .é .

1> (1+J)— Mp — Mg, — L

Note that we have an exact sequen

Hence we obtain a morphism Dy, _g, : ¢~ Mx — J such thdt Ve ¢~ My, we
have (g8 — gb)(m) = I + Dy, _,,m. Since J is now viewed as an additive group,
we obtain Dg,_g, : ¢~'MYF — J, and it is not hard to check that Dy, _,, (m -
n) = Dg, g, (m) + Dy, _g,(n) for any m,n € ¢ (Mx). By the definition of log
structures, we also have
(1) afm)Dyg, g, = By, —g, (a(m)), v € 7 Mx;
(2) Dgy—golyp-1py =0.
Remark 3.2. (1) Since the log structure contains all the invertible elements in
the strcture sheaf, the map D, 4, determines 9, _g,.
(2) The above properties show that Dy, _g, behaves like *dlog”. This is one
of the reasons for the name “logarithmic structure”.

Summarizing the above discussion gives the following definitions: w W
A
’

Definition 3.3. Let X = (X, Mx), Y = (Y, My) be fine log schemes, and f : X — M v
Y a morphism of log schemes. Let I be an Ox—module. The sheaf Dery-(X, I) v W

of log derivations of X over Y to [ is the sheaf of germs of pairs (8, D) where
0 € Dery(X,I) and D : Mx — I such that the following conditions hold: ,Q*"b W

(1) D{ab) = D(a) + D(b) for a,b € Mx; \__\Q"/

(2) af{a)D{a) = d(x(a)), for a € Mx.
(3) D{a) =0, fora € f~IMy. M . .

Definition 3.4. Using the notation as above, we define the @ x-module Qifg to be .{’D m

the quotient x,y & (Ox ®z MY )/K, where K is a Ox-module generated by local

sections of the following forms: /:l WA
(1) (da(a),0) ~ (0, (a) @ a) with @ € M; Yt
(2) (0,1 ®a) with @ € Im(f~(My) — Mx). M
The sheaf Q?"g is called the sheaf of logarithmic differentials. % g

'y
Remark 3.5. If we consider only fine log structures, and assume that Y is locally _\Q\v’, Cat J‘ g
noetherian and X locally of finite type over Y, then Derg(X @d Qifﬂ‘ in the w

1
H
|
i
i
g
§
f

definitions above are coherent sheaves. The proof of this can bf find jin [30, ITV.1.1]

frord
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We have the following universal property relating the two definitions:

Proposition 3.6. [30, IV.1.1.6] Using the natotions above, we have a natural
isomorphism

Homo (Q}og,f) =~ Dery(X,I),
given by u — (uwo d,uo D), where (8,D) are the universal derivation defined by
8:0x = Qxjy — OFF and D : Mx — Ox @z ME — Q49

Ezample 3.7. Let B = klz1,--- ,za]/(z1--- 2}, where & is a field. Denote X =
pec¥, and M x to be the log structure on X given by N -» R, e; — x;, where
e; is the standard generator of the monoid N". Let (¥, My ) =Spec(N — k)
be the logarithmic point described in 2.10. Now we can define a morphism f :
(X, Mx) — (Y, My) by the following diagram:

N R

J ]

N——&

where A : ¢ — e + -+ 4+ ¢, and e is the standard generator of N. Then
it is easy to see that Deriy s, (X, Mx),Ox) is a free Ox-module generated
8

8 8 5 - . 8 8
by T ggr 1T Par Brgy Tt B with a relation Tigg, + 1+t Erg = 0.
The sheaf Qf\f’g is a free Ox-module generated by the logarithmic differentials:
d d - ;o d d
?0-‘11,.... ,?”iﬂ,:t:rﬂ,--- , L, With a relation ﬁl + -t —mirt =0.

Example 3.8. Let b : Q — P be a morphism of fine monoids. Denote (X, Mx) =
Spec(P — Z[P]) and (Y, My) = Spec(@ — Z[Q]). Then we have a morphism
f i (X, Mx) — (Y, My) induced by h. A direct calculation shows that Qifg =
Ox ® Cok(h97).

3.2. Logarithmic Smoothness

Let us go back to the following diagram:

¢
(Lo, Mpy) — (X, Mx)

o5 |
(T1, Mry) - (Y, My)

where j is an exact closed immersion defined by J with J2 = 0. As in the usual
case, we can define log smoothness by the existence of lifting sections.

Definafing 3.9. A morphism f: (X, Mx) — (Y, My) of fine log schemes is called
,;E%ogith (;f&aig) if the underlying morphism X — Y is locally of finite presentation
and for any commutative diagram as shove, there exists étale locally on T} a
(unique) morphism ¢ : (77, Mr,) — (X, M) such that ¢ =gojand ¢ = fog.

{)\\-@/Ml/r«

|
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‘We have the following useful criterion for smoothness from {18, Theorem 3.5].

Theorem 3.10. (K.Kato) Let f : (X, Mx) — (Y, My) be a morphism of fine
log schemes. Assume we have a charf Q@ — My, where Q) is ¢ finitely generated
integral monoid. Then the following are equivalent:

(1) £ s log smooth(étale);
(2) étale locally on X, there exists a chart (Px — Mx,Qy — My,Q — P)
extending the chart Qv — My, satisfying the following properties.
(a) The kernel and the torsion parl of the cokernel (the kernel and the
cokernel) of QP — P97 are finite groups of order invertible on X,
(b) The induced morphism from X — Y Xgpe zjq) Spec Z[P) is étale in
the classical sense.

Remark 3.11. (1) ‘We can require Q¥ — P97 in (a) to be injective, and replace
the étaleness of X — Y Xgpee 210 Srec Z[P] in (b) by the smoothness
without changing the conclusion of the theorem 3.10. ’
o
(2) The arrow in (b) shows thalfog smooth st s "locally toric” relative 'f"""?g“w\/
to the bage. If we consider the case ¥ = Spec C with the trivial log
structure, and X = Spec(P — C[P]) where P is a fine, saturated and
torsion free monoid. Then X is a toric variety with the action of Spec
C[P97]. According to the theorem, X is log smooth relative to Y, though

the underlying space might be singular. These singularities are called toric
singularities in the sense of [19].

FErample 3.12. Using the theorem, we can check directly that the morphism f in
example 3.7 is log smooth, but the underlying map has normal crossing singulari-
ties. We will see later that one of the major advantages of log structure is to deal
with the normal crossing singularites.

For log smooth morphisms, the following proposition shows that log differ-
entials behave like the usual differentials of smooth morphisms.

Proposition 3.13. Let (X, Mx) EA (Y, My) 5 (Z,Mz) be morphisms of fine La

log schemes. W ,
(1) There exists an ezact sequence f*2°9 — Qgigf — Q}“g — 0. \v'b'
(2) If f is log smooth, then Q‘!f"g is a locally free Ox-module, and we have the W
following ezact sequence: 0 — F*Qle9 ﬂtg‘:,gf — szog — 0. CA/"”’
(3} If go f is log smooth and the sequence in (2) s ezact and splits locally,
; '
then f is log smooth. N 3 ><
A proof can be found in [30, Chapter IV]. )
3.3. Logarithmic smooth deformation l,‘( \,&

After we have the log smoothness, a natural thing to do is to develop the log \-‘ ) — \(
smooth deformation. In many cases, we would require this to be a flat deformation

~? O*Q&kf—a %
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for the underlying space. Unfortunately log smoothness does not imply flatness,
g0 we need the following definition.

Definition 3.14. A map of fine monoids h : () — P is called integral if the induced
map on monoid algebra Z|Q] — Z{P] is flat. ’

Definition 3.15. A morphism f : (X, Mx) — (¥, My) of integral log schemes |e WL*M

is called integral if for every\geometric point T € X, the map of monocids k :

FH My JO%)s — (¢ w is integral. / qx M
Remark 3.16. (1) is integral, then étale locally we have a chart (Px — e M

Mx,Qy — My, Q A, P) such that h is integral.
(2) If h: @ — P is integral of integral monoids, then for any integral monoid , ,.Q. E 1 A

Q', the push-out of P — Q — @ in the category of monoids is integral.
Thus integral morphisms are stable under base cha,ngg by integral log

schemes. D
(3) Given a morphism k& :@~~F of integral monoi/d{ there is an explicit
criterion, which looks ged, but sometimedseful for checking inte- -

grality of h directly: if @178 € Q, b1,bz € P and A(a1}b1 = h{eg)bg, then
there exist a3,a4 € @ and b € P such that by = h(az)b, by = A{a4)b and

e e e e ¥

Now we have the following fact from [1%, 4.5].

Proposition 3.17. If f is a log smooth and integral morphism of fine log schemes,
then f the underlying map is flat in the usually sense.

Now let us consider the following deformation problem. Given a log smooth
integral morphism fg : (Xo, Mx,) — (Bg, MBp,) of fine log schemes, and fafxact OAAS
closed immersion j : (Bg, Mg, ) ~ (B, Mz) deﬁned by an ideal J with J? = 0. We
want to find a log smooth lifting f : (X, Mx) — (B, Mpg) ﬁ—tﬁ 1nto the followi

artesian diagram: )
st e (Xo, M) —— (X, Mx) “f"” 3 M&k/pﬁ @;

l l L) s

(Bo, Mg, )—— (B, Mg).
Remark 3.18. Since fp is integral, and Mx/(1+J) = Mx,, it is not hard to show

that the lifting f is antomatically integral and hence flat. % +
We denote T“’g = (Q“’g )V to be the log tmy morphism fp j,,&

of fine log schemes We have the following theorem for log smooth deformations.

Theorem 3.19. With the notation as above, we have:

(1) There is a canonical obstruction n € H%(Xo, Tl"g ® J} such that n =0 if = 3 .(2-("
and only if thew log smooth lifting.

3&19‘-3




ex:char

“where T is any geometric point mapping
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(2) If n = 0, then the set of log smooth deformations form o torsor under

HY(Xo, T ® J). . g lv
(3) The automorphism of any deformation is isomorphic to H*(Xo, T}gg ®.J). W
The theorem can be proved similar to the case of usual deformation theory./g G/Ai

Another proof using logarithmic cotangent complex can be found in [35, Thm 5.6],
which we will discuss later.

4. Log smooth curves and their moduli

In this section we discuss F. Kato’s paper [17] in which he gives a log geom- . A
etry theoretic construction of the Deligne-Mumford compactification Hg,n of the 7IS \'6"‘7 -]

moduli space My, of curves. He states in the introduction a motiving philosophy wbw .

which relates log geometry to compactifications of moduli spaces: %
o

Philosophy. Since log smoothness already incorporates degenerate objects, one IJG

should expect that a moduli space of log smooth objects is already compact, and e "

so provides a compactification of the moduli of objects where the log structure is
trivial.

Along the Hnes of this philosophy, to compactify Mg ., we want to introduce .
a notion of log curve which extends the notion of smooth curve, We do so after _F‘M

some preliminaries.
F. Kedo,

4.1. Relative characteristic sheaves
Definition 4.1. Given a log scheme (X, Mx), #

Mx [a(O%). Given a morphism (f, i) : { NIV ! schernes, the
relative characteristic My y is defired ag MX/im(f*Mi:_’J\i{D \ p .

Ezample 4.2. Let X =-8Fec k[N"| with its canonical Aog structure. Given t € X,

which ¢ lies. Then {,\W M Hj

o t. More generally, if X is a smooth
scheme and D is a normal crossij?wsor on X, then we obtain a log structrue

M defined by D. Then
~ fo= Nd'(f),
where d(f) denotes the numﬁfér of irreducible components of the inverse image of
D in Spec Ox 7. 7
/'/; J‘L“‘ o=
The relative characteristic, as one might imagine, tells how much log structure as -
one log schemyl’fas relative to another: - 7

£ (7, Lo 160, 1 (1) (6, M) — (9 My) i on it  bocborr @

morphisgin of fine log schemes, then Mx vz = 0 if and only if (f,h) is strict in




ex:intrel

def:logcurve

thm:node

ex:logcurve
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As the following example illustrates, the integrality assumption on (f, k) is
necessary.

