The Fourth Dimension

Modern computer graphics shed new light
on our more familiar space

By Thomas Banchoff

limatologists pound a hollow

stake inte a dry Midwestern

lake bed and extract a record of
10,000 years of history. The new
insighes that enable them to extract
information {rom rhis record come
from onc of the
MOst  mysterious
parts of mathemat
ics, the geometry of
higher dimensions.
b e
nigues that make
this interaction pos-

sible come from
maodern computer
eraphics,

Each layer of soil
in the long, slender
core sample is like a
chapter in a boaok,
every chapter chron-
icling the passage of
vears. In place of
words, the climataol-
ogists read the rec
ord by
the fossilized grains
of pollen from an
cient  forests  or
fields of prairie grass. Knowing what
pollen predominated when and where
helps them understand whar the
weather was like 3,000, 5,000, or even
10,000 vears ago. The presence of
prairie grass pollen, for example, sug-
gests a warm, dry climate. Spruce
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pollen indicates a maoist, cooler cli-
mate. The climate history of a parricu-
lar location is completely given by two
numbers for cach observation, the
ratio of pollen concentrations for each
specific time.

Bur what if we want to know about
the climate history along an entire dry

river bed? It becomes necessary to
interpret not just one, but a sequence
of core samples, so now each observa-
tion s also described by a third
numher, representing the distance
along the river. To understand the
behavior of climate over an enore
region requires yet another coordi-
nate. An imaginative climatologist can
study the data poins, and try to
visnalize the relentless advance of the
trecline across the plains as the temper-
ature drops, and the re-emergence of
the prairic grass as more temperate
times return. This process involves
dealing with a dara set that is four-
dimensional, since each chservation is
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Fantasy becomes reality: Banchoff's research in the fourth dimen-
sion stems from his boyhood interest in science-fiction books.

determined by four coordinates: the
latitude and longitude of the sample,
and the pollen racio at each time {as
determined by the depth of the sam-
ple). To visualize such configurations
15 a challenge that stretches our imagi-
native powers, and fortunately we
now have compurer graphics ta apen
pur eyes to phenom
ena that truly come
from “The Fourth Ih
mension.”

Few phrases from
mathematics convey
as much sense of mys-
tery and fascination
as the fourth dimen-
sien. Almost a syno-
nym for the unfa-
thomable and incom-
prehensible, this elu-
sive concept has de-
fiedattemptstavisual-
ize it for well over a
hundred vears, Now
all that is changing,
indramatic and some
times
ways.

Madern graphics
computers reveal for
the first time photo-
graphic images of objects that could
never be built in our three-dimensional
universe, hecause their existence de-
pends on a fourth dimension thac is
physically inaccessible to us. How is it
that marhematicians are able o visual-
¢ things they have never seen? As
they investigate these higher-dimen-
sional realms, what new things are we
learning that shed new light on our
mare familiar space? Whar insights
can we expect in the future?

From ancient times, geometers and
philosophers have sought analogies to
help understand complicated ideas,
and often these involved interaction
among different dimensions of experi-
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ence. Plato intraduced the idea of
projection to describe ways in which
we have to deal with incomplete
lower-dimensional information. In his
“Allepory of the Cave,” he told abour
a race of people whose gaze was fixed
on a wall on which they could see the
shadows of objects passing behind
them. How imperfect their knowledge
af reality would be if the only images
they received were these two-dimen-
sional silhouvettes of solid phenomena.
In a similar way, Plato argued that the
solid forms we see in our ordinary
experience are only poor shadows of
the real ideas behind chem, and that
we have to train the mind to interpret
these projections if we are to rise to a
higher level of understanding,

In our day, we gaze at two-
dimensional images on relevision
screens and try to discern the solid
reality that produces the pictures, The
team of physicians studving a CAT
scan or the astronomers analyzing
photographs of Neptune are facing
some of the same problems that chal.
lenged Plaro’s cave dwellers when they
tried to interpret limited data. We only
see a finite number of planar projec-
tions, and we want to know the shape
that causes them. The breakthrough in
our ability to deal with such problems
is the high-speed interactive graphics
computer. The power it provides liter-

Creating the impossible, a computer ties a trefoil
knot, projected from four dimensions into three.

