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Lebeau, d’avoir accepté ce lourd travail que de rapporter sur ma thèse, et aussi
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Son enseignement, son enthousiasme et sa confiance m’ont vraiment permis de
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Christophe, Daniel, Évelyne, Gabriel, Juliette, Katia, Loic, Mareike, Martin,
Martin, Matthieu et Sophie.

2



Problèmes bien posés et diffusion pour des
équations non linéaires dispersives d’ordre quatre

Résumé

On étudie l’existence en grand temps et la diffusion pour des équations
modèles non linéaires dispersives d’ordre quatre. D’une part l’équation des
ondes d’ordre quatre

∂2
t u+ ∆2u+mu = λ|u|p−1u,

et d’autre part l’équation de Schrödinger bi-harmonique

i∂tu+ ∆2u+ ε∆u = λ|u|p−1u.

Pour l’équation des ondes on démontre la validité de la conjecture de Levan-
dosky et Strauss selon laquelle, dans le cas sous-critique défocalisant, l’équation
diffuse en énergie arbitraire. Pour l’équation de Schrödinger bi-harmonique on
démontre dans le cas défocalisant critique radial l’existence en grand temps et
la diffusion pour des données arbitrairement grandes en énergie. Dans le cas
L2-critique on obtient un profil asymptotique. Enfin dans le cas de la cubique
défocalisante, pour des données non nécessairement radiales, on démontre que
l’équation est bien posée dès lors que n ≤ 8, qu’elle diffuse dans l’intervalle
5 ≤ n ≤ 8, et enfin qu’elle est mal posée lorsque n ≥ 9.
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The thesis here consists of a compilation of two published papers, Pausader
[51] published in the Journal of differential equations (editor W. Strauss) and
Pausader [52] published in Dynamics of partial differential equations (editor
T.Tao), and of three preprints submitted for publication Pausader [53], Pausader
[54], and Pausader and Strauss [55].

The general topic of the works we present consists in the study of local and
global behavior of solutions to nonlinear dispersive partial differential equations
in the case of high dispersion, and most notably on scattering results in the
defocusing case. We focus on two equations: the nonlinear beam equation, or
fourth-order wave equation,

∂2
t u+ ∆2u+mu = λ|u|p−1u,

where m > 0, and the biharmonic Schrödinger equation, or fourth-order Schrö-
dinger equation,

i∂tu+ ∆2u+ ε∆u = λ|u|p−1u,

where ε ∈ {±1, 0}. In both cases the unknown is a function u : R × Rn → R,
or C. The high dispersive feature of these equations are best seen in frequency
space (i.e. using the Fourier transform), while the nonlinearity, especially if p
is not an integer, is best understood in x-space. The study of these nonlinear
equations demands that one takes into account both aspects simultaneously, and
harmonic analysis naturally comes into play. In order to explain our results, we
first discuss the nonlinear beam equation, and then the biharmonic Schrödinger
equation. In the following, we have chosen to highlight one result for each article.
For each theorem we refer to the corresponding article and the corresponding
chapter in the thesis.

1.1 The nonlinear beam equation

First, we study the nonlinear beam equation, or fourth-order wave equation,
which is written as follows:

∂2
t u+ ∆2u+mu = λ|u|p−1u, (1.1.1)

where 1 < p < +∞ if the dimension n is smaller than 4, and 1 < p ≤ 2] − 1
otherwise, where 2] = 2n/(n − 4). As a remark, 2] is critical for H2 from the
viewpoint of Sobolev embeddings. We say the equation is focusing when λ > 0
and defocusing when λ < 0. Equation (1.1.1) appears in different physical set-
tings. It is involved in the study of plate and beams, see, e.g. Love [45], but
it was also used as a model for the study of interaction of water waves, see
Bretherton [7], and more recently in the study of the motion of a suspension
bridge, see Lazer and McKenna [35] and McKenna and Walter [46, 47]. We also
refer to the book by Peletier and Troy [56] for other references. This equation
was intensively studied by Levandosky [39, 40] who proved local wellposedness
in the subcritical case, and studied existence and stability of travelling waves
and standing waves. Later on, Levandosky and Strauss [41] derived a Morawetz
estimate and proposed a conjecture about the asymptotic behavior of solutions.
Other possible references on the local well-posedness and scattering study of this
equation are Cui and Guo [17], Lin [42] and Miao [49]. In another direction,
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we point out that control for the linear plate equation has been widely inves-
tigated. Possible references are Burq [8], Fu, Zhang, and Zuazua [16], Haraux
[22], Jaffard [24], Lebeau [36, 37], Lions [44], Zhang [70], and Zuazua [71].

The beam equation enjoys several conservation laws and integral estimates
which are of great importance in the study of global-in-time issues. On the
other hand, it does not satisfy finite speed propagation. The most important
conservation law enjoyed by the equation is the conservation of energy, namely

E(u, ut) =
∫

Rn

(
|ut|2 + |∆u|2 +m|u|2

2
− λ|u|p+1

p+ 1

)
dx,

which, in case λ < 0, gives a global bound on the H2 norm. Other conservation
laws are the conservation of momentum, and conservation of charge for complex-
valued solutions. Another very important a priori estimate is the Morawetz
estimate, see (1.1.2) below. In order to exploit these laws, we work at the general
level of strong H2 solutions, that is solutions u ∈ C(H2) ∩ C1(L2) ∩ C2(H−2)
that satisfy (1.1.1) in H−2. The formal structure of this equation is quite
close to the structure of the Klein-Gordon equation, and this allows one to
deduce various analogues of second-order theorems. For example, any initial
data with negative energy will lead to a solution that blows up in finite time.
As a rule of thumb, any result on the Klein-Gordon equation that does not
rely on the dispersive properties of the equation (most notably the finite speed
propagation), or on the conformal invariance properties, remains true for (1.1.1).
However, the dispersive behavior of (1.1.1) is much different from the one of the
wave equation. This equation enjoys a “generic” dispersion with decay of the
homogeneous linear solution in L∞-norm like t−

n
2 as predicted by standard

stationary phase in the high frequency case (|ξ| ≥ 1), and a higher “fourth-
order” dispersion mode in the low frequency case (|ξ| ≤ 1). We refer to the
next section for a more precise description of the “fourth-order” dispersion.
For small time, the contribution of the low frequencies can be ignored, and
using the Schrödinger structure of the highest order part of (1.1.1) given by the
decomposition

∂2
t + ∆2 = (∂t + i∆)(∂t − i∆),

one can obtain good local-in-time space-time bounds on the solution and prove
local well posedness for this equation. Our main focus, however lies in the
analysis of the global behavior of solutions for equation (1.1.1).

While the local properties above are based solely on basic conservation laws
and a rough dispersive study, to address the global questions one needs a bet-
ter understanding both of the formal structure to derive more subtle a priori
estimates and of the dispersive structure of the equation.

On what concerns the question of global behavior of solutions, Levandosky
[40] proved scattering for initial data with small H2×L2-norm when p ≥ 1+8/n
if n ≤ 4, and 1 + 8/n ≤ p < 1 + 8/(n− 4) otherwise. Besides, Levandosky and
Strauss showed the following a priori Morawetz estimates∫

R

∫
Rn

|u(t, x)|p+1

|x|
dxdt . sup

t
‖ut(t)‖L2‖∇u(t)‖L2 (1.1.2)

for u a solution of (1.1.1), when λ < 0 and n ≥ 5. This was an important hint
for suspecting scattering in case n ≥ 5 and 1 + 8/n < p < 2] − 1. This led
Levandosky and Strauss to propose the following conjecture.
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Conjecture 1 (LS conjecture). Scattering holds true in the energy space for the
defocusing beam equation (1.1.1) when n ≥ 5 and 1 + 8/n < p < 1 + 8/(n− 4).

Scattering for a nonlinear dispersive equation means that every nonlinear so-
lution approaches a linear solution as time goes to infinity, and that the pairing
nonlinear solution/asymptotic behavior (i.e associated linear solution) is bijec-
tive. This gives a neat description of the behavior of the nonlinear solutions,
since in particular, they all decay to 0 in many norms. This also allows one
to define the scattering operator which maps a behavior at time −∞ (solution
before self-interaction) to the behavior at +∞ (solution after the process of
self-interaction). As a remark, Levandosky and Strauss also conjectured that
scattering holds true when n ≤ 4 and 1 + 8

n < p.

The exponent 1+8/n can be seen as the L2-critical exponent and 1+8/(n−4)
is the Ḣ2-critical exponent. For small data, see Levandosky [40], scattering holds
true in the whole range 1 + 8/n ≤ p ≤ 1 + 8/(n− 4). In the focusing case, see
Pausader [51], it can be proved that scattering does not hold true even for very
small energies when p < 1 + 8/n. Needless to say, because of the existence
of ground states, scattering does not hold true in general in the focusing case
for arbitrary energies. In Pausader [51] we prove that scattering holds in the
defocusing case λ < 0, in the natural range 1 + 8/n < p < 2] − 1. In particular,
we prove that Conjecture 1 is true. The main result of Pausader [51] states as
follows:

Theorem 1 ([51], Chapter 2). Let n ≥ 5, 1 + 8/n < p < 1 + 8/(n − 4), and
λ < 0. For any (u0, u1) ∈ H2 ×L2, there exists a unique globally defined strong
solution u of (1.1.1) such that (u(0), ∂tu(0)) = (u0, u1). Besides, there exists a
unique solution v ∈ C(H2) ∩ C1(L2) of the linear equation (1.1.1) with λ = 0
such that

‖u(t)− v(t)‖H2 + ‖∂tu(t)− ∂tv(t)‖L2 → 0 (1.1.3)

as t→ +∞. In particular, Conjecture 1 holds true.

As already mentioned, scattering cannot hold for all solutions in the focusing
case. Below is a short explanation of how the proof in Pausader [51] goes. The
first step is to obtain good global bounds on space-time integrals, i.e. Strichartz-
type estimates for solutions of the linear equation. To achieve this, we need to
take into account the fourth-order dispersion at the 0-frequency mode. The
second step is to overcome the lack of local stability of the solution which was
derived in the second-order dispersive case either from the conservation of the
mass for the Schrödinger equation, or from the finite speed propagation for the
wave equation. This is achieved in two steps. First, following a strategy initiated
by Tao [63], we prove that global solutions remain almost bounded in frequency.
Then, we use this to prove that nonlinear solutions satisfy an almost finite speed
propagation principle which forces them to essentially live in large cones. The
final step is to use the a priori estimate given by Levandosky and Strauss [41]
to obtain decay for the nonlinear solution, in the spirit of Lin and Strauss [43],
and then use again the linear decay to upgrade this and prove scattering.

Once scattering has been proved for the beam equation, one can define the
scattering operator S as follows: let (u−0 , u

−
1 ) ∈ H2 × L2, and let v− be the

linear solution of (1.1.1) with initial data (v−(0), ∂tv−(0)) = (u−0 , u
−
1 ). Then
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there exists a unique nonlinear solution u of (1.1.1) such that (1.1.3) holds for
v = v− as t → −∞. Besides, by the above theorem, there exists v, a linear
solution of (1.1.1) with λ = 0 such that (1.1.3) holds true. The scattering
operator is defined by

S(u−0 , u
−
1 ) = (v(0), ∂tv(0)). (1.1.4)

It is shown in Pausader [51] that for fixed m,λ < 0, S is a homeomorhism of
H2 ×L2 when n ≥ 5 and 1 + 8/n < p < 1 + 8/(n− 4). For general background
on scattering, we refer to Strauss [61]. A natural question is then to study in
depth the scattering operator. This is the purpose of Pausader and Strauss [55]
which was written in collaboration with Walter Strauss. In this short paper we
prove with a very direct argument that the scattering operator is as smooth as
the nonlinearity allows. We also investigate its dependency with respect to the
parameters, and prove that different choices of λ, p lead to different scattering
operators. Finally, we discuss situations in which scattering cannot hold. The
main result of Pausader and Strauss [55] is the following.

Theorem 2 ([55], Chapter 3). Let n ≥ 5, λ < 0 and 1+8/n < p < 1+8/(n−4).
Then S as defined in (1.1.4) is Cp−1,1 if p is an even integer, and analytic if p
is an odd integer.

Concerning nonexistence, we prove in Pausader and Strauss [55] that if the
nonlinearity is not sufficiently flat around 0, namely, if 1 < p < 1 + 2/n and
n ≥ 2, then there exist finite energy linear solutions which cannot be approxi-
mated by nonlinear solutions. In particular, the scattering operator cannot be
defined in the whole energy space. We refer to Baez and Zhou [1], Glassey [18],
Kumlin [34] and Morawetz and Strauss [50] for previous results in this direc-
tion established for the wave and Klein-Gordon equations, and to Carles and
Gallagher [10] for related results independently obtained.

1.2 The nonlinear Biharmonic Schrödinger equa-
tion

Fourth-order Schrödinger equations have been introduced by Karpman [25, 26]
and Karpman and Shagalov [27] to take into account the role of small fourth-
order dispersion terms in the propagation of intense laser beams in a bulk
medium with Kerr nonlinearity. Sharp dispersive estimates for the biharmonic
Schrödinger operator we consider, namely for the linear group associated to
i∂t + ∆2 + ε∆, have recently been obtained in Ben-Artzi, Koch, and Saut [4],
while specific nonlinear fourth-order Schrödinger equations have been recently
discussed in Fibich, Ilan, and Papanicolaou [14], Guo and Wang [19], Hao, Hsiao,
and Wang [20, 21], and Segata [60]. Fibich, Ilan and Papanicolaou [14] describe
various properties of the equations in the subcritical regime, with part of their
analysis relying on very interesting numerical developments. Guo and Wang [19]
prove global well-posedness and scattering in Hs for small data. Hao, Hsiao and
Wang [20, 21] discuss the Cauchy problem in a high-regularity setting. Segata
[60] proves scattering in case the space dimension is one. Related equations
also appeared in Fibich, Ilan, and Schochet [15], Huo and Jia [23], and Segata
[58, 59].
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Here again, we only consider the model case of the fourth order Schrödinger
equation, namely

i∂tu+ ∆2u+ ε∆u = λ|u|p−1u, (1.2.1)

where ε ∈ {±1, 0}, λ < 0, 1 ≤ p < +∞ if the dimension n is smaller than
4, and 1 ≤ p ≤ 2] − 1 otherwise. Equation (1.2.1) looks formally close to
the Schrödinger equation, and shares the important property of having two
conserved quantities at different regularity level. It has conserved mass

M(u(t)) =
∫

Rn
|u(t, x)|2dx = M(u(0)), (1.2.2)

as well as conserved energy

E(u(t)) =
∫

Rn

(
|∆u(t, x)|2 − ε|∇u(t, x)|2

2
− λ|u(t, x)|p+1

p+ 1

)
dx = E(u(0)).

(1.2.3)
In order to exploit at best these two conservation laws, we work with strong
H2 solutions, that are functions u ∈ C(H2) ∩ C1(H−2) that satisfy (1.2.1) in
H−2. The conservations laws (1.2.2) and (1.2.3) allow, as in Fibich, Ilan and
Papanicolaou [14], to prove global well-posedness in case n ≤ 3 and p < 1+8/n.

As for the dispersion properties, we remark that equation (1.2.1) exhibits a
fundamental fourth-order dispersion (pure fourth-order dispersion if ε = 0, com-
bined fourth-order and second order dispersion if ε < 0, and competing fourth
order and second order dispersion when ε > 0). The fourth-order dispersion
scaling property leads to the heuristic that solutions of the free homogeneous
equation (equation (1.2.1) with ε = 0 and λ = 0) have their L∞ norm which
decays like t−

n
4 . However, the situation is not so transparent. In fact, all fre-

quency parts of the function have their L∞-norm that decays much faster, like
t−

n
2 , but at a rate which depends on the frequency, so that uniformly, the rate

of decay t−
n
4 is the best possible, but it is not optimal when the solution is

localized in frequency. This subtelty leads to various differences between the
dispersion behaviors of the Schrödinger equation and of (1.2.1).

The local subcritical theory for (1.2.1) is an easy consequence of the disper-
sive estimates in Ben-Artzi, Koch and Saut [4], of the Strichartz-type estimates
derived from Keel and Tao [28] and of compactness arguments derived for the
Schrödinger equation. In contrast the local theory for the critical equation
(1.2.1) in case p = 2] − 1 is slightly more subtle. Indeed, to obtain H2-level
space-time bounds for equation (1.2.1), one should derive the equation twice,
and if one wants to prove some uniform continuity of the solution flow at the
H2-level, one should derive a third time. However, for high dimensions, the
nonlinearity is not even C1,1. To overcome this, in Pausader [52], it was shown
that equation (1.2.1) has the surprising property of regularizing the data in
Lp spaces, p 6= 2. Note that the linear flow of (1.2.1) is an isometry on any
Hs space, and therefore cannot give any regularization on these spaces. This
regularizing property is in sharp contrast with the second order Schrödinger
equation, since it would violate Galilean invariance. In order to obtain uniform
continuity of the solution flow, this regularizing effect is not even sufficient, and
one needs to work with exotic norms to first bound a weaker scale invariant
space time norm, and then upgrade this to a bound on the difference of the
solutions.
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The problem of local well posedness settled, one can now address the question
of the global behavior. We investigate that problem in the defocusing case. In
this case, global existence in the subcritical case 1 < p < 2] − 1 is provided by
the conservation of energy. Besides, one can derive an analogue of the Morawetz
estimate, namely, when ε ≤ 0, there holds that∫

R

∫
Rn

|u(t, x)|p+1

|x|
dtdx . sup

t
‖u(t)‖2

Ḣ
1
2

(1.2.4)

for all solutions u of (1.2.1) when n ≥ 5. One can use (1.2.4) together with the
exact conservation of the L2 mass (1.2.2), to prove that in dimensions n ≥ 5,
for 1 + 8/n < p < 2] − 1, scattering holds for (1.2.1) when ε ≤ 0. This is the
analogous result of the scattering statement of the beam equation. The proof,
however is much simpler, due to the L2 conservation law.

However, in the Ḣ2-critical case, where p = 2]−1, even global well posedness
does not follow from the local theory and the conservation laws. A way to get
global well posedness, together with scattering, is to prove that a suitable scale-
invariant space-time norm is finite. In Pausader [52] we prove that there is
such a norm and such a bound in the radially symmetrical case, globally when
ε ≤ 0, and locally when ε = 1. That the two cases ε ≤ 0 and ε > 0 give rise to
distinct behaviors was alreay noticed in Karpman [25]. This also corresponds
to different decay rates of the fundamental solution, see Ben-Artzi, Koch and
Saut [2]. More precisely, we prove the following in Pausader [52]:

Theorem 3 ([52], Chapter 4). Let n ≥ 5, λ < 0 and p = 1 + 8/(n − 4). For
any radially symmetrical element u0 ∈ H2, there exists a unique global strong
solution u of (1.2.1) such that u(0) = u0. Besides we have that

‖u‖
L

2(n+4)
n−4 (R1+n)

.E(u0) 1

when ε ≤ 0. Moreover, the solution scatters.

Here is a brief explanation of the proof. To work in the critical setting
requires to manipulate only scale invariant quantities, therefore, all estimates
which do not scale like the Ḣ2-norm, as the mass (1.2.2) and the Morawetz
estimate (1.2.4) should be useless. However, estimates that scale like a subcrit-
ical norm Ḣs with s < 2, can be replaced by localized versions which are often
weaker, but nevertheless allow some additional control on solutions. This leads
to localized mass conservation laws and localized Morawetz estimates. Follow-
ing a strategy initiated by Bourgain [5], and developed by Tao [62], we cut the
maximal time of existence of a solution into “elementary events”, use harmonic
analysis technique to isolate a concentration of the solution in space-time on
each such “event”, and then use the localized conservation laws to get combi-
natoric laws on the organization of these “elementary events”, and eventually
bound their number.

Now, we discuss our result in Pausader [53] about the homogeneous L2-
critical case. The homogeneous L2-critical fourth-order Schrödinger equation is
written as

i∂tu+ ∆2u = λ|u| 8nu, (1.2.5)
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where λ ∈ R. The equation involves the borderline exponent p = 1 + 8/n in
the scattering range, and is thought of to be more difficult, partly because the
remaining a priori bounds, energy conservation (1.2.3) and Morawetz estimates
(1.2.4) now correspond to supercritical norms Ḣs, s > 0. Note that even in
the model case of Schrödinger equation, the scattering problem for the corre-
sponding L2-problem is not yet completely settled. In Pausader [53] we study
the lack of compactness for equation (1.2.5). We give a structure theorem for
bounded sequences of solutions. This structure theorem reduces the problem
of establishing scattering to proving the nonexistence of certain solutions with
very specific behavior. Previous work concerning the lack of compactness of the
Strichartz estimates and its consequences can be found in Bahouri and Gerard
[2] and Kenig and Merle [30] for the wave equation, Keraani [32] and Kenig and
Merle [29] for the energy-critical Schrödinger equation, and Begout and Vargas
[3], Bourgain [6], Carles and Keraani [11], Keraani [31], Killip Tao and Visan
[33], Merle and Vega [48] and Tao, Visan and Zhang [64, 65] for the L2-critical
Schrödinger equation. The advantage to carry over this study at the L2-level
is that it can then be used for any higher regularity level Ḣs, s ≥ 0, with only
minor additional work. Our main result in the defocusing case states as follows:

Theorem 4 ([53], Chapter 5). There exists E = E(n) > 0 such that a bubble
tree decomposition for (1.2.5) holds true for all sequences of solutions of mass
less than E. Moreover, if E < +∞, then there exists a solution u of (1.2.1)
such that M(u) = E and

‖u‖
L

2(n+4)
n (I×Rn)

=∞,

where I is the maximal interval of existence of u. This solution satisfies that
there exist two functions h and x such that the set

K = {h(t)
n
2 u(t, h(t)(· − x(t))) : t ∈ I}

is precompact in L2. Besides, we can suppose that one of the three following
scenarios holds true: (soliton-like solution) there holds I = R and h(t) = 1 for
all t; (double high-to-low cascade) there holds I = R, lim supt→±∞ h(t) = +∞,
and h(t) ≥ 1 for all t; (self-similar solution) there holds I = (0,+∞) and
h(t) = t

1
4 for all t.

In our last work Pausader [54] we show, in case n = 8 and p = 3, which
corresponds to the energy-critical nonlinearity p = 2]−1 in this dimension, how
we can go beyond the radial restriction in Pausader [52] for the energy-critical
equation. Here the viewpoint differs from the one in the two preceding sections.
We fix the nonlinearity and study the behavior of the solution when the equation
becomes subcritical, critical and supercritical. More precisely, we consider in
Pausader [54] the cubic homogeneous fourth-order Schrödinger equation

i∂tu+ ∆2u+ |u|2u = 0 (1.2.6)

in arbitrary space dimension n. As already noticed, the equation is globally
wellposed when n ≤ 7 (Ḣ2-subcritical regime) and scatters when n = 5, 6, 7
(L2-supercritical regime). In Pausader [54] we prove that when n ≥ 9 (H2-
supercritical regime), local wellposedness does not hold and that, in the re-
maining case n = 8 (Ḣ2-critical regime), global wellposedness and scattering
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hold true in full generality in H2 i.e. without any radial symmetry assumption.
Our main result states as follows:

Theorem 5 ([54], Chapter 6). In dimensions n ≤ 8, the fourth order Schrödinger
equation (1.2.6) is globally wellposed in H2, and for any t, the mapping u(0) 7→
u(t), from H2 into H2, is analytic. Besides scattering holds true when 5 ≤ n ≤
8, and the scattering operator is analytic. When n ≥ 9, the mapping u(0) 7→ u(t)
cannot be continuous from H2 into H2 for any t.

In order to prove the failure of local wellposedness, following Christ, Col-
liander and Tao [12], we use an analysis of the low-dispersion regime. Other
references on stronger ill-posedness results for wave and Schrödinger equations
are in Lebeau [38], Burq, Gerard and Tzvetkov [9] and Thomann [66, 67, 68].
In what follows, we give a brief description of the proof of the global in time
results in the case n = 8. We proceed by contradiction and assume that global
wellposedness fails. The first step, as in Kenig and Merle [29] is to use the
description of the loss of compactness in the Strichartz estimates as carried over
in Pausader [53] to prove the existence of some special solution that remain
(after translation and dilation) in a compact subset of Ḣ2. Besides, as in Killip
Tao and Visan [33], we show that we can suppose that this solution behaves
as in one of three different scenarios. The remaining part is to exclude these
scenarios. In case there is a prescribed blow-up, we run rather easily into a con-
tradiction. However, if the solution is global, we have to use frequency localized
interaction Morawetz estimates as was done in the analysis of the energy criti-
cal Schrödinger equation by Colliander, Keel, Staffilani, Takaoka and Tao [13],
Ryckman and Visan [57] and Visan [69]. Note that this estimate is no longer
an a priori estimate, and is proved by a delicate bootstrap argument. Then, in
order to exclude the last scenario, we prove gain of regularity for these special
solutions, namely that they are in H2 instead of being only in Ḣ2.
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Chapter 2

The Levandosky-Strauss
Conjecture

Abstract

We investigate scattering theory in the energy space for fourth-order
nonlinear defocusing wave equations and prove the Levandosky-Strauss
conjecture stating that scattering holds true for such equations and arbi-
trary initial data.

Article published in the Journal of differential equations as “Scattering and the
Levandosky-Strauss conjecture for fourth order nonlinear wave equations”, J.
of Diff. Equ., 241 (2), (2007), 237–278.
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There has been an increasing activity in recent years on models involving
nonlinear fourth-order partial differential equations. We investigate in the sequel
scattering theory for nonlinear wave equations of fourth order in Rn, n ≥ 1. The
fourth order nonlinear wave equation we discuss in this paper is often referred to
in the mathematics and physics literature as the nonlinear beam equation but
also, see, for instance, the book by Peletier and Troy [28], as the Bretherton’s
equation. It is written as

∂2u

∂t2
+ ∆2u+mu = λ|u|p−1u, (2.0.1)

where m > 0 is a positive real number, ∆ = div∇ is the classical Laplace
operator, and λ ∈ R, λ 6= 0. The equation is said to be defocusing when
λ < 0 and focusing when λ > 0. At a first glance, (2.0.1) is a formal fourth-
order extension of the classical Klein-Gordon equation, but it also inherits a
Schrödinger structure because of the decomposition ∂2

t + ∆2 = (∂t + i∆)(∂t −
i∆). However, it can be noted that the equation satisfies neither finite speed
propagation nor mass conservation, and this turns out to be a painful source
of difficulties. The original Bretherton equation, written down for n = 1 by
Bretherton [5], arose in the study of weak interactions of dispersive waves. A
similar equation for n = 2 was proposed in Love [23] for the motion of a clamped
plate. The equation was discussed in Levine [20]. Recent developments on
(2.0.1) were established by Levandosky [17, 18], and Levandosky and Strauss
[19]. We also refer to Berger and Milewski [2], Berloff and Howard [3], Holm
and Lynch [11], Lazer and McKenna [16], Lin [21], and McKenna and Walter
[24, 25] for closely related references.

As already mentioned, we are concerned in this paper with scattering theory
for the fourth order wave equation (2.0.1). A rough definition of scattering is
that solutions of the equation can be approximated by solutions of a model
equation, in our case the linear equation, when time becomes infinite. A more
precise definition is in Section 2.1. Abstract scattering theory, in the semigroup
setting, was developed in Strauss [29, 30]. In what follows we let H2 be the
Sobolev space of functions in L2 with two derivatives in L2. Also we let 2] be
given by

2] = +∞ if n ≤ 4 and 2] =
2n
n− 4

if n ≥ 5 .

As is well known, 2] is the critical exponent for the embedding of H2 into
Lebesgue’s spaces when n ≥ 5. Scattering for low energy initial data, arbitrary
λ, and when 1+ 8

n ≤ p < 2]−1 was established by Levandosky [18]. Levandosky
and Strauss [19] then conjectured that scattering should also hold true for such
p and arbitrary initial data in the defocusing case. We prove the Levandosky-
Strauss conjecture when n ≥ 5.

Our paper is organized as follows. We state our result in Section 2.1 and
fix notations in Section 2.2. We prove local and global Strichartz estimates in
Section 2.3. While local Strichartz estimates can be obtained by exploiting the
sole Schrödinger structure of the equation, we get the global estimates by using
recent advances in Levandosky [18] and material about oscillatory integrals in
Kenig, Ponce and Vega [15]. A general scattering criterion, in the spirit of the
one in Tao and Visan [33], is developed in Section 2.4. Frequency localization
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is proved in Section 2.5. What we refer to as almost finite speed propagation is
established in Section 2.6. At last we prove the Levandosky-Strauss conjecture
in Section 2.7 by using the material in the preceeding sections and a Morawetz
type estimate established in Levandosky and Strauss [19].

2.1 Statement of the result

We let E = H2(Rn)× L2(Rn) be the energy space associated with (2.0.1), and
for I an interval, we let

EI = C(I,H2) ∩ C1(I, L2) ∩ C2(I,H−2). (2.1.1)

We say that u is a solution in I of the nonlinear fourth order equation (2.0.1) if
u ∈ EI and u solves (2.0.1) in H−2. The linear equation associated to (2.0.1) is
written as

∂2u

∂t2
+ ∆2u+mu = 0. (2.1.2)

Let (u0, u1) ∈ E . Then there exists a unique solution ω ∈ ER of (2.1.2) with
Cauchy data (u0, u1). We let E0 be the linear energy associated with the linear
equation (2.1.2), and E be the energy associated with the nonlinear equation
(2.0.1). For (u, v) ∈ E we then have that

E0(u, v) =
1
2

∫
Rn

(
v2 + (∆u)2 +mu2

)
dx , and

E(u, v) =
1
2

∫
Rn

(
v2 + (∆u)2 +mu2

)
dx− λ

p+ 1

∫
Rn
|u|p+1dx.

(2.1.3)

We equip E with the scalar product whose polar form is E0. This gives the
usual Hilbert structure on E . In what follows we say that there is scattering in
forward time for (u0, u1) if the two following conditions hold true:

(i) the solution u of (2.0.1) with Cauchy data (u0, u1) is defined on the whole
of R+, and

(ii) there exists a unique couple (u+
0 , u

+
1 ) ∈ E such that

‖(u(t), ut(t))− (ω(t), ωt(t))‖E → 0 (2.1.4)

as t→ +∞, where ω(t) is the solution of the linear equation with Cauchy
data (u+

0 , u
+
1 ).

In the sequel we refer to (u+
0 , u

+
1 ) as the scattering pair associated to (u0, u1).

Given a set F ⊂ E such that scattering in forward time holds true for any initial
data in F, we define the wave operator W+ : F→ E by

W+(u0, u1) = (u+
0 , u

+
1 ), (2.1.5)

where (u+
0 , u

+
1 ) is such that (2.1.4) holds. Note that W+ is often referred to in

the mathematical literature as W−1
+ . Similarly, we say that there is scattering

in backward time for (u0, u1) if there is scattering in forward time for (u0,−u1).
At last, we refer to scattering without any specificity when scattering holds
true both in backward and forward time. The main result of this paper is con-
cerned with the Levandosky-Strauss conjecture [19]. As already mentioned, the
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Levandosky-Strauss conjecture asserts that scattering holds true when (2.0.1) is
defocusing, in other words when λ < 0 in (2.0.1), and when 1 + 8

n < p < 2]− 1.
We prove the conjecture when n ≥ 5.

Theorem 6. Let n ≥ 5, λ < 0, and 1 + 8
n < p < 2] − 1. Scattering for

(2.0.1) holds true for any initial data (u, v) ∈ E, and W+ in (2.1.5) realizes
an homeomorphism from FR onto BR for all R > 0, where FR consists of the
(u, v) ∈ E such that E(u, v) ≤ R, and BR consists of the (u, v) ∈ E such that
E0(u, v) ≤ R.

The rest of the paper is devoted to the proof of the above theorem. We
roughly follow the approach developed by Lin and Strauss [22] for the Schrö-
dinger equation. However, a major difficulty with (2.0.1) is that it does not
satisfy mass conservation. It neither satisfies finite speed propagation. Fi-
nite speed propagation is traditionally used to prove scattering for the nonlin-
ear Klein-Gordon equation as, for instance, in Brenner [4], and Morawetz and
Strauss [27]. We overcome the difficulty by using recent ideas of Tao [31] about
frequency localization. A brief sketch of the proof is as follows. We prove local
and global in time Strichartz estimates in Section 2.3. We prove in Section
2.4 that, as one would have expected, strong decay implies scattering. A key
point we establish in Sections 2.5 and 2.6 is that, in the subcritical case, (2.0.1)
satisfies almost finite speed propagation. We prove in Section 2.7 that almost
finite speed propagation, combined with the Morawetz type estimates in Levan-
dosky and Strauss [19], provides strong decay of the solutions. Then it remains
to remember that, as already mentioned, strong decay of the solutions implies
scattering.

2.2 Notations

We introduce notations we use in the sequel. Given (u0, u1) ∈ E , there exists
a unique solution u ∈ ER of (2.1.2) such that (u(0), ut(0)) = (u0, u1). We
define W(t) by (u(t), ut(t)) = W(t)(u0, u1) for all t. In other words, W(t) is
the isometry semigroup associated to the skew-adjoint operator (D(A), A) with
D(A) = H4 × H2 ⊂ E , A(u, v) = (v,−∆2u −mu). We let π1 : E → H2 and
π2 : E → L2 be the first and second projections. We let also Ff = f̂ be the
Fourier transform of f given by

f̂(ξ) =
1

(2π)
n
2

∫
Rn
f(y)ei〈y,ξ〉dy (2.2.1)

for all ξ ∈ Rn. Let ψ ∈ C∞c (Rn) be supported in the ball B0(2) such that ψ = 1
in B0(1), and 0 ≤ ψ ≤ 1. For any dyadic number N = 2k, k ∈ Z, we define the
following Littlewood-Paley operators:

P̂≤Nf(ξ) = ψ(ξ/N)f̂(ξ)

P̂>Nf(ξ) = (1− ψ(ξ/N))f̂(ξ)

P̂Nf(ξ) = (ψ(ξ/N)− ψ(2ξ/N)) f̂(ξ)

(2.2.2)

Similarly we define P<N and P≥N by the equations P<N = P≤N − PN and
P≥N = P>N + PN . We adopt the convention that these operators act on cou-
ples of functions by P≤N (u, v) = (P≤Nu, P≤Nv), and similarly for the other
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operators P>N , PN , P<N , and P≥N . These operators commute one with an-
other. They also commute with derivative operators and with the semigroup
W(t). In addition they are self-adjoint and bounded on Lp for all 1 ≤ p ≤ ∞.
Moreover, they enjoy the following Bernstein properties:

(i) ‖P≥Nf‖Lp ≤ CN−s‖|∇|sP≥Nf‖Lp ≤ CN−s‖|∇|sf‖Lp
(ii) ‖|∇|sP≤Nf‖Lp ≤ CNs‖P≤Nf‖Lp ≤ CNs‖f‖Lp
(iii) ‖|∇|±sPNf‖Lp ≤ CN±s‖PNf‖Lp ≤ CN±s‖f‖Lp

(2.2.3)

for all s ≥ 0, and all 1 ≤ p ≤ ∞, where |∇|s is the classical fractional differen-
tiation operator, and C > 0 is independent of f , N , and p. When N = 1, these
estimates follow from straightforward computations on the convolution kernels
of the operators. We recover the case of N arbitrary by considering the effect
of dilations on these estimates. We refer to Tao [32] for more details. Given
a ≥ 1, we let a′ be the conjugate of a, so that 1

a + 1
a′ = 1. For short, we adopt

the convention that xp = |x|p−1x.