FErample 4.4. Let P be the monoid on three generators z, y, and 2 subject to the
relation = 4+ y = 2z. We have an injection

i: P — N?
sending x to {2,0), y to (1,1), and z to (0,2). Let X = Speck[N?] and ¥ =
Spec k[P)] with their canonical log structures. Then it follows from [18, Prop 3.4]

that the morphism (f,h) : (X, Mx) — (¥, My) induced by i is log étale, but it
is not flat, and hence, by [1#, Cor 4.5}, not integral. It is easy to check that

Myxsyvo=N/P~7/2,

s0 Mx/vp =0, but (f,h) is not strict. W

We are now ready to introduce and discuss log curves.

4.2. Log curves

Definition 4.5. Al e is a log smooth integral morphism (f, k) : (X, Mx) —
(8, Mg) T schemes such that the geometric fibers of f are reduced connected
curves.

We require {f, k) to be integral so that, by [18, Cor 4.5], f is flat. The reason

for the fs assumption is to avoid cusps, as the following example shows.
e :

Erample 4.6. If X = Speck[N — {1}] is given 1t8 1 log structure and S =
Speck is given the trivial log structure, then (X, Mx) — (S, i
and integral; however, X = Specklz, y]/(¥® — °) has a cusp.

It is a remarkable fact that by endowing our curves with log structures as in

Definition 4.5, this is enough to control the singylarities of the curve.
Theorem 4.7 ([17, Thm 1.3]). If k is lose fih) (X, Mx) —
(S, Mg) is a log curve with S = Speck,NbewX has at worst no ingularities.

Moreover, ifr1,...,7e are the nodes of X, then there exist smooth points sTw,
of X such that

MX/S = Zrl Q- @Zre @Nsl.ea - .Nsn;
here M, denotes the skyscraper sheaf for a monoid M supported ot ¢ point x € X.

The reader should think of the s; in the above theorem as marked points. So
we can already see how n-pointed curves emerge naturally from the log geometry
perspective.

Ezample 4.8. Consider the closed subscheme X of P2 x; A} defined by zz = ty,
where { is the coordinate of A}; and z, y, and z are the coordinates of P§. Then X
has a natural log structure My . For example, on the locus where z is invertible,




prop:dualizing

def :stable
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X is given by Spec k[P,] with P, a monoid on five generators a, b, ¢, ¢, u subject
to the relations ¢+ ¢ = 0 and a + ¢ = b + u; here Mx is given by the canonical
log structure associated to F,. Then the projection

(X)MX) - A]l;

is a log curve, where A} is given the log structure defined by the divisor £ = 0.
‘We see that every fiber above £ 3 0 is isomorphic to ]P}: with log structure given
by the divisor at 0 and oo; the fiber above £ = 0 is nodal. The n in Theorem 4.7
is equal to 2 for all geometric fibers.

Since our goal is to give a log geometric description of Hg,n, we would like
to express the stability condition purely in terms of log geometry. The following
proposition provides the key.

Proposition 4.9 ([i7, Prop 1.13]). With notation as in Theorem 4.7, there is a
natural isomorphism

Qx, M)/ (S mg) — Wx{(s1+ -+ 50),
where wy s the dualizing sheaf of X.
‘We therefore make the following definition.

Definition 4.10. Let (f,h) : (X, Mx) — {5, Mg) be a log curve and for all geo-
metric points £ of 5, let £() and n(f) be such that

MX{/E:Zr-l &--- Gazrg(t-) EBNsl EB---NSH(Q-

We say (f, h) is of type {g,n) if f is proper, X has genus g, and n(f) = n for all £.
We say (f, h) is stable of type of (g, n) if it of type (g,n) and

HO (X{! T(XE,MXE)/({IME)) =0

for all geometric points £ of 5.

Let Hl;f; be the stack of stable log curves of type (g, n}. This requires some

explanation. Namely, there are two equivalent ways we can view ﬂ:ﬁ: as a
stack over the category of fs log schemes (with the strict étale topology), or as a
stack over the category of schemes equipped with a log structure. In the former,
ngﬁi((& Mg)) is the category of stable log curves of type (g, n) over (8, Mg). In
the latter, ﬂ;ﬁi (S) is the category of fs log structures Mg on § together with a
stable log curve of type (g,n) over {5, Mg). In this second case, we obtain an fs
log structure M on 7\7[1;?1 defined by the following property. If ¢ : § — Ht;i is a
morphism which corresponds to the choice Mg of fs log structure on § along with
a stable log curve of type (g,n) over (S, Mg), then ¢* M = Ms.

‘ buik to 31T *p
4.3. Moduli W MW )
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It is, in fact, true ([17, Prop 1.7]) that if (f,h) : (X, Mx) — (§,Mg) is a
log curve of type (g,n), then the s; in each geometric fiber fit together to yield
n sections o; of f. It follows then that every stable log curve of type (g,n) is an Q ]

n-pointed stable curve of genus g in the classical sense. We therefore obtain a ar + |
morphism W J/I
Heowr N ,% 3‘

—log —
F:Mopn — Mg, e Gk
which is a priori only a morphism of stacks over the category of schemes. However,

M, carries a log structure as well given by the divisor at infinity. The main
theorem of [17] is then

Theorem 4.11 ([17, Thm 4.5]). The morphism F is an equivalence of stacks with
log structures.

We elaborate upon the proof that F' is essentially surjective. It is shown
that there is a canonical way to add log structure to any n-pointed stable curve
f i X — 8 of genus g to realize it as a stable log curve of type (g,n). Lemmas
2.1 and 2.2 of [17] show that it is enough to consider the case when S = Spec A
and A is strict Henselian. For every node r; of the closed fiber of f , we can find
an étale neighborhood U; of the points specializing to r; and a diagram

|
|
%
%

U, —2 Spec Alz, v, 8]/ (xy — 1)

| I

§ —— Spec Alt]

which is cartesian. Let ¢; € A be the image of ¢ under the morphism induced by ;.
Endowing Spec A[t] with the log structure associated to the morphism N — A[t]
sending 1 to ¢, and Spec A[z,y, t]/{zy — t) with the log structure associated to
N? — Alz,y,t]/(zy —t) sending e; (resp. ez} to © (Tesp. y), we see that (w, A) is
a morphism of log schemes, where A : N — N? is the diagonal map. Pulling back
these log structures under ¢; (resp. 1), we obtain log structures £; (resp. M)
on 8 (resp. U7;). Away from the points specializing to r;, we define a log structure
MY as the pullback of £;. The log structures M; and M glue to yield a log
structure M; on X. Let A be the log structure on X associated to the divisor
defined by the marked points. We let

Mx = M) Qoy, -+ Boy, Me oy, N
and
Mg =L1 Doy - Boy Le.

It is not difficult to see that with these definitions, we have endowed f with the
structure of a log curve.
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4.4. Back to the big picture

eg-big-picture

We end by mentioning a type of converse to the philosophic principal men-
tioned at the beginning of this section. We have seen that since log smoothness
includes degenerate objects, log geometry can naturally lead to compactifications;
however, it is also generally true that we do not end up with “too many” degenerate
abjects.

Philosophy. Log geometry controls degenerations.

In higher dimensions, compactifications tend to have unwanted extra com-
ponents. Log geometry helps to cut down on these components. Let us give some
inkling of an idea as to why this should be true. Suppose X is an algebraic stack
which is irreducible. Suppose we can find a proper algebraic stack ¥ with a fine
log structure and an open immersion 7 : X — X such that X is the trivial locus of
X

As we now explain, log geometry provides us with a good method of trying to
show that ¥ is irreducible as well. If k is separably closed and z : Speck - Xisa
morphism, then pulling back the log structure on X endows Spec k with a fine log
structure. By [18, Lemma 2.10], it follows that this is the log structure associated
to a morphism of monoids P — k, where P is fine. Hence, we have a strict closed
immersion of log schemes 7 : Speck — Spec k[[P]], where Speck[[P]] is given its
canonical log structure. Note that the generic point Spec K of Speck[[P]] carries
the trivial log structure. Therefore, if z factors as a morphism of log stacks through

4, then we automatically obtain a commutative diagram

i —

1

Spec K —— Speck{[P]] — Speck

and hence z is the specialization of the point ¥ of X. We see then that the log
structure on Spec k obtained from X somehow serves as a compass telling us which
way to look in order to find a family degenerating to our given point z of X.

5. D-semistability and log structures Q’M
w

Convention. Throughout this chapter, X will be a normgl<rossing va.nety over
an algebraically closed field &. 2 € X means a closed point of X. By a stan-
dard ne1ghborhood of £ € X, we mean an étale neighborhood of x of the form
k[mla ) mn}
(3_;1 ce m'r)
(0,---,0). My, denotes the log structure of the standard log point N — k,n s Q™.

Spec — X such that z corresponds to the point with coordinate
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Introduction

To study the geometry of a normal crossing variety X, one Would like to ask
the following question:

an we embed X into another variety with codimension 1, i.e. an embed-
ing 7 : X — # as a normal crossing divisor?

The answer to these questions are not always yes, because the existence of
1d imply the existence of certain log structures on X, which in turn
intrinsic condition on X, so their existence is not guaranteed.

emb Emamp@log structure of embedding type). If we can find an embedding as
in 1 abo¥t; then i*(7.0%-.) — Ox defines a log structure Mx on X, which étale
k[g;l Lt LT ]

)

basis of N” to z;, making X a log smooth variety over Spec k& with the trivial log
structure. This is called a log structure of embedding type. i

locally has a chart N™ — Spec sending the element e; in the standard

Remo®I\\his construction is functorial in X.

Ezample 5.2 (log structure of semi-stable type). If we can find a semi-stable smooth- ,
ing as in 2 above, then by the remark on functoriality, what we have in this case
is not only a log structure of embedding type on X, but also a morphism (of
sheaf of monoids) f° : f*M; — Mx, which makes X a log smooth variety over
(Speck, My,). Etale locally a chart for the log structure on X can be put in the

klzy, - & _
M,Nr,eé b Ty, = 1,--- ,'r). Modulo the units in the
(31"'551")

monoid, the morphsim of quotient monoids induced by f* : f*M; — My is just
the diagonal A : N — N”. Such a pair (.Mx,fb P fPME — My) is called a log
structure of semi-stable type on X.

form (Spec

Rema%he log structure Mg on Speck can be defined by the pullback of the
log structure (Mo = j.O%. — O¢) on C, ie. the log structure defined by the
divisor 0 of C. We have an isomorphism My 1= M /k* 2(Mo/OF)o =N, where
the second isomorphism assigns each function to its vanishing order at the point
0 in N. This gives a geometric interpretation of the standard log point.
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Concerning the existence of such log structure on the normal crossing variety
X, we have: :

Theorem 5.3. Let X be a normal crossing variety over the spectrum of an alge-
braically closed field, then X can be equipped with a log structure of embedding type
iff there exists a line bundle £ on X such that

Extk (%, Ox)|p=Lip
where D is the non-smooth locus of X.

Theorem 5.4 (d-semistability). Let X be o normal crossing variety over the spec-
trum of an algebraically elosed field, then X can be eguipped with a log structure
over the standard log point, such that the structure morphism is log smooth 'iﬁ“ it
i d-semisiable, i.e.,

Nﬁx(ﬂﬁo Ox)lp=0p ____,_._.

where D is the non-smooth locus of X.

Remark.% is not hard to see £zt (2%, Ox)|p is a line bundle on D

Generalization of these theorems can be found in [33], section 3.

V\E(Jorollary 5.5. If X has a smoothing, then X s d-semistable.

parieeBeing d-semistable is not equivalent to being semi-stably smoothable
w or counter examples.