Teather Magazing

ally leads us into new dimensions,

My own experience with compurter
graphics is typical of thar of many
researchers —it just began a bit earlier,
[ had become fascinated with che idea
of the fourth
dimension as
a junior high
student  read-
ing science fic-
rion  comic
books. Alldur-
ing my educa-
tion, [ had fel
frustrated in
my atempts
to  wvisualize
four-dimen-
sional shapes. Then, 23
years ago, when [ came to
Brown University, 1T met
Charles Strauss, who had
constructed for his Ph.D.
project a marvelous com-
puter program that seemed
like an answer to my
dreams,

In rthese days of sophis-
ticared video games, no one
is surprised to see complex
shapes moving around on a
compurer screen as a resule
of the twist of a dial or a jovstick; but
rwo decades ago, it was a very exciting
phenomenon indeed. Strauss’s pro-
gram would take com
plicated  architectural
blueprints or designs
for machine tools and
display on the graphics
screen nat just the tradi-
tiomal front, top, and
side views, but any de-
sired view at all, [t was
fast enough to produce
many views, each
slightly  different from
the ather, that could be
shown one after an-
other, giving an ani-
mated cartoon impres-
sion of a tour around
the outside of a build-
ing that had not yet
been constructed. If the
view turned up some-
thing that didn't look
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quite right, it was possible to change
the parameters and try again, This
interactive design program had great
potential for architects and engineers,
who make their living in the three-
dimensional world, but it
also offered an excellent op-
portunity  for a  geometer
who wanted to see objects
from higher dimensions,
One of the most interest-
ing things aboutr computers
1s that they do not share the
dimensional prejudices of
human experience. A com-
puter really doesn’t know
which way is
up, unless we
tell it—and we
can tell it any-
thing we
choose. The
way we com-
municate with
compurers
about the loca-
tion of points
—sav, the cor-

DD MARGOLIS

Origami-like structures turm- ners  of  a
ing in six-dimensional space

cube—is 1o use
sets of num-
bers, giving
each location an “‘address™ like 3
house number on a streer map. But the
computer doesn't really know or care
whether we provide the address for a
point in three-dimensional space or
one in a dimension that deoesn’t exist in
our world,

To specify a point on a one
dimensional line, we need only one
number, To give an address for a poine
on a rwo-dimensional plane, we need a
pair of numbers—for example, the
latitude and longitude. We can very
simply describe a basic object like a
square by giving four pairs of numbers
(0, 0 (1, 0) {1, 1), and (0, 1). We can
then locare these points on the grid of a
blackboard or a graphics screen and
draw the lines connecting pairs, which
differ in just one coordinate—(Q, 1) to
i1, 01, for example, but not (0, 0) to
(1, 1. A person or a computer follow-
ing these instructions can reproduce
the two-dimensional square.

Three-dimensional objects require a
31



litrle more work, For each corner of a
cube, we require three coordinates,
something akin to latitude, longitude,
and depth. We
get cight points,
from (0, O, 0) to
i1, 1, 1) using all
combinations of
zeros and ones,
and once again
we can give the
instructions Lo
construct  the
framework of a
cube by connect-
ing corners with addresses thar differ
in just one coordinate. A model maker
could follow rhese instructions and
build a structure from sticks that could
then be photographed to give a projec-
tion of the cube onto a two-dimen-
sional plane. To get such a picture,
however, we do not have te go
through the work of the actual con-
struction. If someone shows us the
images of the three edges coming from
a single point, we can draw the
parallelograms that complete the fig-
ure, of We can instruct a computer
carry out the same task,

There are still challenges in interpret-
ing these figures and seeing them as
projections of a three-dimensional strue-
ture. For a complicated object, we
might need a large number of views
before feeling that we had seen enough
for our purposes. Just a few views
might suffice to orient us with respect
to the plan of an entrance way, but
many more might be required 1o
understand the structure of a compli-
cated maolecule. The three-dimensienal
information is stored in the computer,
and it is up o us to find ways of
retrieving it On a screen so we can
visualize it,

The surprising benefir of this exer-
cise n seeing information is that we
can use the same methods to deal with
structures that cannot be built, for
example, structures that require not
three but four or more numbers to give
the location of cach point. In precise
analogy with our description of the
square and the cube, we can define a
“hypercube” in four dimensions by
enumerating all quadruples of zeros
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and ones to get 16 corners, and we can
then use the same instruction as before
to connect two corners if their ad-
dresses differ in exactly one
coordinare, Bur how do we
see this ohject if it is impossi-
ble for us to build it? Actu-
ally, we don't. What we see
is a projection of the hyper-
cube. Fortunately, the mathe-
matics thar helps us draw
pictures of the cube makes it
possible to draw almost as
easily a collection of projec-
tions of the hypercube, Onece
we show the image of the four edges
emanating from a single corner, we, or
a computer, can complete the picture
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on a two-dimensional screen. By chang,
ing the positions of the edges slightly
we can obtain a whole sequence of
images which can then be interpreted
as the projections of a hypercube
rotating in four-dimensional space.

