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1. INTRODUCTION

Compared with the previous version, the following changes are made:

(1) The proof for boundedness is rewritten, instead of gluing the node, we analyze the
corresponding line bundle. (See subsection 7.3).

(2) The proof for boundedness and valuative criterion is now reduce to the one copy of
N case.

(3) A short discussion for general DF-log structure can be find in subsection 2.2.

2. PREREQUISITES ON LOGARITHMIC GEOMETRY

2.1. Basic definitions and properties. Following [Kat89] and [Ogu06], we first recall
some basic terminologies on logarithmic geometry.

2.1.1. Monoids. A monoid is a commutative semi-group with a unit. We usually use “+ "
and “0” denote the binary operation and the unit of a monoid. A morphism between two
monotds is required to preserve the unit.

Let P be a monoid, we can associate a group

PP = {(a,b)|(a,b) ~ (c,d) if 3s € P such that s+a+d=s+b+c}.
We recall some terminologies:

(1) P is called integral if the natural map P — P9 is injective.

(2) P is called saturated if it is integral and satisfies that for any p € P9 if n-p € P
for some positive integer n then p € P.

(3) P is fine if it is integral and finitely generated.
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(4) P is sharp if there are no other unit except 0. A nonzero element p in a sharp monoid
P is called irreducible if p = a+b implies either a = 0 or b = 0. We denote by Irr(P)
the set of irreducible elements in a sharp monoid P.

(5) A fine monoid P is called free if P = N" for some positive integer n.

(6) A monoid P is called torsion free if the associated group P9 is torsion free.

(7) The monoid P is called toric if P is fine, saturated, and sharp. Note that in this case
p is automatically torsion free.

Denote by Mon'™ and Mon®" the categories of integral and saturated monoids respec-
tively. Then there is an natural inclusion

L: Mon*® — Mon™,

On the other hand, given a integral monoid M, the set M*% of all elements a € M9 such
that m - a € M for some positive integer m forms a saturated submonoid of M9. This
induces another map

Sat : Mon™ — Mon**.
Proposition 2.1. [Ogu06, 1.2.3(3)] The functor Sat is left adjoint to the functor ¢.

A morphism h : Q — P between integral monoids is called integral if for any aq,as € @,
and by, by € P which satisfy h(a;)b; = h(az)bs, there exist as,ay € @ and b € P such that
by = h(a3)b and ajaz = asay.

2.1.2. Congruence relation and finite representation of monoids. Consider a morphism of
monoids ¢ : P — ). We form the following set

(2.1.1) E:={(p1,p2) € Px Pl q(p1) =q(p2) } CP x P.

It is not hard to check that the set E is a submonoid of P x P, which gives an equivalence
relation on P. If ¢ is surjective, then the monoid ) can be recovered as the quotient of P by
the equivalence relation F. In this case, we write ) = P/E. A submonoid E C Px P is called
a congruence relation on P, if it is a equivalence relation on P. Conversely, given a congruence
relation ' on P, we have a canonical surjective morphism of monoids ¢ : P — P/E, such
that E is of the form as in (2.1.1).

A presentation of a monoid M is a diagram

(2.1.2) R — M,

where Fy and F} are free, and ¢ is the coequalizer of u and v. If furthermore Fy and F}
is finitely generated, then (2.1.2) is called a finite presentation of M. Given a monoid M
with the presentation as in (2.1.2), we can recover M as the quotient of Fy given by the
congruence relation

E:={ (u(a),v(a)) € Fo x Fy | a € F; }.

Remark 2.2. Consider a toric monoid P. Denote by Irr(P) = {§;}%_, the set of irreducible
elements in P. Consider the free monoid My = N* with the map of monoids

q:M0_>P7 50,1"_)52'7
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where {8y }%_, forms a basis of N*. Since Irr(P) generates P, the map ¢ is surjective. By
[Ogu06, Chapter 1, 2.1.9(7)], we have a finite presentation

v1
(2.1.3) M, My —— p

v
Since P is sharp, if v1(e) = 0 for some e € M;, then we can check that vy(e) = 0. We
call diagram (2.1.3) constructed above the standard presentation of P, if vi(e) and vs(e) is

non-trivial for any 0 # e € M;. Denote by {01 ;}}_, the set of basis of M, then we can write

(2.1.4) P .= < 01, 0k | vj:qou(dyj) =qouv(dry), j=1,--- ,7‘>,
where 7; stands for the corresponding relation.

2.1.3. Logarithmic structures. Let X be a scheme. A pre-log structure on X is a pair
(M, exp), which consists of a sheaf of monoids M on the étale site X of X, and a morphism
of sheaves of monoids exp : M — Oy, called the structure morphism of M. Here we view
Ox as a monoid under multiplication.

A pre-log structure M on X is called a log structure if exp~'(O%) = O% via exp. We
sometimes omite the morphism exp, and only use M to denote the log structure if no
confusion could arise. We call the pair (X, M) a log scheme.

Given two log structures M and N on X, a morphism of the log structures h : M — N
is a morphism of sheaves of monoids which compatible with the structure morphisms of M

and N.

Given a pre-log strucutre M on X, we can associate a log structure M* given by
M =M @eprl((’)}) O}k(

Consider a morphism of schemes f : X — Y, and a log structure My on Y. We can define
the pull-back log structure f*(My) to be the log structure associated to the pre-log structure

f My) — f71(Oy) — Ox.

Consider two log schemes (X, M) and (Y, My ). A morphism of log schemes (X, Mx) —
(Y, My) is a pair (f, f*), where f : X — Y is a morphism of the underlying schemes, and
71 f*(My) — My is a morphism of log structures on X. The morphism (f, f°) is called
strict if f* is an isomorphism of log structures. It is called vertical if My /f*(My) is a sheaf
of groups under the induced monoidal operation.

2.1.4. Charts of log structures. Let (X, M) be a log scheme, and P a monoid. Denote by
Px the constant sheaf of monoid P on X. A chart of M is a morphism Px — M such that
the associated log structure of the composition Py — M — Ox is M. The log structure
M is called a fine (resp. coherent) log structure on X if P is fine (resp. coherent). If the
monoid P is fs, then M is called a fs log structure. In this and the following sections, we
will only consider fine log structures.

Remark 2.3. For any fs monoid @), denote by Spec(Q — Z[Q]) the log scheme with under-
lying SpecZ|Q)], and log structure induced by @ — Z[Q]. Any log structure M on X with
chart Q — M is equivalent to have a map X — SpecZ[Q] with M obtained by the pull-back
of the log structure of Spec(Q) — Z[Q)]).
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Let M = M/O% be the quotient sheaf. We call it the characteristic of the log structure

M. Tt is useful to notice that f*(M) = f~1(M) for any morphism of schemes f :Y — X.
For any closed point = € X, we denote by T the separable closure of z. A fine log structure
M is called locally free if for any = € X, we have M; = N” for some positive integer r. Let

——gp,tor

I be the torsion part of M2 . The following result is very useful for creating charts.

Proposition 2.4. [Ols03a, 2.1] Using the notation as above, there exist an fppf neighborhood
f: X" — X ofx, and a chart : P — f*(M) such that for some geometric point ¥’ — X'
lying over x, the natural map P — f~' Mgy is bijective. If MP g k(x) =0, then such a

chart exists in an étale neighborhood of x.

T

Remark 2.5. In the following sections, we will mostly work with fs log structures over
an algebraicly closed field of characteristic 0. The above proposition implies that in such
situation, there is a section of Mz — M3z, which can be lift to a chart étale locally near x.

Consider a morphism f : (X, Mx) — (Y, My) of fine log schemes. A chart of f is a triple
(Px — Mx,Qy — My,Q — P) where Py — Mx and @y — My are charts of Mx and
My respectively, and () — P is a morphism of monoids such that the following diagram is
commutative:

Qx — Px

L]

f*LA4y>4444>A4x.

Similarly, the charts of morphism of fine log schemes exist étale locally by the following
result:

Proposition 2.6. [Ols03a, 2.2] Notations as above, suppose that Qy — My is a chart. Then
étale locally on X, there exist a chart Px — Mx and an injective morphism of monoids
Q — P, such that the triple (Px — Mx,Qy — My,Q — P) gives a chart for [ étale
locally on X. If f is a morphism of fs log schemes and if Q) is saturated and torsion free,
then we can choose P to be also saturated and torsion free in the chart of f.

Remark 2.7. Consider a morphism of log schemes f : (X, Mx) — (Y, My ), with the help
of charts, we can describe the log smoothness properties of f that we will use later. The log
map f is called log smooth if étale locally, there is a chart (Pxy — Mx,Qy — My,Q — P)
of f such that:

(1) Ker@9% — P% and the torsion part of Coker(Q% — P9%) are finite groups;

(2) the induced map X — Y XSpecziQ)) SpecZ|p] is smooth in the usual sense.

The above smoothness criterion is due to K. Kato [Kat89, Theorem 3.5].

The map f is called integral if for every p € X, the induced map ﬂf(,;) — ﬂp is
integral. In general, the underlying structure map of a log smooth morphism need not be
flat. However, it is shown in [Kat89, 4.5] that the underlying map of a log smooth and
integral morphism is flat. Finally, we introduce an important result we will use later.

Proposition 2.8. [Ogu06, Chapter 2, 2.4.5]

(1) The inclusion functor from the category of fine log schemes to the category of coherent
log schemes admits a right adjoint X — X where X is a coherent log schemes.
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Furthermore, the corresponding morphism of underlying schemes X™ — X is a
closed immersion. We call X™ the integration of X .

(2) The inclusion functor from the category of fs log schemes to the category of fine log
schemes admits a right adjoint X — X% where X is a fine log scheme. Furthermore,
the corresponding morphism of underlying schemes X°*™ — X is finite and surjective.
We call X5% the saturation of X.

2.2. Deligne-Faltings log structures.

Definition 2.9. Consider a scheme X. A fs log structure My on X is called a Deligne-
Faltings (DF) log structures, if there is a morphism of locally constant sheaves of monoids
B : P — My, which locally lifts to a chart. Here P is a toric monoid. We call the map [ a
global presentation of Mx.

Remark 2.10. The global presentation § of a DF log structure M x is not unique. But we
will see later that our definition of minimality does not depend on the choice of (.

Remark 2.11. Notations as in definition 2.9, if an element 6 € Irr(P) satisfies (0) = 0
everywhere, then we can choose a submonoid P’ C P generated by Irr(P)\ {d}, and we

have a global presentation 3’ : P' — M x induced by (3. Thus, we always require P to satisfy
the condition that if 0 # ¢ € P, then 3(0) # 0.

Remark 2.12. Denote by MY the sub-log structure of My generated by ¢;. Then by
definition MY is a DF log structure on X, and we have

Mx = Mﬁ( Do, M%{ Doy - Doy M];(

Denote by X ilog = (X, MY%). Then the above decomposition is equivalent to the fiber product
of fine log schemes:

(2.2.1) (X, Mx) = Xiog Xx o Xx X,i"g,
where X is viewed as a the log scheme with underlying X with trivial log structures.

Remark 2.13. Assume that the DF log structure M is locally free, then we can assume
that P = N*. Denote by {6;}_, the standard generators of N*. Then locally we have a
lifting 3 : N¥ — M. Note that the section ((8;) with its inverse image under the canonical
map 7 : My — My is a O%-torsor, which corresponds to a line bundle L;. The composition

T 'B(6;) € Mx — Ox

gives a morphism of line bundles s; : L; — Ox. In fact, it was shown in [Kat89, Complement
1] that a locally free DF log structure as above is equivalent to have k-tuple of line bundles
(L;)F_, with sections s; : L; — Ox for each i.

Note that the section s; gives a section s} of LY. Denote by D; C X the vanishing locus
of s. Note that D; consists of the points where the image of §; in M is non-trivial. If s; is
not a zero section, then D; is a Cartier divisor in X. If s; is a zero section, then D; = X, we
call MY the generic part of Mx. Note that if D; = (), then the sub-log structure generated
by &; is trivial.

Example 2.14. Consider a simple normal crossing divisor D C X, then the following
Mx ={ g€ Ox | gis invertible outside D}

with the natural injection M x — X forms a DF log structure on X. Its rank k equals the
number of irreducible components of D.
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Remark 2.15. Consider a log smooth scheme (X, Mx), and assume that Mx is a locally
free DF log structure on X. By the description of log smoothness in remark 2.7, the under-
lying scheme X is automatically smooth in the usual sense, and the log structure M x is the
one described in example 2.14. Note that in this case, M x has no generic part.

Consider a DF log structure Mx and a global presentation 3 : P — Mx as in definition
2.9. Consider an element § € P. Since 3 locally lifts to a chart, the sub-monoid N C P
generated by d gives a rank one locally free sub-DF log structure A; C M. Note that there
is a global presentation N — A/; induced by 4.

We use the notations as in remark 2.2. Denote by N; the sub-log structure induced by
d; € Irr(P) as above. Consider the locally free DF log structures on X given by

My = Z Ma

0, €lrr(P)

where the amalgamated sum is taking over O%. Note that we have a global presentation
Bo : My = NF — M, and a natural morphism ¢ : My — My induced by each N; — Myx.
Now we repeat the same argument for the map of monoids vo0q = v10q as in (2.1.3), we have
another locally free DF log structure M, and a morphism of log structures ¢ : M; — Mx.
A local calculation shows that we have the following diagram of log structures on X:

o b
(2.2.2) M~ My —— My,

b
Vg

such that v} o ¢ = v} 0 ¢ = ¢. Denote by XI* = (X, M1), X9 = (X, M,), and X9 =
(X, Mx). Note that ¢’ is a surjection of sheaves of monoid. Then (2.2.2) induces a morphism
of log schemes

U1
—
—

v2

(2.2.3) log — 1 Xlos xlos |

We call (2.2.3) constructed above the locally free presentation of X'9. Here we abuse the
notations, and denote ¢,v; and vy the morphism of corresponding log schemes rather then
the monoids as in (2.1.3).

Lemma 2.16. We have a caterian diagram in the category of fs log schemes:

q l
lo og
Xlog —— X!

qi Jvé
/

lo Y1 lo
Xl s xles
0 1 -

Proof. This is a local question, so we can assume that X is affine with global charts M, —
My, My — My, and P — Myx. Using remark 2.3, we have the following commutative
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diagram:

:MapDefLog| (2.2.4) X \ ,
\

SpecZ[P] —— SpecZ| M)

N |

SpecZ|My] — SpecZ[M;]

where the square induced by the map of monoids in (2.1.3) is cartesian, and the arrows f
and g is induced by the log structures Mg and M x respectively. Note that the composition
X — Z[My] — Z[M,] corresponds to the log structure My, and the map g is induced by the
map f and the universal property of fiber product. By (2.1.3) again, we have a cartesian
diagram of fs log schemes:

tLogDecomp | (2.2.5) Spec(P — Z[P]) —— Spec(My — Z[M,)) .

J J

Spec(My — Z[My]) — Spec(M; — Z[M,])

Thus, the cartesian diagram in the statement of the lemma is obtained by pulling back the
log structures of (2.2.5) via the diagram (2.2.4). O

s:LogStack

2.3. Olsson’s Log Stacks. We follow [Ols03a] to introduce the algebraic stack parametriz-
ing log schemes. Let us fix a base scheme S, and consider an algebraic stack X in the sense
of [Art74], which means that

(1) the diagonal X — X xg X is representable and of finite type;
(2) there exists a surjective smooth morphism X — X" from a scheme.

Now we can define a fine log structure My on X by repeating the definitions in 2.1.3 and
2.1.4 but using lisse-étale site instead of the étale site. See [Ols03a, Section 5] for details.

For any S-scheme T, and an arrow g : T'— X, we obtain a fine log structure g*(My) on
the lisse-étale site Tjjs-¢; of T. It is shown in [Ols03a, 5.3] that such ¢*(My) is isomorphic
to a unique fine log structure on the étale site T, of T'. By abusing of notations, we still use
g*(My) denote this new log structure on 7. By pulling back the log structure My, we define
a functor from X to the category of fine log schemes over S. The stack X associated with
this functor is called a log stacks in [Kat00]. A fine log scheme (X, Mx) can be naturally
viewed as a log algebraic stack.