Ezample 5.6 (a normal crossing variety that is not d-semistable[8]}). Let X be the
subvariety of P? defined by the product of 4 linear equations f = Ly LoLaLy = 0,
it is of normal crossing, provided the four planes has no points in common. Then
D is defined by the homogeneous ideal {L;L;|]1 <14 < j < 4), and it is not hard
to calculate that £ty (Q%, Ox}p = Op(4), which is not trivial. So X is not

.}

L

‘5%
.J?

d-semistable. 0/2"0 W

Corollary 5.7. The @ has no semi-stable smoothings. %%

emark. If we put X in the 1-dimensional familly %2 defined by f + tg = 0 with
parameter £, where g is a smooth quartic, then X is the fiber over ¢ = 0 and
for generic g, & over (t # 0) is smooth. But the whole space of this family is
not smooth: in fact, for a generic g, this family is singular at the 24 points of
Dn{g = 0}. However, a single blowing up at such a point gives a P! x P!
Contract along either ruling gives back a family with parameter ¢ which has one
less singularity. If we do this process to all 24 points, we will get a family which
is a semi-stable smoothin X the blowing-up of X at those 24 points. X is
d-semistable. For details,éee & ;
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5.2, of w W/egyw fh\ﬂ%l g[WLa ‘

Let’s analyze the situation. we want to:
{1) Put a log structure of embedding type on X. wf'
(2) See if it is possible to make that log structure semi-stable.

‘We will see that two related obstructions arise naturally, where the vanishing
of the first corresponds to the first step, and the vanishing of the second, which
means precisely being d-semistable, allows us to do the second step.

Since étale locally a log structure of embedding type always exists, let’s con-
sider the stack G, which to each U € X, associates the groupoid of log structure of
embedding type on U. Then it is not hard to show (using Artin's approximation
theorem) that any two element of U is locally isomorphic, which means G is a
gerbe. Since AutG =K, where K is the kernel of the restriction map 0% — O},
we have:

Proposition 5.8. There is an obstruction n in H%(Xa&,K) whose vanishing is
equivalent to the existence of a log structure of embedding type on X.

For the calculation of this obstruction, we state the following regflt (See [16]
2 [33):

Proposition 5.9. In the long ezact sequence of cohomology associated to the short
ezact sequence 1 — KL — O% — OF — 1, the line bundle Exty (%, Ox)|p maps
to -ne Hz(Xét)]C)

Combining these results with the exactness of the long exact sequence , we
have proved Theorem 5.3.

Remark. General theory tells us if n = 0, then the set of all log structure of
embedding type on X is naturally a torsor under H* (X, K). In general the set
of all log structure of embedding type is only a pseudo torsor under this group.

Suppose 1 = 0, then we can put a log structure of embedding type on X, ‘P)\L M
which maps to (Speck, k%), to make it a log structure of semistable type, we need ;
a morphism of monoids f* My — My, such that in an standard neighborhoed of
z € X, on the level of charateristic®, is just the diagonal A : N — N*, where r is
the number of irrducible components passing through z.

Since M =N @ k* (non-canonically}, and the image of k* C My, is deter-
mined by the underlying morphism of schemes. To give the morphism wanted

2An early version of this paper, Logarithmic embeddings and logarithmic semistable reduc- 1
tions, htep: //arxiv. org/PS_cache/aig~geon/pdf/9411/9411006v2. pdf, is probably more rele- l
vant to our topic here.

IHere we used the terminology of F.Kato, the characteristic of a log structure o : Mx — Oy
is Mx = Mx/a({OF) :
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from M, to Mx, we only have to specify the image of an element in M having
vanishing order 1.
Now the question becomes a lifting problem for morphism of sheaves in
monoids:
Mx

a

¥
N f~IMp — My

where étale locally f? is the diagonal A. To lift it is equivalent to lift A(1).

Consider the sheaf of all the possible local liftings of A(1), T = §-1(A(1)),
then T is a torsor under O%. To find a lifting of A(1) is equivalent to find a global
section of T, i.e. a trivialization of T'.

It seems like we’ve got an obstruction of finding a log structure on X which
is semi-stable in H'{ X ic(X). This is, however, not quite true. In fact,
what we got is for each\log scheme X with a log structure of embedding type, the
i-stable. And our original question {on the existence
Og structure of semi-stable type) allows some ambiguity of choosing the log
structure of embedding type Mx on X. As we remarked after Prop.5.9, in this
case the set of all log structure of embedding type on X is an H'(Xg, K)-torsor,
which implies*:

Proposition 5.10. Ifn =0, i.e. there exists a log structure of embedding type on
X. Then there is an obstruction of finding a log structure of semi-stable type on
X, € HY{Xa, O%)/ H (Xa,K). There is a log structure of semi-stable type iff
7' =0. :

By the long exact sequence of cohomology, H (X, O% )}/ H (X, K) embeds
into H'(Dg, OF )} = Pic(D). For the calculation of 7' as an element of Pic(D), we
state the following proposition (See [33]).

Proposition 5.11. We have —7' = [Ext%(Q%, Ox)|p] € Pic(D).

Combining these two proposition, we have proved Theorem 5.4.

6. Stacks of logarithmic structures

6.1. A motivating example

Before introducing the stack LOGg classifying fine log structures on schemes
over a fine log scheme S, constructed by Olsson in [32], let’s look at an example,
which will give the local covers of LOGs.

————h

oty
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For a fine log scheme X with log structure (Mx, o : My — Ox), we identify

0% with its inverse image under «, regarded as a subsheaf of monoids in Mx. Let
‘M be the quotient sheaf M x /0% for the étale topology, called the etfirmsteristic
of X. We write X for the underlying scheme of the log scheme X. §ee [18}

1)
(2)

Define the Deligne-Faltings log structure of rank r on X to be a fa.mﬂy
(Ly,--
bundles, for each i.

Consider the following three functors from schemes to groupoids:

+Ly) of line bundles on X together with maps s; : L; — Ox of line

X -+ {Deligne-Faltings log structures of rank 1 on X };

X + {fine log structures Mx — Ox Wlth a morphism of sheaves of monoids N LA

Mx that étale locally lifts to a chart: N LA Mx}

X — [Al/G,,](X), where the quotient stack is formed with respect to the

multiplica,tion action of G, on A'.

Lemma 6. 1\/ These three functors are equivelent.

Let’s sketch the proof. Given a DF log structure (L,s : L — Ox) of rank 1

on X, define a sheaf of monoids M’ on X to be

H Isom(Qx, L®"),

n>0

the sheafification of the presheaf that takes U to [[,.,Isom(Qy, (L|y)®"). It
comes with a natural morphism of sheaves of moncids M’ — N. The monoid
structure on MM’ is the obvious one:

(na: O — L¥) . (m,b: 0 - L®™) = (n4+m,a®b).

The map s : L — Oy induces a morphism

ISOIn(Ox, L®n) 25 Hom(OX, Ox) OX

of sheaves, hence giving a pre-log structure on M’ :

MI —* Ox.

‘We take M x to be the log structure associated to this pre-log structure M’. Note
that M'/O% 2 N, and we define §: N — Mx to be the composite

BN MO% - M/O%.

Locally the line bundle L is trivial, and one can choose a trivialization of L, which
gives trivializations of all L®™. Sending n € N to this trivialization defines a section
N — M, and hence a section 7 : N — M’ — M. One can check that thisis a

chart.
Conversely, given a fine log structure (Mx, My = Ox) on X with a mor-

phism 3 : N — My that étale locally lifts to a chart E N — My, we have a

J’:ﬂw

RS,



A

4 1) X — {fine log structures My 2 Ox with a morphism of sheaves of monoids P LA
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section B(1) of My, and its inverse image under m : Mx — My is an O%-torsor,
which corresponds to a line bundle L. The composition

7 H{B(1)) € Mx — Ox

gives a morphism of line bundles s : L — Ox.
Civing a morphism X — [Al/G,,] is equivalent to giving a G,,-torsor (namely
a line bundle L) with a Gm-equivariant morphism to Al

Y —— Al

|

X — [AY/G)].

This diagram is equivalent to the following one

|

X — [AY/Gy)x,

and the top arrow induces a G,-equivariant morphism ¥ — A%, namely a mor-
phism of line bundles s : L. — Ox. This finishes the proof.

In fact, in the three functors, one can replace N by N7, and rank 1 DF-log
structure by rank r DF-log structure, and replace [A'/G,,] by [A"/GT,], and the
are still equivalent.

More generally, let P be a fine monoid and S a scheme, and let S[P] be the
product § Xgpec z Spec Z[P], which has a fine log structure coming from the chart
P — Z[P]. Let PEP be the associated group, then we have the following.

Lemma 6.2\/The following two functors from S-schemes to groupoids are equiv-
alent:

(
Mx that fopf locally lifts to a chart: P A m xh
(2) X [S[P/S[PP|(X)-
If in addition P is fs, then one can replace “fppf” by “Elale”.

The S-group scheme S[P®P] acts on S[P] by translation. Note that for an
affine S-scheme Spec R, the set of R-points .S[Pj(fmm of monoid homo-
morphisms Homyy,en (P, R}, where R is regarded as a multiplicative monoid. When
8§ = Spec k for a field k and P is saturated and torsion-free, the variety S[P]
with this action of the torus S[F®P] is a toric variety, and the stack quotient
Sp = [S{P]/S[F?P]] is a toric stack.

W——————

9

at
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6.2. The stack of log structures

Now we can discuss the stack LOGg parameterizing fine log structures.
Let S be a fine log scheme. Define LOG g to be the category with |
e objects: morphisms (X, Mx) — (5, Mg) of fine log schemes, and
e morphisms: strict morphisms (X, Mx) — (Y, My ) over 5.
With the functor (X — ) — (X — §) from LOGg — Schg, this defines a

fibered category over S. One of the main results in [32] is the following.

Theorem 6.3. LOGg is an olgebraic stack locally of finite presentation over S.

Here for an algebraic stack we use a slightly different definition from [9,
4.1}. Namely the first axiom there that the diagonal is representable, separated
and quasi-compact, is replaced by that the diagonal is representable and of finite
presentation. In fact the stack LOGsg is not quasi-separated [32, 3.17].

Here are two basic properties of LOGg.

Proposition 6.4. {1). The notural map ig : § — LOGg corresponding to the
given fine log structure Mg on S is an open immersion;
(2). The 2-functor ~—— — S

8 — LOGg : {fine log schemes} — {algebraic stacks}

> S

- preserves fiber product. More precisely, if
X —X
§—9

is a Cartesian square of fine log schemes, then the induced diagram

LOGX! —y LOG x -

l l =) WMM .

LOGSJ — LOGS

i
i
|
!

is a 2-Cartesian square of algebraic stac

ere, which can be found “W ' :< )

6.3. What is LOGs good for?

We don’t give their

One can use this stack LOGg to reinterprete many concepts in log geometry.
Note that for a morphism f : X — § of fine log schemes, the induced morphism
LOG(f): LOGx — LOGg is faithful, hence representable.

Definition 6.5. Let P be a property of representable morphisms of algebraic stacks.
Then we say that f : X — 8 has properiy LOG(P) if LOG(f}: LOGx — LOGg
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has property P. We say that f has property weak LOG(P) if the map X — LOGg
corresponding to the given log structure Mx has property P

Caution: The diagram

X5 LoGx

iJ' JLOG(f)

& 0 LOGg

does not necessarily commute. It commutes if and only if f is strict.

Recall that a morphism of fine log schemes f : X — 5 is said to be formally
log smooth {resp. formally log étale) if in the following commutative diagram of
fine log schemes, étale locally on T there exists (resp. exists a unique) a lifting

Tho— X

.__:"1
T —s 8
for any strict square zero thickening i : Ty — 1. We say that f is log smooth
(resp. log étale) if it is formally log smooth (resp. formally log étale) and f is
locally of finite presentation. One defines (formal) smoothness and étaleness for

representable morphisms of algebraic stacks in the similar way.