It takes a good deal of practice to see
what is happening with these images,
and that experience makes it possible
to visualize more complicated dara sets
that involve four coordinates for each
data point. It is this facilicy thar males
compurer graphics such a potent tech-
nigue for analyzing the high-dimen-
sional data sets of economics or biol-
ogy, where observations somenmes
include dozens of numbers detailing
characteristics of a neighborhood or

Below: A hypertorus stretches to infinity as it turns in the fourth
dimension. Left and right: Plotting the twists and turns of function graphs




an organism. The job of the researcher
15 to identify pacrerns and trends thar
can help in prediction and classifica-
tion, and the methods developed for
studying high-dimensional geometric
objects are a valuable tool in carrying
out this “explorarory data analysis.”
A wonderful thing about interactive
computer graphics was that we could
not only simulare a walking tour
around a building, bur we could also
enter into it to see its interior structure
in new ways. Within a year after cthe
start of our collaboration, Charles
Strauss and [ had produced our first
computer-graphics film, a rotating hy-
pertarus (a torus is a doughnut shape)
thar engulfed all of space as it turned in
the fourth dimension. We have come
back to those images again and again
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as our equipment has improved, but
nothing has ever matched the thrill of
seeing those wire-frame shapes mov-
ing through space for the first time.

Just as the photographs of Neptune's

moons will forever change our views
of that planet’s astronomy, the experi-
ence of seeing the projecrions of an
object rotating in four-dimensional
space totally altered the way we inter-
act with important geometric objects,

The study of projections is just one
of the important ways of dealing with
high-dimensional abjects.
Another technique, slicing,
has produced some of the
most significant insights, es-
pecially when angmented by
madern computer graphics.

The story of slicing began
1005 vears ago, when a busy
Victarian headmaster used
a dimensional analogy to
challenge his students to
cast off artificial limirarions
on their perspectives and to
open their minds to new
visions. Edwin Abbotr Ab-
bott wrote Flatland, in which he
invented a plane world where all of
existence was described in only two
dimensions, north-souch or east-west,
There was no notion of up or down—
a third direction perpendicular to the
first two. Like amochae floating an the
surface of a still pond, cthe inhabitants
of Flatland could sense only the edges
af their neighbors. Drawing a circle
around a treasure would be a sufficient
way of sealing it off from the rest of the
flat universe.

How mysterious it is when A Square
(Abbott Abbatt], the narrator of this
tale, is visited by a round ball, a being
from the higher and inconceivable
third dimension who can never be seen
all at once, but only as a changing
series of circular slices as its spherical
shape passes through the plane, From
its higher-dimensional vantage point,
the ball can see the contents of the
locked two-dimensional treasure chest,
and even see the inner organs of the
Flatlanders in the same way we can
obscrve the nucleus of an amoeba on a
microscope slide. We gain some empa-
thy with A Square as he struggles to

visualize phenomena in a dimension
that is beyond his abilities. We begin
to appreciate how difficult it would be
for us to come to terms with a visit
from a “hyperball.” plunging through
our universe from a direciion we
CANNaL even imagine, appearing in our
world as a growing and changing
series of three-dimensional slices.

Abbotr was a social and educational
reformer who used satire to nidicule
the shortsightedness of his contempo-
raries, especially with respect to the
low place of women
in Victorian society,
His little book has
become a classic. [t
15 a social allegory, a
challenging examina-
tion of ways of see-
ing and knowing
and communicating,
and a brilliant invi-
tation [0 contem-
plate the idea of
higher-dimensional
space.

Slicing a cube is a
more challenging exercise than slicing
a ball, precisely because in the case of a
cube the results depend on the direc-
tion of the slicing. If the slices are
parallel to one of the faces, we just ger
squares, If we slice corner first, perpen-
dicular to the long diagonal, then the
slice begins as a point, then becomes a
small triangle. Just hefore it disap-
pears, itis a point, and just before char,
another triangle. What do we ger
halfway through? Many people have
difficulty figuring out that the answer
is a hexagoen, although it becomes
perfectly apparent once we see the
picture. Such exercises in visualizing
three-dimensional shapes in terms of
their two-dimensional slicing se
quences are a necessary preliminary to
appreciating the three-dimensional slic-
ing sequences of a four-dimensional
hypercube. Fortunately, the computer
graphics programs are verv good at
fizuring out what the slices will be and
at displaying them on-screen. We can
finally accept the “Flarland" invitation
to explore the fourth and higher
dimensions,

