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Canonical heights

Theorem (Canonical heights - Néron-Tate)

Given k a number field, V' /k smooth projective variety,
D e Div(V),¢p:V =V a morphism, suppose ¢*D ~ aD for
a > 1. There is a unique hy 4 p : V(k) = R such that
(i) hv.g,p = hv,p + O(1).
(II) EV,qﬁ,D (@) (b = Oéi1\/’¢7D.
Further, hy 4.p(P) = lim, 0 hv p(¢"(P))/a".

e Say h, I both satisfy (i),(ii).
Then by (i) g := h — A is bounded: |g(P)| < C’,
and by (i) g o ¢ = ag, giving g(¢"(P)) = a"g(P).
So |g(P)| = |g(¢"(P))I/a" < C'/a" =0,
hence g =0. &
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Proof of convergence

@ We show the latter limit exists by showing the sequence is
Cauchy.

e By functoriality |hy p(¢(Q)) — ahy p(0(Q))| < C.
@ For n > m we have

(*)  lhv.o(¢"(P))/a” = hv,p(¢™(P))/a™]

n

=| 3" (hv.o(¢/(P)) — ahy.p(6™(P))) /o

i=m+1

< Y |(hvp(6/(P) — ahv,p(6 1 (P))) o]
i=m+1

< 2’7: Cla' =Cla™—a ")/(a—1) =0 &
m+1
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Canonical heights

We thus define hy 4 p(P) = im0 hy.p(6"(P))/a".
Proof of (i)

Taking m =0 and n — oo in (*) gives
hv.60(P) - hV,D(P)‘ <C/la—1) &

Proof of (ii)

fA7v,¢,D(¢(P))— I|m hv p(9"(9(P)))/a"

o n+1 n+l _ T
=a lim hy p(¢"(P))/a"™" = hvyp(P). @

Thus the theorem is proved. '
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Canonical heights

Preperiodic points and Northcott's theorem

Definition
P € V is preperiodic for ¢ if {¢"(P)} is finite.

Proposition
Suppose D ample and ¢*D ~ aD with a > 1.
(a) hv.g.p(P) >0, with equality <= P is preperiodic.

(b) The set of preperiodic k-rational points is finite.
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Proof.

(a) o Can take hy p > 0 hence hy 4p > 0.

o Assume P preperiodic. {¢"(P)} is finite so {hy 4 .p(¢"(P))}
finite hence bounded. But then h(P) = h(¢"(P))/a" — 0, so
h(P) = 0.

o Assume h(P) = 0. Extend the field so that P € V(k), hence
¢"(P) € V(k). So hv,p(¢"(P)) = hv,¢.0(¢"(P)) + O(1) =
a"hy.¢.p(P) + O(1) = O(1). So by the finiteness property the
set {¢"(P)} is finite.

(b) By (a) the rational preperiodic points satisfy lA1V7¢,D(P) =0
hence hy p(¢"(P)) = O(1). By the finiteness property the set
is finite.

)
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Canonical heights on abelian varieties

Canonical heights on abelian varieties

Theorem (Néron-Tate)

Given abelian variety A over number field k and divisor D with
Oa(D) symmetric, there is hap : A(k) — R with

(a) hap = hap+O(1).

(b) hao([m]P) = m*hap(P).

(c) hap(P+ Q)+ hap(P— Q) =2hap(P) +2han(Q)
(d) hap is a quadratic form on the group A(k).

(e)

/A7A7D is independent of the choice of D € |D|. It is uniquely
determined by (a) and (b) applied to any m > 1.
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Construction and proof of (a)

We define IA7A7D = IA1A7[2]7D. This is possible since [2]*D ~ 4D.
Explicitly ha p(P) = lim ha p([2"]P)/4". Thus (a) follows from (i).

Proof of (c)

@ We have seen
hap(P+ Q)+ hap(P — Q) = 2ha p(P) +2hap(Q) + O(1).
@ The same O(1) applies to [2"]P,[2"]Q.
e Dividing by 4" the O(1) evaporates, giving the result in the
limit.

End of proof.