Theorem 6.6. For a morphism f: X — § of fine log schemes, f is LOG smooth
(resp. LOG étale) if and only if f is log smooth (resp. log étale), if and only if f
is weakly LOG smooth (resp. weakly LOG étale).

This is part of [32, 4.6].

Another application is the following. Let fp : X¢ — T be a log smooth
integral morphism of fine log schemes, and 7 % T a strict square zero thickening
defined by the ideal I C Oy. Then we can consider the deformation problem of
classifying Cartesian squares

o there is an obstruction class 0 € H2(X,, T;?f/TO ® fol);
¢ when the obstruction class vanishes so that deformations exist, the set of
all isomorphism classes of deformations is a torsor under H? (Xo, T;?E/Tu & fol);

e the automorphism group of each deformation is H%(Xo, T;?E/TD ® f3I).

:
:
5
i
|
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The morphism fp : Xo — Ty of fine log schemes gives a smooth morphism
Xo I LOGr,, also denoted fp, and the above deformation problem is equivalent
to the following

XO ...................... }._X_‘

ful f

LOGr, — LOG+.

The solution to this deformation pmblem is the cohomology of the ordinary tangent
bundle Tx,, LOGx, - In fact we have '8 o/ = Qx,/ LOG, » because they represent
the same functor. Sf';;( -

Finally, the stack LOG g can be covered by toric stacks discussed above. Let
S be a fine log scheme and U/ — § an étale map, and U is given the inverse image

log structure. Let Q LN My be a chart, and A : @ — P a morphism of fine

ve
monoids, then we have a natural morphism Sp x5, U — LOGY. 2 () \U‘Q‘JA"‘I
T ———— e

Proposition 6.7. For any fine log scheme S, the natural morphism ¢

[T SpxseU — LOGs
(U.B,h)

is a representable étale surfection, where the disjoint union is taken over all triples

(U, 8, h) consisting of an étale morphism U —+ S, a chort Q LA My, and a mor-
phism h:Q — P of fine monoids, for some fine monoids P and Q.

7. Log deformation theory in general

7.1, Introduction

As we know, for schemes, the general deformation theory is not as easy as the
smooth case. To understand deformation theory of general morphisms, one has to
use the full power of the cotangent complexMh log geometry, one can generalize
it to get a reasonable theory of logarithmic cotangent complex.

This log cotangent complex will be compatible with the usual cotangent
complex when the morphism in question is strict and iz also compatible with
log smooth deformation theory for log smooth morphisms. Basically, this is an
application of the deformation theory of representable morphisms to algebraic
stacks ([36]) to the classifying morphisms from the underlying scheme of X to the
stack LOGy ([3%], see also section 6 of this chapter.)

Convention. We will focus on the category of fine log schemes, and the functors
will be always in the derived sense. For a log scheme X (X yneans the underlying

scheme of X.

9 Brondidice %

»{;lowmo
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Remark. We will work with the category D'(X ) and similar categories, and one
j triangles and Ext’s in these categories. For relevant

can talk about
definitions, see\[35] a

Our presentation here follows [33].

7.2. The Log Cotangent Complex

In [32], an Artin stack LOGYy is defined so that to give a morphism of log
schemes X — Y is equivalent to give a representable morphism X — LOGy.
Thus one may think deformations of the morphism of log schemes X — Y as
deformations of the representable morphism from X to the stack LOGy. In [36],
the deformation theory of such morphisms was studied in detail. As an application
of this theory, one makes the following definition:

Definition 7.1. For a morphism of log schemes f : X — Y, the logarithemic
cotangent complex of f is defined by Ly = Lx,;105,, Where the right hand side
is the cotangent complex of the morphism X — LOGy defined i

Remark. One should think about Ly as an object of the category Dy, (Xs). In
the above definition, the right hand side is an object of the category D ;, (X ;5 g )-
As the restriction functor D p (Xyi5_g) — Dieon(X ) is an equivalence of cate-

gories, no information of the cotangent complex would lost.

7.3. Basic Properties

For every morphism of fine log schemes f : X — ¥ the log cotangent complex
is a projective system

sz(-—-—>LJ?_”_1—>LJ?_"—>---—>L?O)

where each L)%'" is an essentially constant ind-object in DI=%(@x) (The derived
category of O x-modules supported in [-n,0]).
The log cotangent complex Ly has the following properties:
(1) For any n > 0, the natural map TZ_HL?_N'—I — ?"“ is an isomorphism.
(2) If f is strict, then the system (7>_, L) represents Ly, where Ly is the usual
cotangent complex of the underlying morphism of schemes f'.
(3) If f: X — Y is log smooth, then the sheaf of log differentials QY /v Tepresents
Ly.
(4) If
X ——X
QJV J’f
vy 2y
is a commutative diagram of fine log schemes, then there is a natural map

a*Lf — Lg




tri
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which is an isomorphism if the square above is cartesian and f is log faf.
Furthermore, if the composite X’ — ¥’ — Y satisfies the condition {T)
below, then the map

g Ly ﬂ.*Lf — Ly

is also an isomorphism.
{5) Given a composite

x—Tsy-—Lsgz
satisfying condition (T) below, there is & natural map
Ly — f*Lg1]
making the resulting triangle
(7:2) f'Lg — Lgy — Ly — f7Lg[1]
distinguished.

Remar%ne might hope a theory of log cotangent complex in which every triangle
(7.2) is distinguished. However, such a theory is too good to exist. Q ?

On the other hand, Gabber has shown that if one loosen the requirement
3, then one can obtain a theory of log cotangm complexes for which one has a

distinguished triangle (7.2) for af A N v 7.

The Condition (T') mentioned above is the following:
There exists a family of commutative diagrams

X X %y Y, —— X Xg % —— X

~Nl L

YV, oY X5 2y —— Y

I

g

such that

(1) The undeilying schemes of X;, ¥;, Z; are all affine. .
(2) Theg's are all strict, and their underlying morphisms are flat and locally of nga

finite presentation.

o
(3) The underlying family of morphisms of schemes of {X; — X }7{6 jointly (ﬁm

surjective.
{(4) There exists charts

.BXi : QX,‘ ""’MXU-BY,' QY; _)MYuﬁZg :in _"MZi
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and injective maps
Rz, — Qv — Qx,

compatible with the morphisms f;, g; and
Torj(;)zinglQZi]Z[QYi](@z,. Rz, ZIQx,], Ov,[G]) = 0 for all j > 0.

Here G := Coker(QF, — Q7)) and Oy;[G] is viewed as an Oz, ®zj0, 1 Z(Qv:]-

oF

algebra via the map gﬂﬂ‘y

Oz, ®ZEin] Z[QY,] — Oy, [G]’t @ eq g-;‘ (t)ﬁQY‘v (q) g

where § denoctes the image of ¢ in G.

7.4. Deformation Theory of Log Schemes in General

In this section, we explain the relation between the log cotangent complex
and deformation theory of log schemes. Let f: X — Y be a morphism of fine log

schemes and l@ a quasi-coherent sheaf eﬁne a Y-extension of X by I
B NN it e,
to be a commutative diagram of log scheme?

x L x

w1

Y

where j is a closed immersion {meaning that the log structure on X is
isomorphic to the pull-back of that of X”’s) defined by a square-zero ideal, together
with an isomorphism ¢; : J 2 Ker(Qxr — Ox). Theset of ¥ extensions by I forms
in a natural way a category Exal, (X, I). Let Exaly(X : ?be the set of isomorphism
classes of this category.

There is a tautological equivalence of categories (see [36] for the meaning of
the right hand side): .

Exaly (X, 1) = Exalppe, (X, 1) L D( .

Hence by ([36], 1.1} and our definition of Ly we obtain the following result:
Theorem 7.3. There is a natural bijection
Exaly (X, I) = Ext*(Ly, I).

It is precisely the theorem above that guarantees that general deformation
theory is controlled by our logarithmic cotangent complex.
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8.1. What is rounding?

The process of “rounding,” in its most basic form, produces a manifold with
corners from a smooth analytic space with a normal crossings divisor. Evidently
then, “rounding” is something of a misnomer. In various moduli problems, the
rounding of the moduli space often has a more natural topological interpretation
than the moduli space itself. For example, the relative Hilbert stack of a marked
Riemann surface can be defined algebraically using Jun Li style expansions, but it
is not representable (except in some trivial cases), but its rounding is a topological
space (a manifold with corners, even) which is relatively easy to describe. A similar
phenomenon occurs in many moduli problems involving expansions. Another ex-
ample is the Deligne-Mumford moduli space M, », of marked nodal curves, whose
boundary is a normal crossings divisor. The “interior” Mg, can be described
topologically as a quotient of Teichmuller space by the appropriate mapping class
group. There are generalizations of Teichmuller space and the mapping class group
involving 2-manifolds decorated with circles; the analogous quotient yields a topo-
logical description of the rounding of M, ,, rather than the moduli space M,
itself, ‘

The topological preeminence of the rounding of moduli spaces might ulti-
mately be traced back to the preference in topology for operations involving real
codimension one subspaces (e.g. connected sum of manifolds) as opposed to the
algebro-geometric preference for complex codimension one operations (e.g. pushout
of two smooth varieties along a common divisor). From this point of view, one
might think of, say, log geometry as an attempt to speak algebraically about var-
ious “real codimension one” phenomena.

8.2. The oriented real blowup

The most general rounding operation is the Kato-Nakayama space associated
to a log analytic space. In the basic example of a smooth analytic space with
log structure from a normal crossings divisor, the Kato—Nakayama space can be
described in terms of oriented real blowup, which is a relatively simple rounding
operation that can be described as follows. Suppose X is a topological space,
m: L — X is a complex line bundle, and s : X — L is a section of 7. Locally on
X we can choose a trivialization (m,¢) : L — X x € and consider the subspace

Bpes X i= {z €L 16Q)]- (@sm)1) = B0)- |(Bsm)(D)] }

of L. A continuous function v : X — C* yields a new trivialization (7, - ¢),
where (u-¢)({) := (umw)()¢(l) . The key observation is that Br 5 4 X = Br su.g¢ X,
so the subspace B o ¢4 X is independent of the choice of ¢, hence one can define
a subspace Br ; X C L by defining it locally on X using a trivialization, then
gluing the locally defined subspaces. From the local picture using a trivialization,

i
|
;
;

;
i
;
i
|
|
|



32 Logarithmic Geometry and Moduli

it is clear that the subspace By, X contains the zero section and Liz) (where
Z(s) € X is the zero locus of s) and is invariant under the Rsq action on L
inherited from the full C* scaling action. We let B} , X be the complement of the
zero section in By, ; and we call ‘

Bloz,, X := (BY , X)/Rso

the oriented real blowup of X along (L, s).

The space Bloy, s X is a closed subspace of the oriented circle bundle S'L :=
L*/R.q associated to L and is, in particular, proper over X. The projection
7 : Blog s X — X is an isomorphism away from Z(s) and r~1(Z(s)) is oriented
circle bundle S*L| Z(s)- The spaces By ; X and Blog s X are natural under pulling
back line bundles and sections.

If X is an analytic space and D € X is a Cartier divisor, then L) determines
a line bundle Ox{D) together with a section s whose zero locus is D. In this
situation, we will write Bp X, Blop X, etc. and speak of the oriented real blowup
of X along D. The space Blop X inherits a diflerentiable structure from its

_inclusion in $1Ox (D).