Consider the fibered category Log(x i) over X. Its objects are pairs (g : X — X, g*(My) —
Mx), where g is a map from scheme X to X, and ¢*(Myx) — Mx is a morphism of fine
log structures on X. An arrow

is a strict morphism of log schemes (X, My) — (Y, My), such that the underlying map
X — Y is a morphism over X, and we have the following commutative diagram of log
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schemes:
(X, Mx) ——— (Y, My)

J |

(X.0" (M) — (Vo (M),

Remark 2.17. In fact, an object (g X = X, g9My) — ./\/lX) can be viewed as a
morphism of log stacks (X, Mx) — (X, My). Roughly speaking, the stack Logx ry)
parametrizes log schemes over (X, My). For the definition of morphisms of log stacks, we
refer to [Ols03a], and this one is compatible with the definition of morphisms between log
schemes.

Theorem 2.18. [Ols03a, 5.9] The fibered category Logx sz is an algebraic stack locally of
finite presentation over X.

3. LOGARITHMIC CURVES AND THEIR STACKS

In this section, we define log pre-stable curves in our sense, and show that the stack 9"
parametrizing log pre-stable curves of genus g and n marked points in our sense is an open
substack of some Olsson’s log stack as above, hence is algebraic in the sense of [Art74, 5.1].

3.1. The canonical log structure on pre-stable curves. We first introduce the canonical
log structure on pre-stable curves. For details, we refer the reader to [Kat00], [S.M95], and
[O1s07].

Let 9M,, ., be the stack parametrizing genus g pre-stable curves with n marked points, and
let €,,, be the universal family over 91, ,,. Denote by {¥; : M, ,, — €, }7 ) the n sections.

The boundary E)ﬁsmg C M, , which parametrizes singular curves is a divisor with normal

Cgn /M
crossings on M, ,. Hence the boundary divisor induces a canonical log structure Mg /Mg

on My, which is defined on the smooth topology in the sense of [Ols03a]. Note that the
n sections {3;} and the pre-image of 93?5”‘9 in € also give divisors with normal crossings on
g n/mgﬂl

€y.n, which induces another log structure /\/l€ ’ on &, ,. There is a natural log smooth
map (€., ./\/lcq /M, ") = (M, M% "/ M) whose underlying map is given by the family
Con — My .

Given any family C' — S of usual pre-stable curves of genus g, with n marked points, we
have the following cartesian diagram:

C I Q:g,n

|

S —— My .

Pulling back the canonical log structures on €, ,, and 9, ,,, we obtain canonical log structures
Mg/ % and Mg/ Son C and S respectively, and a natural log smooth map 7 : (C, MC/ S)
(S, M5'9).

Using the notatlon as above, the log structure /\/lcg "/ Po.n

is locally free, hence the canonical
log structure M/ g % is also locally free. Then for any closed point s € S, we have MC/S = N™
and this m equal to the number of the nodes in the fiber C;. In fact we have a one-to-one
correspondence between the m factors of the monoid N and the nodes on the fiber.
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3.2. Local description of the canonical log structure on pre-stable curves. By
[OlsOBa 2.1, we Can shrink S if necessary, and assume that we have a global chart N™ —

M/ e % given by M SS . We denote {e;}™, be the standard generators of N

Consider a closed point p € C5 in the ﬁber If p is a smooth non-marked point, then we
have an étale neighborhood € U C C, such that MS/ | = 7*(MS%)]p.

When p is a marked point given by the section X;, then COHSlder an étale neighborhood
p € U which contains only smooth points of C' over S, and no other markings. We have the
log structure

My = 7 (MG )|y oy,

where the log structure M>: is given by the section ¥;, which locally has a chart N — M.
Hence we have a chart N @ N — MC/S]U.

Finally, let us assume p is a node. Then there is an étale neighborhood U of p, which
contains no other nodes and marked points. We have a special element e; € {e;}7,, with
the following chart:

N1 N? —— M|y

(id,A)T wa

N1 g N— (M)

Here on the bottom, the monoids N™~! and N are generated by {e;}i.; and e; respectively,
and on the top we assume that a and b are the standard generators of the monoid N2. The
map (id, A) is given by the identity on N"~! and the diagnonal map A : e; — a + b.

Definition 3.1. We identify e; with its image in the log structre, and call it an element in
Mg/ s smoothing the node p, or simply an element smoothing p.

Note that two elements smoothing a same node are differ by an invertible function near

: . L .1 —C/S
the node, therefore they induce the same element in the characteristic monoid M S/
For each node p; over s, we fix an element e; smoothing it. Denote by é; the image of e;

in MS/S Let Irr(Mgs) be the set of irreducible elements in the monoid Mgs. In fact we
have {&;}1", = Irr(Mgs), and a natural map:

sc. : {nodes in C5} — Irr(Mgs)

given by p; — (the element e; smoothes p;). It was shown in [Kat00] that this map is a one-
to-one correspondance. This means that all nodes in the fiber are smoothed independently.

Remark 3.2. The bijection s¢, implies that the canonical log structures (MC/ 8 ./\/lc/ S)
special in the sense of [Ols03b, 2.6].

Remark 3.3. The one to one correspondance s¢. associates to each node p; a unique sub-

log structure N; C ./\/lg/ s generated by e;. In an étale neighborhood of s, it was shown in
[Kat00] that

MC/S ~ N Soy -+ Doy, N
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3.3. The canonical log structure at node. We give a local description of the relation
between canonical log structure and the underlying structure at the nodes as in [Kat00,
Section 3]. Let A be a local neotherian henselian ring, and s an element in the maximal
ideal m 4 of A. Let R be the henselization of A[z,y|/(xy — s) at the ideal generated by z,y
and m 4. We still use x,y to denote the corresponding elements in R.

Lemma 3.4. With the notation as above, we have the following:

(1) [Kat00, 2.1] Given 2',y" € R such that 2'y’ € A and (', y',m4) = (x,y,ma) (equality
of ideals in R). Then there exist units u,,u, € R* with uyu, € A such that ' = u,x
and y' = uyy (ory =u,x and ¥’ = uyy).

(2) [Kim, 3.6.1(2)] Suppose that ¢ = u,z® and y° = u,y°, where ¢ € N>y and u,,u, € R*.
If uyu, € A*, then uy = u, = 1.

Consider the local family SpecR — SpecA, the canonical log structure (Mg, M 4) is given
by the following commutative diagram of prelog structures.

(61752)'_)(x7y)

N2———R

o T

N——— A

where ey, e (resp. e) are the standard generators of N? (resp. N), and A : e — e; + ey is the
diagonal map. For convenience, we sometimes use log x,logy and log s denote the image of
ey, e9 and e in the corresponding log structures.

Corollary 3.5. [Kim, 3.6.2] We use the notations as above, and let ¢ be a positive integer.
Then there is a unique pair v, 7y, n Mg, which will be denoted by llog z,llogy respectively,
such that v, + v, € My and exp(7y;) = ', exp(y,) = ¥

3.4. Universal property of canonical log structure. Next we introduce another de-
scription of the canonical log structre. In fact, this is the description given in [Kat00] and
[01s07, 3.9,3.10], except that in our case, we do not introduce orbifold structure.

Now we consider a new log structure on the fiber Mﬁcc/ % which is obtained by removing
the log structure corresponding to the markings. This is equivalent to require that the log
structure near the marked points is pull back of the log structures from the base. By our
description of canonical log structures, we have the relation

Mg/s _ Mucc/s B (Z M),
j

And we still have a log map 7* : ./\/lﬁCC/S — Mg/s. This map is log smooth, proper, integral,
vertical, and special (see remark 3.2). In fact, we have the following universal property.

Lemma 3.6. For any pair of fine log structures (Mg, Mg) over the family of prestable
curves C' — S, such that the log map (C, M) — (S, Mg) is log smooth, proper, integral

and vertical, we have a unique pair of maps Mﬁoc/s — Mg and /\/lg/s — Mg fitting in the
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following cartesian diagram of fine log schemes:

(C, M) — (C, MI/5)

J |

(S, Ms) —— (S, M55

Proof. See [Ols07], and [Ols03b, 2.7] for a proof.

Remark 3.7. We remark that the canonical log structure Mﬁsc/ % does not depend on the
markings.

3.5. Log curves. With the description above, we are able to introduce the log structure on
curves that we are interested in.

Definition 3.8. A map of fine log schemes (C, M¢) — (S5, Mg) with sections {¥;}7 is
called a genus g log curve with n-markings if

(1) the family C' — S with {¥;} is the usual prestable curve of genus g and n-markings;
(2) the log structure M is of the form Mg = M{ @op, (30, M™);
(3) the log map (C,M¢) — (S, Mg) comes from a log smooth, integral vertical map
C, M) — (S, Mg) plus the log structure M>: given by the markings.
(C, Mg , p g g y g

By lemma 3.6, we have an equivalent definition of log curves using the canonical log
structure.

Definition 3.9. A genus g, log curve with n-marked points over a scheme S is given by the
following data (C' — S, {E}?:l,./\/lg/s — M), where

(1) (C — S,{3},) is a usual family of pre-stable curves of genus g, n-markings;

(2) /\/lg/ ¥ — Mg is a morphism of fine log structures.

When no confusion would arise, we denote (C' — S, Mg) to be the log curves in the
definition for short. We use M for the log structure on the curves in the above definition
3.8.

3.6. Log pre-stable curves.

Definition 3.10. A log curve (C' — S, M) is called log pre-stable if the log structure Mg
is fine and saturated.

For simplicity, we consider the case where S is a geometric point. Note that we have a map
on the level of characteristic Mg/s — M. Since the log structure ./Vg/s is locally free, we
fix Mg/s =~ N™ and denote by {e;}™, the set of all irreducible elements in Mg/S.Consider
the map on the level of characteristic R MS/S — M. By remark 3.3, let p be the node
corresponds to e;. We call ¢(e;) the element smoothes p in Mg. Later for convenience, we

will identify e; with its image 1 (e;) in M.

Remark 3.11. By [Ols03a, 5.26], the condition that the base log structure Mg is fine and
saturated is an open condition on S.
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3.7. The stack of log curves.

Definition 3.12. Given two log curves (C' — S, Mg) and (C" — S, M%) over S. Denote by
M and Mg the log structure on C' and C” associated to the two log curves respectively.
An isomorphism between the above two log curves is a pair (p, #) such that

(1) 6 : (S, Mg) — (S, M%) and p : (C,M¢) — (C", M¢r) are isomorphisms of log
schemes;

(2) the underlying map 6 : S — S is the identity, and p : C' — C” is an isomorphism of
usual prestable curves over S B

(3) the pair (p,0) fit in the following commutative diagram:

(C, M) —= (C", Me»)

| |

(8, Ms) —"— (S, M).
Denote by zmlog the fibered category over C parametrizing log curves with the arrow

defined above. In fact we have

log ~v
m g o~ £0 Cagm/Mgn- -
g,n g(mg,n,MW?;,n/ ey

Thus, the fibered category smlog forms an algebraic stack in the sense of [Art74]. Denote

by 9" the substack of smgjg parametrizing log prestable curves. Then by remark 3.11, we
have the following:

Corollary 3.13. The fibered category IMETS is an open substack in M9 - hence is algebraic.

n g,n’

4. ALGEBRICITY OF THE STACK OF LOG MAPS

4.1. Setup of notations.

Conventions 4.1. In this section, we fix a projective, integral morphism of log schemes
7 X9 — B9 Denote by B and X the underlying schemes of B9 and X9 respectively.
Let Mp and Mx be the log structure on B9 and X' respectively. Given any B-scheme
S, Denote by (Xsg, MXS/S) — (5, MXS/S) the pull-back of X9 — B9 gver S.

Definition 4.2. A log map over a B-scheme S is given by the datum
§=(C— Sims: Xg = S, MG — Mg, MG* — Ms, f),

such that

(1) (C — S, My) is a log curve;
(2) mg : Xg — S fit in the following cartesian diagram of log schemes:

(XSaMX) 4)Xlog
(S, Mg) — Blog
(3) f:(C,M¢g) — (X, Mx) is a log map over (S, Mg).
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Given another B-scheme T', and a B-scheme morphism g : T" — S. The pull-back &7 of &
via g is a log map over 7', given by the following datum

(Cr — T, X — T, M}™"" — M, MST" — My, fr)

where
(1) The underlying families Cr — T and X7 — T are the pull-back of the familis C' — §
and Xg — S via g respectively.
(2) The morphisms of log structures My"" — My and MS/" — My are the pull-back
of the morphisms /\/lé(s /S s M s and ./\/lg/ ¥ Mg via g respectively.
(3) The log map fr is the pull-back of f via the strict log map (T, Mr) — (S, Mg)
induced by g.

In the following, if no confusion would arise, we will use (C' — S, Xg — S, Mg, f) to denote
the log map & over S.

:LogMapIso| Definition 4.3. Consider two log maps & = (C7 — S, Xg — S, My, f1) and & = (Cy —
S, Xg — S, Ma, f2) over S. An arrow & — & over S is given by a triple (p, d,~) where

(1) The pair (p,0) is an arrow of log curves (C; — S, M;) — (Cy — S, Ms) as in
definition 3.12.

(2) The log map v : (Xg, Mx1) — (Xg, Mx2) is an isomorphism of log schemes fitting
in the following commutative diagram:

:TargetIso| (4.1.1) (Xs, Mx1) (Xg, Mx2)

\/

Xlog

(S, M) S (S, M,)

~ 1

Blog

where the three squares are cartesian.
(3) The triple (p, 0, ) fits in the following commutative diagram:

:LogMapIso| (4.1.2) (Cy, Mcq) il (Xg, Mx1)

|

(C, Mcs) B (X, Mya)

I

(SaMQ)
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Note that under the above assumption, the underlying maps 6 and -y are identities. Denote
by Zsoms(&y,&;) the funtor over S, which for any S-scheme T — S associates the set of
isomorphisms of {71 and {ro over T', where {71 and {7 are the pull-back of § and & via
T — S respectively. Denote by Autg(€) the funtor of automorphisms of & over S.

Definition 4.4. Denote by K[*(X'9/B'9) the fibered category over the category of B-
schemes, such that for any S — B, it associates the category of log maps over S, such that
the underlying prestable curve is genus ¢, with n marked points. For simplicity, in this
section we will use K9 to denote K9 (X9 /B'9).

Denote by 9, ;, the algebraic stack of genus g, n-marked pre-stable curves with the canon-
ical log structure. Consider the new algebraic stack

% = £0g%,ngogBlog,

where the fibered product are in the log sense. Clearly B is an algebraic stack over B.

Remark 4.5. We explain the moduli interpretation of 8. For any B-scheme S, an object
G € B(S5) is a diagram

(4.1.3) (Ci, Mg,) (Xs, Mxg )

o~

(S, M;)

where the left arrow is a family of genus g, n-marked log curves given by the induced map
(S, Mg) — M, ,, and the right arrow is given by the induced map (S, Mg) — B9. An
arrow between two objects (; and (s is a triple (p, 6, 7) given by the following diagram

(4.1.4) (C1, Mc) (Xs, Mx 1)

| N

(CUAACQ) 0 ()(“A4X2)

) )

o~

(S, My)

where the square on the left is an isomorphism of log curves, and the square on the right
satisfies the condition in definition 4.3(2).

Remark 4.6. Note that there is natural map K9 — B by removing the log maps. It is
not hard to see that this arrow is representable.

We denote by K, 4(X/B) the stack of usual maps with the source genus g, n-marked
pre-stable curves. This is an algebraic stack over B. For simplicity, we use K to denote this
stack.

Remark 4.7. Note that we have a natural arrow K!°9 — K by removing all log structures.
Given a log map &, denote by £ the corresponding object in £C.
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Our main result of this section is the following:
Theorem 4.8. The fibered category K'9 is an algebraic stack.

Proof. The rest of this section is devote to the proof of this theorem. The representability
of the diagonal K9 — K9 x K9 is proved in subsection 4.2. By remark 4.6, we have a
natural representable map K9 — B to the algebraic stack B. Thus, to produce a smooth
cover for K is enough to check Artin’s criteria [Art74, 5.1] relative to B. This will be done
from subsection 4.3 to 4.7. [J

4.2. Representability of the isomorphism functors of log maps.

Proposition 4.9. Consider two log maps & and & over a B-scheme S as in definition 4.3.
The functor Tsomg(&1,&s) is represented by an algebraic space locally of finite type over S.

