Math 52 0 - Linear algebra, Spring Semester 2012-2013
Dan Abramovich

Eigenvectors and eigenvalues

Fix an n X n matrix A.

Definition 0.0.1. A nonzero vec-
tor v € R" is an eigenvector with
cigenvalue A if

<—examples, stretching

Av = \v

What are all the eigenvectors with
eigenvalue 07

What are all the eigenvectors with
eigenvalue A7



example—
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Definition 0.0.2. The eigenspace
of A corresponding to A is the set of
eigenvectors with eigenvalue A.

This is Null (A — \I).

[t is a verctor space!
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Theorem 0.0.3. The eigenvalues

of a triangular matriz are the di-
agonal elements.

We'll see this easily in a couple of
slides.



be prepared!

Theorem 0.0.4. If vi,..., v} are

ergenvectors with distinct eigenval-

Ues A, ..., A then vi,..., vy are
_ linearly independent.



How do we find these?

Eigenvectors are non-zero elements
in Null (A — A). So (A — A is
singular.

SO

det(A — AI) =0
Note that det(A — AI) is a polyno-

mial in A of degree n it is called the
characteristic polynomial of A.




6

Theorem 0.0.5. A scalar X\ is an
eigenvalue of A if and only if it 1s
a root of the characteristic polyno-
mial.

det(A —AI) =0

examples: diagonal,
triangular, 2 x 2, 3 x 3—

Once we have an eigenvalue A, we

solve for (A — A\I)v = 0.



Similarity
A matrix A is similar to a matrix
B if there 1s an invertible matrix P

such that B = P~LAP, equivalently
A=PBP !
Why do we care?
Theorem 0.0.6. If A and B are
similar they have the same char-
acteristic polynomial.
Proof. Note that
P Y A—X)P=P'AP - PTIAIP
=B — \I.
So det(B — A\I) =
= det(P™Y(A = M) P)
= det(P™Y) det(A — M) det P
= (det P)" ' det(A — \) det P
= det(A — M)

nvertibility etc



pr
AP = PD.—

Definition 0.0.7. A square matrix

A is diagonalizable if it is similar to
a diagonal matrix D.

Theorem 0.0.8. An n x n matrizx
A is diagonalizable if and only if it
has n linearly independent eigen-

... vectors.
Suppose these are vy, ..., vy with
ergenvalues A, ..., A\p. Write

D = diag()\, ..., A\n)
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Theorem 0.0.9. An n X n matrix
with n distinct etgenvalues is diag-
onalizable.

<—lots of examples



Raising a matrix to k-th power:
If A= PDP~! then

Ak — ppk p—1
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For instance for Fibonacer:

01
1=
Eigenvalues are
oz:HQ\/gandB:l_T\@
b [1 1]
o f

11| B -1
el
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Need to worry about:

e missing (complex) roots
e repeated roots

With repeated roots a matrix might
fail to be diagonalizable. For instance

b

For non-diagonalizable matrices we
have a Jordan canonical form:
A = PJP~! where J has eigenval-
ues on the diagonal, some 1’s right
above the diagonal, and zeros other-
wise. We won't study these.



Complex numbers:
C = {a + bi} where i* = —1.
"real” and "imaginary”’ parts
rule for addition: like vectors!
rule for multiplication:
(a+bi)(c+ di) = -
Absolute value: z = a + bz, then

2] =
Conjugate: zZ = a—bi, so |z|? = 2Z.
non-real solutions of a real quadratic

—b+ \/2192 —4ac
a

and vice versa: 22 — 2bz + (a® +

b?) =0

are complex conjugate:

<—draw them u

it, examples
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Angle: called ¢

What is the absolute value of cos ¢+
2 sin @7

Every complex number can be writ-
ten as

z = |z|(cos ¢ + isin ¢).

Why don’t mathematicians remem-
ber the triple angle formula?

Answer 1:

(cos ¢ + isin@)(cosy + isiny) =
cos(¢ + 1) + isin(¢ + )

Answer 2:

e'? = cos @+ isin ¢



Find the eigenvalues and eigenvec-
tors of

0 —1
=17
n_ oS¢ — sin ¢
~ |sing cos¢
0 —2
C - _2 2 ] <—read book examples

=1y



If Aisareal 2x2 matrix with com-
plex eigenvalue A = a—bz, b = 0 and
eigenvector v, then

A=QCQ™!

where

Q =[Rev,Imv]and C = [Z _ab]



17

5.4 The matrix of a linear trans-
formation

Recall:

If V is a vector space and B =
{by,..., by} a basis, then the map-
ping V' — R" which takes v and
gives its coordinate vector |v|p is an
invertible linear transformation.

For instance it sends by to ej.