2.3 Strichartz estimates

We discuss Strichartz estimates for (2.0.1) and start with local in time esti-
mates in Lemma 2.3.1. Global in time estimates are discussed in Lemma 2.3.2.
Local in time estimates follow from the sole Schrödinger structure of the equa-
tion. Following standard terminology we say that a pair (q, r) is Schrödinger
admissible, for short S-admissible, if

2
q

+
n

r
=
n

2
(2.3.1)

and r is such that 2 ≤ r ≤ +∞ if n = 1, 2 ≤ r < +∞ if n = 2, and 2 ≤ r ≤ 2?

if n ≥ 3, where 2? = 2n
n−2 . Now we introduce various notions of admissible and

controlling pairs.

Definition 2.3.1. For 2 ≤ q ≤ +∞, a pair (q, r) is said to be Bretherton
or beam-admissible, for short B-admissible, if 2 ≤ r ≤ +∞ when n = 1, 2, 3,
2 ≤ r < +∞ when n = 4, and

2
q

+
n

r
=
n− 4

2
(2.3.2)

with 0 < r < +∞ when n ≥ 5. A pair (p, q) is said to be Bretherton or beam
low-admissible, for short Bl-admissible, if p, q ≥ 2,

4
p

+
n

q
≤ n

2
, (2.3.3)

and (p, q, n) 6= (2,∞, 4). A pair (p, q) is Bretherton or beam controlling, for
short B-controlling, if (p, q) is Bl-admissible, q 6=∞, and (p, q) satisfies

2
p

+
n

q
= σ (2.3.4)

for some σ such that (n− 4)/2 ≤ σ ≤ n/2.
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As a remark, if (q, r) is S-admissible in the sense of (2.3.1) and 2r < n, then
(q, r]) is B-admissible for r] = nr

n−2r . Note that s = r] is the critical Sobolev
exponent for the embedding of H2,r into Ls, where H2,r stands for the Sobolev
space of functions in Lr with two derivatives in Lr. More generally, given s ∈ R
and p ≥ 1, we let Hs,p = Hs,p(Rn) be the usual fractional Sobolev spaces in Rn.
Following standard notations we let also Hs = Hs,2. Local in time Strichartz
estimates for (2.0.1) are as follows.

Lemma 2.3.1. Let I ⊂ R be a bounded interval such that 0 ∈ I, u0 ∈ H2,
u1 ∈ L2, and h ∈ C(I,H−2) ∩ La′(I, Lb′) for some S-admissible pair (a, b).
There exists a unique u ∈ EI which solves the linear equation

∂2u

∂t2
+ ∆2u = h (2.3.5)

in C(I,H−2) with Cauchy data u|t=0 = u0 and ut|t=0 = u1. Moreover it holds
that u ∈ Lq(I, Lr) for any B-admissible pair (q, r), and that

‖(u, ut)‖C(I,E) + ‖u‖Lq(I,Lr)

≤ C
(

1 + |I|3/2
)(√

E0(u0, u1) + ‖h‖La′ (I,Lb′ )
)
,

(2.3.6)

where |I| is the length of I, E0 is as in (2.1.3), and C ≥ 1 does not depend on
u0, u1, h, and I.

Proof. We let v solve (2.3.5) in C(I,H−4) with Cauchy data (0, 0). We let also
w be such that for all t, (w(t), wt(t)) = W(t)(u0, u1). Then v ∈ C(I, L2) ∩
C1(I,H−2)∩C2(I,H−4) and w ∈ EI . Let ṽ = −ivt + ∆v and w̃ = −iwt + ∆w.
We consider the linear Schrödinger equation

iut + ∆u = h . (2.3.7)

As is easily checked, ṽ solves (2.3.7) in C(I,H−4) with Cauchy data ṽ|t=0 = 0,
and w̃ solves (2.3.7) in C(I,H−2) when h ≡ 0 with Cauchy data w̃|t=0 = −iu1 +
∆u0. We may then apply the standard Strichartz estimates for the Schrödinger
equation, as stated for instance in Cazenave [6], to ṽ and w̃. We refer also to Keel
and Tao [14]. The Strichartz estimates for ṽ give that ṽ ∈ C(I, L2) ∩ Lq(I, Ls)
for any S-admissible pair (q, s), and that the LqLs-norm of ṽ is controlled by
the La

′
Lb
′
-norm of h. This includes the choice of (q, s) given by q = +∞ and

s = 2. In particular, it follows that v ∈ EI , and by considering the real and
imaginary parts of ṽ we also get that for any S-admissible pair (q, s),

‖∆v‖C(I,L2) + ‖vt‖C(I,L2) + ‖∆v‖Lq(I,Ls) + ‖vt‖Lq(I,Ls) ≤ C‖h‖La′ (I,Lb′ ) ,
(2.3.8)

where C > 0, independent of I, depends only on n, (a, b), and (q, s). As a remark
this implies that v solves (2.3.5) in C(I,H−2) and not only in C(I,H−4). By
the control on the norm of vt in (2.3.8), we can write that

‖v‖C(I,H2) + ‖vt‖C(I,L2) + ‖v‖Lq(I,H2,s) ≤ C (1 + |I|) ‖h‖La′ (I,Lb′ ) , (2.3.9)

where C > 0, independent of I, depends only on n, (a, b), and (q, s). Let (q, r)
be a B-admissible pair as in the statement of Lemma 2.3.1. When n ≤ 4, by
the Sobolev embedding theorem,

‖v‖Lq(I,Lr) ≤ C|I|1/q‖v‖C(I,H2) ≤ C
(

1 + |I|1/2
)
‖v‖C(I,H2) , (2.3.10)
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where C > 0 depends only on n and (q, r). When n ≥ 5, we let s be given by
s = nr/(n+ 2r). Then (q, s) is S-admissible and s] = r. Combining (2.3.9) and
the Sobolev embedding theorem, we get that

‖v‖C(I,H2) + ‖vt‖C(I,L2) + ‖v‖Lq(I,Lr) ≤ C
(

1 + |I|3/2
)
‖h‖La′ (I,Lb′ ) , (2.3.11)

where C > 0, independent of I, depends only on n, (a, b), and (q, r). Similarly,
the Strichartz’s estimates for w̃ give that

‖w‖C(I,H2) + ‖wt‖C(I,L2) + ‖w‖Lq(I,Lr)

≤ C
(

1 + |I|3/2
)

(‖u1‖L2 + ‖u0‖L2 + ‖∆u0‖L2)

≤ C
(

1 + |I|3/2
)√

E0(u0, u1) ,

(2.3.12)

where C ≥ 1, independent of I, depends only on n, m, and (q, r). By (2.3.11)
and (2.3.12), letting u = v + w, we get a solution of (2.3.5) in C(I,H−2) with
Cauchy data u|t=0 = u0 and ut|t=0 = u1 which satisfies (2.3.6) for any B-
admissible pair (q, r). Uniqueness of u follows from the remark that if u1 and
u2 are two such solutions, then ũ = u2−u1 solves (2.3.5) with h = 0 and Cauchy
data ũ|t=0 = 0 and ũt|t=0 = 0 so that ũ = 0. This proves Lemma 2.3.1.

As a remark, the proof of Lemma 2.3.1 also gives that ut ∈ Lq(I, Ls) for any
S-admissible pair (q, s). Since 2 ≤ s ≤ 2] for such pairs, and u ∈ C(I,H2), we
also get from the Sobolev embedding theorem that u ∈ Lq(I, Ls).

Local well-posedness in the energy-subcritical and in the energy-critical case
for (2.0.1) follows from Lemma 2.3.1 by the standard methods developed for
semilinear Schrödinger equations by Ginibre and Velo [10], Kato [12, 13], and
Cazenave and Weissler [8, 9]. Unconditional uniqueness also holds true for
(2.0.1). We refer to Cazenave [6] for an excellent exposition in book form on
such methods. Let p be such that 1 ≤ p ≤ 2] − 1 if n ≥ 5, any 1 ≤ p < ∞ if
n ≤ 4. With only slight and obvious modifications with respect to the proofs in
Cazenave [6], it follows from the estimates in Lemma 2.3.1 that for any (u0, u1) ∈
E , there exists a unique solution u ∈ EI of (2.0.1) defined on some maximal
interval I = (−T−, T+). For any B-admissible pair (q, r), u ∈ Lqloc(I, Lr), and
the solution satisfies conservation of the energy:

E(u(t), ut(t)) = E(u0, u1) (2.3.13)

for all t ∈ I. Moreover, we also have that if T+ 6= ∞ and p < 2] − 1, then
‖u(t)‖H2 → ∞ as t → T+, while if n ≥ 5 and p = 2] − 1, then the blow-up
arises in mixed norms and

‖u‖
L

2 n+2
n−4 ([0,T+)×Rn)

= +∞. (2.3.14)

Similar statements hold true for T−. At last, well-posedness holds true in
the sense that if (uk0 , u

k
1) is a sequence in E that converges to (u0, u1) in E ,

and if uk denotes the corresponding solution of (2.0.1) with maximal interval
(−T−,k, T+,k), then lim inf T+,k ≥ T+, lim inf T−,k ≥ T−, and for any finite
interval I ′ ⊂ (−T−, T+), and any B-admissible pair (q, r),

uk → u in C(I ′, H2) ∩ C1(I ′, L2) ∩ Lq(I ′, Lr) (2.3.15)
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as k → +∞. As a remark, local well-posedness has already been established
by Levandosky [18] in the energy-subcritical case of (2.0.1). The approach in
Levandosky [18] was based on the system representation of (2.0.1).

Local in time Strichartz estimates, as in Lemma 2.3.1, are powerful enough to
deal with local existence. Scattering requires global in time estimates. We prove
such global in time estimates in what follows. In order to do this we need to deal
with a degenerate critical point in the low frequency mode. The critical point
is responsible for slow decay as time goes to infinity. We overcome the difficulty
thanks to a powerful estimate in Levandosky [18] for the Fourier transform of
radial functions. A similar idea for fourth order Schrödinger equations was later
on used in Ben-Artzi, Koch, and Saut [1]. High frequencies are treated via
standard stationary phase estimates from Kenig, Ponce, and Vega [15]. For
h ∈ C(I,H−2) we consider the linear equation with forcing term

∂2u

∂t2
+ ∆2u+mu = h. (2.3.16)

The global in time Strichartz estimates we prove state as follows.

Lemma 2.3.2. Let I ⊂ R be an interval such that 0 ∈ I. Let (p, q) be any B-
controlling pair, and (a, b) be any Bl-admissible pair as in (2.3.3) and (2.3.4).
Let also (c, d) be any S-admissible pair, (u0, u1) ∈ E, and h ∈ C(I,H−2) ∩
La
′
(I, Lb

′
) ∩ Lc′(I, Ld′). There exists a unique u ∈ EI such that u solves the

linear equation (2.3.16) with Cauchy data (u0, u1), and

‖(u, ut)‖C(I,E) + ‖u‖Lp(I,Lq)

≤ C
(
‖(u0, u1)‖E + ‖h‖La′ (I,Lb′ ) + ‖h‖Lc′ (I,Ld′ )

)
,

(2.3.17)

where C is independent of u0, u1, and h. Moreover, for any α ≥ 2, if u0 ∈ Lα
′

and u1 ∈ H−2,α′ , then

‖u‖Lα ≤ C
(
|t|−n2 (1− 2

α ) + |t|−n4 (1− 2
α )
)(
‖u0‖Lα′ + ‖(1 + ∆2)−1/2u1‖Lα′

)
(2.3.18)

for all t 6= 0 when h = 0, where C is independent of u0 and u1.

Proof. In order to prove the lemma, we define a ”half-wave” operator u 7→ Ttu
for u in L1 + L2 by

F (Ttu) (ξ) = exp(it
√

1 + |ξ|4)F(u)(ξ) (2.3.19)

for ξ ∈ Rn, and t ∈ R. Also we define T lt and Tht , the low and high frequency
parts of Tt, by

T ltu = P≤2Ttu and Tht u = P>1/2Ttu. (2.3.20)

As is easily checked, Tt = P≤1T
l
t + P>1T

h
t for all t. Now we claim that there

exists C > 0 depending only on n such that for any α ≥ 2, and any u ∈ Lα′ ,

‖T ltu‖Lα ≤ C(1 + |t|)−n4 (1− 2
α )‖u‖Lα′ (2.3.21)

for all t ∈ R. We prove (2.3.21) in what follows.
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Let u ∈ C∞c (Rn) be a smooth function with compact support. By a crude
estimate, we see that

|T ltu(x)| ≤ C
∣∣∣∣∫

Rn

∫
Rn
ei〈y−x,ξ〉eit

√
1+|ξ|4ψ(ξ/2)u(y)dξdy

∣∣∣∣
≤ C‖u‖L1 ,

(2.3.22)

where ψ is as in (2.2.2). It is clear that

T ltu = (2π)−
n
2
(
TtF−1ψ(·/2)

)
∗ u (2.3.23)

for all t and all u. By Levandosky [18, Lemma 2.3], combined with (2.3.23), we
then get that for t such that |t| ≥ 1,

‖T ltu‖L∞ ≤ C|t|−
n
4 ‖u‖L1 . (2.3.24)

where C > 0 is independent of t and u. Independently, Plancherel’s theorem
asserts that T lt is bounded L2 → L2. Hence T lt extends to an operator L1+L2 →
L2 + L∞ and, by (2.3.22) and (2.3.24), we then get that

‖T lt‖L1→L∞ ≤ C(1 + |t|)−n4 , and

‖T lt‖L2→L2 ≤ C
(2.3.25)

for all t, where C > 0 is independent of t. Then (2.3.21) follows from (2.3.25)
by the Riesz-Thorin theorem. This proves the above claim that (2.3.21) holds
true.

Now that (2.3.21) is proved we continue with the proof of the lemma. Let
(p, q) and (a, b) be Bl-admissible pairs as in (2.3.3). By the definition of P≤N in
(2.2.2), and the definition of Tt in (2.3.19), we can write that T lsT

l?
t = P≤2T

l
s−t

and also that P≤1T
l
sT

l?
t = P≤1Ts−t. Since P≤N is bounded on Lp for 1 ≤ p ≤ ∞,

we get with (2.3.25) and the TT ?-method of Keel and Tao [14] that there exists
C > 0, independent of u, such that

‖P≤1Ttu‖Lp(R,Lq) ≤ C‖u‖L2 (2.3.26)

for all u ∈ L2, and that∣∣∣∣∣∣∣∣∫ t

0

P≤1Tt−su(s)ds
∣∣∣∣∣∣∣∣
Lp(R,Lq)

≤ C‖u‖La′ (R,Lb′ ),∣∣∣∣∣∣∣∣∫
R
P≤1T−su(s)ds

∣∣∣∣∣∣∣∣
L2

≤ C‖u‖La′ (R,Lb′ )

(2.3.27)

for all u ∈ La′(R, Lb′). For the reader’s convenience we briefly recall the result
in Keel and Tao [14]. Let H be an Hilbert space and U(t) : H → L2 be such
that for any s, t, and any f ∈ L1,

‖U(t)‖H→L2 ≤ C , (2.3.28)

and one of the two following decay estimates holds true

‖U(s)U(t)?f‖L∞ ≤ C |t− s|−σ ‖f‖L1 , or

‖U(s)U(t)?f‖L∞ ≤ C (1 + |t− s|)−σ ‖f‖L1 ,
(2.3.29)
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where C > 0 and σ > 0 do not depend on s, t, and f . Following Keel and Tao
[14], define σ-admissible pairs (q, r) by the relations q, r ≥ 2, (q, r, σ) 6= (2,∞, 1),
and

1
q

+
σ

r
≤ σ

2
, (2.3.30)

and say that the pair is sharp σ-admissible if equality holds in (2.3.30). The
result in Keel and Tao [14] then states that for any f ∈ H and any F ∈
Lq
′
(R, Lr′),

‖U(t)f‖Lq(R,Lr) ≤ C‖f‖H ,∥∥∥∥∫
R
U(s)?F (s)ds

∥∥∥∥
H

≤ C‖F‖Lq′ (R,Lr′ ) , and∥∥∥∥∫
s<t

U(t)U(s)?F (s)ds
∥∥∥∥
Lq̃(R,Lr̃)

≤ C‖F‖Lq′ (R,Lr′ )

(2.3.31)

for all sharp σ-admissible pairs (q, r) and (q̃, r̃), where C > 0 does not depend
on f and F , and for all σ-admissible pairs (q, r) and (q̃, r̃) if the second condition
in (2.3.29) holds true. In our case we let H = L2, U(t) = T lt , and σ = n/4.
Then (2.3.28) and the second equation in (2.3.29) follow from (2.3.25), the
boundedness of P≤N , and the identity T lsT

l?
t = P≤2T

l
s−t. Then (2.3.26) follows

from the first equation in (2.3.31), and by noting that P≤1P≤2 = P≤1. The
second equation in (2.3.27) follows from the second equation in (2.3.31) and
again by noting that P≤1P≤2 = P≤1. The first equation in (2.3.27), when the
LpLq-norm is restricted to R+, follows from the third equation in (2.3.31) that
we apply to F = 1R+P≤1u, where 1R+ is the characteristic function of R+, and
from the identity P≤1T

l
sT

l?
t = P≤1Ts−t. Then we get the global LpLq-norm,

and so the first equation in (2.3.27), by writing that for t < 0,∫ t

0

P≤1Tt−su(s)ds =
∫
s<t

P≤1Tt−su(s)ds− Tt
∫

R
P≤1T−s1R−u(s)ds

and thus, thanks to the three equations in (2.3.31), that∥∥∥∥∫ t

0

P≤1Tt−su(s)ds
∥∥∥∥
Lp(R−,Lq)

≤
∥∥∥∥∫

s<t

P≤1Tt−su(s)ds
∥∥∥∥
Lp(R,Lq)

+
∥∥∥∥Tt ∫

R
P≤1T−s1R−u(s)ds

∥∥∥∥
Lp(R,Lq)

≤ C ‖P≤1u‖La′ (R,Lb′ ) + C

∥∥∥∥∫
R
P≤2T−s1R−u(s)ds

∥∥∥∥
L2

≤ C ‖u‖La′ (R,Lb′ ) .

This proves (2.3.26) and (2.3.27).

In parallel to (2.3.21), we claim now that there exists C > 0 depending only
on n such that for α ≥ 2,

‖Tht u‖Lα ≤ C|t|−
n
2 (1− 2

α )‖u‖Lα′ (2.3.32)

for all t ∈ R\{0}. We prove (2.3.32) in what follows.
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Let u ∈ C∞c (Rn) be a smooth function with compact support. We clearly
have that

Tht u(x) =
1

(2π)n

∫
Rn
u(y)

∫
Rn

1− ψ(2ξ)√
Hϕ(ξ)

√
Hϕ(ξ)eitϕ(ξ)−i〈x−y,ξ〉dξdy (2.3.33)

for all t ∈ R, and all x ∈ Rn, where ϕ(ξ) =
√

1 + |ξ|4 and Hϕ(ξ) = |det(∂2
ijϕ)|.

The phase function ϕ in (2.3.33) satisfies the assumptions of Kenig, Ponce, and
Vega [15, Lemma 3.4]. With respect to the notation in Kenig, Ponce, and Vega
[15], m = 2 and Ω is the complement of the ball of radius 1/2. This gives that

‖Tht u‖L∞ ≤ |t|−
n
2 ‖u‖L1 (2.3.34)

for all t ∈ R\{0}. By Plancherel’s theorem, we also have

‖Tht u‖L2 ≤ ‖u‖L2 (2.3.35)

for all t. We get (2.3.32) from (2.3.34) and (2.3.35) by the Riesz-Thorin theorem.
This proves the above claim that (2.3.32) holds true.

We continue with the proof of the lemma. Let (p, q) and (a, b) be S-admissible
pairs. By noting that Ths T

h?
t = P>1/2T

h
s−t and P>1T

h
s T

h?
t = P>1Ts−t, and since

P>N is bounded on Lp for 1 ≤ p ≤ ∞, we get with (2.3.34), (2.3.35), and the
TT ?-method of Keel and Tao [14], that there exists C > 0, independent of u,
such that

‖P>1Ttu‖Lp(R,Lq) ≤ C‖u‖L2 (2.3.36)

for all u ∈ L2, and that∣∣∣∣∣∣∣∣∫ t

0

P>1Tt−su(s)ds
∣∣∣∣∣∣∣∣
Lp(R,Lq)

≤ C‖u‖La′ (R,Lb′ ),∣∣∣∣∣∣∣∣∫
R
P>1T−su(s)ds

∣∣∣∣∣∣∣∣
L2

≤ C‖u‖La′ (R,Lb′ )

(2.3.37)

for all u ∈ La′(R, Lb′). Here we proceed as above, when proving (2.3.26) and
(2.3.27), with the slight differences that we only have the first equation in
(2.3.29), that σ needs to be changed into σ = n/2, and that we have to re-
strict ourselves to sharp σ-admissible pairs in the sense of Keel and Tao [14].

Now we enter more specifically into the proof of Lemma 2.3.2. The exis-
tence and uniqueness of the solution u follow from straightforward semigroup
techniques (see e.g. Cazenave and Haraux [7]). For the moment we assume that
m = 1 and prove (2.3.17) and (2.3.18). In order to do this we use the explicit
representation formula for solutions of (2.3.16). We compute

û(t) =
eitρ + e−itρ

2
û0 +

eitρ − e−itρ

2i
û1

ρ
+
∫ t

0

ei(t−s)ρ − e−i(t−s)ρ

2i
ĥ(s)
ρ
ds , and

∂tû(t) = −e
itρ − e−itρ

2i
ρû0 +

eitρ + e−itρ

2
û1 +

∫ t

0

ei(t−s)ρ + e−i(t−s)ρ

2
ĥ(s)ds,

where ρ =
√

1 + |ξ|4. As a consequence,

u(t) =
1
2

(Tt + T−t)u0 +
1
2i

(1 + ∆2)−1/2 (Tt − T−t)u1

+
1
2i

(1 + ∆2)−1/2

∫ t

0

(Tt−s − Ts−t)h(s)ds
(2.3.38)
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and

ut(t) = −Tt − T−t
2i

(1+∆2)1/2u0+
Tt + T−t

2
u1+

∫ t

0

Tt−s + Ts−t
2

h(s)ds (2.3.39)

for all t, where Tt is as in (2.3.19). By the decay estimates (2.3.21) and (2.3.32)
we get from (2.3.20) and (2.3.38) that, in case h = 0, and for α ≥ 2,

‖u(t)‖Lα ≤ ‖P≤1u(t)‖Lα + ‖P>1u(t)‖Lα

≤ C
(
|t|−n2 (1− 2

α ) + |t|−n4 (1− 2
α )
)(
‖u0‖Lα′ + ‖(1 + ∆2)−1/2u1‖Lα′

)
.

This proves (2.3.18).

By (2.3.26), (2.3.27), and (2.3.38)–(2.3.39), we then get that for any Bl-
admissible pairs (p, q) and (a, b),

‖P≤1(u, ut)‖Lp(I,Lq)

= ‖P≤2P≤1(u, ut)‖Lp(I,Lq)

≤ C
(
‖(u0, u1)‖E + ‖(1 + ∆2)−1/2P≤2h‖La′ (I,Lb′ ) + ‖P≤2h‖La′ (I,Lb′ )

)
≤ C

(
‖(u0, u1)‖E + ‖h‖La′ (I,Lb′ )

)
.

(2.3.40)

We used in (2.3.40) that P≤2P≤1 = P≤1 and that the kernels of the operators
P≤2 and (1+∆2)−1/2P≤2 lie in L1. Similarly, by (2.3.36), (2.3.37), and (2.3.38)–
(2.3.39), we get that for any S-admissible pairs (p, r) and (c, d),

‖P>1((1 + ∆2)1/2u, ut)‖Lp(I,Lr)

≤ C
(
‖(1 + ∆2)1/2u0‖L2 + ‖u1‖L2 + ‖h‖Lc′ (I,Ld′ )

)
.

(2.3.41)

Now, we just remark that if (p, q) is B-controlling, then there exists r ≤ q such
that (p, r) is S-admissible, and H2,r ⊂ Lq. Since 1−∆√

1+∆2 is bounded Lp → Lp

for 1 < p <∞, we get from Bessel’s potential theory that

‖P>1u‖Lp(I,Lq) ≤ C‖(1−∆)P>1u‖Lp(I,Lr) ≤ C‖(1 + ∆2)1/2P>1u‖Lp(I,Lr).
(2.3.42)

By (2.2.3), equations (i) and (ii), and (2.3.40)–(2.3.42), we get that (2.3.17)
holds true. At this stage we proved (2.3.17) and (2.3.18) when m = 1.

In case m 6= 1, we remark that if u solves (2.3.16) with Cauchy data (u0, u1),
then v(t, x) = u(λ2t, λx) solves (2.3.16) with λ4m in place of m and h̃ in
place of h, where h̃(t, x) = λ4h(λ2t, λx). Moreover v satisfies the Cauchy data
(v(0), vt(0)) = (ũ0, λ

2ũ1), where ũ0(x) = u0(λx) and ũ1(x) = u1(λx). This ends
the proof of the lemma.

As a remark, combining the second inequality in (2.3.27), the second in-
equality in (2.3.37), and the explicit formula for W(t) in (2.3.38) and (2.3.39),
we get the estimate that for any S-admissible pair (a, b), any Bl-admissible pair
(c, d), and any u ∈ La′(R, Lb′) ∩ Lc′(R, Ld′),∣∣∣∣∣∣∣∣∫

R
W(−t)(0, u(t))dt

∣∣∣∣∣∣∣∣
E
≤ C

(
‖u‖La′ (R,Lb′ ) + ‖u‖Lc′ (R,Ld′ )

)
, (2.3.43)
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where C > 0 does not depend on u. Indeed,∣∣∣∣∣∣∣∣∫
R
W(−t)(0, u(t))dt

∣∣∣∣∣∣∣∣2
E

=
∥∥∥∥∫

R

1
2i

(1 + ∆)−1/2 (Tt − T−t)u(t)dt
∥∥∥∥2

H2

+
∥∥∥∥∫

R

Tt + T−t
2

u(t)dt
∥∥∥∥2

L2

≤
∥∥∥∥∫

R
Ttu(t)dt

∥∥∥∥2

L2

+
∥∥∥∥∫

R
T−tu(t)dt

∥∥∥∥2

L2

≤ C
(
‖u‖La′ (R,Lb′ ) + ‖u‖Lc′ (R,Ld′ )

)2

.

Also we get that for any S-admissible pairs (a, b) and (c, d), and for any u ∈
Lc
′
(R, Ld′),∣∣∣∣∣∣∣∣∫

0<s<t

π2P>1W(t− s)(0, u(s))ds
∣∣∣∣∣∣∣∣
La(R,Lb)

≤ C‖u‖Lc′ (R,Ld′ ), (2.3.44)

and, when q ≥ 2, that

(i) ‖π2W(t)P≤1(u, v)‖Lq ≤ C|t|−
n
4 (1− 2

q )
(
‖(1 + ∆2)1/2u‖Lq′ + ‖v‖Lq′

)
,

(ii) ‖π2W(t)P>1(u, v)‖Lq ≤ C|t|−
n
2 (1− 2

q )
(
‖(1 + ∆2)1/2u‖Lq′ + ‖v‖Lq′

)
(2.3.45)

for all t, all u ∈ C∞c , and all v ∈ Lq′ , where C depends only on n. Moreover, for
N ≥ 8, since P≥NP>1 = P≥N and since P≥N is bounded on Lp, we can change
P>1 into P≥N in (2.3.44) and (2.3.45), equation (ii). From (2.3.18), (2.3.45),
equations (i) and (ii), and since π2W = ∂tπ1W, we have that, when 2 ≤ q ≤ 2],

‖π1W(t)(0, v)‖Lq ≤ C min(|t|−
n
4 (1− 2

q ), |t|1−
n
2 (1− 2

q ))‖v‖Lq′ . (2.3.46)

We mainly use the first bound in the right hand side of (2.3.46) for t large, and
the second bound in the right hand side of (2.3.46) for t small. The function
of t in the second bound is integrable around 0 when q < 2]. As a remark,
q = p + 1 is an important example, where p is the exponent in (2.0.1). At last
we mention that (2.3.38) can be rewritten as

(u(t), ut(t)) =W(t)(u0, u1) +
∫ t

0

W(t− s)(0, h(s))ds (2.3.47)

for all t, and all solution u of (2.3.16). Equation (2.3.47) is referred to as the
Duhamel formula for (2.3.16).

2.4 A general criterion for Scattering

We prove a general result for scattering in the spirit of the one in Tao and Visan
[33] concerning the Schrödinger equation. As one can check, by our assumptions
on p, the pairs

(2
n+ 4
n+ 8

p, 2
n+ 4
n+ 8

p) and (2
n+ 2
n+ 4

p, 2
n+ 2
n+ 4

p)

are B-controlling in the sense of Definition 2.3.1. Our result is stated as follows.
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Lemma 2.4.1. Let u ∈ ER+ be a strong solution of (2.0.1) with 1 + 8
n ≤ p ≤

2] − 1 when n ≥ 5, and 1 + 8
n ≤ p <∞ when n ≤ 4. Suppose that

u ∈ L2n+4
n+8p(R+ × Rn) ∩ L2n+2

n+4p(R+ × Rn). (2.4.1)

Then there is scattering in forward time for (u0, u1) = (u(0), ut(0)) and

E(u(0), ut(0)) = E0(u+
0 , u

+
1 ), (2.4.2)

where (u+
0 , u

+
1 ) is the scattering pair associated to (u(0), ut(0)) as in (2.1.4).

Furthermore, W+, as defined in (2.1.5), is continuous at (u0, u1) in the sense
that if uk is the solution of the nonlinear problem (2.0.1) corresponding to an
initial data (uk0 , u

k
1) such that (uk0 , u

k
1) → (u0, u1) in E as k → +∞, then

uk is defined on R+ for k sufficiently large, and there is scattering in for-
ward time for (uk0 , u

k
1) with scattering associated pair (u+,k

0 , u+,k
1 ) satisfying that

(u+,k
0 , u+,k

1 )→ (u+
0 , u

+
1 ) in E as k → +∞.

Proof. First, we prove that if u solves (2.0.1) with 1+ 8
n ≤ p ≤ 2]−1 and (2.4.1)

holds true, then there exists a couple (u+
0 , u

+
1 ) ∈ E such that

‖(u(t), ut(t))−W(t)(u+
0 , u

+
1 )‖E → 0 as t→ +∞, (2.4.3)

where (u+
0 , u

+
1 ) is uniquely defined by

(u+
0 , u

+
1 ) = (u0, u1) + λ

∫ ∞
0

W(−s)(0, up(s))ds, (2.4.4)

and up = |u|p−1u is as defined in Section 2.2. We prove (2.4.3) and (2.4.4) in
what follows. Let

v(t) = (v0(t), v1(t)) =W(−t)(u(t), ut(t)) (2.4.5)

be the value at time −t of the solution v of the Cauchy problem (2.1.2) with
initial data (v(0), vt(0)) = (u(t), ut(t)). In order to prove (2.4.3) it suffices to
prove that (v0(t), v1(t)) converges in E as t → +∞. It follows from Duhamel’s
formula (2.3.47) and the semigroup property that

(v0(t), v1(t)) =W(−t)
(
W(t)(u0, u1) + λ

∫ t

0

W(t− s)(0, up(s))ds
)

= (u0, u1) + λ

∫ t

0

W(−s)(0, up(s))ds.
(2.4.6)

Hence

v(t+ s)− v(t) = λ

∫ t+s

t

W(−t′)(0, up(t′))dt′,

where v is as in (2.4.5), and if s ≥ 0, by the Strichartz estimates (2.3.43) with
(a, b) = (2(n + 2)/n, 2(n + 2)/n) and (c, d) = (2(n + 4)/n, 2(n + 4)/n), we get
that

‖v(t+ s)− v(t)‖E ≤ C
(
‖up‖La′ ([t,t+s]×Rn) + ‖up‖Lc′ ([t,t+s]×Rn)

)
. (2.4.7)
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By (2.4.1), given ε > 0, there exists t0 sufficiently large such that

‖u‖
L

2n+4
n+8 p([t0,∞)×Rn)

+ ‖u‖
L

2n+2
n+4 p([t0,∞)×Rn)

≤ ε.

As a consequence, by (2.4.7), for t ≥ t0 and s ≥ 0,

‖(v0(t+ s), v1(t+ s))− (v0(t), v1(t))‖E ≤ Cε

and we get that v(t) converges to some limit u+
s = (u+

0 , u
+
1 ) as t→ +∞. Since

W(t) is a unitary operator,

‖(u(t), ut(t))−W(t)(u+
0 , u

+
1 )‖E = ‖W(−t)(u(t), ut(t))− (u+

0 , u
+
1 )‖E → 0

as t→ +∞. By Duhamel’s formula we then get that

(u+
0 , u

+
1 ) = (u0, u1) + λ

∫ t

0

W(−s)(0, up(s))ds+ o(1) , (2.4.8)

where ‖o(1)‖E → 0 as t → +∞, and letting t → +∞ in (2.4.8), we get (2.4.4).
This ends the proof of (2.4.3) and (2.4.4). In what follows, we let

W(t)(u+
0 , u

+
1 ) = (u+(t), u+

t (t)) (2.4.9)

for t ≥ 0, and we note that by the Strichartz estimates (2.3.17), we have that
u+ ∈ Lp+1(R, Lp+1). Here we use (2.3.17) with h = 0 and the B-controlling pair
(p + 1, p + 1) which turns out to be B-controlling because of the assumptions
on p. In particular, there exists a sequence of positive times tk →∞ such that

‖u+(tk)‖Lp+1 → 0. (2.4.10)

By conservation of the energy for u and of the linear energy for u+, and since
‖u+(tk) − u(tk)‖H2 + ‖u+

t (tk) − ut(tk)‖L2 → 0 by (2.4.3), we can write with
(2.4.10) that

E(u0, u1) = E(u(tk), ut(tk))
= E(u+(tk), u+

t (tk)) + o(1)

= E0(u+(tk), u+
t (tk))− λ

p+ 1

∫
Rn
|u+(tk)|p+1 + o(1)

= E0(u+
0 , u

+
1 ) + o(1).

Letting k → +∞, it follows that E(u0, u1) = E0(u+
0 , u

+
1 ). This proves (2.4.2).

In order to end the proof of Lemma 2.4.1 it remains to prove the continuity of
W+ as defined in the lemma. Let (uk0 , u

k
1) ∈ E be such that (uk0 , u

k
1)→ (u0, u1)

in E as k → +∞. Let uk be the solution of the nonlinear problem (2.0.1)
associated to the Cauchy data (uk0 , u

k
1) and, when it exists, u+,k

s = (u+,k
0 , u+,k

1 )
be the associated scattering pair. Let w = u− uk. Then w solves the equation

∂2w

∂t2
+ ∆2w +mw = λup − λ(u− w)p (2.4.11)

with Cauchy data (w(0), wt(0)) = (u0 − uk0 , u1 − uk1). Let T > 0 be such that

‖u‖
L

2n+4
n+8 p([T,∞)×Rn)

+ ‖u‖
L

2n+2
n+4 p([T,∞)×Rn)

< ε, (2.4.12)
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where ε > 0 is to be chosen later on. We know by the local theory, see the
discussion after Lemma 2.3.1, that w → 0 in C([0, T ], H2) ∩ C1([0, T ], L2) ∩
L2n+2

n+4p([0, T ]× Rn). For t ≥ T , we let

g(t) = ‖w‖
L

2n+4
n+8 p([T,t]×Rn)

+ ‖w‖
L

2n+2
n+4 p([T,t]×Rn)

+ ‖(w,wt)‖C([T,t],E). (2.4.13)

By the Strichartz estimates (2.3.17) that we consider for (2.4.11), we get that

g(t) ≤ C

(√
E0(w(T ), wt(T )) +

∑
ρ

‖up − (u− w)p‖Lρ([T,t]×Rn)

)

≤ C

(√
E0(w(T ), wt(T )) +

∑
ρ

‖|u|p−1|w|+ |w|p‖Lρ([T,t]×Rn)

)

≤ C

(√
E0(w(T ), wt(T )) +

∑
ρ

(
‖u‖p−1

Lρp([T,t]×Rn)‖w‖Lρp([T,t]×Rn)

+‖w‖pLρp([T,t]×Rn)

))

≤ C

(√
E0(w(T ), wt(T )) +

∑
ρ

(
εp−1h(t) + h(t)p

))
,

where ε and T are as in (2.4.12), g is as in (2.4.13), and
∑
ρ stands for the

summation over the two values ρ = 2(n+ 4)/(n+ 8) and ρ = 2(n+ 2)/(n+ 4).
Now we let ε ∈ (0, 1) be such that 4Cε

8
n < 1 and we choose k sufficiently large

such that

C
√
E0(w(T ), wt(T )) ≤ min

(
1

6(24C)
n
4
,

1
6

)
.