Proof. Using the notations as in definition 4.3, remark 4.5 and remark 4.7, we form the
following commutative diagram:

(4.2.1) Zsoms(&1,&2)

\¢ @2
\) J—mM— Isoms(éa é)

N .|

Tsoms(Cr, Ca) —s Tsoms((a, Go),

where the square is cartesian, and ¢3 is given by the universal property of fiber product. Note
that any isomorphism of & and & induces trivial isomorphism of the underlying strucutre
of the target Xg — S. Thus, the sheaf Zsomg((i, (2) is the isomorphism of the underlying
curves. Since Zsomg(&1,&2), Zsomg((r, o), and Zsomg((y, () are represented by algebraic
spaces locally of finite type over S, the sheaf I is also representable and locally of finite type.
Hence it is enough to show that ¢3 is representable and locally of finite type.

Consider an S-scheme U, and an arrow U — [ given by a pair (7, \), where

7 € Isomg(C1,G)(U) and A € Zsomg(£1,6)(U),

such that their induced elements in Zsomg((1,()(U) coincide. Now we have a cartesian
diagram : -

I —— Isomg(&1, &)

L]

U —W) I.
Here I’ is the sheaf over U which for any V' — U associated a unital set {*} if (7, A)y induces
an isomorphism between &; iy and &, 1/, and the empty set otherwise. Next we will show that
I' — U is a locally closed immersion of finite type.
For simplicity, we assume U = S, denote by 7 = (p,6,~) as in definition 4.3. We need
to show that the commutativity of the following diagram of log schemes is represented by a
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locally closed immersion of finite type:

(Ola MC1) #} (X7 MX,l)

o
(Cos Mey) — 25 (X, M),

Since the map 7 already gives an isomorphism of the underlying structure, we only need to
consider the commutativity of

£

(4.2.2) Me, JiMxa

| i

prMo, s————p" o i Mx.
P OJ2

And our statement follows from the following lemma. [

Lemma 4.10. Notations as in the above proposition, the condition that diagram (4.2.2)
commutes 1s represented by a quasi-compact locally closed immersion Z — S.

Proof. The commutativity of diagram (4.2.2) is equivalent to the equality

(4.2.3) pPro(ptofs)=for

It was shown in [Ols03a, 3.6] that on the level of characteristic, the condition that the above

equality holds is an open condition on the fiber curves C';. Since C; — S is flat and proper,

by shrinking S, we can assume that the equality (4.2.3) on the level of characteristic holds.
Locally at a point p € C) over 5 € S, we choose a chart P — p* o fy Mx 5. We identify

elements in P with their image in log structure. Denote by {d;} the set of generators on P.

Consider an element d;, locally we have

fPo"(6;) = ey +log hy,
and
P’ o (p" 0 [3)(8:) = p’(es) + log hy = 0’es + log(p*ha),
where h; and hy are local regular functions near p and p~!(p) respectively, and e; and e,

are sections from M; and M, respectively. Since the equality (4.2.3) holds on the level of
characteristic, we can assume that

(4.2.4) 0’ (e3) = ey +logqy and log(p*hy) = log hy + log ¢,

where ¢; in an invertible section at point §, and ¢» is an invertible section at p.

We first claim that the condition that g» is given by a pull-back of sections locally near 5 is
represented by a locally closed immersion on the base S. We consider the situation when p is
a node, other cases can be proved similarly. Locally near p, the structure sheaf is of the form
R = Og4[z,y]/(z-y—u), where u € Ox 5. Consider the completion R = Og 4[[z, y]]/(z-y—u).
The image of g2 in R is given by
(4.2.5) G2 = ap + Z a; v’ + Z b,

>0 5>0
where a;,b; € Og;s. Denote by I = (a;,b;); j>1 the ideal in Og;. Note that the power series
(4.2.5) is an element in the henselization of R with respect to the point p. Thus, it lifts to
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some open neighborhood of p. The ideal I also lift to a open neighborhood of 5. Further
shrinking S, the closed scheme Z’ given by I represents the condition that ¢ is a section on
the base. This proves the claim.

Now we can cover C; by finitely many étale open covers {U,}, and apply the above ar-
gument on each open set. Since the family C; — S is proper and flat, by shrinking and
restricting S to the locally closed sub-scheme Z’, we can assume that

(1) the projection U; — S is surjective;
(2) for each U, and generator ¢;, the corresponding section ¢, as in equation (4.2.4) is an
invertible section on the base S.

To satisfy the equation (4.2.3), it is equivalent to have ¢ - ¢;* = 1 for all U; and ;. This
gives a closed immersion Z — S. Note that the number of generators of P is finite. This
proves the statement. [

Remark 4.11. If the three functors Zsomgs(&1,&2), Tsoms(C1, C2), and Zsomg(Cy, Co) in di-
agram (4.2.1) are all of finite type, then the proof of lemma 4.10 shows that the functor
Tsomg(&1,&2) is also of finite type. This is the case when later we discuss log stable maps.

Next, we check the Artin’s criteria [Art74, 5.1].

4.3. K9 is a stack under étale topology. By [Art74, 1.1], or [GLB00, Definition 3.1],
we need to prove the following:

(1) the isomorphism functor is a sheaf under étale topology;
(2) any étale descent datum for objects of K9 is effective.

Since the isomorphism functor is shown to be representable, hence is a sheaf under étale
topology. For the second condition, let {S; — S}; be an étale covering of S, and &; € K9(S;)
for each 7. Assume that we have isomorphism ¢;; : §ils;xgs, — §jls;xss; for each pair (1,7),
which satisfy the cocycle condition.

For any i, let (; be the corresponding log curve and target as in remark 4.5 for &;. Since
such (; is parametrized by the algebraic stack 8, we can glue them together to obtain ¢ over
S, whose restriction to each S; is (;. By our assumption, étale locally we have log map from
¢ given by &;. Since log map can be glued étale locally, we can glue them to obtain a log
map & whose restriction to each S; is &;. Note that if each &; is log stable, then £ is log stable
as well.

4.4. K'9 is limit preserving. ' Consider

where R; is a direct system of neotherian rings. Denote by S = SpecR and S; = SpecR;. By
[Art74, Section 1], we need to show that the following map of groupoids is an equivalence of

categories:
lim k%9 (S;) — K9 (S)

Given a log map £ = (C — S, Xg — S, Mg, f) in K'%9(S). Since the stack B is locally
of finite type, we have the family ( = (C — S, Xg — S5, Mg) coming from (; = (C; —
Si, Xs, — Si, Mg,) over S; for some i. Also notice that we have an induced map S — K
given by the underlying map. Since K is locally of finite type, the underlying map f is
coming from fi, over some Sy. We pick up ig such that iqg > i and iq > 7'. B

ICheck the essential surjectivity again.
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It remains to consider the map of log structures f* : f*Myx — M. We first introduce
two stacks £2 and £* as in [Ols05, section 2].

Remark 4.12. Consider a scheme U over Z. Objects in £L2(U) are commutative diagrams
of log structures on U of the following form

(4.4.1) M,
N
M, Ms.

Objects in £ are diagrams of log structures on U of the following form

(4.4.2) M,
SN
My Ms.

It was shown in [Ols05, 2.4] that those two stacks £ and £ are algebraic stacks locally of
finite type. Note that there is a natural morphism £2 — £* by dropping the bottom arrow
in diagram (4.4.1) to obtain (4.4.2).

Remark 4.13. Consider ( = (n¢ : C — S, Xg — S5, Mg) the family of log sources and
targets constructed above. There is a natural diagram of log structures on C' as follows

(4.4.3) TEMs

N

fﬂA4X AAc.

This induces a natural map C — L*. Consider the fiber product £» x» C. This gives
an algebraic stack parametrizing the bottom arrows f° that fits in the above commutative
diagram.

The map f” is equivalent to a map C' — L2 x .2 C. Note that the algebraic stack £ x 2 C
is locally of finite presentation. By [GLB00, Proposition 4.18(i)], we have the map f” coming
from some fl-b1 over S;, for some i; > 7. This map is compatible with all the log structures
coming from base and target. Indeed, consider the composition

ijCj—>£A X£ACj—>Cj.

Applying [GLBO00, Proposition 4.18(i)] again, we see that the identity p = idc : C — C'is
coming from p; for some i3 > 4;. Thus, the map f;, also compatible with the underlying
map f. This proves the essential surjectivity.

The full faithfulness follows from [GLBO00, Proposition 4.15(i)] and the fact that the diag-
onal K9 — K9 x K9 is representable and locally of finite type.

4.5. Deformations and obstructions. By [Art74, Definition 5.1], it remains to find a
smooth cover of K. As in remark 4.6, we have a representable map of stack K9 — 9B.
Since B is an algebraic stack, it would be enough to produce a smooth cover for lCi}’g =
K9 x g U, where U — B is an arbitrary smooth map. This can be done by checking
Artin’s criteria [Art74, 5.2] for ICg’g relative to U. First we consider the deformations and
obstructions.
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Let Ay be a reduced neotherian ring over U, and A — A — Ay be an infinitesimal
extension of Ay, where A" — A is surjective whose kernel [ is a finite Aj—module, hence is a
square-zero ideal. Denote by S = SpecA and S’ = SpecA’. Consider a log map {4 = (C' —
S, Xs — S,Mg, f) € /Cijog. Let & = (Cy — So, X5, — So, Ms,, fo) be the restriction of 4
over Ay. Since we are over U, the log source and target (C' — S, Xg — S, Mg) come from
the structure morphism S — U. Note that we have another family of log source and target
(C"— 5" Xg — S, Mg), which are also from the structure map S; — U. To obtain a
deformation of £4 over S’ is equivalent to produce a dotted arrow f’ that fits in the following
log commutative diagram:

(4.5.1) (C, Mc) . (C", Mcr)
(XS,MXS) d (*;(SlaMXS/>
(S, M) d (S, Mg)

Note that the front and back squares in diagram (4.5.1) are cartesian of log schemes. Let
Ll)‘;i/s be the logarithmic cotangent complex of the log map (Xg, Mx,) — (S, Mg) as in
[O1s05]. By [Ols05, 5.9], we have the following results:

(1) there is a canonical class o € Ext!(f *Ll;“‘; 1501 ®24, Oc,), whose vanishing is necessary
and sufficient for the existence of a morphism f’ fit into the above diagram.
(2) if 0 = 0, then the set of such maps f’ is a torsor under Emto(f*Ll;’;/S, I ®a, Oc,)-

Thus we define Dg, () = Eacto(f*Ll;i/S, I®4,0¢,) and O, (I) = Extl(f*Ll)?i/S, I ®4,O0c,)
to be the module of deformations and obstructions. Note that the log cotangent complex
Ll;i /s is bounded above with coherent cohomologies. The conditions of deformation and
obstruction modules in [Art74, 5.2(4)] follows from the standard property of cohomology,

see for example [AV02, 5.3.4].

4.6. Schlessinger’s conditions. By [Art74, 5.2(2)], we need to verify Schlessinger’s condi-
tions (S1) and (S2) as in [Art74, section 2|. The condition (S2) follows from the cohomological
description of the module of deformation D. Next we check the condition (S1’) [Art74, 2.3],
which is a stronger version of (S1).

Indeed, consider an infinitesimal extension A — A — Ay as in subsection 4.5, and a
U-algebra homomorphism B — A such that the composition B — Ay is surjective. Consider
€ € IC?Q (A). For any surjection R — A, denote by ICZQ (R) the category of log maps over
SpecR whose restriction to SpecA is 4. Then we need to show that

lo lo lo
KA x4 B) — KZ(A) x K2(B)
is an equivalence of categories.
First, consider the essential surjectivity. Given objects {4 € IClgAg(A’ ) and &g € ICéZg (B).

Denote by &4 = (Car, far) and € = ((B, fB), Where (4 and (p are the corresponding log
sources and targets as in remark 4.5. Since the two families (4, and (g correspond to maps
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SpecA’ — U and SpecB — U, which induce the same map SpecA — U by restricting to
SpecA. Then we can glue them togather to obtain SpecB x4 A’ — U, and hence obtain
a family (px , 4 over SpecB x4 A’, whose restrictions to SpecA’ and SpecB are (4 and (g
respectively. Since the stack K parametrizing the underlying maps is algebraic, the same
argument as above produces a gluing f Nx 1B of f " and f 5

It remains to produce a compatible morphism of log structures fz,XA - Next we choose
an affine open cover Vg, 4 = UZ V; of the log source curve in (py , 4, its restrictions to A’
and B give the affine open covers Vz and V, for curves of (4 and (p respectively. Consider
the stack

;CA X A CA/ and ,CA X A CB,

induced by the log family (4 and (g respectively as in remark 4.13. They can be glued to
give L2 X pa Cyry B which corresponds to (4« ,p. Consider the maps Vy — LA X Cur
and Vg — L2 x,a Cp induced by fa and fp respectively. Note that these maps can be
glued together and descent to a map

A
CA’XAB — L X pA CA’XAB~
This induce a map of log structures
b s
fA’XAB : iA’XABMXA/XAB - MCA’XAB'

We can check that fZ/XA p compatible with (4 x4 B and the underlying map f A'X 4B

The full faithfulness follows from the representability of isomorphism functor of log maps.

4.7. Compatibility with formal completion. Let A be a complete local ring, and m be
the maximal ideal of A. Denote by A, = A/m”, S = SpecA, and S, = SpecA,. Given a
family of log maps {&, = (C, — S,, Xs, — Sn, Mg, fn)}n such that &, € ICl[fg(Sn), and
€nls, = & for any n > k. According to [Art74, 5.2(3)], we need to show that there exists an
clement & € K\%(S), such that |, = &, for any n.

Denote by ¢, = (C, — S,, Xs, — Sp, Mg,) the family of log sources and targets of
&,. For each n, there is a map S,, — U induced by (,, such that they fit in the following
commutative diagrams for any k < n:

S, ——U

|

Sk

Note that the above diagram induces a map S — U, whose restriction to .5, is the map given
by ¢, as above. Hence, we obtain a family of log sources and targets ( = (C' — S, Xg —
S, M) by pull-back the family of log curves over U. Note that (|s, = ¢, for any n.
Denote by &, the usual prestable map over S,. Consider the family of compatible un-
derlying maps {&,}. By [GD61, 5.4.1], there exists a unique (up to a unique isomorphism)
f:C — Xg such that fls, = fn-
~ Now to construct 5,_We need to construct a log map f : (C, M¢) — (Xg, Mx,), which
is compatible with the underlying map f and f, for all n. By definition of log maps, this
is equivalent to construct a map of log structures f” : f*Mxg — M, which is compatible

with f2. For simplicity, denote by M = f*Mx,.
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To construct f°, note that we have a family of maps {(f*M xs, )% — M} induced by
fr. Since we have M%|g = (fiMx)% and M%|g, = M, by taking limit of sheaves of
abelian groups, we obtain a map M% — M. Since we are working with fine log structures,
we have an injection of sheaves M — M9, then we have an induced map f : M — ME.
We first show that I'm(f) € M¢c € M.

Assume on the contrary that there exists an étale open set V' C C and a section a €
I'(M, V) such that b = f(a) ¢ Mc|V. Denote by 7% : M% — MY, the canonical pro-
jection. Then 79 (b) ¢ Mc|v The closed pomts of C'" and C,, forms the same underly-
ing topologlcal space, write C. We can view Mc and M¢ to be sheaves of groups and
monoids on C' respectively. Then we have My = Mo, and M M This implies
that 79 (b)|c, ¢ Me,. But by our construction, f(a)le, = f2(a) € Mon, which implies
7P (b)|c,, € Mc,. This is a contradiction! Thus we obtain a well-defined map of sheaves of
monoid f* : M — M., which is compatible with f7.

To show that f” is map of log structures, it remains to show that the following diagram is
commutative:

b
M#Mc
OC?

where a1 and as are the structure morphism of the corresponding log structures. To see
this, consider any section s € M. Since a;(s)|s, = a1 o f*(s)|s, for any n, we have a;(s) =
a1 o f°(s). This proves the commutativity.