The basic example to keep in mind is the oriented real blowup Blog C of the
complex plane C at the origin. The origin is the zero locus of the identity map
Id : € — C, hence

BlopC = {(2,2) e Cx C*: |2|Z = 2|Z]} / R>o
={(2,Z) e Cx 5" :|2|Z = z}
ERZD X Sl,

where the last isomorphism from Rsq x ST is given by (A, Z) — (AZ, Z). Evidently
Blog C is a half-infinite annulus whose boundary §! is the exceptional locus of

7 : Blog C — C (the fiber over the origin}. \

8.3. The Kato—Nakayama space

Suppose X is an analytic space and D C X is a Cartier divisor. Let g ‘ t \‘D U\/w

My = {fEOX : f|X\D€@3}\D} \D
— 17 l

be the associated log structure. The Kaoto-Nakeyama spo associated to

the log analytic space (X, Myx) has as points pairs (z, F exr € X and ‘L‘J
F: My, — S is a monoid homomorphism satisfying F(u) = u(z)/|u(z)| for Y"
every u € O% . C Mx ;. This set is topologized as follows: Locally on X we can

find fi,..., fn € Mx(X)xhjeh, together with the units, generate Mx. The map
X x (8hHn
(21 F) = (:B:F(fl,:c);- .- JF(fn,:E))
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is then ¢&sil}) syen to be a monomorphism onto a closed subset of X x (S)", so

we give \X"™ fhe subspace topology so that this is a closed embedding. Since

one can check easily that this topology doesn’t depend on the choice of generators

fi,.+ ., fn, the locally defined topologies glue to a topology on XKN making the

projection 7 : X¥¥ — X given by v(z, F) := x a proper map. |
In general, one can define a Kato-Nakayama space XXM for any (fine) log |

scheme in roughly the same manner. The Kato-Nakayama space is a model for |

the log de Rham cohomology of X in the sense that

H*(X¥N,C) = H* (X, A"QL)
under mild assumptions on X.

8.4. Relating Kato—Nakayama spaces to oriented blowups
There is a morphism
¢: XX¥N . Blop X
(2, F) = (z,f = F())

of topological spaces over X which requires a little explanation. Here f € S'Ox (- D)|,
is in the circle bundle associated to the fiber Ox(—D)|, = C and f € Ox .(—D)
is a lifting of f to the stalk (one shows that any such f is actually in Mx , and
that F(f) doesn’t depend on this choice of lifting f). If we use the identification

‘
1
E
;
;
2
;
-:
:J

$10x (D) = Homg: (§' Ox (~D), §%),

then we can think of ¢ as a map from XXV to S'Ox(D); one then shows that this
¢ is continuous and that ¢ factors through Blop X C S'Ox (D).

When X is a smooth analytic space and D is a smooth divisor, the map ¢ is
casily seen to be an isomorphism since one can reduce to the case (X, D) = (C,0)
on formal grounds. Slightly more generally, if X is smooth, but D is only a
normal crossings divisor, then locally we can write I as a union of smooth divisors
Dy, ..., D; which look like the first ¢ coordinate hyperplanes in C* (n = dim X},
and we can define a variant of the oriented real blowup

Blop X := (Blop, X} xx -+ Xx (Blop, X)

and a map ¢ : X¥N - Blo, X. In this local picture, the log structure My is
the direct sum (in the category of log structures) of the log structures Mf,( from
Dy,..., D;, the associated Kato-Nakayama space XN is the fibered product over
X of the (X, M%)EN and ¢ is just the fibered product over X of the previously
constructed isomorphisms ¢; 1 (X, M&)KN — Blop, X. The locally defined vari-
ants can be glued to define a global variant Blop X of the oriented real blowup
and an isomorphism ¢ : X¥N 2 Blo}, X of topological spaces over X.

3
H
i
H
i
i
i
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8.5. Topology and the Kato—Nakayama space

Locally, if X = C" and D is the union of the first 4 coordinate hyperplanes,
then D is the zero locus of (z1,...,2n) — z1--- 2 € € and we have

Blop X = {(21,...,20,2) €C* x S* : |z - mlZ = 21 - -- 2}
Bloph X = {(£,2) € C" x (8" : |%|Z; =z for j = 1,...,i}.

In the general normal crossings divisor situation, the fiber of + : X¥¥ — X over a
point £ € X is naturally identified with

SlNDl/Xla: Koo X SlNDi/XJI:

where Dh,...,D; are the branches of D containing . When dim X = n, a point
y € 771(x) has a neighborhood diffeormorphic to a neighborhood of the origin in

Lo X Rt (Note 7 < n, so the depth of the corners in a Kato-Nakayama space
is somewhat constrained.) Recall that the topology near the origin only depends
on whether ¢ > 0, but the differentiable structure depends on the actual value
of i. In particular, the topological boundary of the manifold XXN is given by
771(D), and this manifold with boundary is homotopy equivalent to its interior,
so HY{X¥N) = H*(X \ D).

8.6, Kato—Nakayama spaces of expanded pairs

Given a pair (X, D)} consisting of a smooth variety X over C with a smooth
divisor 2 € X, the notion of an expanded pair t : X — B over a base B arises in
various relative curve counting theories. The fiber of £ over a point b € B always

looks like
Xilo=X[[A ][] A
D D D

(for an appropriate n), where A; = P(Np,x ® Op) is a P! bundle over X. Both
X and B have natural log structures making ¢ a log smooth map of log schemes.
The fiber of tXN : YKN _, BEN gver a point ¢ € 75 () looks like

KN H AKN .. H AXN

C]_:SIND/XESIND/AI cn:SlND/AnflgsiND/An

where the choice of ¢ € 771(b) = (S*)" determines the choice of orientation
reversing S bundle isomorphisms cy,...,c,. Here each A; has the log structure
from the two copies of D, and AN is a cylinder bundle aver D (better: an I-bundle
over DEN).

The action of {C*)” on X[njo given by scaling the fibers of the P! bundles
A; is an action by isomorphisms of log schemes, so it lifts to an action on Kato-
Nakayama spaces. This lifted action is nontrivial on BXN ag the (81)" factor of
(C*)* acts simply transitively on 75"(b) 2 (S*)". In the usual moduli problems
involving expansions, the isotropy group of a point b involves elements of (C*)"
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such that the induced action on X|[n|p respects a map from a curve to X[n]p,
a subscheme of Xn]p, etc., and this isotropy is usually reguired to be finite to
have a good moduli problem. Since G N Rsp = {Id} for any finite subgroup G of
C*, the Kato—Nakayama space of the moduli problem is often representable even
if the moduli problem itself is not. This is always the case for moduli problems
involving, say, quotients of sheaves on X[n]y pulled back from X, since these
quotients themselves have no automorphisms and the only isotropy comes from
the subgroup of (C*)™ preserving the quotient.

- \\<mLO-UW4‘J 57’““4/
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Definition 7.4, Let jo: Yy — Y be an g€t closed immersion of fine log schemes M
defined by a square-zero ideal I C Oy, and let fg : Xg — Y7 be a log flat morphism.

S i T S
A log flat deformation of XQ to Y is a cartesian square \ .\,QM” %

! &c’«"‘o %)

To give a log flat deformation as above is equivalent to give a 2-commutative

with f log flat.

diagram

W e

LOGy, —2 LOGy
with £; flat. Thus from ([36}, 1.4) we obtain the following:

i

i

i

:
i
;
:
;
;
;

Theorem 7.5. Let J denote the ideal of LOGYy, in LOGy. Then

(1) There exists a canonical class o € Ext*(L for £3,J) whose vanishing is equiv-
alent to the existence of a log flat deformation of Xg to Y.

(2) If o = 0, then the set of isomorphism classes of log flat deformations of Xo
to Y is naturally o torsor under Ext'(Ly,, L37).

(3) The automorphism group of any log flat deformation of Xy to Y is canonically
isomorphic to Bxt®(Lyg,, L£3,J)).

This theorem gives a satisfactory answer to the question of genera.i deforma-~
tion theory of log schemes.

8. Rounding
9. Log De Rham and hodge structures

DeRham
9.1. Moduli spaces of polarized Hodge structures.

This section owes much to a lecture by Phillip Griffiths [10].

First of all, we briefly summarize the classical theory of the moduli spaces of
polarized Hodge structures.

subsectionl.1

9.1.1. The moduli space My = I'\Dy. Let n be an integer, and let & be a
sequence of positive integers (A0, A"~ 10 ... A%") satisfying h#? = h9P, called
the Hodge numbers. Let Hyz be a free abelian group of rank ) A?" P, with a
non-degenerate bilinear form @ : Hz ® Hz — %, which is symmetric (resp. anti-
symmetric) if n is even (resp. odd). Let Gz be the group functor Aut{Hz, Q) _
on rings, sending a ring R to the group of automorphisms on the free E-module
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Hg .= Hz ® R preserving the bhilinear form @. It is cleazly a group scheme over
Z. Let I’ be an arithmetic subgroup of Gz(Z) ([28], §3).

The set of Hodge structures of weight n on Hy with prescribed HM

bers h, such that @ induces a polarization on Hy (i.e. it induces a morphism
Hp ® Hyg — R({—n) of Hodge structures, and the bilinear form Qg(u,v) =
Hu, Cv), where C' is the Weil operator, is symmetric and positive definite), is
parameterized by the homogeneous space Dy = Gy/K, where K is the stabilizer
group of a fixed polarized Hodge structure Fy on Hp.

This homogeneous space D = D, = Gg/K has a complex structure defined
as follows. It is clear that Q : Hg® Hg — R(—n) is a morphism of Hodge structures
if and only if Q(FP, F*~Pt!) = 0 for all p. Let f? = 3. . A", and let DV,
the compact dual of D, to be the subspace of the product of the Grassmannians
1L, Gz(f*, Hy) consisting of all flags F**

Rl 3 Aol 'k i

such that Q(FP, F*~P*1) = 0. Then DV = G¢/P, where P is a parabolic subgroup
corresponding to a fixed flag. This gives DV a complex structure. We see that
D c DV is the locus of flags satisfying

G) FPnF7 7 = 0 (so that FP @ F' P > fe), and

(i) Q(=, Cu) > 0 for u # 0 in He.

They are both open conditions, so D' C DV is an open complex submanifold.
The group I acts on D}, properly discontinuously, and the quotient My = T\Dy, is
the moduli space of ['-equivalence classes of Q-polarized Hodge structures on Hg
with Hodge type h. See ([20], 0.3.6, 0.3.7).

9.1.2. Variations of Hodge structure. \Pﬂﬁ ]

Let S be a complex manifold. A variation of Hodge structure 5%
weight . on & is given by
e a local system 5%, of free abelian groups of finite rank on S,
e a finite decreasing fltration F*5¢% of the vector bundle % = 3 ®z s
by holomorphic sub-bundles,
such that the following conditions are satisfied:
1) {Griffiths transversality) the natural flat connection V = d®@ idsy : Hp —
QL. ® 5 takes FP#p into Qf ® FP~1.#p, for every p;
2) for each point s € S, the fiber F*(s) over 5 is a Hodge structure of weight

A polarization of the variation of Hodge structure 5 is a locally constant

1 e e e—
bilinear form

2. Hg @Ay —~ L

such that on each fiber over s € §, it induces a polarization of the fibgr Hodge
structure.
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Suppose we have a polarized family of Hodge structures (J#, 2 : 54, Q 54
Z) of weight n on 5, and a global section of the sheaf

F\I—S-»OE(('%: CQ): (HZ'n Q)),

where Hg is regarded as a constant sheaf on S, and assume that all the mon-
odromies of this family of Hodge structures on § are contained in I'. Then there
is a pervod map

p: 58— M,

inducing this family of Hodge structures. This map is locally liftable to Dy

If f: X — 5is a projective smooth morphism between quasi-projective com-
plex algebraic manifolds, with a relative hyperplane section n € HY(S, R2f.7Z),
then the family of the primitive part P*(Xj, Z) of the cohomology groups H™(X,, Z)
modulo torsion form a polarized variation of Hodge structure of weight n on 5,
and it induces a period map § — M. To be precise, the family of H™(X,,C)’s
are the stalks of B™f.(f &%), and the Hodge Altration on B™f,(f~1&%s) is given
by the degenerate spectral sequence

BY! = RI[O% s == RPVIS. (71 Os),

which is induced from the resolution 2%, of f~1&s (the relative holomorphic

Poincaré lemma, see ([7), 3.4)). Since # is a global section, the primitive part form -

a variation of sub-Hodge structures on S.