Then
g(t) ≤ 4C

√
E0(w(T ), wt(T ))→ 0 (2.4.14)

as k → +∞, where w is as in (2.4.11). In particular, for k sufficiently large,
uk exists globally. Indeed, the uk’s are bounded in E by (2.4.14). As already
mentioned, this ensures global existence when p < 2] − 1. By noting that the
uk’s are also bounded in L2 n+2

n−4 (R+ × Rn) when p = 2] − 1 and n ≥ 5, we get
global existence in that case from (2.3.14). Still by (2.4.14), now with t = +∞,
we get that uk → u in L2n+4

n+8p(R+ × Rn) ∩ L2n+2
n+4p(R+ × Rn) as k → +∞. By

(2.4.3) there is scattering in forward time for uk and by (2.4.4), the convergence
of uk, and Strichartz estimates (2.3.43), we get that

‖u+
s − u+,k

s ‖E = |λ|
∣∣∣∣∣∣∣∣∫ ∞

0

W(−s)(0, up(s)− (u(s) + w(s))p)ds
∣∣∣∣∣∣∣∣
E
→ 0

as k → +∞. This ends the proof of Lemma 2.4.1.

The following result is a useful corollary to Lemma 2.4.1. It will be used in
the proof of our theorem in Section 2.1.
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Corollary 2.4.1. Let n ≥ 5 and u ∈ ER+ be a strong solution of equation
(2.0.1) with 1 + 8/n < p < n+4

n−4 . Assume (u, ut) ∈ E is uniformly bounded with
respect to t and that for some γ ≥ 1,

‖u(t)‖Lγ → 0 (2.4.15)

as t → +∞. Then there is scattering in forward time for (u(0), ut(0)), (2.4.1)
holds true, and the conclusion of Lemma 2.4.1 also holds true.

Proof. By assumption u is uniformly bounded in L2 ∩ L2] . By (2.4.15) and
Hölder’s inequality we then get that u converges to 0 in Lq at least for 2 < q < 2].
In view of Lemma 2.4.1, and since, by the local theory discussed after Lemma
2.3.1,

u ∈ C(R+, H
2) ∩ L2n+2

n+4p

loc (R+, L
2n+2
n+4p),

the corollary reduces to proving that there exists T0 ≥ 0 such that

‖u‖
L

2n+4
n+8 p([T0,∞)×Rn)

+ ‖u‖
L

2n+2
n+4 p([T0,∞)×Rn)

≤ C (2.4.16)

for some constant C > 0. Let 2 < r = 2np/(n + 8), ρ = 2np/(n + 4) < 2], and
ε > 0 be some positive constant to be chosen later on. Let T0 > 0 be such that

sup
t≥T0

(‖u(t)‖Lr + ‖u(t)‖Lρ) ≤ ε (2.4.17)

and, for t ≥ T0, let

g(t) = max
(
‖u‖

L
2n+4
n+8 p([T0,t)×Rn)

, ‖u‖
L

2n+2
n+4 p([T0,t)×Rn)

)
.

By Duhamel’s formula (2.3.47),

(u(t), ut(t)) =W(t− T0)(u(T0), ut(T0)) + λ

∫ t

T0

W(t− s) (0, up(s)) ds

for all t ≥ T0. By the Strichartz estimates (2.3.17) in Lemma 2.3.2, and (2.4.17),
using Hölders’ inequalities, and since (2n+4

n+8p, 2
n+4
n+8p) and (2n+2

n+4p, 2
n+2
n+4p) are

B-controlling pairs, we then get that

g(t) ≤ C
√
E0(u(T0), ut(T0)) + C

(
‖up‖

L2([T0,t],L
2n
n+2 )

+ ‖up‖
L2([T0,t],L

2n
n+4 )

)
≤ C

√
E0(u(T0), ut(T0)) + C

(
‖u‖

2p
n+4

L∞([T0,t],Lρ)‖u‖
(n+2)p
n+4

L
2n+2
n+4 p([T0,t]×Rn)

+ ‖u‖
4p
n+8

L∞([T0,t],Lr)‖u‖
(n+4)p
n+8

L
2n+4
n+8 p([T0,t]×Rn)

)
≤ C

(√
E0(u(T0), ut(T0)) + ε

2p
n+4h(t)

(n+2)p
n+4 + ε

4p
n+8h(t)

(n+4)p
n+8

)
.

(2.4.18)

It can be noted here that (2, 2?) is S-admissible and that (2, 2]) is Bl-admissible.
The first inequality in (2.4.18) is by (2.3.17), the second inequality is by Hölder’s
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inequality, and the third inequality is by (2.4.17). Now we remark that g is
continuous, that g(T0) = 0, and that for any t > T0,

g(t) ≤ C ′ + ε′
(
g(t)

(n+2)p
n+4 + g(t)

(n+4)p
n+8

)
, (2.4.19)

where C ′ = C
√
E(u0, u1) does not depend on t, and ε′ = C(ε

2p
n+4 + ε

4p
n+8 ) can

be made as small as we want when ε is sufficiently small. In particular, we can
choose ε such that

ε′ <
C ′

(2C ′)
(n+2)p
n+4 + (2C ′)

(n+4)p
n+8

.

Since the two powers in (2.4.19) are greater than 1 by our assumptions on p,
we get that g(t) ≤ 2C ′ for all t ≥ T0. This proves (2.4.16), and thus also the
corollary.

By standard arguments the counterpart to Lemma 2.4.1 holds true. To make
a precise statement, it follows from standard arguments that when 1 + 8

n ≤ p ≤
2]−1 (respectively 1+ 8

n ≤ p <∞ when n ≤ 4), given any solution of the linear
equation (2.1.2), written as (ω, ωt) =W(·)(u+

0 , u
+
1 ), there exists T and a unique

solution u of the nonlinear equation (2.0.1), defined on [T,∞), such that (2.1.4)
holds true and

u ∈ L2n+2
n+4p([T,∞)× Rn) ∩ L2n+4

n+8p([T,∞)× Rn).

Furthermore, one has a continuity property in the sense that if

(u+,k
0 , u+,k

1 )→ (u+
0 , u

+
1 )

in E , and uk is the associated solution to the nonlinear equation (2.0.1), then,
for k sufficiently large, uk can be defined on [T,∞) and uk converges to u in
C([T,∞), E) as k → +∞. Besides, if E0(u+

0 , u
+
1 ) is sufficiently small, or if

λ < 0 and 1 + 8
n ≤ p < 2] − 1, then u extends to a global solution and then

(uk(0), ukt (0)) → (u(0), ut(0)) in E . One can prove such a counterpart by fol-
lowing the proof for the Schrödinger equation in Cazenave [6]. The counterpart
to Lemma 2.4.1 provides the surjectivity of W+ as well as the continuity of its
inverse mapping in our theorem, where W+ is as in (2.1.5). By time reversibility,
the results in this section, and the remark we just made, hold true for t→ −∞.

As a final remark in this section we mention that small data scattering in
all dimensions, in the defocusing as well as in the focusing case, and for the
energy-subcritical as well as for the energy-critical case of (2.0.1), easily follows
from the estimates in Lemma 2.3.2 and from Lemma 2.4.1. Let n be arbitrary,
λ 6= 0 be arbitrary, and p be such that 1 + 8

n ≤ p ≤ 2] − 1. Thanks to the
local theory we discussed after Lemma 2.3.1, the estimates in Lemma 2.3.2, and
Lemma 2.4.1, we can prove, following standard schemes, that there exists ε0 > 0
such that scattering for (2.0.1) holds true for any initial data (u, v) ∈ E of energy
E0(u, v) ≤ ε0. Moreover, E ≥ 0 for such initial data, and W+ in (2.1.5) realizes
an homeomorphism from F′ε onto Bε for all ε ∈ (0, ε0], where F′ε consists of
the (u, v) ∈ E such that E0(u, v) ≤ ε0 and E(u, v) ≤ ε, and Bε consists of the
(u, v) ∈ E such that E0(u, v) ≤ ε. The case p < 2] − 1 in this statement was
proved by Levandosky [18], as well as it was proved by Levandosky [18] that the
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equation possesses travelling waves of arbitrarily low energy when λ > 0 and
p < 1+ 4

n . Travelling waves cannot scatter since their Lq(Rn)-norms, 2 ≤ q ≤ 2],
are constant, whereas, by Strichartz estimates, solutions of the linear equations
have powers of their Lq-norm integrable in time. If we accept complex valued
fonctions, then, based on material in Levandosky [17], we can construct standing
waves with arbitrarily small energy when p < 1 + 8

n , contradicting once again
scattering in the small energy setting.

2.5 Frequency localization

We prove frequency localization for solutions of the nonlinear equation (2.0.1).
We assume in what follows that p is such that

1 +
8
n
< p < 2] − 1, (2.5.1)

and that λ < 0. We prove the following frequency localization result in this
section, using ideas recently introduced by Tao [31] for the Schrödinger equation.

Lemma 2.5.1. Let n ≥ 5, and u ∈ ER+ be a forward global solution of the
nonlinear equation (2.0.1) with λ < 0 and p such that (2.5.1) holds true. There
exists a couple (u+

0 , u
+
1 ) ∈ E, η > 0, and a function w ∈ ER+ such that

(u, ut) =W(·)(u+
0 , u

+
1 ) + (w,wt) ,

W(−t)(w(t), wt(t)) ⇀ (0, 0) in E as t→ +∞ , and
sup
N≥1

lim sup
t→∞

NηE0 (P≥N (w(t), wt(t))) ≤ C ,
(2.5.2)

where C > 0 depends only on E (u(0), ut(0)), m, λ, and n.

As a consequence of this lemma we get that the following corollary holds
true. We prove the corollary in what follows and then prove the lemma in
several steps.

Corollary 2.5.1. Let n ≥ 5, u ∈ ER+ be a forward global solution of the
nonlinear equation (2.0.1) with λ < 0, and p such that (2.5.1) holds true, and
ε > 0. There exists t0 and N such that

E0(P≥N (u(t), ut(t))) ≤ ε2 (2.5.3)

for all time t ≥ t0.

Proof of Corollary 2.5.1. Since (u+
0 , u

+
1 ) ∈ E , there exists N0 such that

E0(P≥N0(u+
0 , u

+
1 )) ≤ ε2

4
. (2.5.4)

Since W is a unitary operator and since W commutes with P≥N for any N , we
get by (2.5.4) that for any time t, and for any N > N0,

E0(P≥NW(t)(u+
0 , u

+
1 )) = E0(W(t)P≥N (u+

0 , u
+
1 ))

= E0(P≥N (u+
0 , u

+
1 ))

= E0(P≥NP≥N0(u+
0 , u

+
1 )) ≤ ε2

4
.

(2.5.5)
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Independently, by (2.5.2), there exists N1 such that

E0(P≥N (w(t), wt(t))) ≤
ε2

4
(2.5.6)

for all N ≥ N1, and all t ≥ tN , where tN depends only on N . Let N >
max(N0, N1), and t ≥ tN . By (2.5.2), (2.5.5), and (2.5.6) we then get that

E0(P≥N (u(t), ut(t))) ≤ 2
(
E0(P≥N (w(t), wt(t))) + E0(P≥NW(t)(u+

0 , u
+
1 ))
)

≤ ε2.

This proves the corollary.

Now it remains to prove Lemma 2.5.1. We proceed in several steps. As a first
remark, we note that, when p satisfies (2.5.1), there always exist an S-admissible
pair (a, b), d ≥ 2, κ ∈ (0, 1),

2
p
< α <

2n
n+ 4

, (2.5.7)

α close to 2n/(n+ 4), and θ ∈ (0, 1) such that a > 2 and

(i)
1
b′

=
p− κ
d

+
κ

2
,

(ii) a′(p− κ) ≥ 2,

(iii)
n− 4

2
<

2
a′(p− κ)

+
n

d
<
n

2
,

(iv)
1
αp

=
1− θ

2
+

θ

α′
, and pθ > 1.

(2.5.8)

Now Step 2.5.1 states as follows. Without loss of generality, we assume in the
sequel that m = 1 and λ = −1.

Step 2.5.1. Let I ⊂ R be an interval, and u ∈ EI be a solution of (2.0.1)
with λ = −1 and p such that (2.5.1) holds true. Let also E > 0 be such that
E(u, ut) ≤ E. For any B-admissible pair (q, r),

‖u‖Lq(I,Lr) ≤ C(1 + |I|)
1
q (2.5.9)

where C depends only on E, q, and n.

Proof of Step 2.5.1. Step 2.5.1 follows from the Strichartz estimates in Lemma
2.3.1. First we assume that |I| ≤ 1 is small enough, I = [t0, t1]. We write (2.0.1)
as a superposition of two linear beam equations as in (2.3.5), with forcing term
h1 = −up and h2 = −u. Suppose first that p > (n + 2)/(n − 4), then there
exists δ > 0 such that (2p+ δ, 2np

n+2 ) = (γ, ρ) is B-admissible. Let µ > 0 be such
that 1

2p = 1
2p+δ + 1

µ . By the Strichartz estimates (2.3.6) in Lemma 2.3.1, that
we apply to the two linear beam equations with forcing terms h1 and h2,

‖u‖Lγ(I,Lρ) ≤ C

(√
E(u, ut) + ‖up‖

L2(I,L
2n
n+2 )

+ ‖u‖L1(I,L2)

)
≤ C

(√
E(u, ut) + ‖u‖p

L2p(I,L
2np
n+2 )

)
≤ C

(√
E(u, ut) + |I|

p
µ ‖u‖pLγ(I,Lρ)

)
,
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where up = |u|p−1u. Besides, h(t) = ‖u‖Lγ([t0,t],Lρ) is continuous and h(0) = 0.
It follows that if |I| ≤ ε0 is sufficiently small, then

‖u‖Lγ(I,Lρ) ≤ 2C
√
E(u, ut). (2.5.10)

Applying the Strichartz estimates (2.3.6), with (2.3.13) if p ≤ (n + 2)/(n − 4),
or (2.5.10) if p > (n + 2)/(n − 4), since (q, r) is B-admissible and (2, 2?) is
S-admissible, we get that

‖u‖Lq(I,Lr) ≤ C
(√

E(u, ut) + ‖up‖
L2(I,L

2n
n+2 )

)
≤ C ′. (2.5.11)

Now, if I is of arbitrary length, we decompose I = ∪kj=1Ij with the Ij ’s such
that their interiors are disjoint and such that |Ij | = ε0, except maybe for the
last interval which can be of a smaller length. Then k ≤ |I|ε0 + 1 and

‖u‖qLq(I,Lr) =
k∑
j=1

‖u‖qLq(Ij ,Lr) ≤ C (|I|+ 1) .

This ends the proof of Step 2.5.1.

The next step in the proof of Lemma 2.5.1 is stated as follows.

Step 2.5.2. Let u ∈ EI be a forward solution of (2.0.1) with λ = −1 and p
such that (2.5.1) holds true. For (a, b) an S-admissible pair like in (2.5.8), there
exist η > 0, and C > 0 depending only on n and E = E (u(0), ut(0)), such that

‖P≥Nup‖La′ (I,Lb′ ) ≤ CN
−η(1 + |I|) 1

a′ (2.5.12)

for all finite interval I ⊂ R+.

Proof of Step 2.5.2. Again we may assume that |I| ≤ 1. The case of intervals
of arbitrary length follows from the case |I| ≤ 1 as in the proof of Step 2.5.1.
Let uh = P≥Nu and ul = u− uh. Then

|up − up
l | ≤ C|uh|(|u|

p−1 + |ul|p−1),

and we get with Hölder’s inequality, (2.2.3), (2.3.13), (2.5.8) equation (i), and
(2.5.9), that

‖P≥N (up − up
l )‖La′ (I,Lb′ ) ≤ C‖|uh|

κ|uh|1−κ(|u|p−1 + |ul|p−1)‖La′ (I,Lb′ )
≤ C‖uh‖κL∞(I,L2)‖|uh|

1−κ(|u|p−1 + |ul|p−1)‖
La′ (I,L

d
p−κ )

≤ C‖uh‖κL∞(I,L2)‖uh‖
1−κ
La′(p−κ)(I,Ld)

(
‖u‖p−1

La′(p−κ)(I,Ld)
+ ‖ul‖p−1

La′(p−κ)(I,Ld)

)
≤ CN−2κ‖uh‖L∞(I,H2) ≤ CN−2κ,

(2.5.13)

where C depends only on n and E, where κ > 0 by (2.5.8), and where we
used the fact that the norm of u with respect to the pair (a′(p − κ), d) can be
controlled thanks to (2.3.13) and Step 2.5.1. The middle inequalities in (2.5.13)
are because of Hölder’s inequality and (2.5.8) equation (i). The last inequality
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in (2.5.13) is by (2.2.3) equation (i), and (2.5.9). Independently, still by (2.2.3),
(2.3.13), (2.5.8), and (2.5.9), we can write that

‖P≥Nup
l ‖La′ (I,Lb′ ) ≤ CN

−1‖|∇|up
l ‖La′ (I,Lb′ )

≤ CN−1‖∇up
l ‖La′ (I,Lb′ )

≤ CN−1‖|∇ul|κ|∇ul|1−κ|ul|p−1‖La′ (I,Lb′ )
≤ CN−1‖∇ul‖κL∞(I,L2)‖∇ul‖

1−κ
La′(p−κ)(I,Ld)

‖ul‖p−1

La′(p−κ)(I,Ld)

≤ CN−1‖u‖κL∞(I,H1)N
1−κ‖u‖1−κ

La′(p−κ)(I,Ld)
‖u‖p−1

La′(p−κ)(I,Ld)
≤ CN−κ.

(2.5.14)

The first inequality in (2.5.14) is by (2.2.3) equation (i). The second inequality
is by boundedness of Riesz transforms. The third inequality is by direct com-
putations. The fourth inequality is by (2.5.8) equation (i). The last inequality
in (2.5.14) is by (2.2.3) equation (ii). By letting η = κ, (2.5.12) in Step 2.5.2
follows from (2.5.13) and (2.5.14) when |I| ≤ 1. As already mentioned, this
ends the proof of Step 2.5.2.

The last step before the proof of Lemma 2.5.1 is stated as follows.

Step 2.5.3. Let u ∈ ER+ be a forward global solution of (2.0.1) with λ = −1
and p such that (2.5.1) holds true. Let also E > 0 be such that E(u, ut) ≤ E.
Then, there exist a couple us = (u+

0 , u
+
1 ) ∈ E, and a function w ∈ ER+ , such

that

(u(t), ut(t)) =W(t)us + (w(t), wt(t)) ,
E0(us) ≤ E , E0(w(t), wt(t)) ≤ 4E , and
W(−t)(w(t), wt(t)) ⇀ (0, 0) in E

(2.5.15)

as t→ +∞, where the first two equations hold true for all t ≥ 0. Furthermore,

(w(t), wt(t)) =W(t)(u0 − u+
0 , u1 − u+

1 )−
∫ t

0

W(t− s)(0, up(s))ds

= w– lim
T→∞

∫ T

t

W(t− s)(0, up(s))ds
(2.5.16)

for all t ≥ 0, where the notation w– lim stands for the weak limit.

Proof of Step 2.5.3. By conservation of the energy (2.3.13), and since W is a
unitary operator, we get that v(t) is uniformly bounded in E , where for any
time t ≥ 0,

v(t) =W(−t)(u(t), ut(t)). (2.5.17)

Hence, up to a subsequence, v(t) converges weakly in E as t→ +∞.

We claim that the limit is unique. In order to prove the claim it suffices to
prove that

lim
t1,t2→+∞

〈
v(t1)− v(t2), φ

〉
E = 0 (2.5.18)

for all φ0, φ1 ∈ C∞c (Rn), where φ = (φ0, φ1), and 〈·, ·〉E stands for the scalar
product in E . Let t2 ≤ t1 ∈ R+, and φ0, φ1 ∈ C∞c (Rn). By Duhamel’s formula
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(2.3.47), the semigroup property of W, and since W is a unitary operator, we
have ∣∣〈v(t1)− v(t2), φ

〉
E

∣∣ =
∣∣∣∣〈∫ t1

t2

W(−s)(0, up(s))ds, φ
〉
E

∣∣∣∣
≤
∫ t1

t2

∣∣〈(0, up(s)),W(s)φ
〉
E

∣∣ ds
≤
∫ t1

t2

‖up(s)‖Lα‖π2W(s)φ‖Lα′ds

≤ C‖u‖pL∞(R,H2)

∫ t1

t2

‖π2W(s)φ‖Lα′ds,

(2.5.19)

where α is as in (2.5.7), so that H2 ⊂ Lαp. Now, since α′ > 2], by (2.3.45)
equation (i) we get that there exists δ > 0 and C > 0 such that for any s > 0,

‖π2W(s)φ‖Lα′ ≤ Cs
−1−δ (2.5.20)

and from (2.5.19), (2.5.20), we deduce that (2.5.18) holds true. This implies
uniqueness and the above claim.

By (2.5.18) we also get that there exists a pair (u+
0 , u

+
1 ) ∈ E such that

v(t) ⇀ (u+
0 , u

+
1 ) (2.5.21)

weakly in E as t → +∞. Besides, since W is a unitary operator, and by
conservation of the energy as in (2.3.13), we have that

‖v(t)‖E = ‖(u(t), ut(t))‖E ≤
√
E (2.5.22)

while, by weak lower semicontinuity of the norm, we get from (2.5.22) that

‖(u+
0 , u

+
1 )‖E ≤

√
E. (2.5.23)

In what follows we let

(w(t), wt(t)) = (u(t), ut(t))−W(t)(u+
0 , u

+
1 ). (2.5.24)

Then the first equation in (2.5.15) holds true. By conservation of the energy
(2.3.13), and (2.5.23), we can write that ‖(w,wt)‖E ≤ 2

√
E. Together with

(2.5.21), (2.5.23), and (2.5.24), this proves that the second and third equations
in (2.5.15) also hold true. Now it remains to prove (2.5.16). By Duhamel’s
formula (2.3.47), we have

(w(t), wt(t)) =W(t)(u0 − u+
0 , u1 − u+

1 )−
∫ t

0

W(t− s)(0, up(s))ds. (2.5.25)

This proves the first equation in (2.5.16). We fix T > 0. By Duhamel’s formula
(2.3.47) with initial time T ,

(u(t), ut(t)) =W(t)W(−T )(u(T ), ut(T )) +
∫ T

t

W(t− s)(0, up(s))ds.
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As a consequence,

(w(t), wt(t)) =W(t)
(
W(−T )(u(T ), ut(T ))− (u+

0 , u
+
1 )
)

+
∫ T

t

W(t− s)(0, up(s))ds
(2.5.26)

for all t ≤ T . Using (2.5.21), and letting T → +∞ in (2.5.26), we obtain that
the second equation in (2.5.16) holds true. This ends the proof of Step 2.5.3.

Thanks to Steps 2.5.1–2.5.3 we are in position to prove our frequency local-
ization Lemma 2.5.1. We prove the lemma in the sequel.

Proof of Lemma 2.5.1. We suppose N ≥ 8. We let ε = N−η0 > 0 where η0 is
to be defined later on. By density of smooth functions in the energy space, we
can find an element φ = (φ0, φ1) ∈ C∞c (Rn)× C∞c (Rn) such that

‖(u0 − u+
0 , u1 − u+

1 )− φ‖E ≤ ε, (2.5.27)

where u0 = u(0), and u1 = ut(0). Applying P≥N to the two equations in
(2.5.16), we get

P≥N (w(t), wt(t)) =W(t)P≥N
(
φ+ e

)
−
∫ t

0

W(t− s)(0, P≥Nup(s))ds

= w– lim
T→∞

∫ T

t

W(t− s)(0, P≥Nup(s))ds,
(2.5.28)

where e = (u0−u+
0 , u1−u+

1 )−φ. By step 2.5.3, E0(w) ≤ 4E, where w = (w,wt).
Then, with (2.5.27) and (2.5.28), since W is a unitary operator and P≥N is
bounded on E , we get that for t ≥ 0,

E0(P≥Nw) =
∣∣〈P≥Nw,P≥Nw〉E ∣∣

≤
∣∣∣∣〈P≥Nw,W(t)P≥Nφ−

∫ t

0

W(t− s)(0, P≥Nup(s))ds
〉
E

∣∣∣∣+ 2
√
Eε

≤
∣∣∣〈w- lim

T

∫ T

t

W(t− t′)(0, P≥Nup(t′))dt′,W(t)P≥Nφ
〉
E

∣∣∣+ Cε

+
∣∣∣〈w- lim

T

∫ T

t

W(t− t′)(0, P≥Nup(t′))dt′,
∫ t

0

W(t− s)(0, P≥Nup(s))ds
)〉
E

∣∣∣,
where 〈·, ·〉E stands for the scalar product in E . Then we get that

E0(P≥Nw) ≤
∫ ∞
t

UN (t′)dt′ +

∣∣∣∣∣
∫ T

t

∫ t

0

VN (s, t′)dsdt′
∣∣∣∣∣+ Cε, (2.5.29)

where, by semigroup property, and since W is a unitary operator,

UN (t′) =
∣∣〈W(t− t′)(0, P≥Nup(t′)),W(t)P≥Nφ

〉
E

∣∣
=
∣∣〈(0, P≥Nup(t′)),W(t′)P≥Nφ

〉
E

∣∣ ,
VN (s, t′) = 〈W(t− t′) (0, P≥Nup(t′)) ,W(t− s) (0, P≥Nup(s))〉E

= 〈(0, P≥Nup(t′)),W(t′ − s)(0, P≥Nup(s))〉E ,

(2.5.30)
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and T = T (t) is taken sufficiently large. Now we estimate each term in (2.5.29)
and split the integral into several parts. First, using the fact that H2 ⊂ Lαp,
which follows from (2.5.7), conservation of the energy, (2.2.3) equation (i), and
the fast decay of P≥NW as in (2.3.45) equation (ii), we observe that

UN (t′) =
∣∣〈(0, P≥Nup(t′)),W(t′)P≥Nφ

〉
E

∣∣
≤ ||up||L∞(R+,Lα)

∣∣∣∣π2W(t′)P≥Nφ
∣∣∣∣
Lα′
≤ Ct′−2−δ (2.5.31)

for δ = n
2

(
1− 2

α′

)
− 2. It turns out that δ > 0 since, by (2.5.7), we have

α < 2n
n+4 . It follows from (2.5.31) that∫ ∞

t

UN (t′)dt′ ≤ ε (2.5.32)

for t > 0 sufficiently large. Now, from (2.2.3) equation (i), and (2.3.45) equation
(ii), we observe that

|VN (s, t′)| ≤ ‖P≥Nup(t′)‖Lα‖π2W(t′ − s)(0, P≥Nup(s))‖Lα′
≤ C|t′ − s|−2−δ‖up‖2L∞(R+,Lα).

Hence, by conservation of the energy (2.3.13), for 0 < η1 = a′

4 η, where a, η are
as in Step 2.5.2, we get that∣∣∣∣∫

t′≥t+Nη1

∫
0≤s≤t

VN (s, t′)dsdt′
∣∣∣∣ ≤ CN−δη1 . (2.5.33)

Similarly, assuming t ≥ Nη1 ,∣∣∣∣∫
t′≥t

∫
0≤s≤t−Nη1

VN (s, t′)dsdt′
∣∣∣∣ ≤ CN−δη1 . (2.5.34)

Writing I = {t−Nη1 ≤ s ≤ t}, and using (2.3.44) and (2.5.30), we get that∣∣∣∣∣
∫ t+Nη1

t

∫
t−Nη1≤s≤t

VN (s, t′)dsdt′
∣∣∣∣∣

=

∣∣∣∣∣
∫ t+Nη1

t

〈
(0, P≥Nup(t′)),

∫
0≤s≤t′

W(t′ − s)(0, 1I(s)P≥Nup(s))ds
〉
E
dt′

∣∣∣∣∣
≤ ‖P≥Nup‖La′ ([t,t+Nη1 ],Lb′ ) ||1I(s)u

p(s)||La′ (R,Lb′ ) ,

where (a, b) is as in (2.5.8) equations (i)-(iii). Hence, using (2.5.9) in Step 2.5.1,
and (2.5.12) in Step 2.5.2, we get that∣∣∣∣∣

∫ t+Nη1

t

∫
t−Nη1≤s≤t

VN (s, t′)dsdt′
∣∣∣∣∣ ≤ C|I| 2

a′N−η ≤ CN 2
a′ η1N−η. (2.5.35)

Now, since 2
a′ η1 − η = − 1

2η, we deduce from (2.5.29) and (2.5.32)–(2.5.35) that

E0(P≥Nw) ≤ Cε+ Cε+ CN−δη1 + CN−
η
2 (2.5.36)

for t sufficiently large. The last inequality in (2.5.2) follows from (2.5.36) if we
take η0 < min( 1

2η, δη1). Together with (2.5.15) this ends the proof of Lemma
2.5.1.
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2.6 Almost finite speed propagation

We prove what we referred to as almost finite speed propagation in the intro-
duction. Equation (2.6.1) in Lemma 2.6.1 basically states that solutions almost
live in cones like |x| ≤ R(2 + Kt) for R sufficiently large. Lemma 2.6.1 states
as follows.

Lemma 2.6.1. Let E > 0 and α be as in (2.5.7). We consider (2.0.1) with
λ < 0 and p as in (2.5.1). There exists ε′ > 0 and M > 1 such that for any
N ≥ 1, t0 ≥ 0, and ε ≤ ε′, if u ∈ ER+ is a forward global solution of (2.0.1) of
energy less than or equal to E satisfying (2.5.3) as in Corollary 2.5.1, then∫

|x|≥R(2+Kt)

|u(t, x)|pαdx ≤ (4Mε)pα (2.6.1)

for all t ≥ t0, where R,K ≥ 0 do not depend on t.

A useful corollary to Lemma 2.6.1 is as follows.

Corollary 2.6.1. Let n ≥ 5, and let u ∈ ER+ be a forward global solution of
(2.0.1) with λ < 0 and p such that (2.5.1) holds true. Given ε, there exist T > 0
and R1 > 0 such that ∫

|x|≥R1(1+t)

|u(t, x)|p+1dx ≤ ε. (2.6.2)

for all t ≥ T .

Proof of Corollary 2.6.1. Let E = E(u, ut). For ε′ as in Lemma 2.6.1 we let also
ε0 ≤ ε′ to be chosen later on. By Corollary 2.5.1 there exist N > 0 and T > 0
such that for t ≥ T , E0(P≥N (u(t), ut(t))) ≤ ε0. We may then apply lemma
2.6.1, and we see that there exist R,K ≥ 0 such that for t ≥ T , (2.6.1) holds
true with ε0 in place of ε and T in place of t0. Independently, by conservation
of the energy as in (2.3.13), and the Sobolev embedding theorem, we know that∫

Rn
|u(t, x)|2

]

dx ≤ C
√
E (2.6.3)

for all t. Then, by Hölder’s inequality, choosing ε0 to be sufficiently small,
depending only on E and ε, we get from (2.6.3) that

∫
|x|≥R(2+Kt)

|u(t)|p+1 ≤

(∫
|x|≥R(2+Kt)

|u(t)|pα
) 2]−(p+1)

2]−pα (∫
Rn
|u(t)|2

]

) p+1−pα
2]−pα

≤ (4Mε0)pα
2]−p+1
2]−pα

(
C
√
E
) p+1−pα

2]−pα

≤ ε.

This proves (2.6.2), and thus the corollary, with R1 = (2 +K)R.

Now we prove Lemma 2.6.1 by splitting u into several parts as in (2.6.25)
and (2.6.39). In view of time translation invariance, we can suppose t0 = 0.
Without loss of generality, we may also assume that m = 1 and λ = −1. We
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proceed in several steps. We let α be as in (2.5.7) and let M > 0 be the sharp
constant for the embedding of H2 into Lpα. Then

‖v‖Lpα ≤M‖v‖H2 (2.6.4)

for all v ∈ H2. Let u solve (2.0.1) and p be as in (2.5.1). We set u0 = u(0),
u1 = ut(0), and define ω by

(ω(t), ωt(t)) =W(t)(u0, u1), (2.6.5)

where W(t) is the isometry semigroup in Section 2.2. We let ϕ be given by

ϕ(t, ξ, x) = t
√

1 + |ξ|4 − 〈x, ξ〉 (2.6.6)

for all t ∈ R, and all ξ, x ∈ Rn. We also define

K = sup
ξ∈B0(N)

2|ξ|3√
1 + |ξ|4

. (2.6.7)

Given e ∈ Rn, the notation ∂eϕ refers to 〈∇ξϕ, e〉. As a remark, for any i ≥ 2,
there exists Mi > 0 such that

∣∣∂iϕ∣∣ ≤ Mit, where ∂i stands for iterations of
length i of the derivatives ∂eϕ for e in the canonical basis of Rn.

Step 2.6.1. Let ε > 0 and N ≥ 1. There exists R0 > 0 depending on ε, N , n,
p, u0, and u1, such that for any R ≥ R0 and any t ≥ 0,

‖r2(t)‖Lpα ≤Mε, (2.6.8)

where r2(t) = 1StP<Nω(t), St = {|x| ≥ R(2 + Kt)}, K is as in (2.6.7), 1St is
the characteristic function of St, ω is as in (2.6.5), and M is an in (2.6.4).

Proof of Step 2.6.1. In order to prove this step, we cut off the initial data at
infinity and use a high-frequency cut-off to estimate the solution in the exterior
of a cone. First, by density, we may find φ = (φ0, φ1) for φ0, φ1 ∈ C∞c (Rn),
such that

E0(u0 − φ0, u1 − φ1) ≤ ε2/16. (2.6.9)

We let
(wc(t), ∂twc(t)) =W(t)φ. (2.6.10)

We let R0 ≥ 2 be such that suppφi ⊂ B0(R0) for i = 1, 2. From now on we
assume that R ≥ R0. Then, by (2.6.4), the boundedness of P<N on E , unitarity
of W, and (2.6.9), we get that for any t ≥ 0,

‖P<N (ω(t)− wc(t))‖Lpα ≤
M

2
ε. (2.6.11)

Now we estimate the norm of 1StP<Nwc(t). We do it through nonstationary
phase estimates. We know from the explicit formula (2.3.38) that wc will be a
linear combination of terms like

Φ(x) = 1St(x)
∫

Rn

∫
Rn
eiϕ(t,ξ,x−y)s̃(ξ)φ̃(y)dydξ, (2.6.12)
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where St is as in (2.6.8),

s̃(ξ) = ψ(
2ξ
N

) or s̃(ξ) =
ψ( 2ξ

N )√
1 + |ξ|4

,

where ψ is as in (2.2.2), and φ̃(y) = φj(y), j = 0, 1. Now we remark that, since
R ≥ R0, given x ∈ St, the expression in the integrand in (2.6.12) vanishes when
|x− y| ≤ R

2 +KRt, and when this is not the case, letting e = x−y
‖x−y‖ , we get by

(2.6.7) that for any t ≥ 0 and any ξ ∈ Rn,

|∂eϕ(t, ξ, x− y)| =

∣∣∣∣∣2t|ξ|2 〈ξ, e〉√
1 + |ξ|4

− ‖x− y‖

∣∣∣∣∣
≥ R

2
+Kt(R− 1) ≥ (R− 1)

(
1
2

+Kt

)
.