Finally, we need to show that f° is compatible with the log structure on the base. This is
equivalent to show the commutativity of the following diagram of log structures on C"

/fb\

J Mg

This can be checked using the functoriality of projective limit of groups, and the following

commutative diagram for each n:

[T Mxs,

Now the pair (f, f°) gives the log map f : (C,Mc) — (Xg, Mx,) over (S, Ms), as we
needed.

This finishes the proof of theorem 4.8. [

5. LOGARITHMIC MAPS TO DELIGNE-FALTINGS LOG PAIRS

Definition 5.1. We call the log scheme X9 = (X, Mx) a Deligne-Faltings log pair or
simply a log pair, if
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(1) X is a projective variety;
(2) My is a DF log structure on X as in definition 2.9.

Conventions 5.2. In this section, we fix a log pair (X, Mx) as our target of log maps,
with a global presentation P — Mx, where P is a toric monoid as in (2.1.4). Denote
by Irr(P) = {d;}_; the set of irreducible elements in P, and {7;}/_, the set of relations
between the irreducible elements as in (2.1.4).

Note that each d; induces a rank one locally free sub-log structure N; C M. Denote by
(L;, s;) the line bundle and the global section corresponds to N;. Let D; be the vanishing
locus of the dual section sy € HY(LY). By a nice choice of the global presentation, we
require that D; is non-empty and connceted for any ¢. We emphasis that this requirement
is important for putting the contact orders, which we will discuss later.

Note that at each geometric point p € X, we have a surjective map of monoid P — mxyﬁ.
For convenience, we identify §; with its image in M .

Remark 5.3. Since D; is connected, the set {D;}*_; does not depent on the choice of P.

Remark 5.4. Note that if s; = 0, then D; = X. In this case, the pair (L;, s;) gives a generic
part N; as in 2.13. If s; is not a zero section, then D; is a divisor in X. Thus, we have
L; = Ox(—D;), and the section s; : Ox(—D;) — Ox is the natural inclusion. The section
d; locally corresponds to a section in Oy, whose vanishing locus gives the divisor D;.

Remark 5.5. Note that in the above case the target of the log maps is over a point with
trivial log structures. Thus, we can simplify the notations as follows. A log map over S is
given by the triple (C' — S, Mg, f), where (C' — S, Mg) is a log curve, and f : (C, M¢) —
(X, Mx) is a log map. This is compatible with definition 4.2.

5.1. Log morphism on the level of characteristic. Consider a log map £ = (7 : C —
S, Mg, f) as in definition 4.2, where S = Speck is a geometric point and (C' — S, Mg) is
a log prestable curve. Consider a point p € C, which sits in an irreducible component Z.
Then on the level of characteristic, we have a map

(511) fg : f*(mX)p - MC,P‘

First consider the case p is a smooth non-marked point. By the description in definition
3.8, we have f°(8;) = ¢; € Mg. We call it the i-th degeneracy at p. By proposition 2.4, the
smooth non-marked points in Z will all have the same i-th degeneracy. Thus, we call the
element e; the i-th degeneracy of Z.

Note that if p ¢ D; for some p € Z, then the image e; = 0 € Mg. Note that in this case,
the component Z does not map to the divisor D;.

Definition 5.6. The k-tuple (e;)% | is called the degeneracy of Z, where e; is the i-th
degeneracy of Z. Denote by I, ={ i | e; # 0}.

Remark 5.7. Since (5.1.1) is a map of monoid, then the elements {e;}¥_; also satisfies the
set of relations {7;}7_; by replacing ¢; with e;. Consider the sub-monoid

M = <61,--- eg | vy,forj=1,--- ,7“> C Mc,.

Since the map P — My locally liftes to a chart, it is not hard to check that the monoid M
does not depend on the choice of global presentation P — M.
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Next, we consider the case where p is a marked point. Since locally at p, we have Mg =
™ Ms Soy, N, where N the the canonical log structure associated to the marked point p.
Then on the level of characteristic, we have

(5.1.2) F(6:) = ei+cip - o,
where e; € Mg, and op is the generator of N, and cip 1s a positive integer.

Remark 5.8. The same reason as in remark 5.7 shows that the set of elements {c¢;, - 0,}
satisfies the set of relations {v;}}_, by replacing ¢; with c;;, - 0,

Remark 5.9. When we generalize the equation (5.1.2) to the nearby smooth points, the
element o, will become ivertible in the structure sheaf. Thus, the element e; is the i-th
degeneracy of the component Z.

Definition 5.10. We call ¢;, the i-th contact order of f at p, and the sum ¢, = )
the contact order at p.

k .
i=1Ci,p

Lemma 5.11. Consider a log map § = (C" — S, Mg, g) over S'. There is an open subset
in S’, such that the fiber has the assigned contact order along a fized marking.

Proof. Since the contact order is a condition on the level of characteristic, by [Ols03a, 3.5],
this is an open condition on the fiber. Since the source curve is flat and proper over the
base, the assigned contact order is also an open condition on the base. [

Remark 5.12. When D; is a divisor, the i-th contact order can be viewed as the tangency
multiplicity with the divisor D;.

Finally, let us consider the case where p is a node joining Z with another irreducible
component Z’. Let e be the element in Mg smoothing the node p, and log z,,logy, are
the elements in M correspond to the local coordinates of the two components Z and Z’
respectively as in subsection 3.3. Then we have the equation in Mc:

(5.1.3) e =logz, + logy,.
Thus, without loss of generality we can assume that
(5.1.4) 2(5;) = e; + Cip - log x,,
where ¢; ), is a positive integer.

Definition 5.13. The integer ¢;, is called the i-th contact order of f at the node p. If
cip 7 0, then p is called an i-distinguished node.

Remark 5.14. The same argument as in remark 5.9 shows that e; is the degeneracy of Z.
We call that Z is the i-lower component of p, and Z’ is the i-upper component of p. This
gives an ordering on the set of irreducible components.

Lemma 5.15. Consider a log map £ = (C" — S', Mg, g), and a connected singularity
p C C'. There is an open subset in S’, such that over each fiber we have that either the node
p is smoothed out, or its i-th contact order remains the same.

Proof. The proof is identical to the one for lemma 5.11.
Lemma 5.16. Using notations as above, the i-th degeneracy of Z' is e; + ¢; - €.

Proof. Note that when generalize the equation 5.1.4 to a smooth point in Z’, the section y
becomes invertible. Then the statement follows from [Ols03a, 3.5(1)]. O
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5.2. Admissible graph.

Definition 5.17. A k-weighted graph G is a connected graph with the following data:

(1) a set of vertices V(G), such that for each v € V(G) we associate a k-tuple (e,;)5_,
called the weights of v, where e, ; is either 0 or a variable;

(2) A set of edges E(G), such that for each | € E(G) we associate a k-tuple of non-
negative integers (¢;;)%_; called the contact orders of [, and a variable ¢; called the
weight of .

These data satisfies the only condition that if the edge [ is a loop, then ¢;; = 0 for all <.

If the contact orders of an edge [ are all zero, then [ is called the non-distinguished edge.
Two vertices is called adjacent if they are connected by an edge. Denote by G the underlying
graph of GG, obtained by removing all weights and contact orders.

Definition 5.18. Consider a k-weighted graph G as in the above definition. An k-orientation
on G is a set of k (possibly different) orientations on the underlying graph G. Consider any
two vertices v; and v, joined by an edge | € F(G). We write vy <; vq if the edge [ is from v,
to v9 under the i-th orientation for i = 1,2, , k. Then these data should compatible with
the weights on G as follows:

(1) If ¢;; # 0, then we have either v; <; vy or vy <; vy;

(2) If ¢;; = 0, then we have both v; <; vy and vy <; vy;

(3) If for a vertex v we have e,; = 0, then for any other adjacent vertex v’ of v we have

v <;v.

Consider an edge | € E(G), and its two end vertices vy and ve. If v <; vy, we call vy
the i-initial vertex of [, and v the i-end vertex of [. An ¢-path is a non-repeated squence of
edges (l1,la,- -+ , ;) such that the i-end vertex of [; is the i-initial vertex of [;;1. Such i-path
is called an i-loop if the i-initial vertex of [; is the i-end vertex of [,,,. A vertex v € V(G) is
called i-minimal (respectively i-maximal) if it is not the i-end (respectively i-initial) vertex
of any edge. Thus, any vertex v with the zero i-th weight is i-minimal.

Consider a k-weighted oriented graph G as in the above definition. For each edge [ € E(G)
and its i-initial vertex v; and i-end vertex vy, we can associate an equation

(5.2.1) hij:  ui =€y itcri-e

For each vertex v, we put a set of relations {v;}7_; as in (2.1.4), by replacing d; with e, ;.
Consider the monoid
(5.2.2)

M(G) = <e e for all i € {1,--- ,k}, and | € E(G), with all the relations hy; and yj>.

Denote by M(G) the saturation of M(G).

Definition 5.19. We call M (G) the P-associated monoid of the k-weighted oriented graph
G.

Construction 5.20. For each k-weighted oriented graph G, we would like to focus on the
non-zero weights. We associated a new graph G99 as follows:
(1) Identify all vertices in G with only zero weights.
(2) Identify all vertices and their weights that are connected by a path formed by non-
distinguished edges.
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(3) Contract all non-distinguished edges.

By (2) above, we can define the weights of vertices in G%9 given by the weights from the
corresponding vertices in G. The weights and contact orders of edges in G99 can be obtained
from the corresponding edges in GG, since we only contract non-distinguished edges. Note
the G99 is a k-weighted graph.

Definition 5.21. The graph G99 is called the contracted graph of G.

Proposition 5.22. Using the notations as above, we have

(1) The orientation {<;} in G induces an orientation in G%. Thus G is a k-weighted
oriented graph.

(2) We have a canonical isomorphism M(G) = M(G99) & N™, where m is the number
of non-distinguished edges in G.

Proof. The first statement follows from the definition 5.18 and the construction of G%*9. To
prove the second statment, we first notice that in the construction of G%9, we identify the
weights of any two vertices connected by a non-distinguished path, which is equivalent to the
equation 5.2.1 given by the non-distinguished edges from the path. It is clear that we have
an injection M (G%9) — M(G). Denote by {e;}7, the set of weights of the non-distinguished
edges. First notice that none of the elements in {e;} is involved in the equations 5.2.1. Thus,
these elements give the part N™. Note that M(G) is generated by M(G99) and {e;}. It
follows that M(G) & M(G%9) & N™. O

Note that we can identify the weights e,; and e; with the element in M(G). Denote by
N(G) the submonoid of M(G) generated by the weights e, ; and e;.

Lemma 5.23. The saturation of N(G) in M(G)% is M(G), namely for any a € M(G),
there exists b € N(G) an a positive integer m such that b=m - a.

Proof. This follows from the definition of M(G). O

Definition 5.24. The Graph is called admissible if M (G) is a sharp monoid.
Corollary 5.25. The graph G is admissible if and only if G is admissible.
Proof. This follows directely from proposition 5.22. [

Corollary 5.26. If G is admissible, then there is no i-loop in G for any i

Proof. If there is an i-loop, then the monoid M(G) fails to be sharp, which contradicts the
assumption. [

Note that when G is admissible, the monoid M (G) generates a strong converx rational
cone C'(M(G)) in the vector space M(G)% @ Q (see [Ful93, Page 4]).

Lemma 5.27. Consider an irreducible element a € M(G), where G is admissible. Then
there are only two possibilities

(1) There is an positive integer n and an i-minimal vertex v, such that n - a is the i-th
weight of v.
(2) There is an positive integer n and an edge I, such that n - a is the weight of l.

Proof. Choose the minimal positive integer n such that n-a € N(G). Assume that n-a =
b+ ¢, where b, ¢ € N(G) are non-trivial elements. Since a is an irreducible element of M (G),
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and G is admissible, then a generates a ray, which is a face of the strong convex rational
cone C'(M(G)). Thus we have positive numbers n; and ny such that b =n;-a and ¢ = ns-a,
which violates the assumption that n is minimal. Thus, the element n - a must satisfy one
of the the two possibilities above. [J

5.3. Graph associated to log maps. Consider a log map £ = (C — S, Mg, f) over a
geometric point S.
Construction 5.28. We construct a dual graph G¢ of £ as follows:

(1) The vertices of G is given by the set

V(G¢) = { v | v is an irreducible component of C'}.

For each v € V(G¢), we associate a k-tuple of weights (e, ;) , such that e,; is a
variable if v degenerate into D;, and 0 otherwise.
(2) The edges of G¢ is given by the set

E(G¢) ={ 1| lis anode of C}.

For each | € F(G¢), we associate a k-tuple of non-negative integers (c;;)¥_; and a
variable e;, such that ¢;; is the i-th contact order of the node [ as in definition 5.13.

(3) For each i € {1,2,--- ,k}, we associate an orientation as follows. Let [ € E(G¢) be
a node joining two irreducible components vy, vo € V(Ge). Then vy <; vy is vy is
i-lower component and vy is the i-upper component of [ as in remark 5.14.

Note that the underlying graph of G¢ is the dual graph of the underlying curve of . Denote
by Ggeg the contracted graph associated to Ge.

Definition 5.29. We call G¢ the dual graph, and Ggeg the degeneracy graph of &.

Corollary 5.30. Let n be the number of non-distinguished nodes in &, then we have

de n
where the generators of N® are giving by the weights of the n edges corresponding to the
non-distinguished nodes.

Proof. This follows from proposition 5.22. [

Consider a node [ € E(G¢). Denote by e the element in Mg which smoothes [, and e
the weight of [ in M(G¢). Then consider an irreducible component v € V(Gg). Denote
by e;,; the i-th degeneracy of v in §, and e,; the i-th weight of v in M(G¢). We define a
correspondance

(5.3.1) e—e and e,; — e,

Proposition 5.31. Assume that Mg is fs, then the correspondance (5.3.1) induces a canon-
ical morphism of monoids

¢Z A4((;5>-—>;CZS.

Proof. Note that (5.3.1) induces a map N(G¢) — Msg. Note that by lemma 5.23, the
saturation of N(G¢) is M(G). Thus the statement follows from proposition 2.1.

Corollary 5.32. The graph G¢ is a k-weighted, oriented and admissible graph.
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Proof. For the weightedness and orientations, we can directly check the definition by using
the results from subsection 5.1.

Let us consider the admissibility. For any element a € M(G¢), if a is invertible, then by
lemma 5.23, there exists some positive integer m such that m-a =), d;e;, where e; is some
weight, and d; are positive integers. Note that the monoid Mg is sharp. Then the image
¢(a) = >, dig(e;) is an invertible element in Mg. Thus we have a = 0 in M(G¢), which

proves the statement. [

Remark 5.33. By remark 5.7, it is not hard to see that the monoid M (G¢) does not depend
on the choice of the global presentation P — M.

5.4. Minimal condition. We still consider a log map £ = (C' — S, Mg, f) over a geometric
point S. With the help of the dual graph of log maps, we are able to describe the minimal
condition:

Definition 5.34. The log map ¢ is called minimal if the induced canonical map ¢ as in
proposition 5.31 is an isomorphism. A family of log maps & over a scheme T is called
minimal if each geometric fiber is minimal.

Proposition 5.35. Given a family of log maps £ = (C — S, Mg, f) over a scheme S, and
assume that 5 € S is a geometric point such that & is minimal. Then there exists an étale
netghborhood of s with all geometric fibers minimal.

Proof. By shrinking S, we can assume that S is connected, and we have a lifting [ : ﬂ&g —
Mg, which gives a chart on the base. We next show that for any ¢ € S, the fiber & is minimal.
Denote by

Ki={a€e Mgz | B(a)is aunit at ¢ }.
Note that K7 is the submonoid of ngg. Consider the following composition
M — 2, — M2/ K.
9p

Since ﬂs,g/ KPP = ﬂ?}, and all the monoids are toric, the above composition induces a
map q : Mgs — Mgz We construct a new graph from the dual graph G, as follows.

(1) For an edge | € E(Gey), if q(e;) = 0, then we contract [, and identify the two end
vertices of [ and the corresponding weights.
(2) For a vertex v € V(Ges), if ¢(e,;) = 0, then we put e,; =0 in G'.