9.2. Logarithmic Hodge structures.

One can ask the following question. Let f : X — § be a family of projective
manifolds, and let S be the complement of a normal crossing divisor D) in some
compact manifold §, and suppose one can extend the family f to a family f :
X - § which is log smooth (here S has the log structure induced by the divisor
D). Is it possible to enlarge the moduli space M}, to some M}, so that the period
map extends to B : § — M?

To study the degenerations of Hodge structures, Kato and Usui introduced
the notion of logarithmic Hodge structures. L ‘)

9.2.1. The ringed space X'*5. Let (X, : Mx — &x) be an fs log analytic
space over C (for instance the C-points of an fs log scheme over C), and let X'°8
be the set of pairs {x,u), where z € X and u : My, — S' is a homomorphism
of monoids, such that u(f) = f(z)/|f(z)| for f € €%, C Mx . Here S is the
unit circle in the complex plane. Let 7 : X% — X be the function (z,u) — z.
For any open U C X and f € Mx(U), there is a function arg(f) : = *(U) — §*
sending (7, u) — u(f). We give X'°¢ the weakest topology such that the functions
7 and arg(f) are continuous. Over the open set X* C X where the log structure
is trivial, the map 7 is a homeomorphism, and the section 7% : X* — X% ig
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a homotopy equivalence. The map T is proper, with fibers +~!(z) compact tori
(§1y™, where m is the rank of MYy . (1

One can define a sheaf of rings &y1.s on X1°8, Roughly speaking, this is the
subsheaf of rings of j-8&x. on X!°8 generated over 7~ 6% by “log(g)”, for all
g € M. See ({20], 2.2.4) for the precise definition.

For example, if z € X and y € 771(z), and the free abelian group H%EI
has rank m and is generated by fi,---,fm € MY, then the stalk @xuos,, is
isomorphic to the polynomial ring €x z[log(f1), - ,10g(fm)]- This shows that in
general, (X9, &x1,4) is not a locally ringed space.

Let §2% be the sheaf of log differential forms on the fs log analytic space X, M

ie.
= (% & (Ox @ ME))/{(~da(f),a(f) @ NI € Mx}. "\ “’e‘/
For a morphism f: X — VY of fs log analytic spaces, define éﬂ—
: Ne
Q}c/y = Coker(f*Qj — Q%). / g’. 0 ! > i ‘Ej’
They are both coherent @x-modules. Let 2%, be the r-th exterior power o L
Q%c/y, and let (Vg RV 0%-%&% v

-1
Q;(lng/ylog = T*QTX/Y =T er/y Rr-16y Tx1ox.

One can define differential maps and have the log de Rham complex (Q% /Yo d)
(resp. (R%og/yiosd)) on X (resp. Xlogy,

For y € X8 and z = 7(y) € X, let sp(y) be the set of all ring homomor-
phisms 5 : Fx1e, — C that extend the evaluation map ev; : &x ., — C. Since
& x0e , is isomorphic to the polynomial ring over &x » generated by log of a basis
for M x ,,, if we fix an sy € sp(y), then we have a bijection:

5 (F = s(10(£)) — so(l0g(£))) : sp(y) > Homeguoup (M3, C),

9.2.2, Loé variations of polarized Hodge structure.

Definition 9.2. Let X be an fs log analytic space. A log variation of polarized
Hodge structure of weight n on X is given by

e 2 local system of free abelian groups of finite rank %% on X'°8,

¢ 2 bilinear form 2 : % ® 4% — Z,

o a finite decreasing filtration F*5#% of H#p = G @ Oxoe by Exloz-
subrmodules,

such that the following conditions are satisfied:

1) there exist a locally free &x-module € and a finite decreasing filtration
F*& by €x-submodules, such that Grp(&) is locally free for each p, and

FP iy = 7 FPE = 17 FPE @ 10, Oxlos;
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2)for y € X8 and z = 7(y) € X, let s £ sp(y) and let fi,---,fr €
Mxg — 0%, generate the monoid Mx . If thevﬁxp(s(log( i)} are sufficient
small for all i, then (5%, 2, F*(s)) is a polarized Hodge structure of weight n;

3) the connection d ® id : #p — 1y Bo, ., He takes FPHp into Q0 ®
P18,

Here F* (s}, the specialization of F' at s, is the decreasing filtration of #¢ , =
C ®g 3,y defined by FP(s) = C®;,0,,,, , " He- For a fixed point y € X2 the
family (#,y, 2, F*(s))scsp(y) is called a polarized log Hodge structure on the log
point (z, Mx - }; this is the same as a log variation of polarized Hodge structure
on the log point (z, Mx ).

Log variations of polarized Hodge structure arise from geometry in the fol-
lowing way. Let f : X — Y be a projective log smooth morphism between fs log
analytic spaces, and we fix a line bundle on X which is relatively ample over Y.
By a theorem of Kajiwara and Nakayama, for every integer n, the sheaf B f}f’gZ
is a local system on YI°8, We take 5% to be R*fi°8Z modulo torsion, take 2 to
be the pairing induced by the fixed ample line bundle, take € to be R™ f.(Q% /Y),
with filtration F?& = Rf, (Qif}y) C &, and take FP.%#% to be 7*FP&. Then by
a theorem of Kato, Matsubara and Nakayama, this is a log variation of polarized
Hodge structure on Y.

9.3. Kato-Usui spaces.

We fix n, h, Hz, @, Gz, D and DY asin (8.1.1). Let g = Lie(Gg). A subset
o C gr is called a nilpotent cone if it is a cone

ks
o= Ryl
i=1

generated by mutually commutative nilpotent operators N; € gr C End(Hg). Let
I" be a neat subgroup of Gz(Z), i.e. for every element v € T, its eigenvalues on He
generate & torsion-free subgroup of C*.

9.3.1. Nilpotent orbits.

Definition 9.3. Let 0 = 3, R>oNV; be a nilpotent cone. A subset Z C DV is called
a o-nilpotent orbit, if there exists an Fy € DV such that

o 7 =exp(d>, CN;) Fy,

o NFP C FP ' forallpe Z and N € o,

o exp(}.; ziN;)Fy € D if Im(z;) > 0 for all <.

We also call the pair (¢, Z) a nilpotent orbit.

Let & be a fan in gg, i.e. 3 # 0 is a set of rational nilpotent cones in gg
(namely, those generated by nilpotent operators in gg) such that

e if o € T, then all faces of o are in %,

e for 0,0’ € B, the intersection o N ¢’ is a face of both ¢ and o,

!
i
]
:
;

i
3
i
|
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e for every ¢ € &, we have o N {—0c) =

One can then define the set Dy 5 (or just Dy, if there is no confusion) of
nilpotent orbits in the directions in X to be the set of nilpotent orbits (o, Z) where
o € X, There is a natural injection

Fw— (0,{F}): D~ Ds.

9.3.2. The moduli space Mz. Let X be a fan in go and let I' C Gz(Z) be a
subgroup. Then we say that I" is compatible with % if for every vy € " and ¢ € I,
we have Ad(y){¢) € £. In this case, there is an action of I" on Dy given by

(0, 2) —— (Ad(7)(0),1Z).

We say that T' is strongly compatible with 3 if every cone o € X is generated by
elements in log I'. Kato and Usui showed that when I is strongly compatible with
% and the arithmetic subgroup I' is neat, the quotient set I'\ Dy, can be given the
structure of a log locally ringed space over C, in fact a log manifold (see ([20],
3.5.7)). Roughly speaking, a log manifold is a log locally ringed space over C,
which is locally isomorphic to the “zero locus” of some log differential forms on a
log smooth analytic space.

Informally speaking, Kato and Usui proved the following. First, there is a
one-to-one correspondence between Dy, and the set of polarized log Hodge struc-
tures of the given type. Second, if X — § is a log smooth family extending the
projective smooth family X — S, where § € § is the complement of a normal
crossing divisor, then the period map extends to § — Mg, We briefly explain the
first part in the following.

We shall show how to get a nilpotent orbit from a polarized log Hodge struc-
ture on a log point ([20], 0.4.24). Let = be an fs log point with log structure
M,. Then M, is a sharp fs monoid and Hip if a free abelian group of finite
rank, say r. Fix y € 26, We have 1% = Hom (Mo, 5%} ~ (S')" and hence
71 (208) = Hom (M5, Z) ~ Z. Let 7 (£!°8) C m1(z'°8) be the subset consisting
of those homomorphisms a : M ip — Z that take M, into N; this subset is an fs
monoid.

Let (Hz,Q, F*Hg) be a polarized log Hodge structure on z. Let (h;)?; be
a family of generators for «;H{x'°¢) and sy € sp(y). Let 23,-+-,2 be complex
numbers, and let s € sp(y) be such that

S(M) o(log(f)) E (), for f e M.

2mi

Let N; : Hg, — Hgy be the logarithm of ;. Then we have

F(s) =exp (z:zZ t) (s0),

i=1

\ﬂw}
s

ot

ot
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which shows that (F(s))sesp(y) i8 an orbit of filtrations under exp(oc ® C) for
o = >, R>oN;. Moreover, the condition 2) in (9.2) implies that F(s) € D if
Im(z;) > 0 for all 4, and the condition 3) in (9.2) implies that NF(sq)P C F(s¢)?~!
for all p € Z and N € o. In other words, the family (F(s}) is a o-nilpotent orbis.

19. The main component of moduli spaces

10.1. Moduli: compactness and main components

In Section 4, we gave an overview of F. Kato’s work [17] in which he uses log
geometry to compactify the moduli space M, of curves. Specifically, he shows
that the moduli space of log smooth curves agrees with the Deligne-Mumford
compactification M, . The key philosophic idea in that section was that since
moduli spaces of log smooth objects already includes degenerate objects, it is
reasonable to expect that such a moduli space is a compactification of the moduli
of objects with trivial log structure.

While the Deligne-Mumford space of stable curves M, , turns out to be
irreducible, it is an unfortunate fact of life that if X is a moduli space of higher
dimensional objects, then moduli-theoretic “compactifications” X of X tend to ' i
have many irreducible components. If X is irreducible, then it sits entirely within
ope of these many components of £ and so it is natural then to ask if this “main "
component” can itself be given a moduli interpretation.

' W In Section 4.4 we stated a second philosophic principle: log geometry controls

degenerations; that is, moduli of log smooth objects does not incorporate “too
many” degenerate objects. This provides a type of converse to the aforementioned
4 Mhilosophy that moduli of log smooth objects should be compact. Combining the

vw‘/f’l two principles, one would expect that moduli of log smooth objects will not only
be compact, it will also be irreducible. In particular, one would imagine that if X

M one will isolate the main component.
This technique of using log geometry to isolate the main component of a
moduli space has been carried out by one of us (M. Olsson) in several different
settings. In [31], Olsson gives a moduli interpretation to the normalization of the & M
main component of the toric Hilbert scheme. In [38], he isolates the normalization
of the main component of V. Alexeev’s compactification of the moduli space o M l{")‘
principally polarized abelian varieties given in [3]; he further constructs a moduli-

theoretic irreducible compactification of the moduli space of abelian varieties with W
higher degree polarization. In [34], he gives an irreducible modular compactifica- :"

tion of the moduli space of polarized K3 surfaces. t "/.% .

is an irreducible moduli space and X a moduli-theoretic compactification, then by
appropriately incorporating log structures into the objects parameterized by X,
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10.2. Example: the toric Hilbert scheme

Our goal in this section is to explain the technique of isolating the main
component of a moduli space by following Olsson’s work [31]. We begin with
the definition of the toric Hilbert scheme. Let & be a field and let P and @ be
finitely-generated integral monoids with @ sharp and P9 and Q9" torsion-free.
Fix a surjective morphism = : P — @. This yields a closed immersion from
Ag := Speck[Q] to Ap := Speck|Q)], which is Ty-equivariant, where Ty (resp.
Tp) denotes the torus associated to Q97 (resp. P9). Consider the functor H
whose S-valued points are diagrams

7 —s Apg

RN

S

where 1 is a Tp-invariant clesed immersion and for every ¢ € 9%, the g-eigenspace
of g«Oz is a finitely-presented projective Og-module of rank 1 if ¢ € @ and rank
0 otherwise. By {12, Thm 1.1], this functor is representable by a quasi-projective
scheme, which we call the toric Hilbert scheme.