Abbott’s masterpiece was written a
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full generation before Einstein’s theo-
ries brought out a different notion of a
fourth dimension. 5o successful was
this effore that many people today,
when they hear the words “fourth
dimension,” think immediately of
time. It is certainly true that, on some
occasions, time is a very valuable
fourch dimension. If we want to make
an appointment (o Meet someons in
Mew York, say on the corner of 3rd
Avenue and 4th Screer on the Sth floar,
then (3, 4, 5) would he a convenient
sharthand notation in a date book.
But we would miss the appointment
without a fourth number, the rime—
say 10 o'clock. The four coordinates
(3, 4, 5, 10) would then determine a
point in space-time. It is in this sense
thar physicists constructed the theory
of relativity, where each event had
four dimensions, three of space and
one of time. It is significant to note
that the physicists did not have to
invent the mathematics for relarivity—
it already existed as an abstract theory,
developed by geometers in the 19th
century in at least six different coun-
rries.

[n recent vears, physicists have been
studying spaces of
dimension even higher
than four, Some cur-
rent theories need 11
or 26 dimensions.
Again, it is fortunate
that the abstract mathe-
matics is in place
help in these investiga-
tions, and thar the
experience of visualiza-
tion in lower dimen-
SI0MS Can give some
insights about the struc-
ture in  situations
where we must rely
almaost entirely on for-
mal arguments.

It is undoubtedly
true that in some cases
time is g fourth dimen-
sion, but it is not the
fourth dimension. There are many
circumstances when we need four or
mare numbers to specily an observa-
tion, for example when a physician
records height, weight, blood pres-
34

sure, and cholesterol level, a sequence
of four coordinates thar tell some-
thing, not everything, to be sure, but
something about a particular patient

Take the brain, for example.

Magnetic resonance imaging, or
MRI, is a relatively new and sophisti-
carted technology that offers “snap-
shot" cross-secrion

or group of patients.
By visualizing pairs of
numbers on a diagram,
a researcher can iden
tifv trends or poten-
tially dangerous config-
urations. By observing
the variation of these
patterns, she can diag-
nose an ailment and
prescribe a treatment.
Looking ar three of
these numbers ac a
time, she can study a
richer class of relation-
ships, using the projec-
tion technigues de-
scribed above to ob-
tain insights into the

A computer
doesn’t know
which way is
up, unless we
tell it where to
look—and we
can tell it
anything we
choose.

views of any section
of the body, from a
variety of angles. As-
sume, for a mo-
ment, that one two-
dimensional view of
a patient’s brain
shows a cancerous
growth. Looking
down on the brain
from an imaginary
vantage  point
above the crown—
the so-called axial
view—the physi-
cian is afforded a
fairly informartive,
but still limited,

structure of this data

ser, But this collection of chree-
dimensional data points is still just a
three-dimensional “slice” of the four-
dimensicnal data ser, and the true
understanding of the whole complex
of information depends on assimilat-

Five interlocking cubes in a dodecahedron

ing the entire entity, Just as we can
slice the hypercube to reveal its many
different aspects, we can also make use
aof this technique as we slice our data
sets in different ways.

7]
=
@
=
£
=
2

view of the growth.
But suppose the physician wants to
monitar the growth, from top to
bortom, front to back, and side o
side—and to see it growing and chang-
ing in density, over time. Scientists are
srill ar work trying to translate the
surgeon’s data into reference poines on
the computer—with time as the fourth
dimension. Ultimately, we should be
able ta plot the course of a tumor as
the patient undergoes treatment and
visualize it from all angles. The MRI
gives the surgeon an immense amount
of data, but it only becomes informa-
tion when structured in a certain way.
These technigues are already pro-
ducing new results in collaborations at
Brown University in such diverse areas
as paleoclimatology, anthropology,
modern dance, and surrealist art. We
are using locally developed software in
graphics laboratories that enables stu-
dents to investigare geometric phenom-
ena in two, three, and higher dimen-
sions. We can even anticipate a time
when this kind of visualization tool
will be available in schools at all levels,
Our new access to the fourth and
higher dimensions provides stimuli for
all sorts of imaginations. It will con-
tinue to be an inexhaustible source of
challenge and inspiration in all areas
of visualization in the future. O
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