Other vertices and edges in G¢_, and their weights and contact orders remain the same. We
denote by G’ the resulting graph. Assume that the edge [ has two end vertices v; and vy. If
I' is another edge joining v; and vy, then we have ¢;; - e, = ¢y ; - ey, since &5 is minimal. Thus
we have ¢(e]) = 0, which implies that " will also be contracted in G’. Consider two vertices
v1 <; ve. If g(ey, ;) = 0 then we have ¢(e,,;) = 0. Therefore, the graph G’ is k-weighted.
And we can check that {<;} induces a natural orientation on G’. By our assumption, since
all contact order remains the same, the graph G’ is in fact the dual graph G, of &.
The construction of G’ gives a canonical map of monoids:

¢+ Mss — M(Gy,),
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which gives the following commutative diagram:

(5.4.1) M

N
M<G£E) ms,fa

where the bottom map is the canonical map as in proposition 5.31. Note that both ¢ and ¢
are surjective maps. Now for any a € ﬂs,g, we check that e € K3, if and only if g(e) = 0,
if and only if ¢/(e) = 0. Therefore, we can check that the map M(Ge,) — Mgz is an
isomorphism. This proves the statement. []

Remark 5.36. Denote by KI*(X'9) the stack parametrizing minimal log maps to X',
with the fixed genus g, and n-markings. The above proposition 5.35 shows that this is an
open substack of the stack ICéfg(X 'o9) of log maps, therefore is an algebraic stack.

5.5. Log stable maps.

Definition 5.37. A log map £ = (C' — S, Mg, f) over a geometric point S is called log
stable if its underlying map is stable in the usual sense, and Mg is fs. A family of log maps
&1 over a scheme T is called log stable if its geometric fiber are log stable. A log stable map
is called minimal log stable if it satisfies the minimal condition as in definition 5.34.

Conventions 5.38. Assume that the DF log structure My on the target is locally free
with a global presentation N¥ — M, such that the vanishing locus D; associated to each
copy of N as in remark 2.13 is connected. Then we introduce the convention of discrete data
, g, N, c) where

= (
(1) B € H*(X,Z) is a curve class in X;
(2) g is a non-negative integer;
(3) N is a finite ordered set which we may take to be {1,--- ,n};
(4) for each p € N we associate a k-tuple of non-negative integers (c, ;) ; such that
)

(5.5.1 Y Gi=alli)ng

peEN

Definition 5.39. Notations and assumptions as in conventions 5.38, the minimal log map
£ =(C — S, Mg, f) over a geometric point S is called I'-minimal log stable if

(1) The source curve (C — S, Mg) is a log pre-stable curve of genus g with marked
points numbered by N.

(2) the curve class f,(C) = (.

(3) The contact orders of each marked point p € N is given by (c,;)~,.

A log map £ over a scheme T is called I'-log stable if its geometric fibers are all I'-minimal
log stable. Since we fix all the discrete data, we will omit I' in the rest of the paper. The
arrows between log stable maps is the same as the arrow of minimal log maps in definition
4.3.

mst
n,9,8
log stable maps with genus g, n-markings, and curve class (3, and IC?Q(X ,Mx) to denote
the stack parametrizing I'-minimal log stable maps, if My is locally free DF log structure.

Note that these are substacks of 9 as in theorem 4.8.

Conventions 5.40. We will use (X, Mx) to denote the stack parametrizing minimal
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Corollary 5.41. The stack K's'5(X, Mx) is algebraic.

Proof. This follows from theorem 4.8 and proposition 5.35. [

Remark 5.42. Denote by A the set of discrete data I' as in convention 5.38 with fixed g, n
and 3. Note that A is a finite set. By lemma 5.11, we have the disjoint union

Kyt (X, My) = | K (X, Mx).

n,9,0
TeA

5.6. Finiteness of automorphisms.

Remark 5.43. With the target given by a smooth pair, we can simplify definition 4.2 as
follows. Consider two log maps § = (C — S, Mg, f) and ¢ = (C' — S, M, f') over
a scheme S. An arrow { — & over S is a pair (p,0) as in definition 3.12 such that the
following diagram commutes:

(X, Mx)

(C, Mc) —"= (C", M)

| J

(8, Ms) —"— (8, M)
where the square is cartesian of fine log schemes.

~ Let § = (C — S, Ms, f) be a log stable map over the geometric point S. We fix a lifting
Mg — Mg, and identify the weights with their images in Mg.

Proposition 5.44. Notations as above, the set Autg(€)(S) is finite.

Proof. Note that the underlying automorphism of f is finite. Fixing an underlying auto-
morphism (p,idg), it is enough to show that there ‘are finitely many automorphisms of &
whose underlying structure are given by (p,#). For simplicity, we assume that p = id¢, and
other cases can be proved similarly. B

Let (p,0) be an automorphism with the underlying structure given by (idc, idg). First we
consider a node [ € E(G¢). Denote by x and y the local coordinates of [. By a nice choice
of coordinates, we can assume that e; = logx 4+ logy. Note that we have

p’(er) = p(log ) + p(log y) = log p*(x) + log p* (y).

Since p = idg, the weight ¢; is fixed by p for any [. Same argument shows that the log
structure from the marked points are also fixed by p.

Now consider an ¢-minimal vertex v € V(Gg¢). Locally on the component of v, we have
fb(éi) = ey, +log h, where h is a local invertible section. Note that we have

P (evi+1ogh) = p’(en;) +log p(h) = p’(ey;) + log h.

Since p fixes the section f°(;), the map p’ also fixes the weight €y,i- Thus, the automorphism
(p,0) act trivially on all weights from vertices and edges of G¢. By lemma 5.23, such (p, 0)
is finite. [
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6. DECOMPOSITION OF THE STACK OF MINIMAL LOG STABLE MAPS

6.1. The universal property of minimal log maps. In this subsection, we fix a log map
E=(C— S Mg, f:(C,M¢c)— (X, Mx)) such that the log structure Mg is fs. Our main

result of this section is the following:

Theorem 6.1. There exists a minimal log map & = (C — S, ME™ frin o (C, ME™) —
(X, Mx)) over S, and a map of fs log schemes ® : (S, Mg) — (S, ME&™), which fits in the
following commutative diagram

(6.1.1)

(8, Ms) —= (S, Mg™)
where the square is caterian in the category of fs log schemes. Furthermore, the datum
(g, Emin) is unique up to a unique isomorphism.

Proof. Note that the statement is local on S. Then the theorem follows from lemmas 6.2,
6.3, 6.4, and 6.5 as follows. [

By construction 5.28, for each geometric point ¢ € S we can associate a dual graph Gy,
to the fiber &. It was shown in lemma 5.32 that G, is admissible. By proposition 5.31, we
have a canonical morphism of monoids ¢; : M (Gy,) — Mgf.

Lemma 6.2. Assume that we have a log pre-stable curve (C — S, M&™) and a morphism
P : (S, Mg) — (S, MZ™) such that

(1) For each s € S, we have a fized isomorphism M?; = M(Ge,).

(2) The induced map ®% : M(Ge,) = Hg“; — Mgs on the level of characteristic is
identical to ¢s.
(3) The log pre-stable curve (C — S, Mg) is the pull-back of (C — S, MET™) via .
Then we have a unique log map fpin : (C, ME™) — (X, Mx), which fits in diagram 6.1.1.

Note that (C' — S, MZ™ frnin) forms a minimal log map.

Proof. Since all the underlying maps are fixed, it is enough to construct the map of log
structures f2. 1 f*(Mx) — M3 which fits in the following commutative diagram

ff(Mx)

S
i

Mzin Me.

Consider an arbitrary closed point p € C', which lies in an irreducible component correspond-
ing to the vertex v € V(Gg,). Then locally at p, by the description of the log structure on
C, we have

(6.1.2) f°(6;) = e, + logh,
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where e, € Mg near s, and h is a non-zero regular section locally near p. Note that there
are two possible cases: if p is a smooth non-marked point, then A is just a locally invertible
section; if p is a special point with i-th contact order ¢;, then h = w - ¢, where u is a
locally invertible section, and o is a local coordinate function vanishing at p. Note that the
underlying map @ is an identity. Thus, to define ffnm(dl) locally at p, it is enough to find
a lifting €, € M%™ of e,, such that the image of é, in M?m is the i-th weight of the vertex
.

We first consider the uniqueness. Assume that we have two lifting €, and €/, such that

their images in M Sm are given by the i-th weight of v. Then, we have é, = logu + €, for
some locally invertible function w. This implies that

Op(e,) = Pp(log u) + PL(E,).
Since &, and &, are two lifting of e,, we have ®%,(logu) = 1. Note that the underlying map
D =1ide. It follows that uw = 1. This shows that the lifting is unique.

Now we consider the existence of the lifting. Denote by €, the image of e, in the charac-
teristic Mg ;. Note that the map of monoids @’ is identical to 5. Then we have a unique

element e € ﬂg";, which corresponds to the weight of v in the graph G, and () = é,.

Thus, locally we can lift € to an element é, € ./\_/l?m such that ®2(¢,) = e,. Thus we can
define

(6.1.3) »in(0:) = €, +log h.

min
It is not hard to see that the above lifting in equation (6.1.3) does not depend on the
choice of expression as in equation (6.1.2). Thus the construction in equation 6.1.3 can be
glued globally to obtain a unique log map 2. as we want. [J

We next construct the log prestable curve (C' — S, M%) satisfying the three conditions
in the above lemma. Note that the question is local on S. Pick up a point § € S. By
shrinking S, we can assume that there is a global chart 3 : /753 — Mg. Since we have the
canonical map ¢; : M(Ge,) — Ms,g. Consider the pre-log structure given by the folloing
composition:

M(Ge) & Mgs S Mg <2 0.
Denote by MZ" the log structure associated to the above pre-log structure. Thus, the
construction above gives a global chart B, : M(G) — M%™ and a natural map o -
MP"™ — Ms.

Note that the construction of M%7 is depend on the choice of the chart 3. Assume that
we have another log structure M7" and a map ®, : M7 — Mg over S, which is coming
from another chart (3 : ﬂs,g — Mg. Then we have:

Lemma 6.3. There is a unique isomorphism of log structures M — MT™ fitting in the
following commutative diagram.:

M

Proof. Consider an irreducible element a € M(G). By our construction, it image in Mg
via ; and ( are differ by a unique unit. This proves the lemma. [
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Lemma 6.4. Further shrinking S if necessary, we have a unique dashed arrow which makes
the following diagram commute:

Fild

(6.1.4) Min M

S
N
AN
¢7nin > ~ ¢

ME®

where ¢ is the structure arrow defining the log pre-stable curve (C'— S, Mg).
Proof. By futher shrinking S, we can choose a global chart N™ — Mg/s. Let e be a
generator of N which corresponds to an edge [ € V(Gg,). For convenience, we will identify
e with its image in ./\/lg/s. Consider ¢(e) € Mg, and its image ¢(e) € Mg. Now on the level
of characteristic, there is a unique element &' € Mglm, which corresponds to the weight of [,
such that ®°(&') = ¢(e). A similar argument as in the proof of lemma 6.2 shows that there
is a unique section €/ € M%™ such that ®"(¢/) = ¢(e). Then we can define ¢,,,(e) = €’ for
all generator e. This gives the map ¢, : MET™ — M.

Note that our construction depends on a fixed chart N — j\/lg/ & However, a similar
argument as in the proof of lemma 6.2 again shows that different choice of the global chart
will induces the same map ¢,,;,. This finishes the proof. [J

By lemma 5.15, we can further shrink S, and assume that the contact order of the nodes
on each geometric fiber is given by the graph G¢,. Now we have:

Lemma 6.5. The log structure M%™ satisfies the condition (1) and (2) in lemma 6.2.

Proof. The proof of this lemma is identical to the one for proposition 5.35. Indeed, consider

diagram 5.4.1, if we replace Mg by .A_A?;n, then the bottom arrow gives the isomorphism
as in lemma 6.2(1). O

Remark 6.6. Consider a log stable map £ = (C' — S, Mg, f). Then we have a minimal
log stable map &, = (C' — S, M f,.in) and a log map g : (S, Mg) — (S, MZ") satisfy
the conditions in theorem 6.1. This induces a unique (up to a unique isomorphism) log map
(S, Ms) — KJ'sl5(X, Mx), such that & is obtained by pulling back the universal minimal log
stable maps via this map. Here, we view ICZ?;’:B(X , Mx) as a log stack with its log structure
given by the universal log structure for the log stable map.

Denote by 7T orc the open substack of Loge parametrizing fine and saturated log schemes
over C. We refer to [Ols03a] for the construction and properties of 7orc. Then the above
argument describes ICZf;fﬂ(X ,Mx) as a fibered category parametrizing log stable maps over
Torc. Similarly, the stack K" (X, M) is a fibered category over Torc, parametrizing log

maps with fs log structures.

Remark 6.7. If the log structure M on the target X is trivial, then the stack I%(X, M)
is isomorphic to the stack IC,, ;(X, 3) of usual stable maps with the canonical log structure
coming from the universal curve over it.
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6.2. Decomposition of the stack of minimal log stable maps. Consider a cartesian
diagram of fs schemes:

(6.2.1) Xo 2 X,
to2 t13
X, —25 X,
where the underlying scheme X, = X for all 7. Denote by M; the corresponding log structure
of X;. Consider the following log stack
K= Kyes(X) Xicmst (Xs) Koets(Xa),

n,g,0 n,9,0

where the fiber product is taking in the category of fine log schemes. Given a log stable map

§o = (C — S,Ms, f) € KJ'5'5(Xo), we have two induced log stabe maps & € K's!5(X1)

and & € TT;tﬁ( 2), by composing f with to; and tge respectively. Similarly, from the
commutativity of diagram (6.2.1), the images of £; and & in K%' ;(X3) by composing with

t13 and t93 is identical. Thus, we defined a map of log stacks

Sat : K" .(X,) — K.

n,9,0

mst
n,9,0

Proposition 6.8. The log stack Kﬁ;fﬁ(Xo) s a saturation of IC given by the morphism Sat.

Proof. Consider a log map ¢ : (S, Mg) — K, where Mg is a fs log structure on S. We
will show that there is a unique (up to a unique isomorphism) morphism ¢’ : (S, Mg) —
Kets(Xo) such that g = Sat o g'.

Note that the map g induces a log curve (C' — S, M), and a commutative diagram

Xog—mmm X4

| |

Xy —— X,

where M is the log structure given by the log curve (C' — S, Mg). Note that the underlying
map C' — X is a usual stable map over S, and the dashed arrow is induce by the solid
arrows. By theorem 6.1 and remark 6.6, we have a unique (up to a unique isomorphis) arrow
g (8, Mg) — K55(Xo), which is induced by the log stable maps given by the dashed
arrow. It is not hard to see that ¢ = Sat o ¢'. Now the statement follows from proposition

2.8(2). O

Corollary 6.9. Consider a DF log pair X9 = (X, M) with the locally free presentation
as in (2.2.3). Then we have

lcmst (Xlog) ~ Icwfztﬁ(XlOg)

n,g,0 et ( ZOQ),

’Cmstﬁ(XZOQ) IC n,q,3

where the fiber product is taking over the category of fs log schemes.

Proof. This follows directly from proposition 6.8, and lemma 2.16. [J
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Corollary 6.10. Consider a locally free DF log pair X'*9 = (X, Mx) with the decompostion
(2.2.1) of the remark 2.12. Then we have

ms 09\ ~ }~ms l l
Kn,gfﬁ(Xl g) = Kn,gf,@’(Xlag)’Cn,g(X,,@) e XICn,g(Xﬂ) lCn7g(Xkog)7

where we view IC,, o(X, 5) as log stack with the canonical log structure from its universal
curve, and the fiber product is taking over the category of fs log schemes.

Proof. This directly follows from proposition 6.8. []
6.3. Statement of the main theorem.

Theorem 6.11. Given a DF log pair X9 = (X, My), the stack /Cg;’fﬂ(Xlog) is a proper
Deligne-Mumford stack.

Proof. By corollary 6.9, 6.10, and proposition 2.8, it is enough to consider the case where
My is locally free with a global presentation N — M. Indeed, we will prove that the
stack K (X, M x) is proper and Deligne-Mumford, where M x is a DF log structure on X,
which is given by a line bundle L with a global section s, such that the vanishing locus of
s¥ is connected.