Given a closed subscheme Z of Ap 5 as above, we can move Z by the action of
Tp on Ap,s. This yields an action of Tp on H. Since Z is Tg-invariant, this action
factors through Tr = Tp /T, where K denotes the kernel of n97. We therefore

Xbbta.in a map
TK — H

by letting v € Tk act on the distinguished point of H(k) given by the closed
immersion Ag — Ap. By [6, 3.6(2)], this map is an open immersion. Therefore
the normalization & of the scheme-theoretic closure of its image is a normal toric
variety, and hence carries a natural fs log structure M s which makes it log smooth
over Speck (endowed with the trivial log structure). The goal of [31} is to give a
moduli-theoretic interpretation of (8, Mg).

Consider the functor H!°¢ on the category of fs log schemes over & whose
(S, Mg}-valued points are given by diagrams

(Z,Mz) —1} (AP,MAP) X (S,Ms)
(S1M5')

where the underlying maps on schemes defines a point of H{S5), where g is log
smooth and integral, and where the map

P M(Z,Mz)/(S,Ms) = coker(g*MS — MZ)
induced by 7 factors through €. The main theorem of [31] is then

]
i
i
]
i
i
;
*
H
;
:
|
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w9 s all integer mulliples of 2e; — ey. Let L be the submonoid of K consisting
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Theorem 10.1 ([31, Thm 1.6]). The functor H**? is representable by (S, Ms).

"The first step in proving this theorem is to obtain a map from the functor
points Hs of (S, Mg) to H!9. This is done by showing that the pullback to
& of the universal family over H yields a point of H!°9(S, Ms). Explicitly, if
i1 Z — Ap x S is the pullback of the universal family, Olsson constructs a log
structure on Z as follows. Since & is a toric variety with torus Tk, it can be
covered by open affines of the form Speck[L] with L a submonoid of K whose
associated group is K. Olsson proves ([31, 2.4]) that over such an open affine, the

closed immersion ¢ is given by A - ﬁo

Z xg Speck[L] = Speck|Er] — Speck|P & L} = Ap x Speck[L],
where Ey, is the image of P @ L in P% under the map {p, £) — p + £,
Example 10.2. Let m: N? — N send e; to 2 and ey to 1. Then the kernel K of

of the non-negative multiples of e; — 2eq and let M be the submonoid consiting of
the non-positive multiples. Then Ey, is generated by e, ez, and 2e3 — e;; hence,

Speck{EL) ~ klz,y, 2]/ (zy — 22).
We sce that Eyy is freely generated by ep and ey — 2eq, so Speck[Ear] =~ AZ.

We see then that 2 x g Speck[L] carries a natural log structure. These log
structures glue to give a log structure on Z (by [31, Lemma 2.8]) which makes i a

closed immersion of log schemes. We therefore obtain a morphism of functors l
F:Hg —s o9,

The next step in proving Theorem 10.1 above is to work out the deformation
theory of H!°9. Olsson shows ([31, §4]) that if (Spec By, M B,) — (Spec B, Mp)
is & strict closed immersion defined by a square zero ideal Z, then every object of
H'9(Spec By, M B, ) lifts to an object of H!°9(Spec B, M B); moreover, the set of
lifts forms a torsor under Hom(K, 7). Since & is a toric variety with torus Tk, we
see

s Moy = Os B2 K.
As aresult, every object of Hs(Spec By, Mg, ) also lifts to an object of Hs{Spec B, M 8)
and the set of lifts forms a torsor under Hom(X, 7). This shows

Theorem 10.3 ([31, 4.4]). The functor F is formally log étale.

Olsson then makes use of Theorem 10.3 to show that F is injective and
surjective, thereby proving Theorem 10.1. We explain his proof of injectivity as it
gives a concrete instance of the philosophy and diagram of Section 4.4. Suppose
f and g are two morphisms from an fs log scheme (T, Mr) to (S, M) such that
Ff = Fg. We show that f = g. Since & is locally of finite presentation over k, a
limit argument allows us to assume T is of finite type over &. Since H'¥ is limit
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preserving (by [31, §6]), another limit argument shows that it is enough to check
f = g at the completion of T' at every point. Since T is assumed to be of finite
type over k& (hence Noetherian), we have reduced to the case T = SpecR for R
a complete local Noetherian ring. To check f = g, it now suffices to show that
this is true after precomposing with all maps Spec £/m™ — Spec R, where m is
the maximal ideal of R. Hence, we may assume T = Spec B, where B is a local
Artin ring. If ¢ : (Spec By, Mp,) — (Spec B, M) is a strict closed immersion
with square zero ideal, and if fi = gi, then the diagram

Fi=gi

(Spec Bo, MBD) —_— (S, Ms)

i F
g
(Spec B, Mp) ——— Hlog

commutes. By Theorem 10.3, we see then that f = g. We can therefore assume
that T = Speck’ with &’ a field. It further suffices to assume that %’ is separably
closed, in which case there is an fs sharp monoid L and a morphism L — M+
inducing an isomorphism of L with M.

Consider the complete local ring R’ = k’[[L]] defined as the completion of
k'[L] at the maximal ideal m’ which is the kernel of the morphism &'[L] — ¥’
sending all non-zero elements of L to 0. The scheme Spec R’ carries a natural log
structure Mg defined as the pullback of the canonical log structure on Spec Z{L].
By Theorem 10.3 and log smoothness of (S, M), we obtain morphisms f and §
from (Spec R/, Mp/) to (§, M) such that F fn = Fiy for every n, where fn, (resp.
n) denotes the reduction of f (resp. ) modulo m'™.

In other words, we have replaced our original T, f, and g by SpecR', f,
and §. So, we are once again in the case where T is the spectrum of a complete
local Noetherian ring. What have we gained, then, over the previous case when
T = Spec R above? We have succeeded in replacing an arbitrary complete local
Noetherian ring R by a very special one, namely k'[[L]]. We saw these special
rings come up in the diagram of Section 4.4.

Let & : § — H be the natural morphism (recall that & is the normalization
of the main component of H). Since F fn = F§y, for all n, the very definition of
H!°9 shows that ff, = hg, for all n. Therefore, hf = hg. Since &'[L]] is normal
and & is separated, to show that f == §, it suffices to show they are equal on a
dense open subset. Since the generic point of &'[[L]] has trivial log structure, it
factors through the torus Tk of §. The map h, however, is an open immersion

over Ty, and so f and § agree on the generic point of &'[[L]]. <

11. Twisted curves and log twisted curves .,./:/‘0’

Twisted curves are a central object in the theory of twisted stable maps [2,
5, 1]: in order to have a complete moduli space of stable maps C — X of type

&

et v i A
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T, where X is a proper tame stack with projective coarse moduli space and T' =
(g,n, ) are the relevant discrete data, one must allow the curve C itself to be a
certain type of stack, called twisted curve.

The original treatments of twisted curves relied on ad-hoc methods. The
more recent approach of [1] relies on a method introduced in {37], which uses a
construction with logarithmic structures.

11.1. Twisted curves

For simplicity we will stick with the case of Deligne-Mumford stacks.
First consider the geometric objects: fix an algebraically closed field &.

Deﬁnition@A twisted curve over k is a tame, purely 1-dimensional Deligne—

Mumford stk C/k, with at most nodes as singularities, satisfying the following

conditions:

(1) Let m : ¢ — C be the morphism to the coarse moduli space. Then C*™ =
7 1C*" and 7 : € — C is an isomorphism over a dense open subset of C.

(2) Consider a node £ — C, where the strictly henselian local ring O¢ z is the
strict henselization of k[z,y]/(zy). Then

C x¢ SpecOgz = [Spec Oczlz, w]/{zw, 2™ -z, w™ —y) / um] .

where { € pp, acts by (z,w) (Z,C‘lw.)

An action such as (2) above is called balanced. Note that C may have a stack
structure at isolated smooth points as well - such points will behave like [Al/ug).

Over a general base S twisted curves are detected by their geometric fibers:
a twisted curve C — § is a flat, tame Deligne—Mumford stack locally of finite
presentation, all of whose geometric fibers are twisted curves as in the definition
above.

The genus of C is simply the genus of C. One typically needs to consider
n-pointed twisted curves, where the markings are described in families as follows:

Definition 11.2. An n-pointed twisted curve C /5 marked by disjoint closed sub-
stacks {3;}%.; in C is assumed to satisfy the following:

(1) the ¥; are contained in the smooth locus C*™,

(2) each X; is a tame étale gerbe over S, and

(3) Cgen :=C""~\U;E; — C is an open embedding.

Remark 11.3. When S = Speck where k = k, then ¥; = Bj,,, and moreover a;
is locally constant in families.

Remark 11.4. When (C/S, {¥;}) is an n-pointed twisted curve, then the coarse
moduli space of ; is isomorphic to S. This means that the composite morphism
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¥; — C — C factors through a section p; : § — C. It follows that (C, {p;}) is an
n-pointed curve in the usual sense. This gives a functor

(€/5,{%:}) = (C.{p:})

One can ask onesell: what does one need in order to recover a twisted n-
pointed curve (C/S, {3;}) from a usual n-pointed curve (C, {p;})? In other words,
can we enrich the functor above to something like

(C/8{%:}) = (Ci{p:}) + 7
which is nice and explicit and actually an equivalence of categories?
The stack structure at the marking definitely needs the data of the integers
i, but in fact this is all that is necessary for the markings: near p;, the curve C is
canonically isomorphic to the root stack C( +/p;). If x is a local generator of the
ideal of p;, then Zariski locally we have

C = |[SpecOc[z]/(z™ — x) / ,uai].

The story is a bit more interesting at a node. It has to be - a twisted curve
C with a node of index m > 1 has “ghost” automorphisms in j,, which are not
detectible on the coarse curve C.

11.2. Log twisted curves

Let X be a Deligne—Mumford stack. Recall that a fine log structure M on
X is said to be locally free if for every geometric point T — X we have that the \
characteristic sheaf M is isomorphic to N for some .

In this situation we say that a morphism of sheaves of monoids M — M’ is
simple if for every geometric point £ — X we can identify the map as the diagonal
map

7 A— 7

J’ {(ma,...,m) J’

NT‘ —> NT
where all a; are prime to the characteristic of the field.

Definition 11.5. An n-pointed log twisted curve over S is the data
(C/S,{oi,a:}, € : Ms — ME)
where
e (C,{o;})/5 is an n-pointed nodal curve.
e Mg is the canonical log structure coming from the family (C, M) — (5, Mg)

(see section 4).
® a; . § — Zwg are locally constant, with a;(s) invertible in the residue field

k(s).

et Mfﬂ*“'JZ
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o {: Mg — M} is a simple morphism.

And we have taa following:

Theorem 11.6.\471& fibered category of n-pointed twisted curves is naturally equiv-
alent to the stack of n-pointed log twisted curves.

The picture is as follows: we have already noted that we can replace a marking
p: by a stacky marking just using the data a;. Now the 7-th node which looks like
Spec Oglz, y]/{zy—t) needs to be replaced by [Spec Oz, w]/(zw — tY™3) [ i, ],
and the data is encoding by deviding the j-th generator of N” by m;.?

Remark 11.7. We can decompose the stack according to a;:

IMie = M, =  stack of n-pointed twisted curves
Q J«
Som =  stack of n-pointed nodal curves

and it can be deduced form the theorem that MEY, , is obtained from & using
a root construction applied to the boundary divisor of &y . C 7
In fact we have to apply all possible roots, accounting for all possible twisting

of nodes, and glue together, so MY, , is highly non-separated.

" Below we sketch the main ideas in proving this.