If V itself is R" then the mapping
V| — visgiven by Pg = |by ... by]
and the mapping v — [v|g is given
by Pg !

We also learned what happened with
two bases: the mapping [v|g +— V]
is given by

P = Ibile...[bie) = 7 'Ps



Py 'TPg—

Now assume we have a linear trans-
formation 7' : V — W and bases B
of V and C of W.

How can we describe T in coordi-
nates?

1% L W

Pp Fe

?

Rn ,,,,,,,,,,,,,,,,,,,,,,,,,,, e - Rm

The mystery function is a linear trans-
formation, right”

So it is given by a matrix. What is
it?



v

Pp

(?
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4%

Fe

Rn ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, e - Rm

Follow the trail:

e; — b; — T(b;) — [T'(b;)]c

SO

M = [[T(by)lc- - [T(bn)lc]

<—example Py — P3



20

When V = W we may take C = B
and then

e M =[[T(by)]g---[T'(by)]8]

We write M = [T'|g and note
T'(v)lg = T]8lvs

Again
T)g = P5'TPg
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We can now interpret a diagonal-

ization A = PDP~ ! or
D =P lAP

D is the matrix [A|g of A in
terms of the basis of eigenvec-
tors B={vy,...,vp}!
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5.6 Linear discrete dynamics.

We assume that a system is charac-
terized by a state vector x; at time
1, and evolves by the rule

Xj+1 = Ax;.
We have seen the purely mathemat-
ical Fibonacci:

| fi ] B L
i = Fq| Xi4+1 = 11 Xq-



Predator-Prey: this is a first at-
tempt to model populations of Owls
O;. and Rats R;. in month k.

Ok+1 = 0.70p + 04R;
Rp, 1 = —0.10 + 1.2R;,

0.7 04

The matrix A = [_0.1 | 9

] has

<—diagonalize
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Predator-Prey: this is a first at-
tempt to model populations of Owls
O;. and rats Ry in month £.

Ok+1 = 0.70p + 04R;
Rp, 1 = —0.10p, + 1.2R;,

0.7 04

The matrix A = [_0.1 | 9

] has

cigenvalue 1.1 with eigenvector

cigenvalue 0.8 with eigenvector
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If X = [gk]
k

and xg = c1v] + vy
then x; = A¥x
= 01(1.1)kV1 -+ CQ(O.S)kVQ.

<—draw trajectories



Three cases (positive eigenvalues):
1. Attractor: 0 < Ay, A9 < 1
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Three cases (positive eigenvalues):

1. Attractor: 0 < A\, Ao < 1
2. repeller: 1 < A1, A9
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Three cases (positive eigenvalues):
1. Attractor: 0 < Ay, A9 < 1

2. repeller: 1 < A1, A9

3. Saddle: 0 < Ay <1< A9



Linear differential equations
with constant coefficients

¥ = apry + o+ apn
513/2 = a21r1 + -+ + aopTn
x;z = ap1T1 + -+ + aAnnTn
becomes
/
X = Ax.

The equation is linear - both the
derivative and matrix multiplication
are.

so the sulutions form a vector space:

d
Ker| —— A
er (5 - 4)
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One function: z/ = ax
we solved 1n calculus:



One function: z/ = ax
we solved 1n calculus:

r = ce™

Note: ¢ = z(0).

31
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Diagonal:

33’1 = 21
/

Ty =

3T9



Diagonal:

33’1 = 21
/
Ty = 3T9
Solution:
x| = 6162t
xro = czegt
SO

X = cle%el + coe

< — et () C1
10 et c9

3

teg.

33
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Three cases for 2 x 2:
1. Attractor: 0 < Ay, Ao < 1
2. repeller: 1 < A1, A9
3. Daddle: 0 < Ay <1< A9



(07 04
— =01 12|



, [07 04
0011208

0.7 0.4

The matrix A = [_0.1 | 9

eigenvalue 1.1 with eigenvector

eigenvalue 0.8 with eigenvector

] has
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1 4 1 4
yi [1] +y§ [1] = 1.1y [1] + 0.8y [1]

Since the vectors are independent

we get

yi = 1.1y
yé = 0.8y9
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In general: suppose A = PDP~!
with D = diag(A, ..., A\p) and
P=|vi- vy

You can write x = Py and get
y' = Dy.
The solutions for y are spanned by

At

€ e

Then the solution for x are spanned

by

At



... the solution for x are spanned

by

At

€ "V

If you write

ePt = diag(eMt, ... M)

and
At _ p Dt p—1

then

X = eAtXO.
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The case of A = a + bs:
A basis for the real solutions is
y1(t) = (Rev)e® cos(bt)—(Im v)e® sin(bt)

yo(t) = (Re v)e sin(bt)+(Sm v)e™ cos(bt)