With the above reduction, the boundedness is proved in section 7, and the weak valuative
criterion is proved in section 8. Since the stack has finite diagonal, it was shown in [DEV,
Theorem 2.7] that K (X, Mx) admit a finite surjective morphism from a scheme. With
this property and the weak valuative criterion, by [GLB00, Proposition 7.12] the stack is
proper. Finally the Deligne-Mumford property follows from the stability condition. [

7. THE BOUNDEDNESS THEOREM FOR MINIMAL LOG STABLE MAPS

Conventions 7.1. In this and the next section, we fix the log pairs X' = (X, M) as our
target of minimal log stable maps, such that there is a global presentation N — My. We
use 0 to denote the standard generator of N. Since the global presentation locally lifts to a
chart, we will identify ¢ with the corresponding element in M x, if no confusion would arise.
Note that M x corresponds to the pair (L, s) consists of a line bundle L, and a global section
s: L — Ox. Let D be the vanishing locus of the dual section s¥. Without loss of generality,
we can assume that D is connected.

Let P = Pp(L|p @ Op) be the projective completion of the cone given by L|p on D.
Denote by D~ and DT the two disjoint divisors of P with normal bundles L|p and LY|p
respectively.

Note that d can be locally lift to a generator of L|p. When no confusion would arise,
we will view d as a local coordinate of P, whose vanishing gives D;". Note that there is an
canonical isomorphisms DT = D~ 2 D,

Theorem 7.2. There exists a scheme T of finite type, and a map T — Kmst(X'9), which
ezhausts all geometric point of Kmst(X'9). Namely, all geometric point of Kmst(X'9) is
contained in the image of T'.

7.1. Removing degeneracy from log stable maps. In this subsection, we fix a log stable
map (not necessarily minimal) ¢ = (C' — S, Mg, f) over a connected scheme S, such that
there exists a point 5 € S and a lifting of global chart 3 : Mgs — Mg. Denote by ﬂi‘fﬁ the

: o : ——d
image of M (G?:g ) in Mgs. Then we obtain a sub-log structure M%9 generated by M ngg
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via 3. Note that this is a fs log structure on S. In this subsection, we put the following
assumption

(7.1.1) The characteristic Mdseg is a constant sheaf of monoids on S.

Remark 7.3. Note that the log structure /\/lg6 is fs, and does not depend on the choice of
(. By the assumption (7.1.1), we have Ms o = /\/lsf for any §' € S.

Lemma 7.4. With the assumptions as above, the degeneracy graph Gg:g 15 identical to the

degeneracy graph Gg:g for anyt € S.

Proof. Note that the elements smoothing the distinguished nodes are in ﬂﬁeg. Then the
statement follows from the assumption (7.1.1). O

Denote by Ggeg the dual graph of £ over S. Fixing a global chart § as above, we obtain

an induced map 3 : ./Vflgeg — Me. Denote by Mg = M%) (ngg)gp the quotient given by
the map 3. Consider the following diagram:

ng

(7.1.2) 0 —— (Au9yor ME Mec

| 7

fr(Mx)
where the map f° is given by the composition f*(Mx) — Mg — M.

Remark 7.5. Note that the morphism f > depends on the choice of a lifting 3 : Mgz — Mg.
This will be important when we discuss the valuative criterion.

Consider the subcurve C, of C' corresponding to vertex v € Ggeg . Note that C, is con-
nected. Denote by {p;};epiow the set of splitting nodes, joining v with v for some v < v.
Let {pi}1eav be the set consists of the following special points in C,:

(1) the set of splitting nodes, joining v with v” for some v < v”;
(2) the marked points with non-trivial contact orders.

Denote by ¢; the contact order at p; for [ € Al U A%, Consider the line bundle

HOCClp1®HOC Clpl

leAlow leEAG?

We have the following result.

Proposition 7.6. Assume that the weight of v € Ggeg is not zero. Then the map fb induces
a natural isomorphism of line bundles

fg : fY(L) — L,.

Proof. We first construct fg locally. There are three cases.
Case 1: Consider a closed point p of p; for [ € AP, Locally at p we have

fb(d) = e, + ¢ logoy,
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where o7 is the local coordinate of p in C, defining the marking p;, and e, is contained in
the image of 3. Thus, we have f2(§) = ¢;log ;. Then locally near p we define

(7.1.3) f26) = o,

v

Note that o, is the local section of L, at p.
Case 2: Consider a closed point p of the splitting node p; for [ € Al°*. Assume that p,
joining vertices v" and v such that v < v. Locally at p we have

(7.1.4) 2(0) = ey + clog o),
where e, is in the image of B. By a nice choice of coordinates we have
(7.1.5) a e =c¢logo, + ¢logo), in Mc

where o} is the local coordinate of p; in C, and e; is the element smoothing node, and
contained in the image of 3. Then we have
1 =c¢logo; + ¢logo), in Me.

This induces )
fb(5) =¢logo; =1— ¢logoy.
Then locally at the node p we define

(7.1.6) f6) = (=),

Note that this is a local generator of L, at p.
Case 3: Locally at a point p which is not contained in one of the p; for [ € A% U Alow,
we have

f(0) = e, +logh,
where h is an invertible function at p and e, is contained in the image of B Then the map
£°(6) = log h induces
(7.1.7) f2(8)) = h.

Note that the local construction of fg is naturally given by f > which is a map of sheaves
of monoids. Thus these local definitions can be glued to obtain a global map. We also notice
that ¢ lifts to a the local generator of L. Therefore, we construct an isomorphism of line
bundles ﬂj as required. [J

By the above lemma, we obtain a surjective morphism of vector bundles
foo f: f(L®Op) — L.
Note that P = Pp(L & Op). Thus, this induces a morphism
v,:C, —P.
Consider v € V(Ggeg ) with zero degeneracty. Then denote by ¥, = f|¢c,. We call the set of
morphisms {\IIU}UEV(GZW) the splitting of & over S.

Corollary 7.7. For any log stable map s over a geometric point 5, there exists a lifting
Mz — M and a corresponding splitting {V,}, as described as above.

Proof. This follows directely from the above construction. [J
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Remark 7.8. Note that the subcurve C, is connected if it degenerate to some D. If the
weight of v is zero, then C, can be a disjoint union of connected components, which are
non-degenerated. We will always view C,, as a prestable curve (not necessarily connected)
over S, with marked points from those of C' and the splitting nodes.

Corollary 7.9. (1) The morphism W, is stable in the usual sense.

(2) For any vertex v with non-zero weight, the composition of W, with the canonical map
P—D— Xis f|,.

(3) For any vertex v with zero weight, there is no component of C,, degenerating to D via
the morphism WV, and the morphism WV, tangent to D only at the marked points of
C,, with multiplicity given by the contact order of the corresponding marked points
or splitting nodes in C.

(4) For any vertex v with non-zero weight, there is no component of C, degenerating to
D~ and D" via the morphism V,,. And the morphism V., tangent to D~ (respectively
D*) only at the marked points p; € A% (respectively p; € AP ), with multiplicity
giwen by the contact order of p; in C.

Proof. The statement (1), (2) and (3) follows directly from the construction of ®,. For (4),
the morphism W, is non-degenerated follows from equation (7.1.7). The tangency multiplicity
along p; € A% follows from equation (7.1.6), and the tangency multiplicity along p; € A%
follows from equation (7.1.3). O

From the proof of proposition 7.6, it is not hard to see that the map fb depends on the
choice of lifting 6 Hence the set of stable maps also depend on the choice of 6 Consider
another choice of global chart 8, : M s,s — Mg, which induces the set of splittings {W, 1 } ()

Given any v € V(G ) and l € E(Gdeg) such that C, maps to D; via f. Then we have

(7.1.8) Bi(ey) = B(ey) + logu, and [i(e) = B(e;) + loguy,

where u, and u; are invertible functions on the base S. Consider a non-marked point p € C,,.
By equation (7.1.7), we have

(7.1.9) W (0) = 3, (6) - u,

It is easy to check that the above equation extend to all points on C,. Consider a map over
S-schemes:

Yy P xS —P, xS.
which is induced by d — wu, - 4. This is a G,,, action on P. We proved the following:

Lemma 7.10. The following diagram commutes:

Remark 7.11. The above lemma implies that the splitting W, can be viewed as stable maps
to the non-rigid target as in [GV05, 2.4].
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7.2. Finiteness of the discrete data. The splitting technique introduced in last section
allows us to extract the discrete data from non-degenerated maps rather than log maps. Now
we will use this idea to obtain the following:

Proposition 7.12. The following set is finite:
{G | G is the dual graph of some & € Ki**'(X'9)(C)}.

Proof. Denote by K, (X, ) the Kontsevich moduli space of stable maps, with n-marked
points, genus g, and curve class 3 in X. Note that we have a morphism Kms!(X!9) —
sK, (X, 3) by removing all log structures. Our strategy is to stratify /C,, 4(X, ), and bound
the possible splitting as in the last subsection.

Step 1: Bound the underlying dual graph. Let U — K, ,(X,3) be an affine étale
chart. Consider the following cartesien diagram:

Ky —— Kis(X, D)

J

U — ’Cn,g(Xa ﬁ)

Since the stack K, 4(X, 3) is of finite type, it is enough to prove that the dual graph corre-
sponds to the geometric point of Ky is finite. Denote by Cy — U the universal curve and
iU : Cy — X the universal map over U.

Since U is of finite type, it is covered by finite strata such that the family of curves
over each stratum has fixed dual graph. For our purpose, we can put the reduced scheme
structure on each stratum. So we can pick up a such stratum S with dual graph G, and
reduced scheme structure.

Step 2: Bound the choice of orientations. Through G is not a weighted graph, we
can still define an orientation on G by giving the partial orders < on the set of vertices V(G).
We first choose the set of distinguished nodes. Note that a distinguished node must map to
D. Since the number of nodes of C'is finite, the number of such choice is also finite. Let us fix
a choice of distinguished nodes. Now we contract the non-distinguished edges in G. Denote
by G the resulting graph. We take the partial normalization of C' along the distinguished
nodes. For each vertex v € G99, there are two possibilities: either v corresponds to the set
of all non-degenerated components of C, or corresponds to a set of irreducible components
of C' joined by non-distinguished nodes, and with all irreducible components degenerated to
D. Denote by C, the subcurve of C' that corresponds to the vertex v € G%9. Clearly the
irreducible components of C, should have the same weights. To define an orientation on G
is enough to define an orientation on G with the following conditions that

(1) If C, does not degenerate to D, then v is a minimal vertex.

(2) For any two adjacent vertices v and v’, only one of the two conditions v < v and
v < v is satisfied.

(3) No loops are allowed.

Again, since G99 is a finite graph, the number of such choices of orientations satisfying the
above three conditions is finite. We fix a possible choice of orientation.

Step 3: Bound the contact orders. Now we focus on vertex v € V(G9%9) such that
C, is degenerate. We view (), as a prestable curve over S with marked points coming from
the marked points, and the splitting nodes of C'. Denote by [, the curve class in D, n, the
number of marked points of C,, and g, the genus of C,. Consider the projection 7 : P — D.
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Let I be the curve class in P given by the fiber of 7. Then we have (7).F = 0. Thus all
possible splittings are given by stable maps €, — P with curve classes of the form

rvClassToP| (7.2.1) Bk =70y +k-F

We use the notation K, = Iy, g, (P, Bui)-

Claim: With the fixed graph G and orientation, there are at most finite many choice of
k for the possible splitting maps.

We first consider a maximal vertex v € V(G99). Since v is maximal, all the contact orders
of marked points of C, with DT are coming from marked points of C given by I'. Denote by
t, the sum of the contact orders with D' of marked points on C,, then we have

ty =Py NDT =7*B,N D" + k.

Thus the number £ is fixed. Consider the locally closed substack K, C K, x, which parametrizes
usual stable maps such that

(1) Only marked points map to D* and D~.

(2) The marked points map to Dt with tangency multiplicities given by their contact
orders.

(3) The marked points map to D~ are coming from the splitting nodes that are distin-
guished given by the orientation.

Note that the stack K, is of finite type, the number of choice of contacts order along the
splitting nodes maps to D; is also finite. Consider an arbitrary vertex v' € V(G%9). We
assume that for any adjacent vertex v of v’ such that v" < v, the number of choice of the
contact orders along the splitting nodes joining v’ and v is finite. Then by taking into
account all contact orders from adjacent vertices and those from marked points of C, a
similar argument shows that the possible choices of k in the curve class 3,/ is finite. Since
G99 is a finite graph, the claim is proved by induction.

Consider an edge [ joining two vertices v; and vy in G%9, such that v, degenerates to Dy,
but v; does not. Then the ¢-th contact order along [ is determined by the underlying map.
This proves that the choice of contact orders on G is finite.

This finishes the proof of the proposition. [

7.3. Proof of theorem 7.2. Consider the family of usual stable maps f : C' — X over S
as in step 1 of the above proof. Fix a possible admissible graph Gy with G, = G the dual
graph of C. Consider a point 5 € S. If for any v € G& such that f(C,) € D, there exists
a usual stable map C,; — P, whose composition with the canonical projection P — D is
identical to f |c,,, then we call 5 a Go-admissible point of S. If there is a a minimal log
stable map & over s with dual graph G, and underline stable map f , given by the pull-back
§ — S, then corollary 7.7 implies that § is a Gy-admissible point.

:GraphAdPt | Lemma 7.13. With the above assumptions, the set of Go-admissible point forms a con-
structible set of S.

Proof. Since the contact orders are given by Gy, the curve class in equation (7.2.1) of step
3 in the above proof is fixed. Consider a vertex v € Ggeg corresponding to a degenerated
subcurve C,, denote by IC, the locally closed substack of IC,,, 4, (P, 5, ), which parametrizes
stable maps with the tangency to D and D~ prescribed by the graph Gy, and no components
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degenerate to the two divisors. Consider the following cartesian diagram:

Sy — K,

|

S — lCTLU,QU (]P)’ /87})

)

where bottom arrow is given by the usual stable map f|c,, and the right vertical arrow is
induced by the natural projection P — D. Note that all the arrows in the above diagram
is of finite type. Thus, by the theorem of Chevalley, the image of S, in S is constructible.
Note that the set of GGy-admissible points of S is given by the intersection of the image of
all such S, in S. Since the number of vertices in Ggeg is finite, this finishes the proof of the
statement. []

By restricting to the stratum with reduced scheme structure, we can assume that all points
on S are Gy-admissible. Note that the stack KC,, 4(X, 3) is of finite type. To prove theorem
7.2, it is enough to prove the following:

Proposition 7.14. Notations and assumptions as above, there exists a scheme T of finite
type over S, and a family of minimal log stable maps & over T', which satisfies the following
conditions: for any minimal log map & over 5, with dual graph given by Gy, and underlying
map & given by the pull-back of f via 5 — S, there exists a lifting 5 — T, such that & is
isomorphic to the pull-back &.
Proof. By shrinking S, we can assume that S is affine, and the canonical log structure
Mg/ %on S coming from the family C' — S has a global chart N"* = Mg/gs — Mg for
some geometric point 5 € S. Consider the pre-log structure M(Gy) — Og, given by e — 0
for any non-trivial element e € M(Gy). Denote by Mg the new log structure associated
to the pre-log structure. Note that there is a natural map N* — M (G,) giving by the
corresponding nodes. This induces a natural map Mg/ 5 Mg, hence a log pre-stable
curve ( = (C' — S, Mg) over S. Note that any minimal log map £ over 5 € S as in the
statement has the source log curve isomorphic to (s.

Denote by M the log structure on C' according to the log pre-stable curve (. Note that
over C' we have another log structure f*(Mx). Since the dual graph Gy is fixed, we have a
morphism of locally constant sheaves on C:

fb : f*(MX) - H(%

which is locally described as in subsection 5.1. To define a log map f : (C, M¢) — X9,
it is enough to define a map of log structures f” : fT(Mx) — Mg fitting in the following
commutative diagram:

(7.3.1) M) - M

I |-
XA A fb i
N— ff(Mx) —— M¢
where the two vertical arrows are the canonical projection, and the arrow N — f* (Myx)

the the pull-back of the global presentation. Note that the arrow f? is an injection. Denote
by dx and dc the image of § in f*(Mx) and M respectively. The inverse image i (6x)
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and p,*(6¢) form two Of-torsors. Note that to have a dashed arrow fitting in diagram
(7.3.1), it is equivalent to have a global section of the presheaf Zsome(p;'(0x), py*(d¢)) of
isomorphisms of two torsors over C. Note that the torsor p;'(dx) corresponds to the line
bundle f*L. Denote by L the corresponding line bundle of p;*(6c). Then we have

Zsome(py ' (6x),p3 ' (6c)) = Tsome(f L, Le) = Isome(f*L @ Lo, Oc).