A function on an abelian group satisfying the parallelogram law (c)
is a quadratic form, giving (b) and (d) (see the book for a direct
proof of (b)). Uniqueness of ha [ p(P) implies (e). [ )
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Definition (polarized height pairing)

We define the height pairing (P, Q)p = hA’D(PJrQ)_hAZ’D(P)_hA’D(Q).

By (d) it is bilinear, by (b) we have (P, P)p = ha p(P).

Proposition (real positivity of canonical heights)

Assume further D is ample.
(a) hap(P) >0, with equality < P torsion.

(b) The real extension q : A(k) @ R of hap is a positive definite
quadratic form.

(b") If x; € A(k) ®@ R linearly independent then the hight regulator
det({x;, xj);j) > 0.
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Canonical heights on abelian varieties

Proof of real positivity of canonical heights, first steps

o If [2M]P = [2"]P for m # n, then [2™ — 2"]P = O, hence a
preperiodic point is torsion. Part (a) of Northcott gives (a).
o Consider x € A(k) ® R with ha p(x) = 0, and write
x =Y a;P;, with a; € R. Extending k we may assume
P; € A(k).
o Write A =.ZP; C A(k)®R and V = > RP;. Note that
V=A®R, so A C Vis a lattice.
e Note that g|p > 0 with equality only for A =0, since

ker(A(k) — A(k) ® R) = A(k)torsion- This is (i) below.
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Canonical heights on abelian varieties

Proof of real positivity of canonical heights, conclusion

Real positivity of canonical heights follows from these two results:

The set {\ € A|g(\) < B} is finite.

Proposition (Real positivity of forms)

Let q : Z" — R be a quadratic form such that

(i) g(X\) > 0 with equality only for A =0, and
(ii) for all B the set {\ € Z"|q(\) < B} is finite.
Then the extension of qg to R" is positive definite.

Indeed, by the lemma we have (ii), and (i) was shown before, so
the proposition applies giving (b). Statement (b’) is an immediate
conseuence of (b). [ )
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Proof of Lemma

@ Say A is the image of Q € A(k).

@ Since |h — h| < C for some C we have
qg(A) < B=hap(Q)<B+C.

@ So the set {A € A|g(\) < B} is the image of the finite set
{Q € A(K)|hap(Q) < B+ C}, as needed. [ )

Lemma (This | won't prove)

o Let gt i RT R, q(xt, ..., %) =D 1y x2 — > it x? be
the standard quadratic form of signature (s, t).
o Let U(L,M) ={(x1,...,x)| D5y x? < L, Y701 x? < M.}
Then
(i) Vol(U(L,M)) < o= s+t=r
(ii) in which case Vol(U(L, M)) = V,V;L5/2M*/2, where Vi is the
volume of the unit ball in RS. 'Y
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Canonical heights on abelian varieties

Proof of real positivity of forms

e By (ii) there are finitely many elements of A ~ {0} with
bounded g()\), and by (i) these values of g()\) are > 0, so
they have a minimum L = inf{g(\)|X € A, X # 0}.

@ Say the signature of gg is (s, t), choose an isomorphism with
the standard form and consider U(9, ¢).

@ Since L > 0 we have that U(L/2, M)NA = {0} for all M > 0.

e But U(L/2, M) is symmetric and convex. By Minkowski
Vol(U(L/2, M)) < 2"Vol(V /A) is bounded for all M.

@ By the Lemma part (i) s+t = r and by part (ii) t = 0, hence
s = r and g is positive definite. [
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Canonical heights on abelian varieties

Antisymmetric canonical height

Theorem

Given A/k as before and divisor D with Oa(D) antisymmetric,
there is hap : A(k) = R with

(a) hap = hap + O(1) and
(c) hap(P+ Q) = hap(P)+ hap(Q),

so hap : A(k) — R is a homomorphism. Furthermore such hap is
unique.

Proof.

Using [m*]D ~ mD we can again define /A7A7D = iA1A7[2]7D and the
proof flows as before. [
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Canonical heights on abelian varieties

Quadratic functions and combined height

Definition (Quadratic functions)

Let A and R be abelian groups, with R uniquely 2-divisible. A
quadratic function h: A — R is a function satisfying

Yicpan(DFh(EC, a) =0
for all triples of a; € A.

This includes constants, linear and quadratic forms (and that’s
really it).
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Canonical heights on abelian varieties

Theorem

Let A/k as before and D € Div(A).