11.3. From twisted curves to log twisted curves

Fix a twisted curve f: C — 5.
We can follow F. Kato [17], giving log structures on nodal curves: consider
all possible triples

(Ms, Me, f*: f* Mg — Me)
such that
(1} (C,M¢) — (S, Ms) is log smooth;
(2} Mg, Mg are locally free; and
(3) for all geometric points  — C mapping to nodes we have

ch -~ Nr-1 g N2

-

Mgz — N1oN

5put here Martin’s picture!!

|
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If 5 = Speck we get a natural map
Nnumber of nodes — HS-
‘We say that (Mg, Mg, f*) is special if for every geometric point § — S this ma
We say (Mc, Ms, f*) is sp y geometric p D
is an isomorphism. — A
A proposition analogous to Kato’s says that there is a unique special triple

(M, M, f*) associated to f : C — S. Analyzing the coarse moduli space we
obtain a unique diagram

(Ca MC) B (Cv MC)
l id,€ ‘[
(5, M5) 225 (5, M)
where £ : Mg — M} is simple. In particular we obtain a log twisted curve
(C/8, {os,a:}0q, 8 Ms — Mg)

11.4. From log twisted curves to twisted curves
Now we fix a log twisted curve (C/S, {o:,a:}7_,,£ : Mg — Mg). In particular
we have the log smooth curve

(Ca MC) - (S: MS)

which is the coarse moduli space of a putative twisted curve. We want to describe
C/C as the stack parametrizing natural objects over T — C. Here it is! If we
denote the relevant maps as follows

then C is the groupoid of diagrams

h* Mg —— H* M}

| ]

s* Mg —— M,
where
(1) k is simple and for every geometric point £ — T the map H’S,g — H,c',f is
etther an isomorphism (at a general point), or of the form

(id,0)

N &——— N oN

‘
:
:
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{at a marked point), or

(id,A)
N-1gN ———— N'gN?

(at a node).
(2) for all ¢ and geometric point ¢ — T with s(Z} C 04(S) C C the group

Coker (Hggjf — Wﬁ;t—)

is cyclic of order a,.
| w: Riio doen wed voefe
12. Log stable maps '
'F e “-”"“e"‘"w e a2

12.1. From curves to maps and expansions

12.1.1. Curves In section 4 we discussed how prestable curves can be encoded
as log smooth curves, and how in particular the stack of Deligne—-Mumford stable
curves can be interpreted as a logarithmic stack, representing log smooth stable
fine and saturated log schemes. Stability in this situ-
an ample line bundle. This is the same as saying

curves over the catego
ation just means thaf Q.. j
that we (D) is ample,

12.1.2. Maps Kontsevich [23] introduced the moduli of stable maps of prestable
curves into a projective target variety X. This is a proper Deligne—-Mumford stack
Mr(X) having projective coarse moduli space, where T" = (g, n, 8) is the relevant
numerical data: genus, number of markings and homology class of the image
curve. It parametrizes maps f : ¢ — X, where this time stability means that we
is f-ample. _

Kontsevich’s moduli space has the property that it carries a perfect relative
obstruction theory giving rise to a wirtual fundemental class [Mr(X)]"", see [27,
4]. This is a key ingredient in defining Gromov-Witten invariants, with their
applications in enumerative geometry and theoretical physics. The simplest GW
invariants are

[Mr (X)]vir
where v; € H*(X,Q) and e; : Mp(X) — X are the natural evaluation maps at
the n markings.
So far no logarithmic structures are necessary.

(11 n) ==/ €M enns

12.1.3. Degenerations Among the methods of computing GW invariants, the
degeneration formule is among the most powerful ones. It was introduced by A.-
M. Li and Y. Ruan in symplectic geometry [24], see also Ionel-Parker [14, 15]. For
our purposes, Jun Li’s treatment in algebraic geometry [25, 26] is most relevant.
We are interested in the invariants of the smooth projective variety X. Since
these are deformation invariant, it is natural to consider a degeneration of X, with
smooth total space, into a union Xy = ¥; Lip Y5 of two smooth varieties ¥; meeting

€ D is the divisor of markings. 0. | QI' .
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transversally along a smooth divisor D). One wants to show that invariants of X
coincide with suitably defined invariants of Xy, and these in turn can be computed
in terms of appropriately defined invariants of Y; relative to D,

This is where logarithmic structures begin to show up, but there is still some
way to go.

12.1.4. Perfect obstruction and Li’s approach The difficulty with the de-
generation is precisely the fact that the variety Xy is singular, and therefore the
natural obstruction theory on the moduli space of stable maps is not perfect in
general. A similar situation occurs when considering the pair (¥;, D), but we will
not get into this discussion.

The problem occurs when a component of the source curve € maps entirely
into D.

Jun Li’s approach uses ezpanded degenerations. There are similar ideas in
[24], but the symplectic approach builds in deformations of Cauchy-Riemann equa-
tions and has, at least on the surface, a significantly different flavor.

The idea is, that just as in stable pointed curves, if a marking travels to-
wards a node one sprouts a new component of the curve, Jun Li says that when a
component of C' travels into D we can let X sprout a new component.

12.1.5. Expansions Here is how the new component looks like. Denote by
Npcy, the normal bundle of D in ¥;. Since the total space is smooth, we have
Npcy, & NBCY:‘ Let P = Projp{lp @Npcyl). We have PP 22 Projp(Npcy, ®1p)
so we can denote by Dt and D~ the smooth divisors in P which correspond to
the normal bundle Npcy, and Npcy, respectively. Note that the divisor DT and
D~ are canonically isomorphic to D.

We now glue things up. Let P; for ¢ € N be copies of P. We can glue Y7 and
P; along D and D~ respectively, P; and P;1; along Dt and D~ respectively, and
P, and Y5 along Dt and D respectively. We denote the resulting gluing by

(121) Xoln] =¥ |_|]P1 U |_|P || Ya,
I Dy Dy
where Dy, -+, Dpyy are the disjoint singular loci of Xg[n].
Such a beast is known as an expanded degeneration, or by the more folksy
name an n-accordion.

12.1.6. Predeformability So Jun Li comes to define degeneration stable maps
with target Xy as nondegenerate maps C — Xp[n]: a map is nondegenerate if no
component of C' maps into any of the D;.

But here Jun Li meets another phenomenon, already present in the space
of admissible covers of Harris-Mumford [13]: nondegenerate maps to C —» Xp[n]
have many redundant components which have nothing to do with maps to the
generic fiber X. Near a singular point of Xg[n] which looks like {zy = 0}, a
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curve map locally deforms to a smoothing of X if and only if the curve looks
like {uv = 0}, and the map given by z = v™,y = v™. Such nice maps are
called predeformable. But predeformable maps are clearly not open in the space
of maps - they are actually closed among nondegenerate maps. This means that
the restricted obstruction theory on them is “wrong” - definitely not perfect

Of course the virtual fundamental class of Gromov—Witten theory .has no
problem dealing with the total moduli space with its extra components, but these
extra components do get in the way of decomposing invariants of X in terms of
{Yi, D}. So we really do want to stick by predeformable maps.

12.2. Logarithmic methods: from Jun Li to Bumsig Kim

12.2.1. Predeformable deformations So Jun Li comes to need to a new ob-~ “‘”’sz‘"’a t

struction theory on predeformable maps. Having read this chapter, the reader will

immediately recognize that

(1) nodal curves are log-smooth,

(2) n-accordions are d-semistable and admit a canonical log-smooth structure,
and

(3) predeformble maps can be viewed as log maps from the log-smooth curve to
the d-semistable target.

Jun Li also recognized this fact, as did Shin Mochizuki before him [29] when
he in his turn revisited the space of admissible covers of Harris—Mumford. What he
_ lacked at the time was a formalism for logarithmic deformation theory of singular
spaces, such as the moduli space itsell: a perfect obstruction theory is a two-
term complex mapping to the cotangent complex of the moduli space, but the
moduli space is, as usual highly singular, even taking its logarithmic structure

into account.

So Jun Li resorted to an ad-hoc construction of his perfect obstruction theory.
This is the most difficult part of his work.

In section 7 we saw how log deformation theory works in the necessary gen-
erality. This is where Bumsig Kim’s paper [21] comes in: he provides a correct
formalism for nondegenerate logarithmic stable maps into expanded degenerations,
and shows that it carries a perfect obstruction theory. The degeneration formula
aliSmedrrs been worked out by one of us (Q. Chen), and should appear
as part of’q larget ppbject indicated below.

One aspe at deserves mention is Kim’s notion of minimal log strutures
on maps. Recall that the log stack M, ,, can be constructed as a stack over the
category of fine saturated log schemes, whose objects over § = (S, M) are log
smooth stable pointed curves over 5. But in order to exhibit the underlying stack,
one needs to use the canonical log structure on S, which is initial among all possible

in this forp

{
|
i
:
H
i

ones carrying the log smooth curve,



Abramovich, Chen, Gillam, Huang, Olsson, Satriano, and Sun 47

Kim describes his stack similarly - given a predeformable map € — X of
underlying schemes over &, it amounts to describing what he calls minimal log
structure S on S carrying a log map € — X. Kim does this by explicitly describing
the combinatorial structure of such log structures.

12.3. Unexpanded log maps: from Siebert into the future

A very different approach was proposed in a 2001 lecture by Bernd Siebert,
but laid dormant for almost a decade.

The point is this. If one embraces logarithmic structures, and logarithmic
maps from log smooth curves to some logarithmic scheme, then expansions are
no longer necessary. Defined correctly, the space of log maps automatically has a
perfect log-obstruction theory, which in view of sections 6 and 7 can be viewed as
an obstruction theory relative to the stack LOG. This automatically results in a
virtual fundamental class.

With this way of thinking, one can consider much more general logarithmic
stable maps, gaining access to invariants of much more general degenerations of
varieties. This has been a desired goal for a number of years.

S0 what is the correct definition? Consider a fine and saturated log scheme
X. Following the work of F. Kato [17] as discussed in section 4, one comes up

- with a definition of a category Mp(X) fibered over the category LSchy, of fine

and saturated log schemes: an object over a fine saturated log scheme S is a log
smooth curve ¢ — § and a log map f : C — X. We further require it to be stable:
the line bundle of logarithmic differentials Qé /5 18 required to be f-ample. This
is tantamount to requiring that the map of underlying schemes be a stable map.

So the main claim is: Mp(X) is represented by a logarithmic Deligne-
Mumford stack with projective coarse moduli space. In fact this stack is proper
and quasi-finite over the usual stack of stable maps My (X) of the underlying
scheme. As in the discussion of Kim’s work, the underlying stack can be viewed
as a moduli of log maps with minimal log structure.

This is the subject of current work - of Gross and Siebert on the one hand
and of two of us (mainly Chen, and to & lesser extent Abramovich) on the other,
s0 it would not be appropriate to get into details until definite results appear.

Let us instead put this in a larger context. Consider logarithmic schemes
Z — B and X, and assume we are given a morphism of underlying schemes
[+ Z — X. We can define a category Lift; fibered over LSchys whose objects
over a fine saturated log B-scheme § — B are lifts fs: Zg — X of the morphism
of underlying schemes f,: Zg — X.

One can ask the following general questions:

Question 12.2. (1) Under what conditions is Lift; a log stack locally of finite
type over B?
(2) What natural numerical data cut out a substack of finite type?
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(3} Under what conditions is the result proper?

We want to stress our belief that this guestion is natural, important and
quite tractable. For instance, the case where B = SpecC with trivial structuzre
and Z = X = Spec(N — C) the result is a countable union of components. It
is similar in nature to an inertia stack. The more general case where B = X,
Z = X x Spec(N — C) and [ is the diagonal, is the relevant analogue of the
inertia stack of X. It is important for Gromov—Witten theory - up to C* action the
result is the natural target for evaluation maps associated to log smooth curves.
Its components account for the contact orders of relative stable maps. Further
examples of a similar nature govern gluing of nodes of log-smooth curves.
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