Denote by I the above presheaves. It is well-known that that sheaves are parametrized by
the algebraic stack BG,,. Thus, I is a sheaf represented by an separated algebraic space of
finite type. Let 7 : C'— S be the projection. By [Ols06, theorem 1.5], there is an algebraic
space m,[ locally of finite type over S, which for any Y — S associates the groupoid of
isomorphisms (f*L ® L¢)y' — Oc,.. We have the following lemma for the boundedness of
.

Lemma 7.15. The algebraic space w1 is of finite type over S.

Proof. Consider an arbitrary point § € S. Since all point on S is Gg-admissible, for any
v E Ggeg with ig(Cv) C D, there exists a lifting ¥, 5 : C,, 5 — P. A similar argement as for
proposition 7.6 shows that:

Le

Cy,s = OCv,g (\II:E(D_ - D+)) = f*L|Cv,§'

In particular, the two line bundles Lo and f*L have the same degree when restrict to each
irreducible component over 5. Note that S is affine. By [FP97, Proposition 1], there is a
unique closed subscheme 7' C S which represents the condition that f*L ® L(}i is a trivial
line bundle. We fix an isomorphism ¢ : f *L®LE; = O¢,.. Consider the scheme U := T xG,,
with the pull-back isomorphism ¢y over U. We define a new isomorphism ¢}, given by the
scalar multiplication of G,, on ¢y. It is not hard to see that the family ¢}, induces a map
U — w1, which exhausts the geometric points of m,/. Then the statement follows from the
fact that U is of finite type over S. [J

By pulling back via ./ — S, we have a family of log pre-stable curves (,.; = (C; —
7l , My,1), a usual stable map Lr ;! Cr — X, and a morphism of sheaves of monoids

fr*l : i:*IMX — Mg, where Mg, is the log structure on C; given by the log curve (g, ;.

Lemma 7.16. The points t € w1, whose fiber f:*” gives a morphism of log structures,
forms a closed subset of 1.

Proof. The condition ffr* ; 1s a morphism of log structures is equivalent to have the following
commutative diagram:

* f7b\'*
(7.3.2) [r Mx d Mo, |
% Ac
Oc,

where the two arrows expy and exp. are the structure maps of corresponding log structure.
Locally on C, we choose a generator 6 € i; IJ\/l x, then the commutativity of the diagram

is equivalent to
expy (0) = expgofy 1 (9),
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which is clearly a closed condition. Let V' C C} be the closed subscheme represents the
commutativity of diagram (7.3.2) over Cj, and V¢ the complement of V' in C;. Denote by
W the image of V¢ in m,[ via the projection C; — m,[. Since the family of curves is flat,
the image W is open in m,I. Thus, the complement W¢ of W is closed in 7, I. This proves
the lemma. [

Now we take T'= W* as in the above proof with the reduced scheme structure. Then W*
is a closed subscheme of 7,1, note that by pulling back families over ./, we have a family
of minimal log maps £ over T'. According to our construction, the family & over T satisfies
the lifting property as in proposition 7.14. [J

Theorem 7.2 follows from the above arguments. [J

8. THE WEAK VALUATIVE CRITERION FOR MINIMAL LOG STABLE MAPS

We keep using the notations for target as in 7.1. Let R be a discrete valuation ring, and
K the fraction field of R. Denote by 7 the uniformizer of R, and S =SpecR. Let s and n
be the closed and generic point of S respectively. Let R’ be another discrete valuation ring,
and 7 be its uniformizer. Denote by s’ and 1’ the closed and generic point of S’ =SpecR’
respectively.

Theorem 8.1. With the notations above, given &, a minimal log stable map overn. Possibly
after an base change given by an injection R — R’ of DVR, which induce a finite extension
of fraction fields, we have an extension of minimal log stable maps given by the following
cartesian diagram:

§y — s

L]

n——=5,
where &, is the pull-back of &, via 0’ — 1, and £ is a minimal log stable map over S'.

Furthermore, the extension &g is unique up to a unique isomorphism and its formation
commutes with further injections of discrete valuation rings.

Proof. The theorem follows from subsections 8.4 and 8.5. [J
8.1. Local analysis of the underlying maps with non-degenerate generic fiber.

8.1.1. Smooth case. Let A be a henselian discret valuation ring. Denote by m 4 the maximal
ideal of A, and by 7 € my4 the uniformizer of A. Let B = A[z], and B" be the henselization
of B with respect to the maximal ideal mp = (z,m4). Let p € SpecB be the closed point
corresponding to mp. Assume that we have a family of maps f : SpecB — X over S =
SpecA, such that the image of f, over the generic point 7 € S is not contained in the divisor
D C X. Since we are in the local situation, we can assume that X is affine, and D is given by
the vanishing of a global section § € Ox. Note that we have an induce map f; : Ox — B".
Furthermore, we assume that in an étale neighborhood of p, the inverse image f,° (D) over
the generic point either lies in the divisor given by x = 0, or an empty set.

Lemma 8.2. With the assumption given above, there are only two possibilities:
(1) if f,]*l(D) = 0 in an étale neighborhood of p over the generic point, then we have
17 (8) = 7Nu, where u € B"™ and N is an non-negative integer;
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(2) if over the generic point we have fy(0) = ¢ - g, for some invertible function g, then
f7(8) =« - x¢ - u, where u € B™ and N is an non-negative integer.

Proof. Since my is contained in the maximal ideal of B", by Krull intersection theorem,
we have N®m" B" = 0. Hence there exists a non-negative integer N such that f*(d) €
mY B"\ mY T B" We assume that f*(§) = 7V -/, where u' € B*" but v’ ¢ m4B". Assume
that u' ¢ B"*, by the same arguement as above, we have u' = x¢h, where ¢ is an non-negative
integer, and w € B" but u ¢ xB". If u ¢ B"™, then by the definition of henselization, we lift
the expression f*(6) = 7 - 2" - u to an étale neighborhood of p in SpecB. And the divisor
given by © = 0 maps to D via f. Also note that by our choice, u = 0 is not contained in the

divisor given by m = 0 and x = 0, which gives a contradicition. [
The lemma allows us to formulate the following definition.

Definition 8.3. Using the notation as above, we call N and ¢ the underlying degeneracy
and the underlying contact order at p respectively.

Remark 8.4. In fact, if we consider the nearby points of p over the closed point of S, they
all have the same underlying degeneracy. We call the number N the underlying degeneracy
of the irreducible component of the fiber containing p.

8.1.2. Nodal case. We use the notations A, m4 and 7 as above. Denote by B = Alz, y|/(zy—
s), where s € my. Let p be the node in SpecB corresponding to the ideal mp = (ma, z,y).
Denote by B" the henselization of B at p. Assume that we have a family of maps f :
SpecB — X over S =SpecA, such that the fiber f, over the generic point n € S sends no
points to the divisor D. Note that we have an induced map f; : SpecB" — X. We still
assume that X is affine, and D corresponds to = 0.

Lemma 8.5. With the notation as above, we have only two possibilities:
(1) if s =0, then f;(8) = 7V - u, for some non-negative ingeter N and u € B"*;
(2) if s # 0, then fi(0) = 7™ - z°h or f;(6) = 7o - y° - u for some non-negative ingeter
N and v € B"™.

Proof. The proof is similar to that in lemma 8.2, only notice that in the case s # 0,  and
y are not zero divisors over the generic point 7. [J

Definition 8.6. Notation as in lemma 8.5, the integer c is called the underlying contact
order at the node p.

Remark 8.7. In lemma 8.5(2), without loss of generality, we assume that s = 7¢ and
f7(8) = 7N -2 h. By lifting the expression of f;(§) to an étale neighborhood of p, where u is
still invertible, we can calculate the degeneracy indices of the two irreducible components over
the closed point of S. Namely, the component with coordinate x has underlying degeneracy
N, and the component with coordinate y has underlying degeneracy N + c-e. This is similar
to the situation with log structures described in lemma 5.16.

8.2. Splitting log stable maps along generic nodes. Assume { = (C' — S, Mg, f) is
a log stable map (not necessarily minimal) over S. Possibly after a base change, we can
assume that we have a global chart [ : ng; — Mg. Consider the characteristic Ms,g. We
have a natural surjective map ¢9°" : M?; — sz. Denote by M‘jﬁ the kernel of ¢?". Then
we have an exact sequence:

TP TP ToqIP
0— Mg, — Mgz — M, —0.
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By our construction, all groups involved in the above sequence are free abelian groups. Thus,
the sequence split, and we have a natural decomposition:

TP TP o 9P
(8.2.1) Mg =My, &M, .
Denote by ¢ : Mgz — Mﬁjj the natural projection. Then for any element e & ﬂgg, we
have a unique decomposition e = e’ + 9" where e = ¢*P(e) and e9°" = ¢9"(e).

Remark 8.8. By [Ols03a, 3.5(i)], it is not hard to see that the group Mzﬁ is the saturation
in M@’; of the group generated by elements in Mg s, whose image in R under 3 is not 0.
Thus, we have an induced map 370 : ﬂiﬁ — K. Since R is a DVR, we have a well-defined
map 39 : M‘Zﬁ — Z given by the evaluation map of R composed with 5%.

Lemma 8.9. The map 3% does not depend on the choice of chart 3.

Proof. Note that the difference between choice of chart (3 is given by units in R which does
not change the evaluation map. [J

Consider the map (3, given by the composition
—_ _ _ gp
M, — MP — Mgz ™5 M.

For any ¢y € Mm since ¢9°" is surjective, there exists e; € Mg;g such that it has the unique
decomposition

e1 = ¢ (e1) +¢*"(e1) = ¢ (e1) + e
Since 3% (¢ (e1)) € K, we have 3,(eg) € M,,. In this way, we obtain a map

B,y M, — M,,.
Clearly this is a chart of M,,.

Definition 8.10. A chart 3, : Mn — M, is called specializable, if it is coming from a
global chart ( : /753 — Mg as above.

Lemma 8.11. Consider two specializable chart 3, and 3, of M, as above. There is a
unique isomorphism h : Mg — Mg, whose restriction to n fits in the following commutative

diagram:
M,
2N
h77
M, M,

Proof. Assume that 3, and @’7 is coming from two global chart 5 and 3’ of Mg as above.

Then for any irreducible element e € Mgs, we have B(e) = logu + 3'(e) for a unique
invertible element v € R. Thus, the statement of the lemma follows from the definition of
specializable chart. [J

Denote by Ggeg the degeneracy graph of &,. We take the partial normalization of C' along
the nodes given by E(G,). Then C = UveV(Ggeg)Cv, where C), is the subcurve with generic
fiber corresponds to v € V(Ggeg). The marked points of C, are coming from both the

marked points of C' and the splitting nodes. Denote by V,, the subset of V(Ggeg ), consisting
of vertices which correspond to components in C,.
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As in subsection 7.1, for each v € V(Ggey ) and each ¢, we have two sets of marked points
{m} A and {p} Alow of C,. Note that we have a lifting Bn : sz — MP¥ induced by the
specializable chart 3,. We form the quotient Mcgp = M¥ /Mf]p given by Bn- We consider
the map fb given by the composition f*(Mx) — Mg — ./\;lgcp. Comparing with proposition

7.6 we have:

Proposition 8.12. Assume that f(C,) C D. Then the map fb iduces a natural rational
map
v,:C,-—-->P
such that
(1) The composition

C,-2sP—"5D

is identical to f|c,.
(2) Over the generic point, the fiber ¥, , is identical to the splitting of &, with the fived
chart (3,.

Proof. We will construct ¥, locally, and the gluing follows naturally from the local con-
struction. Note that the pair (§,57%) locally forms the coordinates of the two affine charts
of the P'-bundle P. Thus, to construct ¥,, it would be enough to define ¥*(4) locally.

Case 1: Consider a closed point p corresponding to a splitting node [ € A¥. Assume
that p lies in v; € V,,. Then locally at p we have

fb(é) = ey, + ¢ logo;

where o7 is the local coordinate of p on C), defining the marked point or node corresponding
to [, and e,, is the weight of v; in Mg given by 3. Note that we have the decomposition

e, = qP(ey,) + @7 (ey, ), and ¢7°"(e,, ) is in the image of Bn- Thus, we have
P2(8) = ¢ (ey,) + ¢ilogo; in M.

Then locally near p we define

(8.2.2) U2 (8) = 0 - (expof? o g)(e,).

Note that p is the indeterminate locus of ¥, if and only if 3% o ¢°P(e,,) € Zo.

Case 2: Now consider a closed point p corresponding to a splitting node [ € Al*. Assume
that p; joining vertices v, € V,y and v; € V, such that v" < v. This implies that v, < vy.
Locally at p, we have

(8.2.3) f(8) = ey, +clog o],
where e,, is the weight of v,. By a nice choice of coordinates, we have
(8.2.4) c - e = clogo; + ¢ logo;
where e; is the weight of the edge [. Then we have

c-q”P(e;) = qlogo; + ¢ logo; in Me.
This induces

~

F(6) = ¢ (ew,) + cilog oy = q7(ev,) + a1 ¢ (e1) — ¢ - log oy,
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Note that ¢*(e,,) = ¢*P(ey,) + ¢ - ¢*F(€;). Thus we define
(325) W3(6) = 07 - (exp 0B 0 g (ew)

v Sp

Note that p is the indeterminate locus of U, if and only if 3% o ¢*?(e,,) € Zso.
Case 3: Now consider a closed point p which corresponds to a point with no contact order
condition. Assume that p lies in v; € V,,. Then locally at p, we have

fb = €y, +10gu7

where wu is a unit near p. This clearly induces

f'=a%(e) +logu.
Thus, we define
(8.2.6) V() = u- (expof? o q*P) (e, ).

sp
Note that W, is well-defined at such points. Consider the degeneracy of map V¥, along v.
If 39(e,,) € Zsg, then the component v; degenerates into D*; if 39 o ¢*’(e,,) € Z g, then
the component v; degenerates into D~; and if 3% o ¢*?(e,,) = 0, the component v; does not
degenerate into either DT or D~.
Case 4: Consider a distinguished node p corresponding to ly € F(G5) joining two vertices
v1, Uy € V,. Assume that vy < v;. Then we have

> =eq, + ¢, log 1,
where o is the coordinate of p in vo. Thus, locally at p we have

(8.2.7) Ui(6) = 0" - (exp of% 0 ¢*F)(ey, ).

v Sp

We are interested in the behavior of ¥*(4) on both v; and ve. By a nice choice of coordi-
nates, we can assume that
e, = log oy, +log oy,
where 0y, is the coordinates of p in v;. Since [y is smoothed out by restricting to n, we have
e, € /VZ;), and 3% o q%(e;,) € Zso. Note that ¢*P(e,,) = q**(e,,) + c,e1,- Same as in case
2, on the component v, near p, we have

fb = qsp(evl) —C log Olp-

This implies that on vy, we have

U3 (0) = 0, - (expoB® 0 ¢)(ey,).

v Sp

Therefore, such p is the indeterminate locus of W, if and only if 3% o ¢*’(e,,) € Z., and
B9 (ey,) € Zso. This is equivalent to say that the components v; and v, degenerate to D*
and D~ via U, respectively.

Note that the local construction can be glued to obtain a global map. The statement (1)
and (2) follow from the argument above. [J

Corollary 8.13. With the notations as above, if a closed point p € C, is the indeterminate
locus W, then it satisfies one of the following situations:

(1) p corresponds to an element | € A, and degenerates into D~ via V,;
(2) p corresponds to an edge | € A, and degenerates into DT via U,;
(3) p connects two irreducible components such that one degenerates into D™, and another

one degenerates into D7 .
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Proof. This follows directly from the proof of proposition 8.12. [J

Remark 8.14. Consider v € V(Ggsg) with e, = 0. Then denote by ¥, = f|g,. We call the
set of morphisms {\Ijv}vev(Ggeg) the splitting of & over S. Note that the splitting is a way to

abstract the information of the log map f°.