(2.6.13)

For x, y such that |x− y| > R
2 +KRt, we consider the operator Lx,y given by

Lx,y(h) =
1

∂eϕ(t, ·, x− y)
∂eh (2.6.14)

for h ∈ C∞(Rn). Integrating by parts n times we get that∣∣∣∣∫
Rn
eiϕ(t,ξ,x−y)s̃(ξ)dξ

∣∣∣∣ =
∣∣∣∣∫

Rn
eiϕ(t,ξ,x−y)(L?x,y)ns̃dξ

∣∣∣∣ , (2.6.15)

where L?x,y, the adjoint operator of Lx,y in (2.6.14), is defined for all h ∈ C∞(Rn)
by the formula L?x,yh = −∂e h

∂eϕ
. Now, (2.6.13) gives that for any ξ ∈ Rn,

∣∣(L?x,y)ns̃(ξ)
∣∣ ≤ C ‖s̃‖Cn

Rn
≤ CR−n, (2.6.16)

where C does not depend on R ≥ R0, N , t, x, and y such that |x−y| > R
2 +KRt.

Hence, by (2.6.12), (2.6.15), and (2.6.16), we get that

‖Φ‖L∞ ≤ C
|B0(N)|
Rn

‖φ̃‖L1 ≤ CN
n

R
n
2
‖φ̃‖L2 , (2.6.17)

where Φ is as in (2.6.12). On the other hand, it is clear from (2.6.12) and
Parseval’s theorem that

‖Φ‖L2 ≤ C‖ψ‖L∞‖φ̃‖L2 , (2.6.18)

where C depends only on n. Combining (2.6.17) and (2.6.18), we deduce by
Hölder’s inequality that

‖Φ‖Lpα ≤ ‖Φ‖
1− 2

pα

L∞ ‖Φ‖
2
pα

L2 ≤ C(NnR−
n
2 )1− 2

pα , (2.6.19)

where C is independent of R and t. In particular, we see with (2.6.19) that for
R ≥ R0 sufficiently large, depending only on u0, u1, N , and ε, for any t ≥ 0,

‖1StP<Nwc(t)‖Lpα ≤
M

2
ε (2.6.20)

and consequently, by combining (2.6.11) and (2.6.20), we see that (2.6.8) holds
true. This ends the proof of Step 2.6.1
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Now, we want to estimate the contribution of the forcing term. For any
0 ≤ t1 ≤ t we let

r3(t, t1) = −1St

∫ t

t−t1
π1W(t− s)(0, P<Nup(s))ds , and

r′3(t, t1) = −
∫ t

t−t1
π1W(t− s)(0, up(s))ds,

(2.6.21)

where St is as in (2.6.8). The next step in the proof of Lemma 2.6.1 states as
follows.

Step 2.6.2. There exists t2 > 0, depending only on E and ε, such that

‖r3(t, t1)‖Lpα ≤Mε (2.6.22)

for all t ≥ 0, where t1 = min(t2, t).

Proof of Step 2.6.2. Since p < 2]− 1, we have that 4(p+1)−n(p−1)
2(p+1) > 0. Then by

(2.3.46), and the Sobolev embedding theorem,

‖r′3(t, t1)‖Lp+1 ≤
∫ t

t−t1
‖π1W(t− t′)(0, up(t′))‖Lp+1 dt

′

≤ C
∫ t

t−t1
(t− t′)1−n2

p−1
p+1 ‖up‖

L∞([t−t1,t],L
p+1
p )

dt′

≤ C|t1|
4(p+1)−n(p−1)

2(p+1)

≤ ε0

(2.6.23)

for all t ≥ 0 and all t2 ≤ 1 sufficiently small, depending only on n, p, E, ε0,
where ε0 is some small parameter to be chosen later on. Besides, for any t ≥ 0
and any t1 ∈ [0, t],

r′3(t, t1) = u(t)− u(t− t1)− ω(t) + ω(t− t1).

Hence, by conservation of the energy as in (2.3.13), r′3 is bounded in L2 uniformly
in t, t1, so that for any t ≥ 0, and any t1 ∈ (0, t2), since P<N is bounded on
Lp+1,

‖r3(t, t1)‖Lp+1 ≤ ‖P<Nr′3(t, t1)‖Lp+1 ≤ C‖r′3‖Lp+1 ≤ Cε0 , and

‖r3(t, t1)‖L2 ≤ ‖r′3(t, t1)‖L2 ≤ 4
√
E.

(2.6.24)

By Hölder’s inequality and (2.6.24), for ε0 correctly chosen depending only on ε,
E, and n, we get that (2.6.22) holds true. This ends the proof of Step 2.6.2.

Now, for any t′ ≥ 0, we split u(t′) into

u(t′) = 1Sc
t′
u(t′) + 1St′u(t′) = uc(t′) + uf (t′), (2.6.25)

where Sct′ stands for the complement of St′ . The forcing term also splits as
up = up

c + up
f . In what follows we estimate the contribution from uc. For any

time t ≥ 0, and any interval I, we let

r4(t, I) = −1St

∫
I

π1W(t− t′)(0, P<Nup
c(t
′))dt′, (2.6.26)

where St = {|x| ≥ R(2 + Kt)} is as in (2.6.8). A third step in the proof of
Lemma 2.6.1 is as follows.
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Step 2.6.3. Let ε > 0. There exists R > 0 such that

‖r4(t, I)‖Lα′ ≤ ε
p (2.6.27)

for all t ≥ 0 and all I ⊂ [0, t− t1], where t1 is as in Step 2.6.2, and r4 is as in
(2.6.26).

Proof of Step 2.6.3. For any t and t′, we define the operator Vt,t′ on L1 by

Vt,t′h(x) = 1St(x)
∫

Rn

∫
Rn
eiϕ(t−t′,ξ,x−y)s̃(ξ)1Sc

t′
(y)h(y)dydξ, (2.6.28)

where h ∈ L1 and ϕ is as in (2.6.6). Also, for any ξ ∈ Rn, we let

s̃(ξ) = ψ(
2ξ
N

)/
√

1 + |ξ|4,

where ψ is as in (2.2.2). We claim that this operator satisfies that for any q ≥ 2,
there exists C independent of K, N , ε, and R ≥ 2 such that for any for any
t ≥ t′ ≥ 0, and any function h ∈ L1 ∩ Lq′ ,

‖Vt,t′h‖Lq ≤ C ((t− t′)(R− 1))−n(1− 2
q ) ‖h‖Lq′ . (2.6.29)

We prove (2.6.29) in what follows.

First, we note that when t ≥ t′, x ∈ St, and y ∈ Sct′ , then |x−y| ≥ KR(t−t′)
and under these conditions, if e = (x− y)/‖x− y‖, we get that

|∂eϕ(t− t′, ξ, x− y)| ≥ K(t− t′)(R− 1). (2.6.30)

Then, again, let Lx,y be as in (2.6.14). When x ∈ St, after n integrations by
parts in the ξ variable, we get that

|Vt,t′h(x)| ≤
∫

Rn
1Sc

t′
(y)
∣∣∣∣h(y)

∫
Rn
eiϕ(t−t′,ξ,x−y)(L?x,y)ns̃dξ

∣∣∣∣ dy
≤ C|supps̃| (K(R− 1)(t− t′))−n ‖h‖L1 ,

(2.6.31)

where C does not depend on h, N , K, R, t′, t. Furthermore, by Parseval’s
theorem,

‖Vt,t′h‖L2 ≤ C‖h‖L2 , (2.6.32)

where C is independent of h, N , t, t′, R, and K. By the Riesz-Thorin theorem,
we deduce from (2.6.31) and (2.6.32) that for any q ≥ 2,

‖Vt,t′h‖Lq ≤ C (K(R− 1)(t− t′))−n(1− 2
q )
Nn(1− 2

q )‖h‖Lq′ . (2.6.33)

As is easily checked, (2.6.33) implies (2.6.29) since by (2.6.7), N/K ≤ 1.

Now we prove (2.6.27). We let t ≥ 0 and t1 be as in Step 2.6.2. Using (2.6.4),
(2.6.26), (2.6.29), and since n(1−2/α′) > 1, we get that, for R sufficiently large,
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depending only on p, E, ε, and t2, for any t ≥ 0, and any I ⊂ [0, t− t1],

‖r4(t, I)‖Lα′ =
∥∥∥∥1St ∫

I

π1W(t− t′)(0, P<Nup
c(t
′))dt′

∥∥∥∥
Lα′

≤ 1
(2π)n

∫ t−t1

0

‖Vt,t′up
c(t
′)‖Lα′dt

′

≤ C

∫ t−t1

0

(R(t− t′))−n(1− 2
α′ ) ‖up

c‖L∞(R+,Lα)dt
′

≤ CR−n(1− 2
α′ )‖u‖pL∞(R+,H2)

≤ εp.

This proves (2.6.27) and thus Step 2.6.3.

Using conservation of energy, we also note that for any t ≥ 0 and any
I ⊂ [0, t− t1] such that |I| ≤ 1, we have that

‖r4(t, I)‖L2 ≤
∫
I

‖π1W(t− t′)(0, P<Nup
c(t
′))‖L2dt′

≤ sup
I
‖(1 + ∆2)−

1
2up

c‖L2 ≤ C
√
E,

(2.6.34)

where C > 0 depends only on n. Now, for t3 = min(t− 1, 0), we define

r′5(t) = −1St

∫ t−t2

t3

π1W(t− t′)
(

0, P<Nu
p
f (t′)

)
dt′, (2.6.35)

where t2 is as in Step 2.6.2 and St is as in (2.6.8). The next step in the proof
of Lemma 2.6.1 states as follows.

Step 2.6.4. Suppose we have that

‖uf‖L∞([0,t],Lpα) ≤ 5Mε,

then there holds that
‖r′5(t)‖Lpα ≤Mε, (2.6.36)

where α is as in (2.5.8), provided that ε is sufficiently small.

Proof of Step 2.6.4. First, in case p 2n
n+4 ≤ 2∗, let α be so close to 2n/(n + 4)

(depending on p) that H2,αp ↪→ Lα
′
, then we use the decay estimates for the

linear propagator (2.3.18) to get

‖r′5(t)‖Lpα ≤ ‖
∫ t−t2

t3

π1W((t− t′)(0, up
f (t′))dt′‖Lpα

≤ C
∫ t−t2

t3

(t− t′)−
n
2 (1− 2

pα ) ‖(1 + ∆2)−1/2up
f‖L(pα)′dt′

≤ C sup
[t3,t]

‖|uf |p‖H−2,(pα)′

≤ C sup
[t3,t]

‖|uf |p‖Lα

≤ Cεp

≤Mε
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provided ε is sufficiently small. In case 2∗ < 2np/(n+4) < 2], we choose β < 2∗

close to 2∗, and let α < 2n/(n + 4) sufficiently close to 2n/(n + 4) such that
β < pα < β∗, and such that

κ =
1
2 −

1
(β∗)′p

1
2 −

1
pα

satisfies κp > 1. Then we proceed as follow, using the conservation of energy
and the decay estimate for the linear propagator (2.3.18):

‖r′5(t)‖Lpα ≤ C‖
∫ t−t2

t3

π1W((t− t′)(0, up
f (t′))dt′‖H1,β

≤ C‖(1 + ∆2)−
1
4

∫ t−t2

t3

sin
(

(t− t′)
√

1 + ∆2
)
up
f (t′)dt′‖Lβ

≤ C
∫ t−t2

t3

(t− t′)−
n
2 (1− 2

β ) ‖(1 + ∆2)−
1
4up

f (t′)‖L∞([t3,t],Lβ
′ )dt
′

≤ C‖|uf |p‖L∞([t3,t],L(β∗)′ )

≤ C
(
‖uf‖κL∞([t3,t],Lpα)‖uf‖

1−κ
L∞([t3,t],L2)

)p
≤ Cεκp

≤Mε

provided again that ε is sufficiently small.

With Steps 2.6.1–2.6.4 we are now in position to prove Lemma 2.6.1.

Proof of lemma 2.6.1. Let t ≥ 0, and t3 be as in Step 2.6.4. Let also r1 and r5

be given by

r1(t) = 1StP≥Nu(t) , and

r5(t) = −1St

∫ t3

0

π1W(t− s)(0, P<Nup
f (s))ds.

(2.6.37)

By (2.5.3) and (2.6.4), we have that

‖r1‖L∞(R+,Lpα) ≤Mε, (2.6.38)

where α is as in (2.5.7). Independently, by Duhamel’s formula (2.3.47), we can
write that

uf (t) = r1(t) + r2(t) + r3(t, t1) + r4(t, [0, t3]) + r4(t, [t3, t− t1]) + r5(t) + r′5(t),
(2.6.39)

where uf is as in (2.6.25), and the ri’s are as in (2.6.8), (2.6.21), (2.6.26), (2.6.35)
,and (2.6.37). Besides, for any t ≥ 0,

r4(t, [0, t3]) + r5(t) = 1StP<Nπ1 (W(t− t3)(u(t3), ut(t3))−W(t)(u0, u1)) ,
(2.6.40)

and, by boundedness of P<N on L2, conservation of the energy as in (2.3.13),
and since W is a unitary operator, we thus get from (2.6.40) that

‖r4(·, [0, t3]) + r5‖L2 ≤ 2
√
E. (2.6.41)
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Now, we remark that for t ≤ t2, we get that t3 = t− t1 = 0. As a consequence,
we have that

‖uf (t)‖Lpα ≤ r1(t) + r2(t) + r3(t, t1) ≤ 3Mε (2.6.42)

for all t ≤ t2. We let

t0 = sup{t ≥ 0 : ∀s ∈ [0, t], ‖uf (s)‖Lpα ≤ 5Mε} (2.6.43)

and we assume that t0 < +∞. We know from (2.6.42) that t0 > t2. By
continuity we then get that

‖uf (t0)‖Lpα = 5Mε. (2.6.44)

However, by the decay estimates (2.3.18), by (2.5.8) equation (iv), (2.6.27),
(2.6.41), and since P<N is bounded on Lα, we can write that

‖uf (t0)‖Lpα
≤ ‖r1(t0)‖Lpα + ‖r2(t0)‖Lpα + ‖r3(t0, t1)‖Lpα + ‖r′5(t0)‖Lpα
+ ‖r4(t0, [t3, t0 − t1])‖Lpα + ‖r4(t0, [0, t3]) + r5(t0)‖Lpα

≤ 4Mε+ ‖r4(t0, [t3, t0 − t1])‖1−θL2 ‖r4(t0, [t3, t0 − t1])‖θ
Lα′

+ (2
√
E)1−θ

(
εp +

∫ t3

0

‖π1W(t0 − t′)(0, P<Nup
f (t′))‖Lα′dt

′
)θ

≤ 4Mε+
(
C
√
E
)1−θ

εpθ

+ C

(
εp +

∫ t3

0

(t0 − t′)−
n
4 (1− 2

α′ )‖P<Nup
f‖L∞([0,t0],Lα)dt

′
)θ

≤ 4Mε+ C̃
(

2εp + ‖uf‖pL∞([0,t0],Lpα)

)θ
,

(2.6.45)

where θ is such that 0 < θ < 1 < pθ as in (2.5.8) equation (iv). The first
inequality in (2.6.45) is by (2.6.39), the second inequality is by (2.6.8), (2.6.22),
(2.6.36), (2.6.38), (2.5.8) equation (iv), (2.6.27), the second equation in (2.6.37)
and (2.6.41), the third inequality is by (2.6.27), (2.6.34) and (2.3.18), and the
fourth inequality is by boundedness of P<N on Lα and the fact that n

4 (1− 2
α′ ) > 1

since α < 2n/(n+ 4). Then, by (2.6.43), we get that

‖uf (t0)‖Lpα < 5Mε (2.6.46)

for ε ≤ ε′, where ε′ is chosen sufficiently small such that

ε′pθ−1C̃(2 + (5M)p)θ < M,

and C̃ depends only on E, n, and p. Clearly, (2.6.46) is in contradiction with
(2.6.44). Hence t0 = +∞, where t0 is given by (2.6.43). This proves (2.6.1) and
Lemma 2.6.1.

2.7 Proof of the Theorem

We prove our theorem in this section. In addition to the material developed
in the preceding sections, a key ingredient we need in the proof is a Morawetz
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estimate [26] obtained by Levandosky and Strauss [19]. We refer also to Lin [21].
Let n ≥ 5 and u ∈ ER+ be a forward global solution of the nonlinear equation
(2.0.1) with 1 + 8

n ≤ p ≤ 2] − 1 and λ < 0. Then, as proved in Levandosky and
Strauss [19], it holds that∫ ∞

0

∫
Rn

|u(t, x)|p+1

|x|
dtdx ≤ C, (2.7.1)

where C > 0 depends on n and u only through the energy. We prove our
theorem in what follows, using the method developed by Lin and Strauss [22]
and Morawetz and Strauss [27] for the Schrödinger and Klein-Gordon equations.

Proof of the theorem. As above, we may assume that m = 1 and λ = −1. Let
n ≥ 5 and u be a solution of (2.0.1) with p such that (2.5.1) holds true. By
Corollary 2.4.1 in Section 2.4 it suffices to prove that

‖u(t)‖Lp+1 → 0 (2.7.2)

as t→ +∞. The surjectivity of W+ and the continuity of its inverse, come from
the remark after Corollary 2.4.1. In order to prove (2.7.2) we claim that for any
ε > 0, t0 ≥ 0, and t1 > 0, there exists t2 > t0 such that

sup
t′∈[t2−t1,t2]

‖u(t′)‖Lp+1 ≤ ε. (2.7.3)

We prove (2.7.3) in what follows. Applying Corollary 2.6.1, we get that there
exist T,R > 0 such that ∫

|x|≥R(1+t)

|u(t, x)|p+1dx ≤ ε1 (2.7.4)

for all t ≥ T , where ε1, depending only on n, E, and p, is to be chosen later on.
We let t′0 = max(T, t0). Given ε0 > 0 and τ > 0, there exists t̃ > t′0 + 2τ such
that ∫ t̃

t̃−2τ

∫
|x|≤R(1+t′)

|u(t′, x)|p+1dxdt′ ≤ ε0. (2.7.5)

Indeed, by the Morawetz estimate (2.7.1), we can write that

∞ >

∫ ∞
t′0

1
R(1 + t′)

∫
|x|≤R(1+t′)

|u(t′, x)|p+1dxdt′

≥
∞∑
k=0

1
R(1 + (t′0 + 2(k + 1)τ))

∫ t′0+2(k+1)τ

t′0+2kτ

∫
|x|≤R(1+t′)

|u(t′, x)|p+1dxdt′.

Since ∑
k

1
R(1 + (t′0 + 2(k + 1)τ))

=∞,

there exists k0 > 0 such that∫ t′0+2(k0+1)τ

t′0+2k0τ

∫
|x|≤R(1+t′)

|u(t′, x)|p+1dxdt′ ≤ ε0. (2.7.6)
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Letting t̃ = t′0 + 2(k0 + 1)τ , (2.7.6) gives that (2.7.5) holds true. Now that we
have (2.7.5), we write with Duhamel’s formula (2.3.47) that for any t ≥ σ,

(u(t), ut(t)) =W(t)(u0, u1)−
∫ t−σ

0

W(t− t′)(0, up(t′))dt′

−
∫ t

t−σ
W(t− t′)(0, up(t′))dt′

= (v(t), vt(t)) + (w(t, σ), wt(t, σ)) + (z(t, σ), zt(t, σ)),

(2.7.7)

where σ ≥ 0 is to be chosen later on. We observe that

‖v(t)‖Lp+1 → 0 (2.7.8)

as t → +∞. Indeed, let δ > 0 arbitrary, and let φ0, φ1 ∈ C∞c (Rn) be such
that E0(u0 − φ0, u1 − φ1) ≤ δ. Then we define (ω(t), ωt(t)) = W(t)(φ0, φ1).
By conservation of the energy, the Sobolev embedding theorem, and the decay
estimate (2.3.18),

‖v(t)‖Lp+1 ≤ C‖ω(t)− v(t)‖H2 + ‖ω(t)‖Lp+1

≤ Cδ + C
(
t−

n
2 (1− 2

p+1 ) + t−
n
4 (1− 2

p+1 )
)
≤ 2Cδ

for t ≥ t0 sufficiently large depending only on n, p, φ0, φ1, and δ. This proves
(2.7.8). As a consequence of (2.7.8), we get that there exists t′′0 such that for
any time t′ ≥ t′′0 ,

‖v(t′)‖Lp+1 ≤ ε

4
. (2.7.9)

Now, we let β ≥ 1 be such that

β =

{
2
p if p ≤ 2,
1 otherwise.

(2.7.10)

Then, 1 − 2/β′ = min(1, p − 1), and β < 2n/(n + 4). By the decay estimate
(2.3.18) and the Sobolev embedding theorem, for β as in (2.7.10), we get that

‖w(t, σ)‖Lβ′ ≤ C
∫ t−σ

0

(t− t′)−n4 (1−2/β′)‖u(t′)‖p
Lpβ

dt′

≤ Cσ
4−nmin(1,p−1)

4 sup
t′
‖u(t′)‖pH2 ,

(2.7.11)

where C > 0 depends only on n. Independently, we see from (2.7.7) that

(w(t, σ), wt(t, σ)) =W(σ)(u(t− σ), ut(t− σ))−W(t)(u0, u1). (2.7.12)

Since W is unitary on E , and E0(u, ut) remains bounded, we see from (2.7.12)
that w(t, σ) remains bounded in L2. Hence, since 2 < p + 1 < β′ ≤ +∞, by
Hölder’s inequality, (2.7.11), and the boundedness of w(t, σ) in L2, we get that
there exist positive constants C and K, depending only on n, p, and E, such
that for any σ > 0, and any t ≥ σ,

‖w(t, σ)‖Lp+1 ≤ C‖w(t, σ)‖

1− 2
p+1

1− 2
β′

Lβ′
≤ Kσ−

n(p−1)−4 max(1,p−1)
4(p+1) . (2.7.13)
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As a consequence, there exists σ0 such that

‖w(t, σ)‖Lp+1 ≤ ε

3
(2.7.14)

for all σ ≥ σ0, and all t ≥ σ.

Finally, we remark that since p < 2]−1, we may find q ∈ [1, 4(p+1)/n(p−1))
such that pq′ ≥ p+ 1, and, with the decay estimate (2.3.46) and the fact that u
remains bounded in Lp+1, we get, for z(t, σ) as in (2.7.7), that

‖z(t, σ)‖Lp+1 ≤ C
∫ t

t−σ
(t− t′)−

n(p−1)
4(p+1) ‖u(t′)‖pLp+1dt

′

≤ C
(∫ t

t−σ
(t− t′)−

n(p−1)q
4(p+1) dt′

) 1
q
(∫ t

t−σ
‖u(t′)‖pq

′

Lp+1dt
′
) 1
q′

≤ Cσδ
(∫ t

t−σ
‖u(t′)‖p+1

Lp+1dt
′
) 1
q′

(2.7.15)

for some δ > 0, where C depends only on n, p, σ, and E but not on t. Note
that n(p−1)q

4(p+1) < 1 thanks to our assumption on q. Now, for σ0 as in (2.7.14) and
t′′0 as in (2.7.9), we let

t1 = max(σ0, t
′′
0), (2.7.16)

and we choose t2 ≥ t′0 + 2t1 such that (2.7.5) holds true for τ = t1, t̃ = t2 and ε0
small in a sense to be made precise below. Since [t− t1, t] ⊂ [t2 − 2t1, t2] when
t ∈ [t2 − t1, t2], we get with (2.7.4), (2.7.5), and (2.7.15) that

‖z(t, t1)‖Lp+1 ≤ Ctδ1

(∫ t

t−t1

∫
|x|≤R(1+t′)

|u(t′, x)|p+1dxdt′

+ t1 sup
t′∈[t,t−t1]

‖1St′u(t′)‖p+1
Lp+1

) 1
q′

≤ Ctδ1 (ε0 + t1ε1)
1
q′ ≤ ε

3

(2.7.17)

for ε0 and ε1 sufficiently small depending only on n, p, and t1. Estimates
(2.7.15)-(2.7.17) can be regarded as the key estimates in this section.

By combining (2.7.9), (2.7.14), (2.7.16), and (2.7.17) we get that (2.7.3)
holds true. Now that we have (2.7.3), we prove that (2.7.2) also holds true.
Given ε > 0 sufficiently small, we let σε large be such that

Kσ
−n(p−1)−4 max(1,p−1)

4(p+1)
ε =

ε

4
, (2.7.18)

where K is the constant (depending only on E, n, and p) appearing in (2.7.13).
By (2.7.7), we can write that u(t) = v(t) +w(t, σ) + z(t, σ) with σ = σε. We let
t′′0 be such that (2.7.9) holds true for t′ ≥ t′′0 . For t ≥ max(t′′0 , σε),

‖u(t)‖Lp+1 ≤ ε

2
+ ‖z(t, σε)‖Lp+1 , (2.7.19)
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and by the decay estimate (2.3.46) we get that there exist C,C ′ > 0, depending
only on p and n, such that

‖z(t, σε)‖Lp+1 ≤ C
∫ t

t−σε
(t− t′)−

n(p−1)
4(p+1) ‖u(t′)‖pLp+1dt

′

≤ C ′σ
1−n(p−1)

4(p+1)
ε sup

[t−σε,t]
‖u‖pLp+1 .

(2.7.20)

There exists t2 ≥ max(t′′0 , σε) such that (2.7.3) holds true with t1 = σε. We let

tε = sup{t ≥ t2 : ∀s ∈ [t2 − σε, t], ‖u(s)‖Lp+1 ≤ ε}. (2.7.21)

Assuming that tε 6= ∞, and since the map t 7→ u(t) is continuous on Lp+1, we
get that ‖u(tε)‖Lp+1 = ε. From this, (2.7.19), and (2.7.20), we see that

ε ≤ ε

2
+ C ′σ

1−n(p−1)
4(p+1)

ε εp.

Hence, σ
1−n(p−1)

4(p+1)
ε εp−1 ≥ 1/2C ′, and, by (2.7.18), we get that

σγε ≥
1

2C ′(4K)p−1
, (2.7.22)

where K and C ′ depend only on n, p, and E, and where

γ = −np(p− 1)− 4(p+ 1 + (p− 1) max(1, p− 1))
4(p+ 1)

. (2.7.23)

When p < 2, we get with (2.7.23) that

γ = −np(p− 1)− 8p
4(p+ 1)

=
2p
p+ 1

(
1− np− 1

8

)
(2.7.24)

and γ is negative when p satisfies (2.5.1), while if p ≥ 2, we get from (2.7.23)
that

γ = − n− 4
4(p+ 1)

(
p2 − p− 8

n− 4

)
. (2.7.25)

If we let h(x) = x2 − x − 8/(n − 4), then h is increasing for x ≥ 1 and, hence,
h(p) > h((n + 8)/n) > 0 when n ≥ 8. Finally, in the two cases (2.7.24) and
(2.7.25), we have that γ < 0. Then, (2.7.22) together with (2.7.18) imply that

ε ≥ 4K(2C ′(4K)p−1)
n(p−1)−4 max(1,p−1)

4(p+1)γ , (2.7.26)

where the right-hand side depends only on E, p, and n. Letting ε0 > 0 be
smaller than the right-hand side in (2.7.26), we get a contradiction for any
ε ≤ ε0. This proves that for such ε’s, tε = +∞. In particular, for any ε > 0
sufficiently small, there exists T > 0 such that ‖u(t)‖Lp+1 ≤ ε for all t ≥ T .
Replacing the Lp+1-norm by a Lq-norm for q < 2]− 1 close to 2]− 1, the above
argument also gives the result when 5 ≤ n ≤ 7. This proves (2.7.2). As already
mentioned, this also proves our theorem.
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Chapter 3

More about the scattering
operator

Abstract

For a fourth-order nonlinear wave equation in Rn, we prove that the
scattering operator S is analytic on energy space. Furthermore, S deter-
mines the scatterer uniquely. For small powers, there is no scattering.

Preprint written in collaboration with W.A. Strauss submitted under the name
“Analyticity of the Scattering operator for the beam equation”.
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3.1 Introduction

We continue our study of scattering theory for nonlinear wave equations of
fourth order in Rn. Scattering of fourth-order nonlinear waves is a subject that
has been investigated only recently. The fourth-order nonlinear wave equation
that we study in this paper, often referred to in the mathematics and physics
literature as the nonlinear beam equation or the Bretherton equation, is

∂2u

∂t2
+ ∆2u+mu = λ|u|p−1u, (3.1.1)

where m > 0 and λ are real numbers, ∆ is the classical Laplace operator, and
∆2 is the bi-Laplacian. The equation is said to be defocusing if λ < 0 and
focusing if λ > 0. At first glance, (3.1.1) is a formal fourth-order variant of the
classical Klein-Gordon equation, but it also has a Schrödinger structure because
of the decomposition ∂2

t + ∆2 = (∂t + i∆)(∂t − i∆). It has infinite propagation
speed.

In a recent series of papers [6], [7], [8], [11], Levandosky and the authors
began a systematic mathematical study of equation (3.1.1). The culminating
result in [11] is that every solution of finite energy is a scattering state, provided
the nonlinearity is defocusing, 1 + 8/n < p < 1 + 8/(n− 4) and n ≥ 5. There is
a mathematical literature going back 40 years that treats the global scattering
theory of second-order nonlinear waves, but [11] is the first paper that fully suc-
ceeds in the fourth-order case. For general background on nonlinear scattering,
see [13].

The aim of the current paper is to further develop the scattering theory
for equation (3.1.1) in greater detail. First we prove (in Section 3.3) that the
scattering operator S is as smooth as the nonlinearity allows. It is even an
analytic operator in case p is an odd integer. The analogue of this theorem in
the second-order case is due to Kumlin [5]. Our method is also applicable to
the second-order case and is much simpler than the method of [5].

Furthermore, S uniquely determines the nonlinearity p and the coupling
constant λ, as we prove in Section 3.4. On the other hand, in Section 3.5 we
prove that if 1 < p ≤ 1 + 2/n, then S cannot exist, even for arbitrarily low
energies.

3.2 Notation and Background

We work in the energy space, E = H2 × L2 of pairs of functions. On this space
we define the two energy functionals

E0(u, v) =
1
2

∫
Rn

(
|v|2 + |∆u|2 +m|u|2

)
dx,

E(u, v) = E0(u, v)− λ

p+ 1

∫
Rn
|u|p+1dx

(3.2.1)

and we choose
√
E0(u, v) as a norm on E . Some more definitions and notations

are as follows. For any interval I ⊂ R, we define

EI = C(I,H2) ∩ C1(I, L2) ∩ Lq1(I × Rn) ∩ Lq2(I × Rn),
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where

q1 =
2(n+ 2)p
n+ 4

, q2 =
2(n+ 4)p
n+ 8

.

Given u ∈ EI and t ∈ I, in general we let ū(t) denote the pair

ū(t) = (u(t), ut(t)) ∈ E .

We consider the following norms for functions defined on space and time:

‖u‖Z(I) = sup
i=1,2

‖u‖Lqi (I×Rn)

‖u‖EI = ‖u‖Z(I) + ‖u‖L∞(I,H2) + ‖ut‖L∞(I,L2)

‖u‖N(I) = ‖u‖Lq1/p(I×Rn) + ‖u‖Lq2/p(I×Rn)

(3.2.2)

We define a strong solution of the nonlinear equation (3.1.1) on an interval I to
be a function u ∈ EI that satisfies (3.1.1) for every time t ∈ I. Such a solution
has constant energy in the sense that

∀t, s ∈ I, E(ū(t)) ≡ E(u(t), ut(t)) = E(u(s), ut(s)) ≡ E(ū(s)).

Now consider the linear (free) beam equation with λ = 0. We let U0(t) be
the propagator for the linear equation on the energy space, defined by

U0(t) (u0, u1) = (v(t), vt(t)) =
(
U1

0 (t)(u0, u1),U2
0 (t)(u0, u1)

)
where v is the unique function in C(R, H2) satisfying

vtt + ∆2v + v = 0 , (v(0), vt(0)) = (u0, u1) ,

for (u0, u1) ∈ E . Such a function v is called a free solution.
We define the time-reversal operator J : E → E by J(u, v) = (u,−v). Note

that U0(t) = JU0(−t)J . We also define the operator N (u, v) = (0, |u|p−1u)
mapping Lqi(Rn)× (∗) into {0} × Lqi/p(Rn).

Now we recall the global estimates of Strichartz type in [11].

Lemma 3.2.1. Let 1 + 8/n ≤ p ≤ 1 + 8/(n − 4). There is a constant C
independent of ū, h and I such that∥∥∥∥U0(t)ū+

∫ t

0

U0(t− s) (0, h(s)) ds
∥∥∥∥

EI
≤ C

(
‖ū‖E + ‖h‖N(I)

)
(3.2.3)

for any interval I, all ū ∈ E and all h ∈ N(I),

We refer to Lemma 3.2 in [11] for the proof.

3.3 Regularity of the scattering operator

The theorem that defines the scattering operator Sm,λū− = ū+ is as follows. It
is the main result of [11], to which the reader is referred for the proof.
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Theorem 7. Let n ≥ 5, m > 0, λ < 0, and 1 + 8/n < p < 1 + 8/(n− 4). Then
for any ū− ∈ E, there exists a unique strong solution u ∈ ER of (3.1.1) such
that

‖ū(t)− U0(t)ū−‖E → 0 (3.3.1)

as t→ −∞. It follows that

E(ū) = E0(ū−). (3.3.2)

Furthermore, there exists a unique ū+ ∈ E such that (3.3.1) holds for t→ +∞
with ū+ instead of ū−.

In the sequel, we say that a strong solution u scatters or is a scattering
state if there exist ū− and ū+ satisfying the conditions above. For the reader’s
convenience we define the Cγ-class of regularity as follows.

Definition 3.3.1. We define Cγ = C [p] if p is not an integer. Also, we define
Cγ = Cp−1,1, the space of functions whose derivatives of order p − 1 are Lips-
chitz, if p is an even integer, and define Cγ to be the space A = Cω of analytic
operators if p is an odd integer.

Note that the composition of two Cγ functions is again Cγ . Our main result
in this section is the following.

Theorem 8. The mapping S : (m,λ, ū−) 7→ ū+ = Sm,λū− from R∗+ × R∗− × E
into E is continuous. Besides, for fixed m, it is of class Cγ . In particular it is
analytic if p is an odd integer and of class Cp−1,1 if p is an even integer.

The second-order analogue of Theorem 8 was proven by a more complicated
method in [5]. Earlier second-order results appeared in [1], [12] and [10]. Our
first lemma shows that by scaling we can normalize the two constants.

Lemma 3.3.1. In the proof of Theorem 8 we may assume that m = 1 = −λ.

Proof. Let Tα,β act on space-time functions by

Tα,βu(t, x) = β
1
p−1u

(
t

α2
,
x

α

)
.

Let u satisfy (3.1.1) with initial conditions (u0, u1). Letting α4 = m, and
β = |λ|

m , we see that Tα,βu satisfies (3.1.1) with m = 1 = −λ and with the
initial conditions

gα,β (u0, u1) =

((
|λ|
m

) 1
p−1

u0

(
·
m

1
4

)
,
|λ|

1
p−1

m
p+1

2(p−1)

u1

(
·
m

1
4

))
.