(a) 3! quadratic IAvA’D g A(/;) — R, the canonical height, such that
hap = hap + O(1) and hap(0) = 0.

(b) If D ~ D' then hap = hap

(c) hapie=hap+ hae.

(d) For ¢ : B — A a morphism of abelian varieties
hg.sp = hap oo —hap((0)).

() o Thereisa unique quadratic form Ga.p and unique linear i p

such that hA p=G4ap +€A D-

(] quD = hA,D+/2 and EA,D = hA,D*/2v where
Dt =D+ [—1]’iD and D~ = D — [-1]*D.
o If D symmetric hap = §a,p and if D antisymmetric

hap =4ap.
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Canonical heights on abelian varieties

Sketch proof (a)-(d) ((e) skipped)

(a) e Define BA,D = (i\'l,4794r + BA,D*)/Z

ha.p is a quadratic function with s p(0) = 0.

2hap = hapr+hap- = hap++hap +0(1) =2hap+0(1)
by add|t|VIty of Weil helghts hence hA p =hap+ O(1).

If hA 5 another, then hap — hA p is a bounded quadratic with

f(O)=0so0 f=0, so hap unique.

(b) D ~ D' then hypr = hap + O(1) so ha pr satisfies (a), and
by uniqueness lA1A7D = lA7A,D/.

(C) hA,D+E = hA,D + hA,E + O(l) SO F’A,D + /A7A7E satisfies (a) for
D + E, and by uniqueness /A1A7D+E = /A1A7D + /A7A7E.

(d) Since ¢ is a translated homomorphism, the function
hapod—hap(d(0)) = hapo¢+ O(1), it is quadratic,
vanishes at O, so by uniqueness agrees with BB#,*D.
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Canonical heights on abelian varieties

Canonical height pairing

Define the canonical height pairing A(k) x A(k) — R by
[P, Q] = ha,py(P) for any Dq representing Q.

Theorem (Canonical height pairing)

@ This is bilinear, kernels are Atorsion and Ators,-o,,
o [P,Q]= hAXA’P(P, Q).

Consequence:

Theorem (Strong algebraic equivalence)

V//k variety over number field, D ample, E ~ 5 0. There is c such
that hV,E <c h\/yD(P) +1
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Canonical heights on abelian varieties

Proof of Strong algebraic equivalence, first steps

o Let A= Alb(V) with 7 : V — A. There is
Ey € Div(A), Ey ~,g 0, such that £ = 7*F;.

o If D; € Div(A) symmetric ample, then there is a € A such
that 1 = t:Dl —D;.

o For P € V(k) write @ = n(P).
hv g(P) = hv z+£,(P) = hag(Q) + O(1)
= hag(Q) + 0(1) = har:p,(Q) — hap,(Q) + O(1)
= ha0,(ta(Q)) — hap, (ta(0)) — hap, (Q) + O(1)
= hap,(Q+a) — hap,(a) — hap, (Q) + O(1)
=2(Aa)+ O(1) < 2\//A7A,01(Q)/A7A,Dl(3) + O(1)

by Caushy-Schwartz.
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Canonical heights on abelian varieties

Proof of Strong algebraic equivalence, conclusion

@ On the other hand

hap, (@) = hap,(7(P))
= BV,TF*DI(P)'

@ But cD — D; is an effective class since D ample, so
hy =<p,(P) < chy «p(P). Plugging in we get the result. &

v
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Canonical heights on abelian varieties

Proof of Canonical Height Pairing

@ Recall that for any ample symmetric divisor class D we have a
surjective homomorphism with torsion kernel
Ap:A— A P — Q:=[t}),D— DJ.

@ Mumford shows (id, \p)*P = m*D — n; D — 75D, so

/A’AxA,p((Pa Q)) = haxa, mp—rp—nzp((P, P"))

= hap(P+ P') — hap(P) = hap(P')=2(P,P')p

@ Hence EAXA,P((P7 Q)) is bilinear with kernels on both sides being

the torsion subgroups.
@ Also we had

ha,p(P+ P") — hap(P) — hap(P') = ﬁA,t;,D(P) — hap(P)
= i\’A,t;/DfD(P)

=hao(P)=[P.Qla &
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