Remark 8.15. Consider a vertex v; € V,. Denote by N = 3% o ¢*(e,,). If N > 0
(respectively N < 0), then the irreducible component v; degenerates to DT (respectively
D~ ) via ¥, with underlying degeneracy given by N. We call N the underlying degeneracy
of v with respect to U,,.

Consider the usual stable map V¥, ,, : C,, — P, where C, maps to D via f. Possibly after a
base change, we obtain a unique (up to a unique isomorphism) usual stable map ®, : C! — P
which is an extension of ¥, ,,. For simplicity we still use S' to denote the new base. We next
compare ¢, with ¥,. Consider the morphism g, given by the following composition

C,—-P—D.

Lemma 8.16. The stabilization of g, is identical to f|c,. A component Z is a unstable
component of g, if and only if it is a rational component over the closed fiber, which is send
to the fiber of P, with exactly two special points sending to D~ and D' via ®, respectively.
Furthermore, the restriction ®,|z ramifies at the two special points with the same ramification
mdex ¢

Proof. The stabilization of g, identical to f|c, follows from the uniqueness of usual stable
maps. Assume that Z is a unstable component with respect to g,. Then Z must be a rational
component mapped to the fiber of P, otherwise it is a stable component of g,. Furthermore
the component Z has only two special point p; and p, mapping to D™ and D~ respectively.
It is not hard to see that the map ®,|; ramifies only at p; and p, with the same ramification
index. This proves the lemma. [J

Contract all the unstable component of g, in C!, we obtain a rational maps
o Oy -—P.
Lemma 8.17. The two rational maps ®, and ¥, are identical.

Proof. Note that over the generic point, the two maps are identical. Then the statement
follows from lemma 8.16 and proposition 8.12. [

8.3. Specializing the dual graph. Consider the generic fiber &, as in theorem 8.1. Possibly
after a base change, we can extend the underlying map in uniquely to the closed point.

Denote by C' — § the extended underlying curve, and f : C' — S the resulting underlying
map over S.

Lemma 8.18. Using the notation as in the last subsection, we assume that the extension &
of &, over S exists. The dual graph G, is uniquely determined by the generic fiber &, .

Proof. First notice that the underlying graph of G, is given by the dual graph of the curve,
which is uniquely determined by the generic fiber ,. To determine G¢, is enough to give
the contact orders and the orientation. Consider the splittings {¥,} of £ constructed above.
By lemma 8.5(2), all the i-th contact orders of the distinguished nodes of C, over the closed
point can be obtained from the ¥, with respect to the divisor D (or D if the target of ¥, is
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X). And by lemma 8.2(2), all the contact orders of the marked points of C,, over s remains
the same. The orientations of G¢, follows from remark 8.7.

By lemma 8.17, the splittings ¥, can be obtained from the splittings {¥,,} of &, asso-
ciated to the fixed chart 3, : M, — M,. Assume that we have another (not necessarily
specializable) chart 3] : M,, — M, and the corresponding splitting {¥;.,}. We consider the
map W, . such that C,, mapped to D; via Lv’ other cases is similar and easier. By lemma

7.10, the difference of ¥, ,, and \Ifgw is given by a G,,, x action on P; x n. So we can assume
that W, , = W 01, for some ¢, : P; x n — P; X n given by

(8.3.1) dr—7"-0.

Denote by W7 : C — P the extension of the stable map W;  to the closed point. Now we
contract the irreducible components of C!/, which satisfy the property in lemma 8.16. Then
the same proof as in lemma 8.16 shows that the resulting curve is C,. Denote by

v C,—-—->P

the resulting rational map.

First, if a node p € C persists over the generic point 7, then the contact order and
orientation of p is given by the generic fiber. Pick up a distinguished node p € C,, which
corresponds to an edge | € F(G5) smoothed over the generic point. Assume that p joining
two components corresponding to two vertices vy, v € V(G?), such that vo < v;. By equation
(8.2.7), locally at p we have

TH(o) = o -7
where oy is the local coordinate of v, at p, and n' = 3% o ¢*?(e,). By equation (8.3.1), we
have

(8.3.2) (W) = oft - 7™ ™,

Clearly, the rational map W! give us the same information about the orientation and contact
orders. Thus, the graph G¢, does not depend on the choice of chart 3,. This proves the
lemma. [

Remark 8.19. In fact, the proof of the above lemma suggests a way to obtain the possible
dual graph of the central fiber. Consider an arbitrary splitting ¥;, , of &, with €, mapping
to D. Consider the composition g, = ¥, , o0 1,, where ¥, is a G,, x action on P x n. Using
the argument at the end of lemma 8.18, we can always choose a nice 1, such that the stable
map g, can extend to the closed fiber with no components degenerate to D~. Then the
contact orders and orientation are obtained from g, as in the above lemma. We will use G
to denote the resulting k-weighted oriented graph for the rest of this section. Note that the
graph G is unique, and only depend on the generic fiber.

Remark 8.20. Same as in equation (8.2.1), we have the decomposition
(8.3.3) M(G)? = M, & M.

Consider a vertex v € V(G). If v is specialized from a component does not degenerate to
D, then by lemma 8.2, we assume that the underlying degeneracy of v is n,. We call v a
i-special vertex of G, and e, € M(G) the special weight. Consider an edge [ € E(G), which
is smoothed over the generic point. Then exp(e;) = 7™ - u, where ¢, € ./\/lg/ ® smoothes the
node corresponding to [, and u € R is a unit. We call [ a special edge of G, and ¢; € M(QG)
the special weight.
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Consider the submonoid N(G) C M(G), which is generated by all weights of G. With
the above notations, we have a natural correspondance e, — 7", and e; — 7™ for special
weights e, and e; as in the above remark. And we define e — 0 for a non-special weight e in
N(G). This gives a pre-log structure o : N(G) — R.

Lemma 8.21. The graph G is admissible.

Proof. Consider the surjective map of monoid M(G) — M, induced by the projection
M(G)? — Mf;”. Since M, is sharp, it is enough to consider elements in M“Zi N M(G).
Assume that a,b € ﬂiﬁ N M(G) such that a + b = 0. Then there exists an integer n such
that na,nb € Miﬁ N N(G). Note that there is a map exp : Hzﬁ NN(G) — N, which is given
by the evlaluation of R composed with o’. Then we have exp(na + nb) = 0. This implies

that na = nb = 0. Since the monoid is torsion free, we have a = b = 0. This proves the
lemma. [

Possibly after a base change, we can assume that 7'/" the n-th root of 7 is contained in
R. Assume that n is sufficiently divisible. By pulling-back everything to the new base, we
can assume that we are still over S. By the above lemma, this pre-log structure o’ extend
to a: M(G) — R. Denote by Mg the log structure associated to the pre-log structure. We
fix the global chart of Mg corresponding to « as follows:

Consider the submonoid N*? C M(G) generated by all special weights in M (G). Then we
have:

Lemma 8.22. The group ./\_/lii is the saturation of NI in M(G)P.
Proof. This follows from [Ols03a, 3.5(i)]. O
We define a map

Z9p . 9P
given by the evaluation map of R composed with a.
Lemma 8.23. The map ng only depend on the generic fiber &, and the base S.

Proof. By our construction, the map 3% only depends on the graph, the underlying map,
and the base S. [J

Considering the maps 3% as in remark 8.8, we have

Lemma 8.24. If § in subsection 8.2 is an extension of minimal stable log map of &, over
the base S, then (% = (L.

gp

P

Proof. By remark 8.8, the map 3% only depends on M., , and the underlying map § and
curve C' — S. The statement follows from the constructions of the two maps. [J

With the notations in the above lemma, consider an irreducible component v; € V(G) of
& over the closed fiber. Assume that v; is specialized from a component corresponding to
v E ngg . This lemma implies an important results:

Corollary 8.25. The underlying degeneracy of v1 with respect to the splitting W, of & over
S is uniquely determined by the generic fiber &, .

Proof. Recall that the underlying degeneracy of v; is given by 3% o ¢%(e,) € Z. Then the
lemma follows directly from lemma 8.24 and remark 8.15. [J
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8.4. Uniqueness of the extension. Assume that we have two different extensions & =
(C— S, My, f1) and & = (C — S, My, fo) of §,. After a base change, we can assume that
we have two global chart

(841) 51 : M(G) — Ml and ﬁg . M(G) — Mz.
for & and & respectively.

Lemma 8.26. For any element e € M (G), we have a unique element u € R* such that

Bi(a), =u- Ba(a), in M,.
Thus, we have a canonical isomorphism of log structures My = M.

Proof. We only need to consider the irreducible elements of M(G). Let a be an irreducible
element of M(G). By lemma 5.27, We have a minimal positive integer n such that n-a €
N(G) is either the weight of some edge, or the weight of some minimal vertex.

Consider the case that n-a is the weight of some edge [. We identify the element e; € Mg/ s
smoothing [ with its image in M; or Ms, then we have

n-Gi(a)+logu; = ¢ in My, and n-(Gy(a)+logus =¢ in My,
where uq,us € R*. By restricting to the generic point 1, we have
ey =n-Bi(a), +loguy =n- Ba(a), +logus in M,.
This implies that
Bi(a), = logu + Ba(a), in M,,

where u € R* such that u™ = wus/u;. Since we fixed the isomorphism &, = &, = &, the
element w is unique.

Next, we consider the case where n-a is the th weight of some minimal vertex v’ € V(G%9),
and assume that v' over the closed point is specialized from v € V(Gg:g ). Assume that v/
does not degenerate into D. Since & and & have the same underlying maps, the statement
follows from lemma 8.2(2).

Finally, if a ¢ Miﬁ, then consider the splittlings ¥, and W/ corresponding to 3; and (s
respectively. By lemma 7.10, we have a map ¢, : P x K — P x K defined by a unique
element u € K as in equation (7.1.9), such that ¥,, = ¥, o4, over the generic point.
By corollary 8.25, the underlying degeneracy v’ of both ¥, and W/ is the same. A similar
argument as in lemma 8.18 for ¢, at a generic point of v’ shows that u € R*. [

Proposition 8.27. Possibly after an extension, the identity &, = &, extends uniquely to an
isomorphism of & and &s.

Proof. We fix two global chart 8; and (3, as in equation (8.4.1). Denote by 8;, : M, — M,
the chart induced by 3; for ¢ = 1,2. By lemma 8.26, we can identigy M7 and M. Thus the
two chart 3, and 3, are identical. By our choice, the chart 3;,, is specializable for ¢ = 1, 2.
Thus, lemma 8.17 implies that the splitting of &; with respect to ; is identical for i = 1, 2.
By the construction of splittings of &;, we see that the map of log structures f? is uniquely
determined by the splittings. This implies that the two maps f? and f5 are identical.
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It remains to show that the following diagram commutes:

ME®

T
Ml M27

where 1); is the structure map defining the corresponding log curve of &;. Since we put
the standard log structure along non-distinguished nodes, we only need to consider the
distinguished nodes over the closed point. Consider a distinguished node p over the closed
point. Let e, € Mg be a section smoothing p. Then we have

1(ep) = Pa(ey) + logu.

where u is a unit in R. Since &, = &2, = &, by restricting the above equation to the generic
point 7, we obtian u = 1. This proves the commutativity. [

8.5. Existence of the extension. Since the underlying structure of minimal log stable
maps are the usual stable maps, possibly after base change, we have a usual stable map
f € — § over the new base, such that its restriction to the generic fiber is given by the

pull-back of én' For simplicity, we still use S to denote the new base. Denote by C'(M,,) the

convex rational polyhedral cone of M, in ﬂff ®z Q. Since M, is sharp, the cone C'(M,)
is strongly convex.

Lemma 8.28. There is a lattice point v € ﬂip such that (u,v) > 0 for any non-zero element
u € C(M,), where (-,-) is the standard dot product in the Euclidean space ﬂf;p ®7 Q.

Proof. This follows from [Ful93, Section 1.2(iv)]. O

We fix a lattice point v satisfies the condition in the above lemma. The set

{(w,0) |[ue C(M,)} CQ
forms a rank one free monoid N. Thus, we have a map of monoid I; : Mn — N. Consider
the log structure M, associated to the pre-log structure N — K, e+ 0 over . We fix a
chart 8, : M, — M,, and B ﬂ; > N — M;. Then we have morphism of log structures
M, — M, given by
Byle) = By o ls(e).
Denote by ¢, the log stable map obtained by pulling back &, via the map (7, M,) — (7, M).

By Theorem 6.1, it is enough to construct a log stable map (not necessarily minimal) &',
such that its generic fiber is given by £ as above.

Consider a chart 3, : MU — M,,. Denote by {V, ,}, the set of splittings of £, associated
to &,. Possibly after a base change again, lemma 8.16 yields a set of rational maps
v,:C,——-P,
which satisfy

(1) ¥,|, is identical to the splitting morphism W, ,;
(2) for any v such that zn((fvm) C D, the composition of ¥, with the natural projection
P — D is identical to f|c,.
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Lemma 8.29. Using the notations as above, there exists a chart 3, : ﬂ; — M%, such
that no components of C, over the closed point s map to D~ wvia ¥, for any v such that

[, (Coy) CD.

Proof. This can be proved by the similar argument as in lemma 8.18. We fix a chart 3, as
above. Locally at a smooth closed point p € C,,, we have

\Ij:(é) =7 u,

where u is a locally invertible section near p. If n > 0, then nothing to prove. Assume
that n < 0, this imples that the irreducible component over the closed point s containing
p degenerate to D~ via U,. Note that the integer n is the underlying degeneracy of the
irreducible containing p over the closed fiber as in remark 8.15. Now we assume that n is
the minimal underlying degeneracy of the irreducible components of C, over the closed point
with respect to ¥,. Consider the new chart given by

B ﬂ; —M,, e B,(e) —n-logm.

Denote U to be the new rational map associated to the chart 57’7. It is not hard to check
that locally at p as above, we have

(¥,)"(6) = u.

v

Since n is minimal, no irreducible components of C', degenerate to D~ via W, over the closed
point s.

Since the graph G is finite, the statement is proved by repeat the above process for all v.
O

Consider the log structure M’y associated to the following pre-log structure on S:
N? — R, ey, — 0, and e — m,
where e, and es form the basis of N?. Now we identify M, with M7, and the element e,
corresponds to the chart 3, : M; — M,

Lemma 8.30. With the notations as above, there is a unique morphism of log structures
Mg/s — MY, whose restriction to the generic point n is identical to the morphism of log

structures Mg"/" — M, given by &, .

Proof. Possibly after a base change, we can choose a global chart Mg/; — Mg/ . Denote

by {ei}icrq) the set of generators of Mg, such that e; is an element in Mg smoothing the
node corresponding to [ in the closed fiber. Assume that [ is smoothed out over 7, then
exp(e;) = 7" - h, where n is an positive integer, and h is an invertible element in R. Thus,
we define e; — n - e5 + log h. If the node corresponding to [ persists over 7, then we have

exp(e;) = ny, - e, +logn™ +logh,

where n, and n, are non-negative integers, and h is an invertible element in R. Thus, we

define
€1 = Ny * €y + N, - €5 + log h.

This induces a map ./\/lg/ 5 M, whose restriction to the generic point coincides with
Mﬁ nn M;,. The uniqueness follows from our construction. [J
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Note that the map Mg/ 5 M in the above lemma gives a log pre-stable curves (C' —
S, M), whose restriction to 7 is given by the log-prestable curve (C), — n, M;) of &

Proposition 8.31. There is a unique log stable map & over (S, M's) with the log curve
(C' — S, M5), whose restriction to n is identical to & .

Proof. It is enough to define the morphism of log structures f* : f*Myx — M, where ML,
is the log structure on C' corresponding to the log curve (C' — S, M’). Pick up a closed
point p € C, and an étale neighborhood U of p. By shrinking U, we can assume that over
the generic point, we have

f2(6) = e, +logh, in U,

n
where h € Oy, . Further shrinking U if necessary, the section h extend to U of the following
form:

h=x" 1,
where n is an integer, and A" € Op. Note that the lemma 8.29 implies that the integer n is

non-negative. Otherwise the irreducible component containing p over the closed point will
degenerate to D~ via W,. Thus, the only possible way to define f° is given by

f6) =ey+n-e,+logh'.

It is not hard to see that such local construction can be glued together to obtain a global
map f° as we want. [J
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