Thus the dependence of S on m,λ is explicit through the relation

Sm,λ = g−1
α,β S

1,−1 gα,β .

So we only have to prove the theorem for m = 1 = −λ.

For simplicity in the rest of this section we denote S = S1,−1. The scattering
operator can be decomposed in terms of the wave operator and its inverse.
We establish that all these operators are Cγ , and then prove regularity of the
scattering operator. For this, we need the following lemma.
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Lemma 3.3.2. There exists δ > 0 such that the following statements are
true. Let any strong solution u of (3.1.1) and any interval I be given such
that ‖u‖Z(I) ≤ δ.

(i) If I = [T1, T2] is finite, consider the mapping UI from v̄0 ∈ E at T1 into
the strong solution v ∈ EI of (3.1.1) such that v̄(T1) = v̄0. Then this mapping
is Cγ in a neighborhood of ū(T1).

(ii) If I = (−∞, T2], then there exists ū− ∈ E that satisfies (3.3.1). Consider
the wave operator WI from v̄− ∈ E at time −∞ into the strong solution v ∈ EI
of (3.1.1) for which ‖v̄(t) − U0(t)v̄−‖E → 0. Then this mapping is Cγ in a
neighborhood of ū−, with γ as above.

Proof. We begin with the first statement. Without loss of generality, we can
assume T1 = 0. Let T be the mapping defined on E × EI by

T (v̄0, v) =
(
v̄0, U0(·)v̄0 −

∫ ·
0

U0(· − s)(0, |v(s)|p−1v(s))ds
)
. (3.3.3)

By (3.1.1), the restriction u|I ∈ EI satisfies (ū(0), u) = T (ū(0), u). By the
Strichartz estimate (3.2.3), the second component of T satisfies

‖T2(v̄0, v)‖EI ≤ C(‖v̄0‖E + ‖|v|p−1v‖N(I)) ≤ C(‖v̄0‖E + ‖v‖pZ(I)), (3.3.4)

so that T maps E × EI into E × EI . Note that the function s 7→ f(s) = |s|p−1s
is of class Cγ on C, so that T is also of class Cγ on E × EI . In order to
prove the lemma, we will apply the implicit function theorem to the map-
ping T at the given solution (ū(0), u). Thus we require that the linear map
D2 (Id− T ) (ū(0), u) from EI into EI be invertible, where Id is the identity
mapping on E × EI and D2 denotes the derivative with respect to the second
argument. It suffices to prove that

‖D2T (ū(0), u)‖EI→EI < 1. (3.3.5)

Now for every v ∈ EI , we get

‖D2T (ū(0), u) (v) ‖EI =
∥∥∥∥∫ t

0

U0(t− s) (0, f ′(u(s))v(s)) ds
∥∥∥∥

EI

≤ C‖|u|p−1v‖N(I) ≤ C‖u‖p−1
Z(I)‖v‖Z(I)

≤ Cδp−1‖v‖EI ,

(3.3.6)

by (3.2.3). So we see that if δ is sufficiently small, then (3.3.6) implies (3.3.5).
Thus D2 (Id− T ) (ū(0), u) is an isomorphism. Hence there exists a neighbor-
hood O × P of (ū(0), u) in E × EI , and a Cγ function φ : O → EI such that
for any v̄0 ∈ O, φ(v̄0) is the unique solution of (Id− T ) (v̄0, φ(v̄0)) = 0. By
definition of T , this is equivalent to the statement that φ(v̄0) satisfies (3.1.1)
and φ(v̄0)(0) = v̄0. Hence φ = UI . This proves the first statement of the lemma.
The second statement is proven in exactly the same way if we replace (3.3.3) by

T (v̄−, v) =
(
v̄−, U0(·)v̄− −

∫ ·
−∞
U0(· − s)(0, |v(s)|p−1v(s))ds

)
.

This ends the proof of Lemma 3.3.2.
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Now we establish the regularity of the wave operator.

Lemma 3.3.3. The mapping W− : ū− ∈ E 7→ u ∈ ER, where u is the strong
solution of (3.1.1) such that (3.3.1) holds, is of class Cγ with γ as above.

Proof. Fix ū− ∈ E . Let u be the strong solution of (3.1.1) defined for all t ∈ R
that satisfies (3.3.1) and belongs to ER. In particular, the Z(R)-norm of u is
finite. We choose times −∞ < T0 < T1 < · · · < Tk+1 < ∞ and divide R into
subintervals R = (−∞, T0]∪

⋃k
i=0[Ti, Ti+1]∪ [Tk+1,+∞), where ‖u‖Z(I) = δ for

I = [Ti−1, Ti] for i = 0, .., k; and furthermore ‖u‖Z(I) ≤ δ for I = (−∞, T0] and
[Tk+1,+∞). First applying Lemma 3.3.2 on the infinite interval (−∞, T0], we
deduce that the mapping

W− : v̄− 7→ v|(−∞,T0]

is Cγ from a neighborhood of ū− ∈ E into E(−∞,T0], where v ∈ E(−∞,T0] satsfies
(3.1.1) and (3.3.1). In particular, the mapping v̄− 7→ v̄(T0) from E into E
is of class Cγ . Proceeding similarly k + 1 times, we see that there exists a
neighborhood of ū−, say O ⊂ E , such that the mapping

v̄− 7→ (v̄(T1), . . . , v̄(Tk+1))

is of class Cγ from O into (E)k+1.
Applying Lemma 3.3.2 again on (−∞, T0], on each interval [Ti, Ti+1] for

i = 0, .., k, and on [Tk+1,+∞), we deduce that the mapping

v̄− ∈ O′ 7→
(
v|(−∞,T0], v|[T0,T1], . . . , v|[Tk+1,+∞)

)
∈ E(−∞,T0] × · · · × E[Tk+1,+∞)

is of class Cγ , where O′ ⊂ O is a neighborhood of ū−. Finally we note that the
“restriction” map

R : w ∈ ER 7→
(
w|(−∞,T0], . . . , w|[Tk+1,+∞)

)
∈ E(−∞,T0] × · · · × E[Tk+1,+∞)

is obviously an isomorphism onto its range. So by considering R−1, we conclude
that the mapping

v̄− ∈ O′ 7→ v ∈ ER

is also of class Cγ . This completes the proof of Lemma 3.3.3.

We are now in position to prove the theorem.

Proof of Theorem 8. By (4.4) in [11], we know that if u =W−(ū−), then

ū+ = S(ū−) = ū(0)−
∫ ∞

0

U0(−s)(0, |u(s)|p−1u(s))ds. (3.3.7)

The mapping ū− 7→ u 7→ ū(0) is of class Cγ from E to ER to E by Lemma 3.3.3.
The mapping

u 7→
∫ ∞

0

U0(−s)(0, |u(s)|p−1u(s))ds

is of class Cγ from E[0,∞) to E as in (3.3.4). By composition, S is also of class
Cγ . By Lemma 3.3.1, the proof is concluded.
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As a remark, by an almost identical proof we prove the regularity of the
local flow map even if λ is arbitrary and p is critical, as stated in the following
theorem.

Theorem 9. Let 1 ≤ p ≤ 1+8/(n−4). Let m > 0 and λ ∈ R. For any ū0 ∈ E,
let T ?(m,λ, ū0) be the maximal positive time of existence of the strong solution
u of (3.1.1) such that ū(0) = ū0. Then for any T < T ?(m,λ, ū0), the mapping
U[0,T ] : (m,λ, v̄0) 7→ v, where v is the unique strong solution of (3.1.1) such that
v̄(0) = v̄0, is continuous from a neighborhood of (m,λ, ū0) ∈ R∗+ × R∗ × E into
E[0,T ] if p ≥ 1 + 8/n, and into C([0, T ], E) if p < 1 + 8/n. Besides, for fixed m,
it is of class Cγ .

3.4 Inverse scattering

In this section, we recover the dynamics from knowledge of S alone. The ques-
tion is: can we recover the nonlinear interaction term from the scattering oper-
ator S alone? We give a positive answer to this question.

Theorem 10. The scattering operator S determines λ and p uniquely.

Proof. In fact, we can even limit ourselves to the consideration of small-data
scattering. First we will prove that S determines p. We recall the following fact
about the wave operatorW− that is a standard consequence of estimate (3.2.3)
as in [7]. Namely, there exists ε > 0 such that, for any ū− ∈ E with ‖ū−‖E ≤ ε,
we know that the strong solution u = W−R (ū−) of (3.1.1) given by Theorem 7
satisfies

‖W−R (ū−)‖ER ≤ C‖ū−‖E , ‖W−R (ū−)− U1
0 (·)ū−‖ER ≤ C‖ū−‖

p
E (3.4.1)

for some C > 0 independent of ū−.
Now fix φ̄ ∈ E with energy norm smaller than ε. For a small parameter

θ > 0, let (vθ, vθt ) = U0(t)(θφ̄), and let uθ =W−R (θφ̄) ∈ ER. Then we have

(θφ̄)+ = S
(
θφ̄
)

= θφ̄+ λ

∫ +∞

−∞
U0(−s)(0, |uθ|p−1uθ(s))ds

as in (3.3.7). Consequently, applying the linear estimate (3.2.3) and then (3.4.1),
we obtain∥∥∥∥S (θφ̄)− θφ̄− λ ∫ +∞

−∞
U0(−s)(0, |vθ|p−1vθ(s))ds

∥∥∥∥
E

= |λ|
∥∥∥∥∫ +∞

−∞
U0(−s)

(
0, |uθ|p−1uθ(s)− |vθ|p−1vθ(s)

)
ds

∥∥∥∥
E

≤ Cm,λ‖|uθ − vθ|
(
|uθ|p−1 + |vθ|p−1

)
‖N(R)

≤ Cm,λ‖uθ − vθ‖Z(R)

(
‖uθ‖p−1

Z(R) + ‖vθ‖p−1
Z(R)

)
.

(3.4.2)

But ‖vθ‖Z(R) = θ‖U1
0 (·)φ̄‖Z(R) = Cθ and ‖uθ‖Z(R) ≤ ‖W−R (θφ̄)‖ER ≤ Cθ‖φ̄‖E

by (3.4.1). Moreover,

‖uθ − vθ‖Z(R) ≤ ‖W−R (θφ̄)− U1
0 (·)θφ̄‖ER ≤ C‖θφ̄‖

p
E ≤ Cθ

p.
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So from (3.4.2) we have∥∥∥∥S (θφ̄)− θφ̄− λθp ∫ +∞

−∞
U0(−s)(0, |v1|p−1v1(s))ds

∥∥∥∥
E
≤ Cm,λ,φ̄ θ2p−1.

Clearly this integral is O(θp). Thus

‖ (S − Id)
(
θφ̄
)
‖E = Cm,λ,φ̄ θ

p + om,λ,φ̄(θp)

as θ → 0. Obviously p is thereby determined uniquely from the scattering
operator on small data.

Now that p is determined, let us determine λ. We follow the approach in
[10] by considering the following skew-symmetric form on E :

Ω ((u0, u1); (v0, v1)) =
∫

Rn
[u0(x)v1(x)− v0(x)u1(x)] dx. (3.4.3)

This form is an invariant of the free equation; that is, for any a, b ∈ E , the form
Ω(U0(t)a;U0(t)b) does not depend on t. Choosing arbitrary ū−, v̄− ∈ E , we let
u = W−(ū−) and v = W−(v̄−). Since both u and v are solutions of (3.1.1) in
ER, the mapping t 7→ Ω(ū(t); v̄(t)) is C1 and a simple calculation shows that

d

dt
Ω(ū; v̄) = λ

∫
Rn

[
|u|p−1uv − |v|p−1vu

]
dx.

Integrating this expression between −T and T , we get

Ω(ū(T ), v̄(T ))− Ω(ū(−T ), v̄(−T )) = λ

∫ T

−T

∫
Rn

[
|u|p−1uv − |v|p−1vu

]
dxdt.

(3.4.4)
Letting T → +∞ in (3.4.4) and using (3.3.1), we obtain

Ω(S(ū−);S(v̄−))− Ω(ū−; v̄−) = λ

∫ +∞

−∞

∫
Rn

[
|u|p−1uv − |v|p−1vu

]
dxdt.

(3.4.5)
Now we fix φ̄ ∈ E to have energy smaller than ε and we let U0(t)φ̄ = (w(t), wt(t)).
For θ > 0, we choose ū− = 2θφ̄ and v̄− = θφ̄, which define u and v as above. For
θ sufficiently small, identity (3.4.5) and then estimate (3.4.1) yield the estimate

Ω(S(2θφ̄);S(θφ̄))

= λ

∫ +∞

−∞

∫
Rn

[
|u|p−1uv − |v|p−1vu

]
dxdt

= λ

∫ +∞

−∞

∫
Rn

[
|2θw|p−12θ2w2 − |θw|p−12θ2w2

]
dxdt+O(θ2p)

= (2p − 2) θp+1λ

∫
Rn×R

|w|p+1dxdt+O(θ2p).

(3.4.6)

By (3.4.6) we conclude that

λ = lim
θ→0

θ−p−1

2(2p−1 − 1)

{∫ ∫
|U1

0 (t)φ̄|p+1dxdt

}−1

Ω(S(2θφ̄);S(θφ̄)).

Thus λ is determined by S and the proof is concluded.
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3.5 Nonscattering range

In contrast to Theorem 7, we establish that scattering cannot occur if p is near
1. The negative result we prove concerns convergence as t → −∞. However,
since U0(−t) = JU0(t)J , it has a counterpart as t→ +∞.

Theorem 11. Let 1 < p ≤ 1 + 2
n , m > 0, n ≥ 2 and λ < 0. Then there exists

ū− ∈ E of arbitrarily small energy norm such that there cannot be any strong
solution u of (3.1.1) satisfying (3.3.1).

An analogous result for the classical nonlinear Klein Gordon equation is due
to Glassey [2]. We first need the following simple lemma concerning the optimal
rate of decay of free solutions.

Lemma 3.5.1. There exists a free solution w of finite energy that satisfies the
lower bound ∫

Rn
|w(t, x)|p+1dx ≥ C0|t|−

n(p−1)
2 (3.5.1)

for any p ≥ 1 and the upper bound

sup
x
|w(t, x)| ≤ C1|t|−

n
2 (3.5.2)

for some positive constants C0, C1.

Proof. Let ψ ∈ C∞c (Rn) be such that ψ ≥ 0,
∫
ψ = 1, and ψ = 0 for |ξ| > 2 and

|ξ| < 1. We define

ŵ0(ξ) = ψ(ξ), ŵ1(ξ) = i
√

1 + |ξ|4 ψ (ξ) . (3.5.3)

Clearly w̄ = (w0, w1) has finite energy. We let

w(t) = U1
0 (t)w̄ = eit

√
1+∆2

ψ̌

be the linear solution with initial data (w0, w1) ∈ E , where ψ̌(x) = ψ̂(−x).
Applying Lemma 3.4 in [4], we immediately obtain the L∞ decay (3.5.2).

We claim that there exists Cn > 0 such that if |x| ≥ 20t, then

|v(t, x)| ≤ Cn|x|−n−1. (3.5.4)

By spherical symmetry we can assume without loss of generality that x1 = r
and x2 = · · · = xn = 0. By ∂1, ∂

α we denote derivatives with respect to the
variable ξ. The phase function is

ϕ(t, x, ξ) =
√

1 + |ξ|4 − x

t
· ξ

so that

|∂1ϕ(t, x, ξ)| = r

t
− 2ξ1 ≥

1
2
r

t
and |∂αϕ(t, x, ξ)| ≤ Cα

for any multi-index α of length |α| ≥ 2, uniformly for |ξ| ∈ [1, 2] and r ≥ 20t.
Let Lt,x and L∗t,x be the operators on C∞c (Rn) given by

Lt,xu(ξ) =
1

∂1ϕ(t, x, ξ)
∂1u(ξ) and L∗t,xu(ξ) = −∂1

(
1

∂1ϕ(t, x, ξ)
u(ξ)

)
.
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Then for r ≥ 20t, integrations by parts n+ 1 times yield

|w(t, x)| = 1
(2π)

n
2

∣∣∣∣∫
Rn
eitϕ(t,x,ξ)ψ(ξ)dξ

∣∣∣∣
=

1
(2π)

n
2 tn+1

∣∣∣∣∫
Rn
Ln+1
t,x

[
eitϕ(t,x,ξ)

]
ψ(ξ)dξ

∣∣∣∣
=

1
(2π)

n
2 tn+1

∣∣∣∣∫
Rn
eitϕ(t,x,ξ)L∗(n+1)

t,x ψ(ξ)dξ
∣∣∣∣

≤ Cn|x|−n−1.

This proves the claim (3.5.4). Now by (3.5.2) and (3.5.4) we easily get that

‖w(t, x)‖L1 ≤
∫
|x|≤20t

t−
n
2 dx+ Cn

∫
|x|≥20t

dx

|x|n+1
≤ Ctn2 (3.5.5)

for some positive constant C. As ‖w(t)‖L2 is constant, Hölder’s inequality and
(3.5.5) yield the lower bound (3.5.1). This concludes the proof.

We are now in position to prove the theorem.

Proof of Theorem 11. We w be a free solution as in Lemma 3.5.1. Supposing
that u is a solution of the nonlinear equation (3.1.1) that satisfies (3.3.1) as
t → −∞ with ū− = w̄, we will prove a contradiction. Note that the energy
E(u, ut) = E0(w,wt) can be made arbitrarily small, simply by multiplying w by
a small constant. Let H(t) = Ω(ū(t), w̄(t)), where Ω is the skew form defined
in (3.4.3). As t→ −∞, we have H(t)→ Ω(ū−, ū−) = 0 by (3.3.1). However, as
before,

H(r)−H(s) = λ

∫ r

s

∫
Rn
|u(x, t)|p−1u(x, t)w(x, t)dxdt = λ

∫ r

s

(I + II)dt

= λ

∫ r

s

∫
Rn
|w|p+1dxdt+ λ

∫ r

s

∫
Rn

[
|u|p−1u− |w|p−1w

]
w dxdt.

(3.5.6)

We will find a lower bound for this expression. Estimating I from below by
means of (3.5.1), we have

I =
∫

Rn
|w(t, x)|p+1dx ≥ C0|t|−

n(p−1)
2 .

On the other hand, because n ≥ 2 so that p ≤ 2, we also have∣∣[|u|p−1u− |w|p−1w
]
w
∣∣ ≤ C|u− w| (|u|p−1 + |w|p−1) |w|.

Hence we can estimate II from above by∫
Rn

∣∣[|u|p−1u− |w|p−1w
]
w
∣∣ dx

≤ C‖u− w‖L2 ‖w‖p−1
L∞

{
‖|w|2−p|u|p−1‖L2 + ‖w‖L2

}
.

Because ‖|w|2−p|u|p−1‖L2 ≤ ‖w‖L2 +‖u‖L2 and u and w are bounded in L2(Rn),
this integral is at most

C‖u− w‖L2 ‖w‖p−1
L∞ ≤ C‖u− w‖L2 |t|−

n(p−1)
2 = o

(
|t|−

n(p−1)
2

)
,
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where we have used the decay (3.5.2) of the free solution as well as the assump-
tion that u− w converges to 0 in energy norm. Thus

1
λ

[H(r)−H(2r)] =
∫ r

2r

(I + II)dt ≥
∫ r

2r

(
C0|t|−

n(p−1)
2 − 1

2
C0|t|−

n(p−1)
2

)
dt.

Now as r → −∞, the left side tends to zero but the right side is larger than

1
2
C0

∫ r

2r

1
|t|
dt =

1
2
C0 log 2

because n(p− 1)/2 ≤ 1. This contradiction completes the proof.

The focusing case is quite different from the defocusing case. In either case
it is easy to see that if 1 < p ≤ 1 + 8

n−4 , then there exists a unique local-in-time
solution of finite energy [6],[7]. However, the long-time behavior is more subtle.

Indeed, we now consider the focusing case λ > 0. If 1 < p ≤ 1 + 8
n−4 ,

then there are solutions that blow up in a finite time. This contrasts with the
defocusing case. In fact, following the proof in [9] and [3], it is easily seen in
the focusing case that for any initial data ū0 with negative energy E(ū0) < 0,
the unique strong solution u of (3.1.1) satisfying ū(0) = ū0 cannot be extended
to all of R+ as a strong solution because it blows up. By definition, a solution
that blows up cannot scatter.

What about small energy solutions? If 1+ 8
n ≤ p ≤ 1+ 8

n−4 , then all solutions
of sufficiently small energy exist for all time and they do scatter [7]. This is true
for any λ > 0. Of course, this fact is consistent with our earlier discussion of
the defocusing case. On the other hand, for any 1 < p < 1 + 8/n, there exist
solutions of arbitrarily small energy that do not scatter. For example we can
let 0 6≡ ψ ∈ H2(Rn) solve the elliptic equation ∆2ψ + mψ = |u|p−1ψ (see [6]).
Then for any 0 < λ < 1 the function

vλ(t, x) = λ
4
p−1 eit

√
m(1−λ4)ψ(λx)

solves (3.1.1), and
E(vλ(0), i

√
(1− λ4)vλ(0))→ 0

as λ→ 0. However, it could not approach any free solution in the energy space
because it does not decay at all as |t| → ∞.
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Chapter 4

Global well-posedness for
energy critical fourth-order
Schrödinger equations in
the radial case

Abstract

Energy-critical fourth-order Schrödinger equations are investigated.
We establish local well-posedness and stability in a general setting, and
we prove global well-posedness and scattering in the defocusing case for
radially symmetrical initial data.

Article published in Dynamics of partial differential equations as “Global well-
posedness for energy critical fourth-order Schrödinger equations in the radial
case”, Dynamics of PDE, 4 (3), (2007), 197–225.
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4.1 Introduction

Fourth-order Schrödinger equations have been introduced by Karpman [13] and
Karpman and Shagalov [14] to take into account the role of small fourth-order
dispersion terms in the propagation of intense laser beams in a bulk medium
with Kerr nonlinearity. Such fourth-order Schrödinger equations are written as

i∂tu+ ∆2u+ ε∆u+ f
(
|u|2
)
u = 0 (4.1.1)

where ε ∈ R is essentially given by ε = ±1 or ε = 0, and u : I × Rn → C
is a complex-valued function. Sharp dispersive estimates for the biharmonic
Schrödinger operator in (4.1.1), namely for the linear group associated to i∂t +
∆2 + ε∆, have recently been obtained in Ben-Artzi, Koch, and Saut [1], while
specific nonlinear fourth-order Schrödinger equations as in (4.1.1) have been
recently discussed in Fibich, Ilan, and Papanicolaou [5], Guo and Wang [9],
Hao, Hsiao, and Wang [10, 11], and Segata [25]. Fibich, Ilan and Papanicolaou
[5] describe various properties of the equation in the subcritical regime, with
part of their analysis relying on very interesting numerical developments. Guo
and Wang [9] prove global well-posedness and scattering in Hs for small data.
Hao, Hsiao and Wang [10, 11] discuss the Cauchy problem in a high-regularity
setting. Segata [25] proves scattering in the case the space dimension is one.
Related equations also appeared in Fibich, Ilan, and Schochet [6], Huo and Jia
[12], and Segata [23, 24].

When n ≤ 4, and f has polynomial growth, equation (4.1.1) is subcritical
and its analysis follows from standard developments. When n ≥ 5 criticality
in the energy space appears with the power-type nonlinearity f(u) = |u|2]−2u,
where 2] = 2n/(n − 4) is the critical exponent for the embedding of H2 into
Lebesgue’s spaces. Following classical notations, we let H2 be the space of
square integrable functions whose first and second derivatives are also square
integrable. We concentrate here on (4.1.1) with a pure power-type nonlinearity
and aim in proving global existence in the critical defocusing regime of (4.1.1)
for arbitrary initial data. Global well-posedness for the classical second order
Schrödinger equation in the critical defocusing regime with a pure power-type
nonlinearity has been recently established in a series of papers by Bourgain [2],
Colliander, Keel, Staffilani, Takaoka, and Tao [4], Grillakis [8], Ryckman and
Visan [22], Tao [26], and Visan [29]. We refer also to Kenig and Merle [17]
for a similar result in the focusing case for solutions whose energy and kinetic
energy are smaller than that of the ground state, and to Killip, Visan, and
Zhang [18], where a quadratic potential is added to the classical second order
Schrödinger equation. By analogy with second order Schrödinger equations it
can be conjectured that global well-posedness holds true for (4.1.1) with a pure
power-type nonlinearity, in the critical defocusing regime, for arbitrary initial
data. We prove such global well-posedness when the initial data is radially
symmetrical.

As already mentioned, the equations we consider in this paper correspond
to (4.1.1) when f is a pure power-type nonlinearity. They are written as

i∂tu+ ∆2u+ ε∆u+ λ|u|p−1u = 0, (4.1.2)

where λ ∈ R, and p ∈ (1, 2]−1]. The energy critical regime in (4.1.2) corresponds
to the case p = 2]−1, and the defocusing regime to the case λ > 0. As a remark,
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when ε = 0, (4.1.2) enjoys scaling invariance. The scaling, as expressed in (4.4.1)
below, preserves the homogeneous Sobolev space Ḣ2 when p = 2]−1. Our main
result states as follows.

Theorem 12. Let n ≥ 5, ε ∈ R, λ > 0, and p ∈ (1, 2] − 1]. For any radially
symmetrical data u0 ∈ H2 there exists a unique global solution u ∈ C(R, H2) of
(4.1.2) such that u(0) = u0.

When p is subcritical, or u0 has small energy and p is critical, the radially
symmetrical assumption on u0 in Theorem 12 is not needed. We refer to Corol-
lary 4.4.1 in Section 4.4 and Corollary 4.5.1 in Section 4.5 for more details on
such assertions. We mainly concentrate in this paper on the critical case of
(4.1.2). In this case we also prove stability for all ε, see Proposition 4.6.1 in Sec-
tion 4.6, and scattering when ε ≤ 0, see Proposition 4.9.1 and Proposition 4.9.2
in Section 4.9. Needless to say, scattering and stability are important notions
for physical considerations.

Our paper is organized as follows. We fix notations in Section 4.2. Strichartz
type estimates, a classical one and one with gain of derivatives, relying on the
dispersion estimates in Ben-Artzi, Koch, and Saut [1], and on the Strichartz
type estimates of Keel and Tao [16], are proved in Section 4.3. The local theory
for (1.2), without the radially symmetrical assumption, and for arbitrary λ’s,
is established in Sections 4.4 to 4.6. The subcritical case of (4.1.2) is briefly
discussed in Section 4.4. Local existence in the critical case is proved in Section
4.5, and stability in the sense of Tao and Visan [28] is discussed in Section 4.6.
We prove localized Morawetz estimates and almost local conservation of mass
in Section 4.7. Such estimates and conservations laws are crucial for the proof
of Theorem 12. The theorem is proved in Section 4.8 following the strategy
initiated in Bourgain [2] and developed in Tao [26]. Finally, in Section 4.9, we
briefly discuss the scattering assertion we made after Theorem 12.

4.2 Notations

We fix notations we use throughout the paper. In what follows, we denote
by C a generic constant that is allowed to depend on the dimension and the
nonlinearity through |λ| and p. The exact value of that constant may change
from line to line. We write C(a), C(a, b) when there is more dependence. More
significative constants are often denoted by K, K1, K2 to highlight their role.
We let Lq = Lq(Rn) be the usual Lebesgue spaces, and Lr(I, Lq) be the space
of measurable functions from an interval I ⊂ R to Lq whose Lr(I, Lq) norm is
finite, where

‖u‖Lr(I,Lq) =
(∫

I

‖u(t)‖rLqdt
) 1
r

.

Two important conserved quantities of equation (4.1.1) are the mass and the
energy defined by

M(u) =
∫

Rn
|u(x)|2dx (4.2.1)

on what concerns the mass, and

E(u) =
1
2

∫
Rn

(
|∆u(x)|2 − ε|∇u(x)|2 + F (|u(x)|2)

)
dx (4.2.2)
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on what concerns the energy, where F (s) =
∫ s

0
f(t)dt. Several norms have to be

considered in the analysis of the critical case of (4.1.2). For I ⊂ R an interval,
they are defined as

‖u‖M(I) = ‖∆u‖
L

2(n+4)
n−4 (I,L

2n(n+4)
n2+16 )

,

‖u‖W (I) = ‖∇u‖
L

2(n+4)
n−4 (I,L

2n(n+4)
n2−2n+8 )

,

‖u‖Z(I) = ‖u‖
L

2(n+4)
n−4 (I,L

2(n+4)
n−4 )

, and

‖u‖N(I) = ‖∇u‖
L2(I,L

2n
n+2 )

.

(4.2.3)

Accordingly, we let M(R) be the completion of C∞c (Rn+1) with the norm ‖ ·
‖M(R), and M(I) be the set consisting of the restrictions to I of functions in
M(R). We adopt similar definitions for W , Z, and N .

An important quantity, which turns out to be closely related to the mass
and the energy, is the functional E defined for u ∈ H2 by

E(u) =

{∫
Rn |∆u(x)|2dx if ε = 0∫
Rn
(
|∆u(x)|2 − ε|∇u(x)|2 + |u(x)|2

)
dx if ε = ±1.

(4.2.4)

Note that when ε = 0, E(u) is nothing but ‖u‖2
Ḣ2 , while when ε = ±1, E(u)

controls the full inhomogeneous norm ‖u‖H2 = ‖∆u‖L2 + ‖u‖L2 .

In what follows we let Ff = f̂ be the Fourier transform of f given by

f̂(ξ) =
1

(2π)
n
2

∫
Rn
f(y)ei〈y,ξ〉dy

for all ξ ∈ Rn. The biharmonic Schrödinger semigroup is defined for any tem-
pered distribution g by

eit(∆
2+ε∆)g = F−1eit(|ξ|

4−ε|ξ|2)Fg. (4.2.5)

Let ψ ∈ C∞c (Rn) be supported in the ball B0(2), and such that ψ = 1 in B0(1).
For any dyadic number N = 2k, k ∈ Z, we define the Littlewood-Paley operators
PN by

P̂Nf(ξ) = (ψ(ξ/N)− ψ(2ξ/N)) f̂(ξ). (4.2.6)

These operators commute one with another. They also commute with derivative
operators and with the semigroup eit(∆

2+ε∆). In addition they are self-adjoint
and bounded on Lp for all 1 ≤ p ≤ ∞. Moreover, they enjoy the following
Bernstein property:

‖|∇|±sPNf‖Lp ≤ CN±s‖PNf‖Lp ≤ CN±s‖f‖Lp , (4.2.7)

for all s ≥ 0, and all 1 ≤ p ≤ ∞, where |∇|s is the classical fractional differen-
tiation operator, and C > 0 is independent of f , N , and p. Given a ≥ 1, we let
a′ be the conjugate of a, so that 1

a + 1
a′ = 1.
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4.3 Strichartz-type Estimates

We prove Strichartz type estimates for solutions of the linear equation associated
with the biharmonic Schrödinger operator and forcing term h ∈ L1

loc(I,H
−4)

for I ⊂ R an interval. In other words, for

u(t) = eit(∆
2+ε∆)u0 + i

∫ t

0

ei(t−s)(∆
2+ε∆)h(s)ds, (4.3.1)

where u0 ∈ L2. Key estimates in this section are given by the dispersion esti-
mates of Ben-Artzi, Koch, and Saut [1]. Let Iε be given by

Iε(t, x) =
1

(2π)n

∫
Rn
eit(|ξ|

4−ε|ξ|2)−i〈x,ξ〉dξ. (4.3.2)

Using (4.2.5), one sees that Iε is the fundamental solution of (4.3.1). Let also
α ∈ Nn. Then, according to Ben-Artzi, Koch, and Saut [1], the following
estimates hold true. Namely,

(a) estimates for the homogeneous equation:

|DαI0(t, x)| ≤ Ct−
n+|α|

4 (1 + t−
1
4 |x|)

|α|−n
3 (4.3.3)

for all t > 0 and all x ∈ Rn,

(b) short time estimates for the inhomogeneous equation:

|DαIε(t, x)| ≤ Ct−
n+|α|

4 (1 + t−
1
4 |x|)

|α|−n
3 (4.3.4)

for all 0 < t ≤ 1 and all x ∈ Rn, or all t > 0 and all |x| ≥ t,

(c) long time estimates for the inhomogeneous equation:

|DαI−1(t, x)| ≤ Ct−
n+|α|

2 (1 + t−
1
2 |x|)|α| (4.3.5)

for all t ≥ 1 and all |x| ≤ t,

where D stands for differentiation in the x variable. Useful consequences of
(4.3.3)-(4.3.5) are that

|DαIε(t, x)| ≤ C|t|−n2 (4.3.6)

and that
‖eit(∆

2+ε∆)g‖Lp ≤ C|t|−
n
4 (1− 2

p )‖g‖Lp′ (4.3.7)

for all α such that |α| = n, all p ∈ [2,∞], all g ∈ Lp′ , and all time t 6= 0, where
p′ is the conjugate exponent of p and, if ε = 1, we also require that |t| ≤ 1.
Inequality (4.3.6) is a direct consequence of (4.3.3)-(4.3.5). Inequality (4.3.7)
follows from the remark that by (4.3.2)-(4.3.5) we can write that

‖eit(∆
2+ε∆)g‖L∞ = ‖Iε(t) ∗ g‖L∞ ≤ ‖Iε‖L∞‖g‖L1 ≤ C|t|−n4 ‖g‖L1

while Plancherel’s theorem ensures that eit(∆
2+ε∆) is bounded L2 → L2. By

the Riesz-Thorin theorem, interpolation between the L2 and L∞ bounds gives
(4.3.7).
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Following standard notations, we say that a pair (q, r) is Schrödinger admis-
sible, for short S-admissible, if 2 ≤ q, r ≤ ∞, (q, r, n) 6= (2,∞, 2), and

2
q

+
n

r
=
n

2
. (4.3.8)

Also we add the terminology that a pair (q, r) is biharmonic admissible, for
short B-admissible, if 2 ≤ q, r ≤ ∞, (q, r, n) 6= (2,∞, 4), and

4
q

+
n

r
=
n

2
. (4.3.9)

Our Strichartz type estimates for (4.3.1) are stated as follows.

Proposition 4.3.1. Let u ∈ C(I,H−4) be a solution of (4.3.1) with ε ∈
{−1, 0, 1} on an interval I = [0, T ]. If ε = 1, suppose also |I| ≤ 1. For
any B-admissible pairs (q, r) and (q̄, r̄),

‖u‖Lq(I,Lr) ≤ C
(
‖u0‖L2 + ‖h‖Lq̄′ (I,Lr̄′ )

)
(4.3.10)

whenever the right hand side in (4.3.10) is finite, where C depends only on
n, and q̄′ and r̄′ are the conjugate exponents of q̄ and r̄. Besides, for any
S-admissible pairs (q, r) and (a, b), and any s ≥ 0,

‖|∇|su‖Lq(I,Lr) ≤ C
(
‖|∇|s−

2
q u0‖L2 + ‖|∇|s−

2
q−

2
ah‖La′ (I,Lb′ )

)
(4.3.11)

whenever the righthand side in (4.3.11) is finite, where C depends only on n,
and a′ and b′ are the conjugate exponents of a and b.

It can be noted that, when n ≥ 4, estimates (4.3.11) implies estimates
(4.3.10).

Proof. Estimates (4.3.10) are easy to obtain. They directly follow from the
linear estimates of Ben-Artzi, Koch and Saut (4.3.7) with p = +∞ and p = 2,
and the theorem in Keel and Tao [16] applied to the operator U(t), where

U(t) =

{
eit(∆

2+ε∆) if ε ≤ 0
eit(∆

2+∆)1[−1,1](t) if ε = 1.
(4.3.12)

Now we turn to the proof of (4.3.11). Since the free propagator eit(∆
2+ε∆)

commutes with the derivative operator |∇|s, it suffice to prove (4.3.11) with s =
0. For N a dyadic integer and PN as in (4.2.6), we let QN = PN/2 +PN +P2N .
The Littlewood-Paley projector QN is such that PNQN = PN . For any λ > 0,
let dλ be the rescaling operator defined on all functions g by dλg(x) = λ

n
2 g(λx).

