
 
The Category of R nodules hes enough ingatives

Following notes of Arthur Ogas

DeffAn object I n on alalion category C is

injected if the funder

he C Ab

by hICM HowCM IT is exact

De Ater an object M COb c or injectue resolution
is an exact sequence

0 µ Io I Iz
where Io is ingutue I 0 We say the category C
has

enough inputeres if all objects here tyrutue resources

Minuteman lot R be a very
Then the agony at

8 R habilis has eereau Anywheres

To prove this we prove

1 True fer 12 76 in such a way that implies
042 is ayeetue t Hom M 0470 toUnenaireME Ab Tomod
2 If there exists an ingate Ruehle I se
Hampe MI 40 tf Mto then 8 holds

137 for any many R the Rmodule

Ia Hom R 0126

oratories the condition in 62
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We workin Ab

theorem An abelian group G is Ayutree it vs

divisible H myo th arap A G is

surjective
1 Suppose Ca is wyeetive so that

O N M exact

guy Homz.CMG tlenqCN.GS 0 exact

iSo 0 n7b 76 exact
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which shews tht G is divisible Conversely assure Gi is
durable and Suppese gun

O N M

to show Houchins HauledG is Susutue
So suppose

y N G

is a group hear where NEM Done a poset si



as follows the set consists of paws
N H

where NE N EM Yo N G with Ulu 4,2
and

N Y L N Y N'EN and

Y IN _Y Now given an ascending chain

2 Ai Mi L Ain Yon L
we form a mark ett A NT by

A Y Ai
and NTlate Vila if Ae Ai So applying
Zorn's Iemma the poset S L has a maximal
element Hit We claim H M Otherwise

Suppose XE MIN We can extend 4 to H tax

as follows if Cx AH e then Htc H Lx7

and there is the obvious extension otherwise pick
minimal ns.t.nxEH then by divisibility of G
F g cG s t ng Flux define T Hex G

by 4 x g This contradicts maximality of H so H M

Corollary 0476 is Ingentine

teena HemmfG Ohio to V rename able.cn guys G
PE let gaG then

O Lg G
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restriction

Homalea 0496 Hou Kap0470770

by injectuity of 0476 so we erly need to prove
lemma fo cyclic groups
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2 Suppose F on injectue Rmodule I sue

HIM Hourly1740 ht Mto then 8 holds
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Suppose I as stated Thr fer ang M
the canonical map 7 M hqh CN is ingenue

P Let k Karin so we have a diagram
k M

nut In
titulus heh.IM

Since I coyeetue helm head is surjective

so hehe k hIhyen is uyeetue By
Commutativity of the diagram this wears



K LICK is the

O map This implies hzht.lk O if UTehIhIlU
Satisfies 4 IO fer gene Y K I tar pick
k sa Ellesyo But then

Mulhsly You to
Se Mulk 40 contradiction so HILICH O By hyptress
or I this wens HICKS O k O 1 1

New we piece 2

Proofot Let it be a nerzero R module we

wont an injection M J for some injectue Ruehle

J Fix I as in the statement find a free
resolution

pit HIM 0
go as always

0 hehehe help'D

while http't HouptRK E I is injective
Therefore

M hedin hIlR is the required
injection KK Tin.ge iee by green

learner



Proofoti To finish we need to show the existence

of an injectue Rheckle I sE him 40

if M 0

Claim I HomulR 0476 works

PE for M 0

helm HomplMI Hom
z M Homme

047077

tensorhem adjunction HomqM rR 00176

HongolM OHIO to
Moreover the exactness of Hom 10470

implies exactness of Houpt.IS