We consider the family of operators

VN (t) = dNQNU(t). (4.3.13)

By Plancherel’s theorem and since dN is an isometry on L2, we get that

‖VN (t)‖L2→L2 ≤ C. (4.3.14)
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Independently, it is easily seen that

QNe
it(∆2+ε∆)u0 = eit(∆

2+ε∆)QNδ ∗ u0,

where δ denotes the Dirac measure. Then, as a consequence of (4.2.7), of the
boundedness of the Riesz transform, and of (4.3.6), we can write that

‖QNeit(∆
2+ε∆)u0‖L∞ ≤ ‖eit(∆

2+ε∆)QNδ‖L∞‖u0‖L1

≤ N−n‖|∇|neit(∆
2+ε∆)QNδ‖L∞‖u0‖L1

≤ CN−n sup
|α|=n

‖Dαeit(∆
2+ε∆)QNδ‖L∞‖u0‖L1

≤ C|N2t|−n2 ‖u0‖L1 ,

(4.3.15)

where C does not depend on N , u0 or t, and, in case ε = 1, we assume |t| ≤ 1.
Now, we can use (4.3.13) and (4.3.15) to compute

‖VN (s)VN (t)∗g‖L∞ = ‖dNQ2
NU(s)U(t)∗d∗Ng‖L∞

≤ N n
2 ‖QNei(s−t)(∆

2+ε∆)d∗Ng‖L∞
≤ CN−n2 |t|−n2 ‖d∗Ng‖L1

≤ C|t|−n2 ‖g‖L1 .

(4.3.16)

By (4.3.14) and (4.3.16), we can apply the results of Keel and Tao [16] to the
operators VN (t). We then get that for any S-admissible pairs (q, r) and (a, b),
the following holds true:

‖dNQNU(t)u0‖Lq(R,Lr) ≤ C‖u0‖L2 , and

‖dN
∫
s<t

Q2
NU(t− s)h(s)ds‖Lq(R,Lr) ≤ C‖dNh‖La′ (R,Lb′ ).

(4.3.17)

Now, applying the first inequality of (4.3.17) to PNu0, the second inequality of
(4.3.17) to PNh, and considering the effect of dilations dN on space norms, we
get

N
n
2−

n
r ‖PNU(t)u0‖Lq(R,Lr) ≤ C‖PNu0‖L2 , and

N
n
2−

n
r ‖
∫
s<t

PNU(t− s)h(s)ds‖Lq(R,Lr) ≤ CN
n
2−

n
b′ ‖PNh‖La′ (R,Lb′ ).

(4.3.18)

At this point, using (4.2.7), (4.3.8), (4.3.12), (4.3.18), and the Littlewood-Paley
Theorem, we prove (4.3.11) by writing that

‖u‖Lq(I,Lr) ≤ C‖
(∑
N

|PNu|2
) 1

2 ‖Lq(I,Lr)

≤ C

(∑
N

‖PN
(
eit(∆

2+ε∆)u0 + i

∫ t

0

ei(t−s)(∆
2+ε∆)h(s)ds

)
‖2Lq(I,Lr)

) 1
2

≤ C

(∑
N

N−
4
q ‖PNu0‖2L2 +N−

4
q−

4
a ‖PN1Ih‖2La′ (R,Lb′ )

) 1
2

≤ C

(∑
N

‖|∇|−
2
qPNu0‖2L2

) 1
2

+ C

(∑
N

‖|∇|−
2
q−

2
aPN1Ih‖2La′ (R,Lb′ )

) 1
2

≤ C‖u0‖
Ḣ
− 2
q

+ ‖|∇|−
2
q−

2
ah‖La′ (I,Lb′ )
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where 1I stands for the characteristic function of I, and summation in the above
inequalities occurs over all dyadic integers N . This ends the proof of (4.3.11)
and of Proposition 4.3.1.

A direct consequence of (4.3.11) and Sobolev’s inequality is that when n ≥ 5,
for any B-admissible pair (q, r), if u ∈ C(I,H−4) solves (4.3.1) with u0 ∈ Ḣ2

and h ∈ N(I), then u ∈ C(I, Ḣ2)∩M(I), where N(I) and M(I) are defined in
(4.2.3), and

‖∆u‖Lq(I,Lr) ≤ C
(
‖∆u0‖L2 + ‖∇h‖

L2(I,L
2n
n+2 )

)
. (4.3.19)

A key feature of (4.3.19) is that the second derivative of u in the left hand side
of (4.3.19) is estimated using only one derivative of the forcing term h. Note
that for classical second order Schrödinger equations, estimates like (4.3.11) and
(4.3.19) do not hold true as they would violate Galilean invariance.

Another estimate we need when discussing scattering in Section 4.9 is stated
as follows.

Proposition 4.3.2. Let ε = −1 or ε = 0. Let also (a, b) and (q, r) be S-
admissible pairs, s ≥ 0, and h ∈ La′(R, Ḣs− 2

a ,b
′
). Then

‖
∫

R
e−it(∆

2+ε∆)h(t)dt‖Ḣs ≤ C‖|∇|
s− 2

ah‖La′ (R,Lb′ ), (4.3.20)

where C > 0 depends only on the dimension, and a′, b′ are the conjugate expo-
nents of a and b.

Proof. Again, we may assume s = 0. For N a dyadic number, we let VN (t) be
as in (4.3.13). Applying the result in Keel and Tao [16], thanks to (4.3.14) and
(4.3.16), we get that

‖
∫

R
QNe

−is(∆2+ε∆)h(s)ds‖L2 = ‖
∫

R
VN (s)∗dNh(s)ds‖L2

≤ C‖dNh‖La′ (R,Lb′ )
= N

n
2−

n
b′ ‖h‖La′ (R,Lb′ ).

(4.3.21)

Applying estimates (4.3.21) to PNh, using (4.2.7), and the Littlewood-Paley
theorem, we finally get

‖
∫

R
e−is(∆

2+ε∆)h(s)ds‖2L2 ≤ C
∑
N

‖PN
∫

R
e−is(∆

2+ε∆)h(s)ds‖2L2

≤ C
∑
N

N−
2
a ‖PNh‖2La′ (R,Lb′ )

≤ C‖|∇|− 2
ah‖2

La′ (R,Lb′ ),

(4.3.22)

where the sum in (4.3.22) is over all dyadic integers N . This ends the proof of
Proposition 4.3.2.
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4.4 Local and Global Existence in the subcriti-
cal case

For the reader’s convenience we very briefly discuss the local and global theory
for (4.1.2) in the subcritical regime where 1 < p < 2] if n ≥ 5, and 1 < p < ∞
if n ≤ 4. Most of the results in this section go back to Fibich, Ilan, and Pa-
panicolaou [5]. They can be seen as a direct consequence of the straightforward
Strichartz estimates (4.3.10) of Proposition 4.3.1. As a preliminary remark, it
can be noted that for α > 0, the scaling

u(t, x)→ α
4
p−1u(α4t, αx) (4.4.1)

preserves (4.1.2) when ε = 0, and that letting α = |ε|−1/2, (4.4.1) transforms
a solution of (4.1.2) with ε 6= 0 into a solution of (4.1.2) with |ε| = 1. In
particular, we may assume in what follows that ε ∈ {−1, 0, 1}. As another
easy remark, it can be noted that equations like (4.1.1) also enjoy time reversal
symmetry, and time translation symmetry. Unless otherwise stated, λ and u0

in this section are arbitrary.

Proposition 4.4.1. Given any initial data u0 ∈ H2, any p ∈ (1, 2] − 1) when
n ≥ 5, and any p > 1 when n ≤ 4, there exists T > 0 and a unique solution
u ∈ C([0, T ], H2) of (4.1.2) such that u(0) = u0. The solution has conserved
mass and energy in the sense that

M(u(t)) = M(u0) and E(u(t)) = E(u0) (4.4.2)

for all t ∈ [0, T ], where the mass M is defined in (4.2.1), and the energy E is
defined in (4.2.2). Besides, if T ∗ is the maximal time of existence of u, then

lim
t→T∗

‖u(t)‖H2 = +∞ (4.4.3)

when T ∗ < +∞, and the solution map u0 → u is continuous in the sense that
for any T ∈ (0, T ∗), if uk0 ∈ H2 is a sequence converging in H2 to u0, and if uk

denotes the solution of (4.1.2) with initial data uk0 , then uk is defined on [0, T ]
for sufficiently large k and uk → u in C([0, T ], H2).

Proof. Proposition 4.4.1 follows from an easy adaptation of the standard proof
for second order Schrödinger equations, as developed, for instance, in Cazenave
[3], once the Strichartz estimates (4.3.10) have been established.

A direct consequence of Proposition 4.4.1 is as follows.

Corollary 4.4.1. Let p ∈ (1, 2] − 1) when n ≥ 5, p > 1 when n ≤ 4, u0 ∈ H2,
and u be the solution of (4.1.2) with initial data u0. Then u can be extended to
a solution on the whole of R in the following cases:

(a) λ ≥ 0,

(b) λ < 0 and p < 1 + 8
n ,

(c) λ < 0, p = 1 + 8
n and u0 is sufficiently small in L2,

(d) λ < 0 and u0 is sufficiently small in H2.
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In particular, when n ≥ 5, for any u0 ∈ H2 there exists a unique global solution
u ∈ C(R, H2) of (4.1.2) such that u(0) = u0 if λ > 0 and p ∈ (1, 2] − 1).

Proof. The first assertion directly follows from conservation of energy. The
second and third assertions follow from Gagliardo-Nirenberg’s inequalities and
conservation of mass and energy. Indeed,∫

Rn
|∆u(t, x)|2dx ≤ E(u0) + ε

∫
Rn
|∇u(t, x)|2dx− 2λ

p+ 1

∫
Rn
|u(t, x)|p+1dx

≤ E(u0) + ‖u0‖L2‖∆u‖L2 + C‖u0‖
p+1−n(p−1)

4
L2 ‖∆u‖

n(p−1)
4

L2 .

and, when p < 1 + 8
n , or when p = 1 + 8

n and ‖u0‖L2 is sufficiently small, we
get a contradiction with (4.4.3) if T ∗ < +∞. The last assertion follows from
a Payne and Sattinger [21] type argument similar to the one developed in the
proof of Corollary 4.5.1 in Section 4.5.

Following the strategy in Lin and Strauss [19], see also Cazenave [3], we can
prove that scattering holds true in the whole energy space H2 when λ ≥ 0,
n ≥ 5, ε ≤ 0, and 1 + 8

n < p < 2] − 1. We also refer to Guo and Wang [9] and
Wang [30] for similar considerations in the small norm setting.

4.5 Local existence in the critical case

We briefly develop the local theory for (4.1.2) in the energy critical case. Here
p = 2] − 1 and n ≥ 5. As in the preceding section, λ and u0 can be arbitrary.
If u ∈ C(I,H2) is a solution of the critical equation (4.1.2) with initial data u0,
then

u(t) = eit(∆
2+ε∆)u0 + iλ

∫ t

0

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds. (4.5.1)

Conversely, if u0 ∈ H2, and u ∈ W (I) solves (4.5.1), then |u|
8

n−4u ∈ N(I),
where W (I) and N(I) are defined in Section 4.2, u ∈ C(I,H2) by the Strichartz
estimates (4.3.10) and (4.3.19), and u is a solution of the critical (4.1.2) with
initial data u0. Equations like (4.5.1) are often referred to as Duhamel’s formula.
Here again, because of the scaling invariance (4.4.1) we may assume that ε ∈
{−1, 0, 1}. Local existence is settled by Proposition 4.5.1. Stability, and uniform
continuity of the map u0 7→ u, are discussed in the following section.

Proposition 4.5.1. Let n ≥ 5 and p = 2]− 1. There exists δ > 0 such that for
any initial data u0 ∈ H2, and any interval I = [0, T ] with T ≤ 1 when ε = 1, if

‖eit(∆
2+ε∆)u0‖W (I) < δ, (4.5.2)

where W (I) is as in (4.2.3) in Section 4.2, then there exists a unique solution
u ∈ C(I,H2) of (4.1.2) with initial data u0. This solution has conserved mass
and energy in the sense of (4.4.2), and satisfies u ∈ M(I) ∩ L

2(n+4)
n (I × Rn).

Moreover,

‖u‖W (I) ≤ 2δ , and

‖u‖M(I) + ‖u‖L∞(I,H2) ≤ C
(
‖u0‖H2 + δ

n+4
n−4

) (4.5.3)
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for some C > 0 independent of u0. Besides, the solution depends continuously
on the initial data in the sense that there exists δ0, depending on δ, such that,
for any δ1 ∈ (0, δ0), if ‖v0 − u0‖H2 ≤ δ1, and if we let v be the local solution of
(4.1.2) with initial data v0, then v is defined on I and

‖u− v‖Lq(I,Lr) ≤ Cδ1, (4.5.4)

for any B-admissible pair (q, r) in the sense of (4.3.9), where C > 0 is inde-
pendent of u0 and v0.

Proof. The proposition follows from a contraction mapping argument. For u ∈
W (I), we let Φu0(u) be given by the right hand side in (4.5.1). Thanks to the
Strichartz estimates (4.3.10) and (4.3.19) stated after the proof of Proposition
4.3.1, Φu0 is a contraction on the set

XM,δ = {v ∈M(I); ‖v‖W (I) ≤ 2δ, ‖u‖
L

2(n+4)
n (I,L

2(n+4)
n )

≤ 2M}

for M = C‖u0‖L2 , and δ > 0 sufficiently small, where we equip XM,δ with
the L

2(n+4)
n (I, L

2(n+4)
n ) norm. The contraction mapping theorem gives a unique

solution u in XM,δ, and a standard variant of the argument gives (4.5.4). The
Strichartz estimates (4.3.19) give that u ∈ M(I) ∩ L∞(I,H2) and (4.5.3).
A straightforward adaptation of Cazenave [3, Chapter 4] gives uniqueness in
C([0, T ], Ḣ2) and conservation of mass and energy.

As a remark, for any u0 ∈ H2, (4.5.2) holds true for T > 0 sufficiently small.
Global existence for small data in the energy space, as mentioned in the remark
after Theorem 12, is a direct consequence of Proposition 4.5.1.

Corollary 4.5.1. Let n ≥ 5 and p = 2] − 1. There exists ε0 > 0 such that for
any u0 ∈ H2 satisfying E(u0) ≤ ε0, where E is as in (4.2.4), equation (4.1.2)
possesses a unique solution u ∈ C(R, H2) with initial data u0.

Proof. By the Strichartz estimates (4.3.19), we see that if u exists on [0, t0], and
if the Ḣ2-norm of u(t0) is sufficiently small, then we can use (4.5.2) to extend u
on [t0, t0 + 1]. Hence, in order to prove global existence, it suffices to prove that
‖u(t)‖Ḣ2 remains small on the whole interval of existence of u. We prove this
now. Let t > 0 be such that u is defined on [0, t]. By conservation of energy
and Sobolev’s inequality we can write that

E(u(t)) = E(u0) ≤ C
(
E(u0) + E(u0)2]/2

)
. (4.5.5)

When λ > 0, global existence follows from (4.5.5) since ‖u(t)‖2
Ḣ2 ≤ E(u(t)).

When λ < 0, we write with conservation of energy and Sobolev’s inequality
that

‖u(t)‖2
Ḣ2 ≤ 2E(u0) + |ε|‖u(t)‖L2‖u‖Ḣ2 + |λ|n− 4

n
‖u(t)‖2

]

L2]

≤ C
(
E(u0) + E(u0)2]/2

)
+ E(u0)

1
2 ‖u‖Ḣ2 + C‖u(t)‖2

]

Ḣ2

≤ C
(
E(u0) + E(u0)2]/2

)
+ E(u0) +

1
4
‖u‖2

Ḣ2 + C‖u(t)‖2
]

Ḣ2 .

(4.5.6)

Here again it follows from (4.5.6) that if E(u0) is sufficiently small, then u stays
small in the Ḣ2-norm.
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In order to end the section we now discuss a useful criterion for global exis-
tence.

Proposition 4.5.2. Let n ≥ 5 and p = 2] − 1. Let u ∈ C([0, T ), H2) be
a solution of (4.1.2) such that ‖u‖Z([0,T ]) < +∞. Then there exists K =
K(‖u0‖H2 , ‖u‖Z([0,T ])), respectively K = K(T, ‖u0‖H2 , ‖u‖Z([0,T ])) when ε > 0,
such that

‖u‖
L

2(n+4)
n ([0,T ],L

2(n+4)
n )

+ ‖u‖L∞([0,T ],Ḣ2) + ‖u‖M([0,T ]) ≤ K, (4.5.7)

and u can be extended to a solution ũ ∈ C([0, T ′), H2) of (4.1.2) for some
T ′ > T .

Proof. Let η > 0 be small. Let also B = ‖u‖Z([0,T ]). For x ≥ 0 we let [x] be the
largest integer not exceeding x. If ε ≤ 0, we split [0, T ] into

N = [(B/η)
2(n+4)
n−4 ] + 1

intervals Ij , j = 1 . . . N , such that for 1 ≤ j ≤ N − 1, ‖u‖Z(Ij) = η, and
‖u‖Z(IN ) ≤ η. If ε = 1, we split [0, T ] into N intervals Ij , j = 1 . . . N , for which
‖u‖Z(Ij) ≤ η and |Ij | ≤ 1, one of these inequalities being an equality if j < N .
Then,

N ≤ |T |+ 3 + [(B/η)
2(n+4)
n−4 ].

Applying the Strichartz estimates (4.3.19) in Ij = [tj , tj+1], we get, for t ∈ Ij ,

‖u‖M([tj ,t]) ≤ C‖u(tj)‖Ḣ2 + C‖|u|
8

n−4u‖N([tj ,t])

≤ C‖u(tj)‖Ḣ2 + C‖u‖
8

n−4

Z(Ij)
‖u‖M([tj ,t])

≤ C‖u(tj)‖Ḣ2 + Cη
8

n−4 ‖u‖M([tj ,t]),

(4.5.8)

where C > 0 depends only on n and λ. Applying the Strichartz estimates
(4.3.10) in Ij , and conservation of mass, we get that

‖u‖
L

2(n+4)
n ([tj ,t],L

2(n+4)
n )

≤ C‖u(tj)‖L2 + C‖|u|
8

n−4u‖
L

2(n+4)
n+8 ([tj ,t]×Rn)

≤ C‖u0‖L2 + C‖u‖
8

n−4

Z([tj ,t])
‖u‖

L
2(n+4)
n ([tj ,t],L

2(n+4)
n )

≤ C‖u0‖L2 + Cη
8

n−4 ‖u‖
L

2(n+4)
n ([tj ,t],L

2(n+4)
n )

.

(4.5.9)

If η is sufficiently small, (4.5.9) implies that

‖u‖
L

2(n+4)
n (Ij ,L

2(n+4)
n )

≤ C‖u0‖L2 ,

while (4.5.8) implies that ‖u‖M(Ij) ≤ 2C‖u(tj)‖Ḣ2 . Applying again the Stri-
chartz estimates (4.3.19) this gives ‖u‖L∞(Ij ,Ḣ2) ≤ 2C‖u(tj)‖Ḣ2 . In particular,
there holds that ‖u(tj+1)‖Ḣ2 ≤ 2C‖u(tj)‖Ḣ2 , and finally,

‖u‖
L

2(n+4)
n ([0,T ),L

2(n+4)
n )

≤ N
n

2(n+4)C‖u0‖L2 ,

‖u‖L∞([0,T ),Ḣ2) ≤ (2C)N‖u0‖Ḣ2 < +∞ , and

‖u‖M(Ij) ≤ (2C)N‖u0‖Ḣ2

(4.5.10)
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for all j. By (4.5.10) we get that (4.5.7) holds true. Now, let t0 ∈ IN . Duhamel’s
formula (4.5.1) gives that

u(t) = ei(t−t0)(∆2+ε∆)u(t0) + iλ

∫ t

t0

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds (4.5.11)

for all t, and (4.5.11), Sobolev’s inequality, and the Strichartz estimates (4.3.19)
give

‖ei(t−t0)(∆2+ε∆)u(t0)‖W ([t0,T ]) ≤ ‖u‖W ([t0,T ]) + C‖|u|
8

n−4u‖N([t0,T ])

≤ ‖u‖W ([t0,T ]) + C‖u‖
n+4
n−4

W ([t0,T ]).
(4.5.12)

Since the W ([0, T ])-norm of u is finite, dominated convergence ensures that the
W ([t0, T ])-norm of u can be made arbitrarily small as t0 → T , and (4.5.12)
shows that the W ([t0, T ])-norm of the free propagator

t 7→ ei(t−t0)(∆2+ε∆)u(t0)

is like o(1) as t0 tends to T . In particular, we can find t1 ∈ (0, T ) and T ′ > T
such that u(t1) ∈ H2 and

‖ei(t−t1)(∆2+ε∆)u(t1)‖W ([t1,T ′]) ≤ δ. (4.5.13)

Now, it follows from (4.5.13) and Proposition 4.5.1 that there exists a nonlinear
solution v ∈ C([t1, T ′], H2) such that v solves (4.1.2) with p = 2] − 1 and
v(t1) = u(t1). By uniqueness, u = v in [t1, T ) and u can be extended in [0, T ′].
This ends the proof of Proposition 4.5.2.

As a direct consequence of Proposition 4.5.2, if T ∗ is the maximal time of
existence of u, and T ∗ < +∞, then, necessarily, ‖u‖Z([0,T∗]) = +∞.

4.6 Stability in the critical case

We briefly discuss stability in the energy critical case of (4.1.2) following the ap-
proach developed by Tao and Visan [28] in the case of the energy critical second
order Schrödinger equation. Stability is of importance for physical considera-
tions if one keeps in mind that equations like (4.1.2) are often mathematical
approximations of more physically relevant equations, as pointed out in Fibich,
Ilan, and Papanicolaou [5]. Stability, in its global version, can be stated as
follows. As in the preceding sections, λ and u0 can be made arbitrary, and we
may assume that ε ∈ {−1, 0, 1}.

Proposition 4.6.1. Let n ≥ 5 and p = 2] − 1. Let I ⊂ R be a compact time
interval such that 0 ∈ I, and ũ be an approximate solution of (4.1.2) in the
sense that

i∂tũ+ ∆2ũ+ ε∆ũ+ λ|ũ|
8

n−4 ũ = e (4.6.1)

for some e ∈ N(I). Assume that ‖ũ‖Z(I) < +∞ and ‖ũ‖L∞(I,Ḣ2) < +∞. For
any Λ > 0 there exists δ0 > 0, δ0 = δ0(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2)) if ε ≤ 0, and
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δ0 = δ0(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2), |I|) if ε > 0, such that if ‖e‖N(I) ≤ δ, and
u0 ∈ H2 satisfies

‖ũ(0)− u0‖Ḣ2 ≤ Λ and ‖eit(∆
2+ε∆) (ũ(0)− u0) ‖W (I) ≤ δ (4.6.2)

for some δ ∈ (0, δ0], then there exists u ∈ C(I,H2) a solution of (4.1.2) such
that u(0) = u0. Moreover, u satisfies

‖u− ũ‖W (I) ≤ C
(
δ + δ

15
(n−4)2

)
,

‖u− ũ‖Lq(I,Ḣ2,r) ≤ C
(

Λ + δ + δ
15

(n−4)2
)
, and

‖u‖Lq(I,Ḣ2,r) ≤ C

(4.6.3)

for all B-admissible pairs (q, r), where C = C(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2)) if ε ≤ 0,
and C = C(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2), |I|) if ε > 0, are nondecreasing functions
of their arguments.

Letting e = 0 in Proposition 4.6.1 provides the uniform continuity of the
solution map u0 → u. On such a statement, recall that by the Strichartz
estimates (4.3.19),

‖eit(∆
2+ε∆) (ũ(0)− u0) ‖W (I) ≤ C‖ũ(0)− u0‖Ḣ2 .

In particular we can take δ = CΛ in (4.6.2) and make δ small when Λ is small.
Proposition 4.6.1 is an easy consequence of the Strichartz estimates (4.3.19)
when n ≤ 12, and is more delicate to prove when n > 12. We briefly sketch
the proof when n ≤ 12, and refer to Tao and Visan [28] with only very little
indications on the proof when n > 12. As a first claim, because Proposition
4.6.1 can be localized, we may assume, see Tao and Visan [28] for the argument
in the second order case, that ‖ũ‖W (I) ≤ δ and that |I| ≤ 1 when ε > 0. Let f
be given by f(z) = λ|z|2]−2z for z ∈ C. Assuming that n ≤ 12, letting v = u−ũ,
where u solves (4.1.2) with initial data u0, and I ′ be the maximal time interval
of existence of u, we can write, using (4.6.1), that

i∂tv + ∆2v + ε∆v + f(ũ+ v)− f(ũ) = e (4.6.4)

in I ∩ I ′. The Strichartz estimates (4.3.19) then give that for t ≥ 0 such that
It = [0, t] ⊂ I,

‖v‖W (It) ≤ C‖e
i(t−t0)(∆2+ε∆)(ũ(t0)− u0)‖W (It)

+ C‖f(ũ+ v)− f(ũ)‖N(It) + C‖e‖N(It)

≤ 2Cδ + C‖ (fz(ũ+ v)− fz(ũ))∇ũ‖
L2(It,L

2n
n+2 )

+ C‖ (fz̄(ũ+ v)− fz̄(ũ))∇¯̃u‖
L2(It,L

2n
n+2 )

+ C‖fz(ũ+ v)∇v‖
L2(It,L

2n
n+2 )

+ C‖fz̄(ũ+ v)∇v̄‖
L2(It,L

2n
n+2 )

≤ C
(
δ + δ

8
n−4 ‖v‖W (It) + ‖v‖

n+4
n−4

W (It)

)
,

(4.6.5)
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where fz, fz̄ are the usual complex derivatives. Noting that g(t) = ‖v‖It defines
a continuous function such that g(0) = 0, and since by (4.6.5),

g(t) ≤ Cδ + Cδ
8

n−4 g(t) + Cg(t)
n+4
n−4 ,

we conclude that if δ ≤ δ0 is sufficiently small, depending only on n and λ, then,
for all t ∈ I ∩ I ′, g(t) ≤ Cδ for some positive constant C. In particular, the
W (I ∩ I ′)-norm of u is bounded and Proposition 4.5.2 gives that I ∩ I ′ = I.
Another application of the Strichartz estimates (4.3.19) then gives the control
equations (4.6.3). When n > 12, the proof of Proposition 4.6.1 becomes very
delicate because ∇f(u) is no longer lipschitz continuous. The solution to this
problem, as developed in Tao and Visan [28], is some sort of Exotic Strichartz
estimate in order to work with spaces of functions with greater integrability and
lesser regularity (in particular, we require that they involve less than 8/(n− 4)
derivatives), but which still remain scale-invariant. To close the argument, we
then need a good chain-rule for fractional derivatives as proved in Visan [29].
We briefly discuss the proof now. Let X and Y be the norms defined by

‖u‖X(I) = ‖|∇|
8n

n2−16u‖
L
n2−16

8 (I,L
2(n+4)
n )

, and

‖u‖Y (I) = ‖|∇|
8n

n2−16u‖
L
n2−16
4(n−2) (I,L

2(n+4)
n+8 )

.
(4.6.6)

These spaces are involved in the following Exotic Strichartz estimates (4.6.7)
which we obtain as a consequence of the result in Foschi [7]. Namely,

‖
∫ t

0

ei(t−s)(∆
2+ε∆)F (s)ds‖X(I) ≤ C‖F‖Y (I). (4.6.7)

Now, the fact that the Y -norm involves less than 8/(n − 4) derivative enables
us to get the following nonlinear estimate.

Lemma 4.6.1. Let n ≥ 12. For any v ∈W (I), and any u ∈ X(I),

‖fz(v)u‖Y (I) ≤ C‖v‖
8

n−4

W (I)‖u‖X(I) (4.6.8)

where C > 0 depends only on n and λ. A similar estimate holds true for fz̄.

Proof. We use the rule for fractional derivatives of products, see e.g. Kato [15]
to estimate

‖|∇|
8n

n2−16 (fz(v)u) ‖
L

2(n+4)
n+8

≤ C
(
‖|∇|

8n
n2−16 fz(v)‖

L
n2−16
4(n−2)

‖u‖
L

2(n2−16)
n2−4n−16

+ ‖fz(v)‖
L
n+4

4
‖|∇|

8n
n2−16u‖

L
2(n+4)
n

)
≤ C

(
‖|∇|

8n
n2−16 fz(v)‖

L
n2−16
4(n−2)

‖|∇|
8n

n2−16u‖
L

2(n+4)
n

+ ‖v‖
8

n−4

L
2(n+4)
n−4
‖|∇|

8n
n2−16u‖

L
2(n+4)
n

)
.

(4.6.9)

Besides, using the chain-rule for fractional derivatives of fractional powers in
Visan [29, Appendix A], the boundedness of Riesz transforms, Hölder’s and
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Sobolev’s inequalities, we get

‖|∇|
8n

n2−16 fz(v)‖
L
n2−16
4(n−2)

≤ C‖|v|
16

(n+2)(n−4) ‖
L

(n+2)(n+4)
8

‖|∇|
n+2
n+4 v‖

8n
(n+2)(n−4)

L
2n(n+4)
n2−2n+4

≤ C‖v‖
16

(n+2)(n−4)

L
2(n+4)
n−4

‖∇v‖
8n

(n+2)(n−4)

L
2n(n+4)
n2−2n+8

≤ C‖∇v‖
8

n−4

L
2n(n+4)
n2−2n+8

.

(4.6.10)

Now, with (4.6.9), (4.6.10), and Sobolev’s inequality, we get

‖|∇|
8n

n2−16 (fz(v)u) ‖
L

2(n+4)
n+8

≤ C‖∇v‖
8

n−4

L
2n(n+4)
n2−2n+8

‖|∇|
8n

n2−16u‖
L

2(n+4)
n

,

and applying Hölder’s inequality, we finally get (4.6.8). This ends the proof of
the lemma.

Noting with (4.6.7) that the X-norm of a solution of the linear equation with
zero initial data is controlled by the Y -norm of its forcing term, we get with
(4.6.8) that the X-norm of ũ − u can be controlled in terms of δ and Λ. Once
this scale-invariant norm has been controlled, straightforward applications of the
Strichartz estimates, as developed in the above mentioned [28], then provide the
result.

4.7 Almost conservation Laws

In this section we prove almost conservation of the local mass, and localized
Morawetz type estimates. These are important ingredients in the process of
proving Theorem 12. As in the preceding sections we may assume that ε ∈
{−1, 0, 1}. First we discuss almost conservation of local mass. Let χ ∈ C∞c (Rn)
be a radially symmetrical smooth nonnegative function such that χ(r) = 1 if
r ≤ 1, χ(r) = 0 if r ≥ 2, and 0 ≤ χ ≤ 1. We define the local mass M (u,Bx0(R))
over the ball Bx0(R) of a function u ∈ L2 by

M (u,Bx0(R)) =
∫

Rn
|u(x)|2χ4

R (x− x0) dx, (4.7.1)

where, for ease of exposition, the notation gR when g is a function stands for
gR(x) = g(x/R). Note that Hölder’s and Sobolev’s inequalities give that

M (u,Bx0(R)) ≤ C‖∆u‖2L2R4, (4.7.2)

where C depends only on n. Now we claim that the local mass of a solution of
(4.1.2) varies slowly in time provided that the radius R is sufficiently large.

Lemma 4.7.1. Let p ∈ (1, 2] − 1] when n ≥ 5, and p > 1 when n ≤ 4. Let
λ ∈ R, possibly zero, and u ∈ C(I,H2) be a solution of (4.1.2). Then

|∂tM (u(t), Bx0(R))| ≤ C E(u)
3
4

R
M (u(t), Bx0(R))

1
4 . (4.7.3)

for all t ∈ I, where C > 0 does not depend on u and I.
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Proof. By translation symmetry, we can suppose x0 = 0. Integrating by parts,
using (4.1.2), gives

d

dt
M(u(t), B0(R)) =

16
R

Re
∫

Rn
i∆u∇u (∇χ)R χ

3
Rdx

+
8
R2

Re
∫

Rn
i∆u

(
χ3
R (∆χ)R + 3χ2

R (∇χ)2
R

)
udx

− 8ε
R

Re
∫

Rn
i∇u (∇χ)R uχ

3
Rdx.

(4.7.4)

Now we estimate each term in the right hand side of (4.7.4) independently one
from another. For the first term in the right hand side of (4.7.4), an application
of the Cauchy-Schwartz inequality gives∣∣∣∣∫

Rn
χ3
R∆u∇u (∇χ)R dx

∣∣∣∣
≤ ‖ (∇χ)R ‖L∞

(∫
Rn
|∆u|2dx

) 1
2
(∫

Rn
|∇u|2χ6

Rdx

) 1
2

.

Integrating by parts,∫
Rn
|∇u|2χ6

Rdx = −Re
∫

Rn
u

(
∆uχ6

R +
6
R
∇u (∇χ)R χ

5
R

)
dx

and by using Hölder’s and Sobolev’s inequalities we get that∫
Rn
|∇u|2χ6

Rdx

≤ ‖χR‖4L∞
(∫

Rn
|u|2χ4

Rdx

) 1
2
(∫

Rn
|∆u|2dx

) 1
2

+
6
R

(∫
Rn
|u|2χ4

Rdx

) 1
2
(∫

Rn
|∇u|2

∗
dx

)n−2
2n
(∫

Rn
(∇χ)nR χ

3n
R dx

) 1
n

≤ C
(
‖u‖Ḣ2M(u(t), B0(R))

1
2

+
1
R
M(u(t), B0(R))

1
2 ‖u‖Ḣ2R‖

(
∇χ6

)
R
‖Ln

)
≤ C‖u‖Ḣ2M(u(t), B0(R))

1
2

for some C > 0 independent of u. The second term in the right hand side of
(4.7.4) is even simpler to estimate. We use the Cauchy-Schwartz inequality and
(4.7.2) to get ∣∣∣∣∫

Rn
∆uχ2

Ru
(
χR (∆χ)R + 3 (∇χ)2

R

)
dx

∣∣∣∣
≤ C

(∫
Rn
|∆u|2dx

) 1
2
(∫

Rn
|u|2χ4

Rdx

) 1
2

≤ C‖u‖Ḣ2M(u(t), B0(R))
1
2

≤ CR‖u‖
3
2

Ḣ2M(u(t), B0(R))
1
4 ,
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where again C > 0 is independent of u. As for the third term in the right hand
side of (4.7.4), we remark that it only has to be considered if ε 6= 0, in which
case, E controls the full norm H2, and we estimate this third term by writing
that

−2εRe
∫

Rn
i

(
4
R
uχ3

R∇u (∇χ)R

)
dx ≤ C

R

(∫
Rn
|u|2χ4

Rdx

) 1
2
(∫

Rn
|∇u|2

) 1
2

≤ C E(u)
3
4

R
M(u(t), B0(R))

1
4 ,

where C > 0 does not depend on u. Finally, putting all these estimates together,
we get (4.7.3). This ends the proof of Lemma 4.7.1.

Now we discuss localized Morawetz type estimates for (4.1.2).

Proposition 4.7.1. Let n ≥ 5, and p = 2] − 1. There exists C > 0 such that∫
I

∫
|x|≤K|I|1/4

|u(x)|2]

|x|
dx ≤ C(K3 +K−1)

(
sup
I
Ê(u)

)
|I| 34 . (4.7.5)

for all T > 0, all solutions u ∈ C([0, T ], H2) of (4.1.2), all K > 0, and all
intervals I ⊂ [0, T ] such that |I| ≤ 1/(2K)4 when ε > 0, where Ê(u) = E(u) +
E(u)2]/2.

Proof. We fix u0 ∈ C∞c (Rn), h ∈ C∞c (Rn+1), and let v solve (4.3.1). We
adopt the convention that repeated indices are summed. Also, for f , g two
differentiable functions, we let

{f, g}p = Re(f∇ḡ − g∇f̄). (4.7.6)

Given a smooth compactly supported real valued function a, we define the
Morawetz action centered at 0, M0

a by

M0
a (t) = 2

∫
Rn
∂ja(x)Im(v̄(t, x)∂jv(t, x))dx. (4.7.7)

Integrating by parts, straightforward though lengthy computations that we omit
here give that

∂tM
0
a (t) =2

∫
Rn

(
2∂jv∂kv̄∂jk∆a− 1

2
(
∆3a

)
|v|2 − 4∂jka∂ikv∂ij v̄

+ ∆2a|∇v|2 − ε
(

2∂jka∂jv∂kv̄ −
1
2

∆2a|v|2
)
− ∂ja{h, v}jp

)
dx.

(4.7.8)

By density, (4.7.8) remains true when h ∈ N(I), and v ∈ C(I,H2). Now we let
u ∈ C(I,H2) ∩M(I) be a solution of (4.1.2) with p = 2] − 1. In particular, u
solves (4.3.1) with

h = λ|u|2
]−2u , h ∈ N(I).

Hence, (4.7.8) holds true for u with h as above. Besides, using (4.7.6), we easily
remark that

Re
∫

Rn
∂ja{h, u}jpdx =

4λ
n

∫
Rn

(∆a)|u|2
]

dx. (4.7.9)
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Now we let a(x) =< x >δ χR(x) in (4.7.8), where

< x >δ=
(
δ2 + |x|2

) 1
2 ,

R > 0 is an arbitrary positive real number, and χR is as in (4.7.1). We observe
that if α ∈ Nn is a multi-index, if R ≥ δ, and if R ≤ |x| ≤ 2R, then |Dαa(x)| ≤
CR1−|α|. Consequently, integrating (4.7.8) over I and using (4.7.7) and (4.7.9),
we get that

2
∫
I

∫
|x|≤R

(
4
∑
i

(
|∇∂iu|2 − |∂r∂iu|2

)
< x >δ

+
2(n− 1)

(
|∇u|2 − 3|∂ru|2

)
< x >3

δ

)
dx

+ 2
∫
I

∫
|x|≤R

(
(n− 1)(n− 3)|∇u|2

< x >3
δ

+
8λ(n− 1)|u|2]

n < x >δ

)
dx+O(δ)

− ε
∫
I

∫
|x|≤R

(
2
(
|∇u|2 − |∂ru|2

)
< x >δ

+
(n− 1)(n− 3)|u|2

< x >3
δ

)
dx

≤ C
∫
I

∫
R≤|x|≤2R

(
R−3|∇u|2 +R−5|u|2 −R−1|∇2u|2 + λR−1|u|2

]
)
dx

+ C

∫
|x|≤2R

[
|u∇u|

]t2
t1
dx.

(4.7.10)

Letting δ → 0 in (4.7.10) we get that

2
∫
I

∫
|x|≤R

(
4
∑
i

(
|∇∂iu|2 − |∂r∂iu|2

)
|x|

+
2(n− 1)

(
|∇u|2 − 3|∂ru|2

)
|x|3

)
dx

+ 2
∫
I

∫
|x|≤R

(
(n− 1)(n− 3)|∇u|2

|x|3
+

8λ(n− 1)|u|2]

n|x|

)
dx

− ε
∫
I

∫
|x|≤R

(
2
(
|∇u|2 − |∂ru|2

)
|x|

+
(n− 1)(n− 3)|u|2

|x|3

)
dx

≤ C
∫
I

∫
R≤|x|≤2R

(
R−3|∇u|2 +R−5|u|2 −R−1|∇2u|2 + λR−1|u|2

]
)
dx

+ C

∫
|x|≤2R

[
|u∇u|

]t2
t1
dx

≤ C|I|R−1 sup
I

(
E(u) + E(u)2]/2

)
+ CR3 sup

I
E(u),

(4.7.11)

where C does not depend on I, u, and R. The last inequality in (4.7.11) follows
from Hölder’s and Sobolev’s inequalities and from the fact that, for any u ∈ H2,
the L2 norm of ∇2u is bounded by some constant times the L2 norm of ∆u.
Now we remark that if u ∈ H2(Rn) then, as shown in Levandosky and Strauss
[20], ∑

i

(
|∇∂iu|2 − |∂r∂iu|2

)
≥ n− 1
|x|2

|∂ru|2. (4.7.12)
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By (4.7.12) we see that∫
I

∫
|x|≤R

4
|x|
∑
i

(
|∇∂iu|2 − |∂r∂iu|2

)
dxdt

+
∫
I

∫
|x|≤R

2(n− 1)
|x|3

(
|∇u|2 − 3|∂ru|2

)
dxdt ≥ 0,

and when ε ≤ 0, letting R = K|I| 14 , we get (4.7.5). Now, we turn to the
case ε = 1. We assume R ≤ 1/2. The term (|∇u|2 − |∂ru|2)/|x| in (4.7.11)
is controlled by the gradient term |∇u|2/|x|3. Independently, when n ≥ 5,
integrating by parts

∫
Z · ∇|u|2dx for Z(x) = |x|−3x, we get that∫

Rn

|u|2

|x|3
dx ≤

(
2

n− 3

)2 ∫
Rn

|∂ru|2

|x|
dx. (4.7.13)

Then, using (4.7.13), we see that when R = K|I| 14 ≤ 1/2, the term |u|2/|x|3 in
(4.7.11) is again controlled by the gradient term |∇u|2/|x|3. As a consequence,
(4.7.5) also holds true when ε = 1 if |I| ≤ (2K)4.

4.8 Global Existence

We prove Theorem 12 in this section. We follow the strategy initiated in Bour-
gain [2] and developed in Tao [26]. As in the preceding sections we may assume
that ε ∈ {−1, 0, 1}. We let H2

rad be the subset of H2 consisting of radially
symmetrical functions. We claim that the following proposition holds true.

Proposition 4.8.1. Let n ≥ 5 and p = 2] − 1. Assume λ > 0. Let u ∈
C([t−, t+], H2

rad) be a radially symmetrical solution of (4.1.2) which is such
that ‖u‖W ([t−,t+]) < ∞. Then, there exists K > 0 depending only on n, λ,
E = supt E(u), and |t+ − t−| if ε > 0, such that

‖u‖Z([t−,t+]) ≤ K. (4.8.1)

Besides, in case ε ≤ 0, one can take K = Λ (1 + E)E
Λ

, where Λ >> 1 is a
constant depending only on n and λ.

First we prove that Proposition 4.8.1 implies Theorem 12. Then we prove
the proposition.

Proof of Theorem 12. By Corollary 4.4.1 in Section 4.4 me may assume that
n ≥ 5 and p = 2]−1. Let u0 ∈ H2

rad be radially symmetrical. By the Strichartz
estimates (4.3.10), there exists T > 0 such that (4.5.2) holds true for I = [0, T ].
Then Proposition 4.5.1 gives that there exists u ∈ C(I,H2) which solves (4.1.2)
with p = 2]−1 and such that u(0) = u0. Proposition 4.5.2 allows us to extend u
on a maximal interval [0, T ?) such that u ∈M(I ′) for any compact subinterval
I ′ ⊂ [0, T ?), and such that if T ? < +∞, then the Z([0, T ?])-norm of u is
infinite. Besides, it follows from uniqueness that u is spherically symmetrical.
Now suppose by contradiction that T ? < +∞, and let I ′ ⊂ [0, T ?) be a compact
subinterval of [0, T ?). By Proposition 4.8.1, the Z(I ′)-norm of u is bounded by
some finite quantity independent of the subinterval I ′. Since this contradicts
the fact that u must blow-up in the Z-norm, we get that T ? = +∞ and that u
is a global solution of (4.1.2). This proves Theorem 12.
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As a remark the bound (4.8.1) has interest in its own. It is of importance
when discussing scattering as in Section 4.9 below. Now we prove Proposition
4.8.1 and split the proof into several steps.

Step 4.8.1. Let u ∈ C([t1, t2], H2
rad) be a radially symmetrical solution of

(4.5.1) on I = [t1, t2]. If ε = 1, assume also that |I| ≤ 1. There exists η0 > 0
depending only on n and λ such that if

1
4
η ≤ ‖u‖W (I) ≤ η (4.8.2)

for some 0 < η ≤ η0, then

‖uk‖W (I) ≥
1
8
η, (4.8.3)

where uk = ei(t−tk)(∆2+ε∆)u(tk) for k = 1, 2.

Proof of Step 4.8.1. We prove this for u1, the proof for u2 being similar. Using
Duhamel’s formula and (4.3.19), we write

‖uk‖W (I) ≥ ‖u‖W (I) − C‖|u|
8

n−4u‖N(I) ≥
1
4
η − Cη

n+4
n−4 . (4.8.4)

Noting that (4.8.4) gives (4.8.3) provided that η ≤ η0 is sufficiently small, this
proves Step 4.8.1.

¿From now on we consider u ∈ C([t−, t+], H2
rad) a radially symmetrical so-

lution of (4.5.1) with λ > 0. Besides, in case ε = 1, we also assume that
|t+ − t−| ≤ 1. By energy and mass conservation, we have

E = sup
t
E(u(t)) ≤ E(u0) +M(u0).

Moreover, by Proposition 4.5.1 and the Strichartz estimates (4.3.10), we know
that there exists ε0 > 0 such that (4.8.1) holds true if there exists a time t such
that E(u(t)) < ε0. Without loss of generality we may then assume that the
energy is not too small in the sense that, for any t ∈ [t−, t+], E(u(t)) ≥ ε0 for
some ε0 > 0. Let η > 0 be small. We split [t−, t+] into N disjoint intervals,
(Ij)1≤j≤N such that (4.8.2) holds true on each interval. We let

u±(t) = ei(t−t±)(∆2+ε∆)u(t±),

and, following the terminology in Tao [26], we call an interval Ij exceptional if
one of the following conditions holds true:

‖u+‖W (Ij) > ηK2 , or

‖u−‖W (Ij) > ηK2 ,
(4.8.5)

where K2 = 24n2. An interval is said to be unexceptional if it is not exceptional.
Using the Strichartz estimates (4.3.10) and Sobolev’s inequality, we get an upper
bound for the number Ne of exceptional intervals. Namely

Ne ≤ C
(
‖u0‖Ḣ2η

−K2
) 2(n+4)

n−4 + 1. (4.8.6)
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If all intervals are exceptional, (4.8.2) and (4.8.6) give the bound (4.8.1), and this
proves the proposition. ¿From now on we assume that there exist unexceptional
intervals. A consequence of Lemma 4.8.1 is that the extremal intervals I1 and
IN are always exceptional, provided that η is sufficiently small. The next step
exhibits concentration when dealing with unexceptional intervals.

Step 4.8.2. Let u ∈ C([t−, t+], H2
rad) be a radially symmetrical solution of

(4.5.1) and let I = [t0, t1] be an unexceptional interval for u such that |I| ≤ 1 if
ε = 1. Then there exists x0 ∈ Rn such that for any t ∈ I,

M
(
u(t), Bx0(2η−K1 |I| 14 )

)
≥ CηK1E−

n+2
2 |I|, (4.8.7)

where K1 = n2+6n+4, C > 0 is independent of I, x0 and u, and we assume that
η is sufficiently small in the sense that η < E−5nη1 for some η1 > 0 depending
only on n and λ.

Proof of Step 4.8.2. We consider I1 = [t0, t0+t1
2 ] and I2 = [ t0+t1

2 , t1]. By time
reversal and time translation symmetries, and by (4.8.2), we can assume that

‖u‖W (I2) ≥
1
4
η. (4.8.8)

Besides, by Duhamel’s formula, we get that for any t ∈ I2,

u(t) =u−(t) + iλ

∫ t0

t−

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds

+ iλ

∫ t

t0

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds.

(4.8.9)

Since I is unexceptional, the first term in the right hand side of (4.8.9) is small
in the W -Norm. As for the third term in the righthand side of (4.8.9), we use
Sobolev’s inequality and the Strichartz estimates (4.3.19) to write that

‖
∫ t

t0

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds‖W (I)

≤ C‖
∫ t

t0

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds‖M(I)

≤ C‖|u|
8

n−4u‖N(I) ≤ C‖u‖
n+4
n−4

W (I) ≤ Cη
n+4
n−4 ,

(4.8.10)

where C > 0 depends only on n. Hence, if we define v(t) for t ∈ I by

v(t) =
∫ t0

t−

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds, (4.8.11)

we get from (4.8.5) and (4.8.8)–(4.8.11) that, if η is sufficiently small, then

‖v‖W (I2) ≥
1
4
η − ηK2 − Cη

n+4
n−4 ≥ 1

8
η. (4.8.12)

For later use, we remark that, by (4.8.11), v satisfies the linear equation

i∂tv + ∆2v + ε∆v = 0, (4.8.13)
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and we get that

‖v‖L∞(I,Ḣ2) ≤ ‖v(t0)‖Ḣ2 ≤ λ−1 (‖u(t0)‖Ḣ2 + ‖u(t−)‖Ḣ2) ≤ 2λ−1E 1
2 . (4.8.14)

Besides, the Strichartz estimates (4.3.19) give that

‖u‖M(I) ≤ C‖u(t0)‖Ḣ2 + C‖|u|
8

n−4u‖N(I) ≤ CE
1
2 + Cη

n+4
n−4 , and

‖u−‖M(I) ≤ C‖u(t−)‖Ḣ2 ≤ CE
1
2 ,

(4.8.15)

where C > 0 does not depend on u and I. Then (4.8.9), (4.8.10), and (4.8.15)
give

‖v‖M(I2) ≤ CE
1
2 + CE 1

2 + 2Cη
n+4
n−4 ≤ 3CE 1

2 . (4.8.16)

Independently, integration by parts and boundedness of Riesz transforms give
that there exists C > 0 independent of I such that for any function g ∈M(I),

‖g‖W (I) ≤ C‖g‖
1
2
M(I)‖g‖

1
2
Z(I). (4.8.17)

Then, (4.8.12), (4.8.16), and (4.8.17) give that

‖v‖Z(I2) ≥ Cη2E− 1
2 , (4.8.18)

where C > 0 depends only on n and λ. Now, we prove that v enjoys additional
regularity. Let us define

vav(t, x) =
1
V

∫
B0(2)

v(t, x− ry)χ(y)dy, (4.8.19)

where χ is a bump function as in (4.7.1), r = ηn+5|I| 14 , and V =
∫
χdx. We

claim that
‖v − vav‖Z(I2) ≤ CE

n+4
2(n−4) η

2n+10
n+4 . (4.8.20)

Now we prove (4.8.20). For k ∈ Rn, we let τk be defined on a function g by
τkg(x) = g(x + k). We first assume that 5 ≤ n ≤ 12. Then, by (4.3.7) and
Hölder’s inequality, letting f(u) = |u|

8
n−4u, we get that

‖v − τkv‖
L∞(I2,L

2(n+4)
n−4 )

≤ sup
t∈I2
‖
∫ t0

t−

ei(t−s)(∆
2+ε∆) (f(u(s))− f(τku(s))) ds‖

L
2(n+4)
n−4

≤ C sup
t∈I2

∫ t0

t−

|t− s|−
2n
n+4 ‖f(u(s))− f(τku(s))‖

L
2(n+4)
n+12

ds

≤ C|I|−
n−4
n+4 ‖

(
|u|

8
n−4 + |τku|

8
n−4

)
|u− τku|‖

L∞L
2(n+4)
n+12

≤ C|I|−
n−4
n+4 ‖u‖

8
n−4

L∞L2]
‖u− τku‖

12−n
n+4

L∞L2]
‖u− τku‖

2(n−4)
n+4

L∞L
2n
n−2

≤ C|I|−
n−4
n+4 E

−n2+24n−16
2(n2−16) ‖u− τku‖

2(n−4)
n+4

L∞L
2n
n−2

.

By conservation of energy and Sobolev’s inequality,

‖u− τku‖
L∞(I,L

2n
n−2 )

≤ |k|‖∇u‖
L∞(I,L

2n
n−2 )

≤ C|k|E 1
2 . (4.8.21)
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Combining (4.8.19), (4.8.21) and the above computation, we get with Hölder’s
inequality that

‖v − vav‖Z(I2) ≤
1
V

∫
B0(2)

χ(y)‖v − τryv‖Z(I2)dy

≤ C|I|
n−4

2(n+4)

∫
B0(2)

χ(y)‖v − τryv‖
L∞(I2,L

2(n+4)
n−4 )

dy

≤ C
(
r|I|− 1

4

) 2(n−4)
n+4 E

n+4
2(n−4) .

(4.8.22)

Since η < 1, (4.8.22) gives (4.8.20) when 5 ≤ n ≤ 12. When n ≥ 13, we first
estimate the gradient of v with (4.3.7). We have that

‖∇v‖
L∞(I2,L

2n
n−6 )

≤
∫ t0

t−

‖∇ei(t−s)(∆
2+ε∆)f(u(s))‖

L∞([t−,t0],L
2n
n−6 )

ds

≤ C
∫ t0

t−

|t− s|− 3
2 ‖∇f(u)‖

L∞([t−,t0],L
2n
n+6 )

ds

≤ C|I|− 1
2 ‖|u|

8
n−4 ‖

L∞([t−,t0],L
n
4 )
‖∇u‖

L∞([t−,t0],L
2n
n−2 )

≤ C|I|− 1
2 E

n+4
2(n−4) .

(4.8.23)

Besides, Sobolev’s inequality and (4.8.14) imply that ‖∇v‖
L∞(I2,L

2n
n−2 )

≤ CE 1
2 ,

and by Hölder’s inequality, this gives

‖∇v‖
L∞(I2,L2] )

≤ CE
n

2(n−4) |I|− 1
4 . (4.8.24)

Then, an application of Sobolev’s inequality with (4.8.23) and (4.8.24) yields

‖v − τkv‖
L∞(I2,L

2(n+4)
n−4 )

≤ ‖v − τkv‖
n−4
n+4

L∞(I2,L
2n
n−8 )
‖v − τkv‖

8
n+4

L∞(I2,L2] )

≤ C|I|−
n−4

2(n+4) E
n2+8n−16
2(n2−16)

(
|k||I|− 1

4

) 8
n+4

.

Then, by proceeding as in (4.8.22), we finally find

‖v − vav‖Z(I2) ≤ CE
n2+8n−16
2(n2−16)

(
r|I|− 1

4

) 8
n+4

. (4.8.25)

Combining (4.8.22) and (4.8.25), we get (4.8.20) for all n ≥ 5. Now by (4.8.18)
and (4.8.20), we get that if η is sufficiently small, namely η < CE−5n, then

‖vav‖Z(I2) ≥ Cη2E− 1
2 . (4.8.26)

Independently, (4.8.14) and Sobolev’s inequality give the bound

‖vav‖L2] (I2×Rn)
≤ C|I|

n−4
2n E 1

2 . (4.8.27)

An application of Hölder’s inequality with (4.8.26) and (4.8.27) then gives

‖vav‖L∞(I2×Rn) ≥ Cη
n+4

2 |I|−
n−4

8 E−
n+2

4 , (4.8.28)
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and we obtain with (4.8.28) that there exists a point (t0, x0) ∈ I2 × Rn such
that ∣∣∣∣∣

∫
B0(2)

χ(y)v(t0, x0 − ry)dy

∣∣∣∣∣ ≥ 1
2
Cη

n+4
2 |I|−

n−4
8 E−

n+2
4 . (4.8.29)

It follows from (4.8.29) and Hölder’s inequality that

M (v(t0), Bx0(2r)) ≥ CηK1 |I|E−
n+2

2 , (4.8.30)

where K1 = n2 + 6n + 4. Now, since v satisfies (4.8.13), using (4.7.3), we get
that, for any t ∈ I,

∂t

(
M
(

(v(t), Bx0(2η−K1 |I| 14 )
)) 3

4 ≤ CE 3
4 ηK1 |I|− 1

4 . (4.8.31)

Integrating (4.8.31) over I, using (4.8.30), we get that for any t ∈ I,

M
(
v(t), Bx0(2η−K1 |I| 14 )

)
≥ CηK1 |I|E−

n+2
2 . (4.8.32)

In particular, (4.8.32) holds true for t = t0. Independently, since I is unexcep-
tional, by (4.8.5) we can find some time τ ∈ I such that

‖u−(τ)‖
L

2(n+4)
n−4 (Rn)

≤ CηK2 |I|−
n−4

2(n+4) . (4.8.33)

Then, (4.8.33) and Hölder’s inequality gives

M
(
u−(τ), Bx0(2η−K1 |I| 14 )

)
≤ Cη8K1 |I| (4.8.34)

and, again, since u− satisfies (4.3.1) with h = 0, we get with (4.8.34) that for
any t ∈ I

M
(
u−(t), Bx0(2η−K1 |I| 14 )

)
≤ C|I|η 4

3K1E . (4.8.35)

Now, by (4.8.9), (4.8.11), and estimates (4.8.30) and (4.8.35), we get that, at
time t0,

M
(
u(t0), Bx0(2η−K1 |I| 14 )

)
≥ C|I|ηK1E−

n+2
2 . (4.8.36)

A final application of (4.7.3), using (4.8.36), gives (4.8.7). This ends the proof
of Step 4.8.2.

A consequence of Step 4.8.2 is as follows.

Step 4.8.3. Let u ∈ C([t−, t+], H2
rad) be a radially symmetrical solution of

(4.5.1) and let I be an unexceptional interval such that |I| ≤ 1 if ε = 1. Then∫
I

∫
B0(2η−4K1 |I|

1
4 )

|u(t, x)|
2n
n−4

|x|
dx ≥ Cη13K1E−4n|I| 34 , (4.8.37)

where K1 = n2 + 6n+ 4, and C > 0 is a constant depending only on n and λ.
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Proof of Step 4.8.3. By Hölder’s inequality and (4.8.7) the following bound from
below holds true. Namely, that for any t ∈ I,∫

Bx0 (2η−K1 |I|
1
4 )

|u(t, x)|2
]

dx ≥ Cη9K1E−4n. (4.8.38)

Now we claim that |x0| ≤ η−4K1 |I| 14 . Indeed, if this is not the case, then there
exists at least η−3(n−1)K1/4n−1 disjoint balls which can be obtained by rotating
Bx0(2η−K1). Using the radial symmetry assumption and (4.8.38) we get that,
for any t ∈ I,

2]E(u(t)) ≥ ‖u(t)‖2
]

L2] ≥
1
4
η−3(n−1)K1Cη9K1E−4n ≥ Cη−2K1E−4n, (4.8.39)

and (4.8.39) contradicts E(u(t)) ≤ E if η is sufficiently small. Then, by (4.8.7)
we get that for any t ∈ I,

M
(
u(t), B0(2η−4K1 |I| 14 )

)
≥ CηK1E−

n+2
2 |I| (4.8.40)

provided that η < E−5nη1 where η1 is sufficiently small depending only on n
and λ. Using Hölder’s inequality and (4.8.40), we obtain (4.8.37).

The bound from below in Step 4.8.3 can be combined with the bound stem-
ming from the localized Morawetz estimate (4.7.5), and we then get that the
following holds true.

Step 4.8.4. Let u ∈ C([t−, t+], H2
rad) be a radially symmetrical solution of

(4.5.1) and let I =
⋃
j1≤j≤j2 Ij be a collection of consecutive unexceptional in-

tervals for u. In case ε = 1, suppose that |I| ≤ η16K1/256. Then there exists
j1 ≤ j0 ≤ j2 such that

|Ij0 | ≥ K|I|, (4.8.41)

where K = Cη100K1E−20n, and C > 0 is a constant depending only on n and λ.

Proof of Step 4.8.4. Estimates (4.8.37) and (4.7.5) give that

Cη13K1E−4n
∑

j1≤j≤j2

|Ij |
3
4 ≤

∑
j

∫
Ij

∫
B0(2η−4K1 |Ij |

1
4 )

|u|2]

|x|
dx

≤
∫
I

∫
B0(2η−4K1 |I|

1
4 )

|u|2]

|x|
dx

≤ Cη−12K1
(
E + E

n
n−4
)
|I| 34 .

(4.8.42)

Let K̃ = CE5nη−25K1 . We get from (4.8.42) that

(
max
j
|Ij |
)− 1

4 ∑
j

|Ij | ≤
∑
j

|Ij |
3
4 ≤ K̃|I| 34 ≤ K̃

∑
j

|Ij |

 3
4

, (4.8.43)

and Step 4.8.4 easily follows from (4.8.43).

At this point we need a combinatorial argument. Such a result goes back to
Bourgain [2] and Tao [26]. In the form we use it here, the proposition is due to
Killip, Visan, and Zhang [18].
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Proposition 4.8.2. Let I be an interval which is tiled by finitely many intervals
I1, . . . , IN . Suppose that for any contiguous family {Ij : j ∈ J } there exists
j∗ ∈ J so that

|Ij∗ | ≥ K| ∪j∈J Ij |

for some K > 0. Then there exists M ≥ ln(N)/ ln(2K−1), and distinct indices
j1, . . . , jM , such that

|Ij1 | ≥ 2|Ij2 | ≥ · · · ≥ 2M−1|IjM | , and

dist(Ijl , Ijk) ≤ (2K)−1|Ijl |
(4.8.44)

for all l < k.

At last we need the following step.

Step 4.8.5. Let u ∈ C([t−, t+], H2
rad) be a radially symmetrical solution of

(4.5.1) and let Ij1 , . . . , IjM be a disjoint family of unexceptional intervals for
u obeying (4.8.44) with K = Cη100K1E−20n. In case ε = 1, suppose also that
|Ij1 | ≤ 1. Then M ≤ CEη−5000n2

ln(1/η), where C depends only on n and λ.

Proof of Proposition 4.8.5. We let t∗ ∈ IjM . We can combine (4.8.40) with
(4.7.3) and (4.8.44) to get that for any 1 ≤ k ≤ M , the following mass concen-
tration estimate holds true. Namely that

M
(
u(t∗), B0(2η−101K1 |Ijk |

1
4 )
)
≥ CηK1E−

n+2
2 |Ijk | (4.8.45)

provided that η < CE−21n. Besides, (4.7.2) also gives that

M (u(t∗), B0(R)) ≤ CER4. (4.8.46)

Let us consider the family of annuli

Ak = {x : ηK1 |Ijk |
1
4 ≤ |x| ≤ 2η−101K1 |Ijk |

1
4 }.

Then (4.8.45) and (4.8.46) give the following bound from below for the mass in
Ak. Namely that ∫

Ak

|u(t∗, x)|2dx ≥ CηK1E−
n+2

2 |Ijk |, (4.8.47)

and with Hölder’s inequality we deduce from (4.8.47) that∫
Ak

|u(t∗, x)|2
]

dx ≥ CηK3 , (4.8.48)

where K3 = 5(103)n2. Now, it only remains to observe that, thanks to (4.8.44),
if l = 405K1 ln

(
1
η

)
/ ln 2, then the annuli Aj1+kl are disjoint for all k. By

conservation of energy and (4.8.48) it follows that there are at most CEη−K3

such annuli, and this proves Step 4.8.5.

Thanks to Steps 4.8.1 to 4.8.5 we are now in position to prove Proposition
4.8.1.
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Proof of Proposition 4.8.1. Suppose first that ε ≤ 0. As mentioned before, see
(4.8.6), it is easy to bound the numberNe of exceptional intervals. Now, consider
a gap J = ∪j∈J Ij between two exceptional intervals. The gap J is made
exclusively of unexceptional intervals Ij and then, applying (4.8.41), (4.8.44),
and Step 4.8.5, we see that

|J | ≤ Cη−Cη
−5000n2

if η ≤ η1E−5n for η1 sufficiently small depending only on n and λ. Since there
are at most Ne such gaps, we get the desired conclusion. In case ε = 1, we first
split [t−, t+] into subintervals Ĩk∈K such that |Ĩk| ≤ 1/256η48n2

. Then, for any
k, we can apply on Ik the same strategy as in the case ε ≤ 0, and we see that
the Z(Ĩk)-norm of u is bounded by a constant C(E , η, n). Then, since there are
at most Cη−48n2 |t+− t−|+ 1 such intervals, we also get Proposition 4.8.1 when
ε = 1.

4.9 Scattering for the critical equation

We briefly discuss scattering in this section and prove that, by standard pro-
cedures, an estimate like (4.8.1) implies scattering when ε ≤ 0. By scaling
invariance we may assume ε = −1 or ε = 0. In proposition 4.9.1 we prove that
solutions of (4.1.2) with p = 2] − 1 and λ > 0 converge to a scattering state.
We construct the scattering operator in Proposition 4.9.2.

Proposition 4.9.1. Let n ≥ 5. Given any u ∈ C(R, H2
rad) a radially symmetri-

cal solution of (4.1.2) with p = 2]− 1, λ > 0, and ε ≤ 0, there exists u± ∈ H2
rad

such that
‖u(t)− eit(∆

2+ε∆)u±‖H2 → 0 (4.9.1)

as t→ ±∞. The functions u± are unique, they are determined by (4.9.1), and
we have that

M(u0) = M(u±) , and

2E(u0) = ‖u±‖2
Ḣ2 − ε‖u±‖2Ḣ1 .

(4.9.2)

This defines two mappings S± : u(0) 7→ u± from H2
rad into H2

rad, and S+ and
S− are continuous in H2

rad.

Proof. By time reversal symmetry it suffices to prove (4.9.1) for u+. From
Proposition 4.8.1, we see that u has bounded Z-norm over R+, and from Propo-
sition 4.5.2, this provides an a priori bound for the W (R+)-norm of u. Indepen-
dently, Since eit(∆

2+ε∆) is an isometry on H2, (4.9.1) is equivalent to proving
that there exists u+ ∈ H2 such that

‖e−it(∆
2+ε∆)u(t)− u+‖H2 → 0 (4.9.3)

as t → +∞. Now we prove that e−it(∆
2+ε∆)u(t) satisfies a Cauchy criterion.

Duhamel’s formula gives that

e−it1(∆2+ε∆)u(t1)− e−it0(∆2+ε∆)u(t0) = iλ

∫ t1

t0

e−is(∆
2+ε∆)|u(s)|

8
n−4u(s)ds.

(4.9.4)
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By (4.3.20) with (a, b) = (2, 2n/(n−2)), we see from the finiteness of theW (R+)-
norm of u that the righthand side in (4.9.4) is like o(1) in Ḣ2 as t0, t1 → +∞. In
particular, e−it(∆

2+ε∆)u(t) satisfies a Cauchy criterion, and there exists u+ ∈ H2

such that (4.9.3) holds true. We also get that

u+ = u0 + iλ

∫ ∞
0

e−is(∆
2+ε∆)|u(s)|

8
n−4u(s)ds, (4.9.5)

and u+ is unique. Let us now prove that the convergence holds true in the L2

sense. From (4.5.7) in Proposition 4.5.2 and (4.8.1) in Proposition 4.8.1, we get
that u ∈ L

2(n+4)
n (R+ × Rn). An application of the Strichartz estimates (4.3.10)

shows that the right hand side in (4.9.4) is like o(1) in L2 when t0 and t1 tend to
infinity. In particular the convergence holds true in the L2 sense. Now we prove
(4.9.2). The first equation in (4.9.2) is a direct consequence of conservation
of mass and of the convergence in L2. Concerning the second equation, since
u ∈ Z(R+), we can find a sequence tk → +∞ such that the L

2(n+4)
n−4 -norm of

u(tk) tends to zero. Combining this with conservation of mass, we get that the
L2] -norm of u(tk) tends to zero as k tends to infinity. Let ω(t) = eit(∆

2+ε∆)u+.
Then, we have

2E(u0) = 2E(u(tk))

= ‖u(tk)‖2
Ḣ2 − ε‖u(tk)‖2

Ḣ1 + o(1)

= ‖ω(tk)‖2
Ḣ2 − ε‖ω(tk)‖2

Ḣ1 + o(1)

= ‖u+‖2
Ḣ2 − ε‖u+‖2

Ḣ1 + o(1),

and letting k → +∞ we get that the second equation in (4.9.2) holds true.
The continuity in Ḣ2 of the mapping u0 7→ u+ follows from estimate (4.3.20),
Proposition 4.6.1, and equation (4.9.5). The continuity in L2 follows from the
Strichartz estimates (4.3.10) and the a priori bound on the Z-norm in Proposi-
tion 4.8.1. We may proceed as when proving the control of the L

2(n+4)
n (L

2(n+4)
n )-

norm in Proposition 4.5.2.

Conversely to Proposition 4.9.1, it is easy to show that the operators S± are
surjective.

Proposition 4.9.2. Let n ≥ 5. For any u+ ∈ H2
rad, respectively u− ∈ H2

rad,
there exists a unique u ∈ C(R, H2

rad), solution of (4.1.2) with λ > 0 and p =
2]−1, such that (4.9.1) holds true. In particular, S± are homeomorphisms from
H2
rad onto H2

rad.

Proof. Again, by time reversal symmetry, we need only prove Proposition 4.9.2
for u+. Let ω(t) = eit(∆

2+ε∆)u+. Then by the Strichartz estimates (4.3.10),
ω ∈ W (R) and, given δ > 0, there exists Tδ such that the W ([Tδ,+∞))-norm
of ω is less than δ. For u ∈W ([Tδ,+∞)), we define

Φ(u)(t) = ω(t)− iλ
∫ ∞
t

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds. (4.9.6)

It is easily seen that for δ sufficiently small, Φ defines a contraction mapping on
the set

XTδ ={u ∈W ([Tδ,+∞)) ∩ L
2(n+4)
n ([Tδ,+∞), L

2(n+4)
n ); ‖u‖W ([Tδ,∞)) ≤ Cδ,

‖u‖
L

2(n+4)
n ([Tδ,+∞),L

2(n+4)
n )

≤ C‖u+‖L2} ,

100



equipped with the L
2(n+4)
n ([Tδ,+∞), L

2(n+4)
n )-norm. Thus Φ admits a unique

fixed point u. It follows from the Strichartz estimates (4.3.19) and (4.3.20) that
u ∈ C([Tδ,+∞), H2) ∩M([Tδ,+∞)). Besides, we can observe that

u(Tδ + t) = eit(∆
2+ε∆)u(Tδ) + iλ

∫ Tδ+t

Tδ

ei(t−s)(∆
2+ε∆)|u(s)|

8
n−4u(s)ds.

Then, u solves (4.1.2) with p = 2]−1 on [Tδ,+∞). Hence, using the radial sym-
metry assumption, we see from Theorem 12 that u can be extended on R. Now,
(4.9.1) follows from (4.9.6) and the boundedness of u in W and L

2(n+4)
n (L

2(n+4)
n )-

norms. Uniqueness follows from the fact that any radially symmetrical solution
of (4.1.2) with p = 2] − 1 and λ > 0 has a restriction in XT for some T ≥ Tδ,
and uniqueness of the fixed point of Φ in such spaces. The continuity statements
can be proved with similar arguments to those used in the proof of Proposition
4.9.1.
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Chapter 5

Asymptotic analysis for
L2-critical fourth-order
Schrödinger equations

Abstract

We prove a structure theorem for sequences of solutions to the L2-
critical fourth-order Schrödinger equation, and isolate some special solu-
tions at the threshold for global well-posedness.

Preprint submitted under the name “Asymptotic analysis for L2-critical fourth-
order Schrödinger equations”.
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5.1 Introduction and statement of the results

Fourth-order Schrödinger equations have been introduced by Karpman [7] and
Karpman and Shagalov [8] to take into account the role of small fourth-order
dispersion terms in the propagation of intense laser beams in a bulk medium
with Kerr nonlinearity. The L2-critical homogeneous case of these equations is
written as

i∂tu+ ∆2u+ λ|u| 8nu = 0, (5.1.1)

where λ ∈ R, and u : I×Rn → C is a complex-valued function. Equation (5.1.1)
has been recently investigated in Fibich, Ilan, and Papanicolaou [5]. In case the
power 8/n is replaced by a smaller power, any initial data in L2 gives rise to a
global solution. In the L2-critical case we discuss here, much less is known. It is
suspected, see the numerical work in Fibich, Ilan and Papanicolaou [5], that in
case λ < 0 there exist smooth initial data which do not lead to a global solution.
On the other hand, it is natural to conjecture that global existence holds true
in case λ > 0. By standard developments, sufficiently small initial data in L2

lead to global solutions. Our goal here is to develop the asymptotic analysis of
sequences of solutions of (5.1.1) in a very general setting. Such analysis is known
to hold true in the case of second order equations and to be, in this case, of
fundamental interest for proving global existence and scattering conjectures. As
a remark, an advantage of carrying over the analysis at the L2-level we discuss
here is that it can then be used for any higher regularity level Ḣs that possesses
good stability properties with only minor additional work. The Ḣ2-critical case
provides an interesting case of Ḣs regularity having good stability properties,
see Pausader [13].

Before stating our results we need to introduce some notations. For a general
function defined on space time I × Rn, we define the scattering norm ‖ · ‖Z by

‖u‖Z(I) = ‖u‖
L

2(n+4)
n (I,L

2(n+4)
n )

.

and the stronger norm ‖ · ‖Ẑ by

‖u‖Ẑ(I) = ‖u‖L∞(I,L2) + ‖u‖Z(I).

We omit I in the notation of the norm when I = R. In what follows, we define
Λ(N) to be the supremum of the ‖u‖Z over all maximal lifespan solutions u of
(5.1.1) of L2-norm less than N . As is easily checked, Λ is increasing in N and
Λ(x) ≤ Cx < +∞ in a neighborhood of 0. We let Nmax be the supremum of
the N > 0 such that Λ(N) < +∞.

For any (h0, t0, x0) ∈ R∗+ × R × Rn, we let τ(h0,t0,x0) be the linear transfor-
mation acting on functions defined on R× Rn given by

τ(h0,t0,x0)u(t, x) = h
n
2
0 u(h4

0(t− t0), h0(x− x0)).

For any choice of (h0, t0, x0), τ(h0,t0,x0) preserves the Ẑ-norm. For (h0, x0) ∈
R∗+ × Rn, we let g(h0,x0) be the isometry of L2 given by

g(h0,x0)f(x) = h
n
2
0 f(h0(x− x0)).
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As a general remark on τ and g, it can be noted that if u is a solution of
(5.1.1), then τ(h0,t0,x0)u is also a solution of (5.1.1) having the same L∞L2 and
Z-norms, but with initial data g(h0,x0)u(−t0h4

0). We call scale-core any sequence
(hk, tk, xk)k≥0 in R∗+ ×R×Rn. We say that two scale-cores (hk, tk, xk)k≥0 and
(h′k, t

′
k, x
′
k)k≥0 are orthogonal if

log
∣∣∣∣hkh′k

∣∣∣∣+ h4
k |tk − t′k|+ hk |xk − x′k| → +∞ (5.1.2)

as k → +∞. A decomposition uk =
∑
i v
i
k is said to be asymptotically L2-

orthogonal if ‖uk‖2L2 =
∑
i ‖vik‖2L2 + o(1) as k → +∞. When two variables

A and k are in a formula, we let limA,k = limA→+∞ lim supk→+∞. The first
theorem we prove is stated as follows

Theorem 13. Let (uk)k be a sequence of strong solutions of (5.1.1) such that
supk ‖uk(0)‖L2 < Nmax. Then there exists a sequence (Uα)α of global strong
solutions of (5.1.1), and a sequence (hα, tα, xα)α of orthogonal scale-cores such
that, up to a subsequence,

uk =
A∑
α=1

τ(hαk ,tαk ,xαk )U
α + eit∆

2
wAk + rAk (5.1.3)

for all k and A, where wAk ∈ L2 and rAk ∈ L∞L2 ∩ L
2(n+4)
n L

2(n+4)
n for all k and

A, limA,k ‖eit∆
2
wAk ‖Z = 0, and limA,k ‖rAk ‖Ẑ = 0. Moreover, for any A, and t,

(5.1.3) is asymptotically L2-orthogonal and

‖uk‖
2(n+4)
n

Z =
+∞∑
α=1

‖Uα‖
2(n+4)
n

Z + o(1), (5.1.4)

where o(1)→ 0 as k → +∞.

In complement to Theorem 13 we also prove in Theorem 14 below that there
are solutions u of (5.1.1) with an L2-norm exactly like Nmax. We also provide
a threefold scenario for u. Theorem 14 is stated as follows.

Theorem 14. Suppose that Nmax < +∞. Then there exists u ∈ C(I, L2) a
maximal-lifespan solution of L2-norm exactly Nmax and locally finite Z-norm,
such that ‖u‖Z(I′) = +∞ for I ′ = (T∗, 0) and I ′ = (0, T ∗), where I = (T∗, T ∗).
Besides, there exist two smooth functions h : I → R∗+ and x : I → Rn such that
K = {g(h(t),x(t))u(t) : t ∈ I} is precompact in L2 and one of the following three
scenarii holds true: (soliton-like solution) there holds I = R and h(t) = 1 for all
t; (double high-to-low cascade) there holds I = R, lim supt→±∞ h(t) = +∞, and
h(t) ≥ 1 for all t; (self-similar solution) there holds I = (0,+∞) and h(t) = t

1
4

for all t.

Following standard notations, we use the notation X . Y whenever there
exists some constant C, possibly depending on the dimension n so that X ≤ CY .
Similarly we write X ' Y when X . Y . X.

Theorem 13 in the second order case goes back to Bahouri and Gerard [1],
Begout and Vargas [2], Bourgain [3], Carles and Keraani [4], Keraani [9] and
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Merle and Vega [12]. The involved L2-critical case was addressed in Carles and
Keraani [4] when n = 1, in Bourgain [3] and Merle and Vega [12] when n = 2,
and in Begout and Vargas [2] when n ≥ 3. Theorem 14 in the second order case
was obtained only very recently in Kenig and Merle [10], and Killip, Tao and
Visan [11]. An important specific feature of the fourth order case we discuss
here is the regularising effect associated with the linear propagator.

5.2 Proof of Theorem 13

An important step in the proof of Theorem 13 is given by the Strichartz esti-
mates obtained in Pausader [13], and the precised Sobolev inequality in Gerard,
Meyer and Oru [6]. Let q = 2(n+4)

n , r = 2(n+4)
n+2 , and σ = n

n+4 . As shown in
Pausader [13], for any u0 ∈ L2,

‖eit∆
2
u0‖Lq(Ḣσ,r) . ‖u0‖L2 . (5.2.1)

Independently, it follows from Gerard, Meyer and Oru [6] that, for any u ∈
Ḃσr,2(Rn),

‖u‖Lq(Rn) . ‖u‖
2

n+2

Ḃσr,∞
‖u‖

n
n+2

Ḃσr,2
, (5.2.2)

where Ḃσr,2 and Ḃσr,∞ are standard homogeneous Besov spaces. Since the Little-
wood-Paley projectors PM commute with the linear propagator of (5.1.1), using
the Littlewood Paley theorem, (5.2.1) and (5.2.2) we get that

‖eit∆
2
u0‖Z .

(
sup
M
‖PMeit∆

2
u0‖LqḢσ,r

)α(∑
M

‖PMeit∆
2
u0‖2LqḢσ,r

) β
2

.

(
sup
M
‖PMu0‖L2

)α(∑
M

‖PMu0‖2L2

) β
2

. ‖u0‖αḂ0
2,∞
‖u0‖βL2 ,

(5.2.3)

where α = 8/(n+ 2)(n+ 4) and β = n(n+ 6)/(n+ 2)(n+ 4), and the sum and
the supremum are taken over all dyadic integers. Now, thanks to (5.2.3), we
may follow the analysis in Bahouri and Gerard [1]. In particular, mimicking the
proof in Bahouri and Gerard [1] we obtain that for (vk)k a bounded sequence
in L2 , there exists a sequence (V α)α in L2, and pairwise orthogonal scale-cores
((hαk )k, (tαk )k, (xαk )k)α such that, up to a subsequence, for any A ≥ 1,

vk =
A∑
α=1

g(hαk ,x
α
k )

(
e−i(h

α
k )4tαk∆2

V α
)

+ wαk (5.2.4)

for all k, where wAk ∈ L2 for all k and A, and limA,k ‖eit∆
2
wAk ‖Z = 0. Moreover,

(5.2.4) is asymptotically L2-orthogonal for all A, and

‖eit∆
2
uk‖

2(n+4)
n

Z =
+∞∑
α=1

‖eit∆
2
V α‖

2(n+4)
n

Z + o(1) (5.2.5)
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for all k, where o(1) → 0 as k → +∞. Moreover, see Pausader [13] for the
Ḣ2-critical case, the following stability property follows from the Strichartz
estimates (5.2.1). Namely that for any B > 0 and ε > 0, there exists δ > 0 such
that if v is an approximate solution of (5.1.1) in the sense that

i∂tv + ∆2v − λ|v| 8n v = e (5.2.6)

in some interval I with 0 ∈ I, and ‖v‖Z(I) ≤ B , ‖e‖
L

2(n+4)
n+8 (I,L

2(n+4)
n+8 )

≤ δ, then

for any u0 ∈ L2 satisfying ‖eit∆2
(v(0)− u0) ‖Z(I) ≤ δ, there exists a unique

strong solution u ∈ L
2(n+4)
n (I × Rn) of (5.1.1) which satisfies

‖u− v‖Z(I) ≤ ε, and ‖u− v‖L∞(I,L2) . ‖v(0)− u0‖L2 + ε. (5.2.7)

Let (V,h, z) be such that V ∈ L2, with ‖V ‖L2 < Nmax, and (h, z) be a scale-
core such that h4

ktk has a limit l ∈ [−∞,+∞]. We say that U is the nonlinear
profile associated to (V,h, z) if U is a solution of (5.1.1), and

‖U(−h4
ktk)− e−ih

4
ktk∆2

V ‖L2 → 0

as k → +∞. In what follows, we use repeatedly that if (h, t,x) and (h′, t′,x′)
are orthogonal scale cores, then, for any u, v with finite Z-norm,

‖τ(hk,tk,xk)u|τ(h′k,t′k,x′k)v|
n+8
n ‖L1(Rn+1) → 0 (5.2.8)

as k → +∞. Let N∞ = supk ‖uk(0)‖L2 < Nmax. We let (hα, zα), V α, and
wA be given by (5.2.4) applied to the sequence (vk = uk(0))k. Passing to
subsequences, and using a diagonal extraction argument, we can assume that
h4
ktk has a limit in [−∞,∞]. We let Uα be the nonlinear profile associated to

(V α,hα, zα). Since ‖Uα(0)‖L2 = ‖V α‖L2 < Nmax, we get that all the nonlinear
profiles are globally defined. Letting WA

k (t) = eit∆
2
wAk , we remark that

pAk =
A∑
α=1

τ(hαk ,zαk )U
α +WA

k

satisfy (5.2.6) with

e = eAk =
A∑
α=1

f(τ(hαk ,zαk )U
α)− f(

A∑
α=1

τ(hαk ,zαk )U
α +WA

k )− f(WA
k )

and initial data pAk (0) = uk(0) + oA(1), where f(x) = |x| 8nx. First, we claim
that

lim sup
k
‖

A∑
α=1

τ(hαk ,zαk )U
α‖Z .N∞ 1 (5.2.9)
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independently of A. Indeed, since Λ is sublinear around 0, and bounded on
[0, N∞], using (5.2.8), we get that

lim sup
k
‖

A∑
α=1

τ(hαk ,zαk )U
α‖

2(n+4)
n

Z ≤
A∑
α=1

‖Uα‖
2(n+4)
n

Z

.N∞

A∑
α=1

Λ(‖Uα‖L2)
2(n+4)
n

.N∞

A∑
α=1

‖Uα‖2L2

.N∞ N2
∞

(5.2.10)

and (5.2.9) is proved. Now, using (5.2.8), we get that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α)−

A∑
α=1

f(τ(hαk ,zαk )U
α)‖

L
2(n+4)
n+8 (Rn+1)

= oA(1) (5.2.11)

as k → +∞. Besides,

‖f(
A∑
α=1

τ(hαk ,zαk )U
α +WA

k )− f(
A∑
α=1

τ(hαk ,zαk )U
α)‖

L
2(n+4)
n+8 (Rn+1)

. ‖WA
k ‖Z

(
‖WA

k ‖
8
n

Z + ‖
A∑
α=1

τ(hαk ,zαk )U
α‖

8
n

Z

)
.N∞ ‖WA

k ‖Z
(
‖WA

k ‖
8
n

Z + 1
)

.N∞ ‖WA
k ‖Z

(5.2.12)

Independently,

‖pAk ‖Z ≤ ‖
A∑
α=1

τ(hαk ,zαk )U
α‖Z + ‖WA

k ‖Z

.N∞ 1.

(5.2.13)

Now, by (5.2.11)–(5.2.13), we get that limA,k ‖eAk ‖
L

2(n+4)
n+8 (Rn+1)

= 0 and using

(5.2.7), we get, since pAk (0) = uk(0)+oA(1), that limA,k ‖rAk ‖Ẑ = 0. This finishes
the proof of Theorem 13.

5.3 Proof of Theorem 14

Given u ∈ C(I, L2) a strong solution of (5.1.1) satisfying the conclusion of
Theorem 14, we refer to the function g(t) = g(h(t),x(t)) in Theorem 14 as the
scaling function of u. We note that if g(hk,xk)uk and g(h′k,x

′
k)uk both stay in a

L2-ball of center a and a′, and radii r and r′ such that ‖a‖L2 > r + r′, then
g(hk,xk)g

−1
(h′k,x

′
k) cannot converge weakly to 0. In particular h−1

k h′k and hk(xk−x′k)
remain in a compact subset. This is the case if g(hk,xk)uk and g(h′k,x

′
k)uk both
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converge in L2 to nonzero functions. A direct consequence of this remark is that
if {g(t)u(t) : t ∈ I} and {g′(t)u(t) : t ∈ I} are precompact in L2, then there
exists a compact set K such that g(t)g′(t)−1 ∈ K for all t ∈ I. In particular
the rescaling function of u is well defined, up to multiplication by a function
ḡ of compact image. As a preliminary step in the proof we claim that for any
sequence of nonlinear solutions (uk)k defined on a maximal interval (−Tk, T k),
and any sequence of time (tk)k such that ‖uk‖L2 → Nmax and

lim
k
‖uk‖Z(−Tk,tk) = lim

k
‖uk‖Z(tk,Tk) = +∞,

there exists two sequences (hk) and (yk), and a function w ∈ L2 of L2-norm
Nmax such that, up to a subsequence, g(hk,yk)(uk(tk))→ w in L2. This can be
proved with similar arguments to the ones developed in Tao, Visan and Zhang
[14], using the linear decomposition (5.2.4) and the stability theory as in (5.2.7).

Now, with this claim, we are in position to prove the first part of Theo-
rem 14. A consequence of the stability property (5.2.7) is that the set {N :
Λ(N) < +∞} is open. Hence, we can always find a sequence of nonlinear
solutions uk such that ‖uk‖L2 < Nmax and ‖uk‖L2 converges to Nmax, while
‖uk‖Z converges to +∞. By time translation invariance, we can suppose that
‖uk‖Z((−∞,0]) = ‖uk‖Z([0,+∞) = 1

2‖uk‖Z . Applying the above claim and passing
to a subsequence, we get that there exists (hk, xk) such that g(hk,xk)uk(0)→ V
in L2. Let U be the maximal nonlinear solution of (5.1.1) with initial data
V , defined on I = (−T∗, T ∗). Suppose, for example that T ∗ = +∞, and that
‖U‖Z(R+) < +∞. Then, using (5.2.7) on R+ with v = U , and u = τ(hk,0,xk)uk,
we see that ‖uk‖Z(R+) is bounded uniformly in k, which is a contradiction with
the hypothesis on uk. Now, we prove the compactness property of U . Using the
above preliminary step, it is easily proved by contradiction that for any ε > 0,
there exist t1, . . . , tj , j = j(ε), such that for any time t ∈ (−T∗, T ∗), there exist
i = i(t), and g(t) = g(h(t),y(t)) with the property that ‖u(ti) − g(t)u(t)‖L2 ≤ ε.
Let us apply this with ε = Nmax/4. We get a function g(t) = g(h(t),y(t)),
and a finite set of times t1, . . . , tj such that for any t, there exists i satisfying
‖u(ti)− g(t)u(t)‖L2 ≤ Nmax/4. We claim that {g(t)u(t)} is precompact in L2.
Suppose by contradiction that this is not true. Then, there exist ε > 0, and a
sequence sk such that for any k and p,

‖g(sk)u(sk)− g(sk+p)u(sk+p)‖L2 > ε. (5.3.1)

According to what we said above, and passing to a subsequence, we can assume
that there exist two times t̄, t̄′, and a sequence g′k = g(h′k,y

′
k) such that, for any

k,

‖u(t̄)− g(sk)u(sk)‖L2 < Nmax/4, and

‖u(t̄′)− g′ku(sk)‖L2 <
ε

4
.

(5.3.2)

Passing to a subsequence, and using the remark we made at the begining of this
section, it is easily seen that h(sk)−1h′k and (h′k)−1

h(sk)y(sk)− y′k remain in a
compact subset. Hence, up to considering a subsequence, we can find g∞ such
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that g(sk) (g′k)−1 → g∞ strongly. Now, using (5.3.2), we get that

‖g(sk)u(sk)− g(sk+1)u(sk+1)‖L2

≤ ‖g(sk)u(sk)− g∞u(t̄′)‖L2 + ‖g∞u(t̄′)− g(sk+1)u(sk+1)‖L2

≤ ‖g′ku(sk)− g′kg(sk)−1g∞u(t̄′)‖L2 + ‖g′k+1u(sk+1)− g′k+1g(sk+1)−1g∞u(t̄′)‖L2

≤ ε

2
+ o(1).

Clearly, this contradicts (5.3.1) and finishes the proof of the first part of Theorem
14. Now we discuss the proof of the second part of Theorem 14. For δ > 0, and
t, we define the interval Jδ(t) by

Jδ(t) = (t− δh(t)4, t+ δh(t)4). (5.3.3)

We start by collecting a few results on the scaling function. First, we claim that
if u ∈ C(I, L2) is a maximal lifespan solution of (5.1.1) of locally finite Z-norm,
and g(t) is such that K = {g(t)u(t) : t ∈ I} is precompact, then there exists
δ > 0 such that for any time t0 ∈ I, the following holds true: for Jδ(t0) as in
(5.3.3), Jδ(t0) ⊂ I, h(t) 'u h(t0) for any t ∈ Jδ(t0), and

‖u‖Z(Jδ(t0)) ' 1. (5.3.4)

In particular, if h is bounded from below, then I = R, and if u blows up at
time T , then h(t) ≤ (T − t) 1

4 . Indeed, since K is precompact, using Strichartz
estimates and local well-posedness theory as developed in Pausader [13], we see
that there exists δ such that for any w ∈ K, the maximal nonlinear solution W
of (5.1.1) with initial data w is defined on (−δ, δ) and satisfies ‖W‖Z(−δ,δ) . 1.
By rescaling, this gives the first claim concerning Jδ(t0), and one inequality in
(5.3.4). On the other hand, compactness of K implies that there exists η such
that for any t,

η ≤ ‖u‖Z(Jδ(t)). (5.3.5)

This gives the second inequality in (5.3.4). Now, let us prove that in Jδ(t0) we
have h(t) ' h(t0). To achieve this let us consider

J = {κ : ∃t0 ∈ I, ∃t ∈ Jδ(t0) : ‖u‖Z(Jκ(t,t0)) ≥ η},

where Jκ(t, t0) = (t−κδh(t0)4, t+κδh(t0)4). Note that, if t ∈ Jδ(t0), and A > 1,
then h(t) = Ah(t0) implies that A−4 ∈ J , while h(t) < ah(t0) implies a4 ∈ J .
Let us suppose that inf J = 0. Using (5.3.5), this implies that there exists a
sequence of times tk ∈ I, a sequence t′k ∈ J(tk), and a sequence κk → 0 such
that

‖uk‖Z(Jκk (t′k,tk)) ≥ η. (5.3.6)

Extracting a subsequence and rescaling, we obtain in this way a sequence of
solutions uk = τ(h(tk),−h(tk)−4tk,x(tk))u such that ‖uk‖Z(−δ,δ) . 1, uk(0)→ w in
L2, and ‖uk‖Z(sk−κk,sk+κk) ≥ η for sk → t∗. Let W be the nonlinear solution of
(5.1.1) with initial data W (0) = w. Using (5.2.7), we see that ‖W‖Z(−δ,δ) . 1,
hence, there existsD > δ such that the Z((−D,D))-norm ofW is finite. Besides,
for any κ > 0, ‖W‖Z(t∗−κ,t∗+κ) ≥ η. Noting that this contradicts the dominated
convergence theorem, we get that inf J > 0, and this finishes the proof of the
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above claim. As a remark, since for any t, we have ‖u‖
2(n+4)
n

Z(Jδ(t))
'u 1, and∫

Jδ(t)
h(s)−4ds 'u 1, we have that∫

J

h(s)−4ds . 1 + ‖u‖
2(n+4)
n

Z(J) . 1 +
∫
J

h(s)−4ds, (5.3.7)

for any interval J ⊂ I. Now, we claim that one can always suppose that g as
given by Theorem 14 is smooth. To prove this, choose tk to be a sequence in
I such that I ⊂ ∪kJδ(tk), and choose g̃(t) = g(h̃(t),x̃(t)) to satisfy g̃(tk) = g(tk)
and h̃, x̃ are piecewise affine. Then g̃(t)g(t)−1 remains in a compact set, and
one can modify g̃ in a small neighborhood of tk so that it becomes smooth and
g̃(t)g(t)−1 remains in a compact set. The claim follows. Suppose now that uk
is a sequence of maximal lifespan solutions defined on Ik satisfying that

K = {gk(t)u(t) : t ∈ Ik, k ≥ 0}

is precompact for some rescaling functions gk, and suppose that

uk →W in Cloc(I, L2) ∩ L
2(n+4)
n

loc (I, L
2(n+4)
n ),

where W ∈ C(I, L2) is a maximal lifespan solution to (5.1.1) with rescaling
function G(t) = g(H(t),X(t)). Then, for any t ∈ I, we have that

0 < lim inf
k

hk(t) 'u H(t) 'u lim sup
k

hk(t) < +∞. (5.3.8)

Let us prove (5.3.8). For this purpose, we let uk be a sequence of maximal
lifespan solutions as above converging to W ∈ C(I, L2) with rescaling function
G. Suppose that there exists a sequence of time sp ∈ I, and, for each p, a
subsequence k′ such that

H(sp)h−1
k′ (sp) < 1/p. (5.3.9)

By assumption, uk → W in C(J, L2) for any compact interval sp ∈ J ⊂ I.
In particular, we can find an element k ≥ p such that ‖uk(sp) −W (sp)‖L2 ≤
Nmax/4, and (5.3.9) holds true with k instead of k′. This defines a sequence
k(p) such that for any p,

uk(p)(sp) = W (sp) + rp

with ‖rp‖L2 ≤ Nmax/4. Considering maybe a subsequence, we can assume that
G(sp)W (sp)→ w̄ in L2. In particular ‖w̄‖L2 = Nmax. However

G(sp)W (sp) = G(sp)gk(p)(sp)−1gk(p)(sp)uk(p)(sp)−G(sp)rp.

Now by assumption, gk(p)(sp)uk(p)(sp) remains in a compact subset, and we
have that G(sp)gk(p)(sp)−1 converges weakly to 0. As a consequence any weak
limit w′ of G(sp)W (sp) satisfies ‖w′‖L2 ≤ ‖rp‖L2 ≤ Nmax/4. This contradicts
‖w̄‖L2 = Nmax. This finishes the proof of (5.3.8). Now we prove the second
part of Theorem 14. We only briefly sketch the proof, and refer to Killip, Tao
and Visan [11] for a similar proof in the context of the L2-critical Schrödinger
equation. Thanks to all what we proved above only slight modifications with
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respect to the arguments developped in Killip, Tao and Visan [11] are needed.
First, we define the oscillation function

Osc(κ) = inf
t0∈I

supt∈I∩Jκ(t0) h(t)
inft∈I∩Jκ(t0) h(t)

.

This is an increasing function of κ. Let us assume that it is bounded. Then
we can find arbitrarily long intervals on which the solution does not oscil-
late, and using (5.2.7), (5.3.7) and (5.3.8), mimicking the proof in Killip, Tao
and Visan [11], we find a solution that behaves as in the first scenario in
Theorem 14, namely the soliton-like solution scenario. Now, we assume that
limκ→∞Osc(κ) = +∞, and we introduce the quantity

a (t0) =
inft∈I,t≤t0 h(t)−1 + inft∈I,t≥t0 h(t)−1

h(t0)−1

for every t0 ∈ J . We suppose that inft0∈I a(t0) = 0. Then, we can find intervals
on which the solution present arbitrarily large relative peak. Using (5.3.7) and
(5.3.8), mimicking the proof in Killip, Tao and Visan [11], we find a solution
satisfying the second scenario in Theorem 14, namely the high-to-low cascade
scenario. Finally, in case a = inft0∈I a(t0) > 0, the solution has arbitrarily large
oscillations, but no relative peak. Using (5.3.7) and (5.3.8), mimicking the proof
in Killip Tao and Visan [11], we find a solution behaving as in the last scenario
in Theorem 14, namely the self-similar solution scenario. This finishes the proof
of the second part of Theorem 14.
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Chapter 6

The cubic fourth-order
Schrödinger equation

Abstract

We investigate the cubic fourth-order defocusing Schrödinger equa-
tion in energy space in arbitrary space dimension. We prove global well-
posedness when n ≤ 8, scattering when 5 ≤ n ≤ 8, and ill-posedness when
n ≥ 9. The cubic fourth-order Schrödinger equation is energy-critical pre-
cisely when n = 8.

Preprint submitted under the name “The cubic fourth-order Schrödinger equa-
tion”.
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6.1 Introduction

Fourth-order Schrödinger equations have been introduced by Karpman [13] and
Karpman and Shagalov [14] to take into account the role of small fourth-order
dispersion terms in the propagation of intense laser beams in a bulk medium with
Kerr nonlinearity. Such fourth-order Schrödinger equations have been studied
from the mathematical viewpoint in Fibich, Ilan and Papanicolaou [6] who de-
scribe various properties of the equation in the subcritical regime, with part of
their analysis relying on very interesting numerical developments. Related refer-
ences are by Ben-Artzi, Koch, and Saut [2] who gave sharp dispersive estimates
for the biharmonic Schrödinger operator, Guo and Wang [9] who proved global
well-posedness and scattering inHs for small data, Hao, Hsiao and Wang [10, 11]
who discussed the Cauchy problem in a high-regularity setting, and Segata [27]
who proved scattering in the case the space dimension is one. We refer also to
Pausader [21] where the energy critical case for radially symmetrical initial data
is discussed.

We focus in this paper on the study of the initial value problem for the cubic
fourth-order defocusing equation in arbitrary space dimension Rn, n ≥ 1. The
equation is written as

i∂tu+ ∆2u+ |u|2u = 0 , (6.1.1)

where u = I × Rn → C is a complex valued function, and u|t=0 = u0 is in
H2. The equation is critical when n = 8. The fourth-order dispersion scaling
property leads to the heuristic that smooth solutions of the free homogeneous
equation have their L∞ norm which decays like t−

n
4 . However, the situation is

not so transparent and all frequency parts of the function have their L∞-norm
that decays much faster, like t−

n
2 , but at a rate which depends on the frequency.

Uniformly, the rate of decay t−
n
4 is the best possible, but it is not optimal when

the solution is localized in frequency. This subtelty leads to various differences
between the dispersion behaviors of second-order Schrödinger equations and of
(6.1.1). Our first theorem provides a complete picture of global well-posedness
for (6.1.1). It is stated as follows. We let H2 be the the space of L2 functions
whose first and second derivatives are in L2, and S be the space of Schwartz
functions.

Theorem 15. The following two assertions hold true. (i) Assume 1 ≤ n ≤ 8.
Then any u0 ∈ H2 leads to a global solution u ∈ C(R, H2) of (6.1.1) with initial
data u(0) = u0. Moreover, for any t ∈ R, the mapping u(0) 7→ u(t) is analytic
from H2 into itself. (ii) Assume n ≥ 9. Then the Cauchy problem for (6.1.1)
is ill-posed in H2 in the sense that for any t 6= 0, the mapping u(0) 7→ u(t), if it
exists, cannot be continuous at 0. More precisely, for any n ≥ 9, and any ε > 0,
there exist u0 ∈ S, tε ∈ (0, ε), and u ∈ C

(
[0, ε], H2

)
a solution of (6.1.1) with

initial data u0 such that ‖u0‖H2 < ε while ‖u(tε)‖H2 > ε−1.

When long time existence and global well-posedness hold true the natural
question to ask is whether or not scattering holds true as well. It is well known
for Schrödinger equations, and more generally for dispersive equations, that
there are two regimes for scattering corresponding to a splitting between high
and low dimensions. In our case the splitting is between n ≤ 4 and n ≥ 5. Our
second theorem settles the scattering question when n ≥ 5, and thus also n ≤ 8
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in order to get long time existence and global well-posedness from Theorem 15.
It is stated as follows.

Theorem 16. Assume 5 ≤ n ≤ 8. Then there is scattering in H2 for (6.1.1).
Moreover the scattering operator is analytic.

As a remark on Theorem 15, when 1 ≤ n ≤ 8 it can be proved that for
any s ≥ 2, and any initial data u0 ∈ Hs, the associated u actually belongs to
C (R, Hs). Moreover, the mapping u(0) 7→ u(t) is analytic from Hs into itself.
When n ≤ 7, the cubic Schrödinger equation (6.1.1) is subcritical. For such
dimensions Theorems 15 and 16 are easy to obtain and have been already stated
in Fibich, Ilan, and Papanicolaou [6] and Pausader [21]. The difficult case in
Theorem 15, part (i), and in Theorem 16 is when n = 8. In this dimension the
equation is energy-critical, namely critical with respect to its natural energy
space Ḣ2. In particular, when n = 8, there is a rescaling invariance rule for
(6.1.1) given by

u 7→ τ(h,t0,x0)u = h2u(h4(t− t0), h(x− x0)) (6.1.2)

which sends a solution of (6.1.1) with initial data u(0) = u0 to another solution
with data at time t = t0 given by

g(h,x0)u0 = h2u0(h(x− x0)), (6.1.3)

and which leaves the energy and Ḣ2-norm unchanged. The associated loss of
compactness makes that (6.1.1) is particularly difficult to handle in the critical
dimension n = 8. In the radially symmetrical case the difficulty was overcome
in Pausader [21]. We prove here that we can get rid of the radially symmetrical
assumption. As a remark, with the arguments we develop here and adaptations
of the analysis in Visan [32], global well-posedness and scattering in Theorems
15 and 16 continue to hold true when n ≥ 8 and the cubic nonlinearity is
replaced by the n-dimensional energy-critical nonlinearity.

Our paper is organised as follows. We fix notations in Section 6.2 and recall
important preliminary results from Pausader [21] in Section 6.3. In Section 6.4,
we prove that the Cauchy problem is ill-posed when n ≥ 9. In order to do so
we use a low-dispersion regime argument which was essentially given in Christ,
Colliander and Tao [4]. We also refer to Lebeau [19] and Thomann [30, 31] for
results in different settings. Starting from Section 6.5 we focus on the energy-
critical case, and so on the n = 8 part of our theorems. We prove in Section
6.5, using ideas of concentration compactness developed in Kenig and Merle [16]
and Killip, Tao and Visan [18], that any failure of global wellposedness implies
the existence of some special solutions satisfying three possible scenarii. The
remaining part of the analysis consists in excluding these hypothetical special
solutions working at the level of Ḣ2-solutions. The first scenario is that there
is a self-similar-like solution. It is not consistent with conservation of energy,
conservation of local mass and compactness up to rescaling. We exclude this
scenario in Section 6.6. The two other scenarii are that there is a soliton-like
solution or that there is a low-to-high cascade-like solution. In these two sce-
narii the solution is away from the L2-like region, namely we have that h ≤ 1
with respect to the notation of Theorem 18. We use this to prove an interac-
tion Morawetz estimate in Sections 6.7 and 6.8, following previous analysis from
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Colliander, Keel, Staffilani, Takaoka and Tao [5], Ryckman and Visan [24] and
Visan [32]. The estimate we prove is not an a priori estimate. A major difficulty
is that the estimate scales like the Ḣ

1
4 -norm and thus creates a 7/4-difference in

scaling with the Ḣ2-norm control we have. In Section 6.9, we exclude soliton-like
solution by proving that it is not consistent with the frequency-localized inter-
action Morawetz estimates and compactness up to rescaling. The last scenario
is excluded in Section 6.10 by proving that any low-to-high-like solution has an
unexpected L2-regularity. Then, conservation of L2-norm, frequency-localized
interaction Morawetz estimates and conservation of energy allows us to exclude
this existence of low-to-high cascade-like cascade solutions. Finally, in Section
6.11, we prove Theorem 16.

6.2 Notations

We fix notations we use throughout the paper. In what follows, we write A . B
to signify that there exists a constant C depending only on n such that A ≤
CB. When the constant C depends on other parameters, we indicate this by
a subscript, for exemple, A .u B means that the constant may depend on u.
Similar notations hold for &. Similarly we write A ' B when A . B . A.

We let Lq = Lq(Rn) be the usual Lebesgue spaces, and Lr(I, Lq) be the
space of measurable functions from an interval I ⊂ R to Lq whose Lr(I, Lq)
norm is finite, where

‖u‖Lr(I,Lq) =
(∫

I

‖u(t)‖rLqdt
) 1
r

.

When there is no risk of confusion we may write LqLr instead of Lq(I, Lr). Two
important conserved quantities of equation (6.1.1) are the mass and the energy.
The mass is defined by

M(u) =
∫

Rn
|u(x)|2dx (6.2.1)

and the energy is defined by

E(u) =
∫

Rn

(
|∆u(x)|2

2
+
|u(x)|4

4

)
dx. (6.2.2)

In what follows we let Ff = f̂ be the Fourier transform of f given by

f̂(ξ) =
1

(2π)
n
2

∫
Rn
f(y)ei〈y,ξ〉dy

for all ξ ∈ Rn. The biharmonic Schrödinger semigroup is defined for any tem-
pered distribution g by

eit∆
2
g = F−1eit|ξ|

4
Fg. (6.2.3)

Let ψ ∈ C∞c (Rn) be supported in the ball B(0, 2), and such that ψ = 1
in B(0, 1). For any dyadic number N = 2k, k ∈ Z, we define the following

120



Littlewood-Paley operators:

P̂≤Nf(ξ) = ψ(ξ/N)f̂(ξ),

P̂>Nf(ξ) = (1− ψ(ξ/N))f̂(ξ),

P̂Nf(ξ) = (ψ(ξ/N)− ψ(2ξ/N)) f̂(ξ).

(6.2.4)

Similarly we define P<N and P≥N by the equations P<N = P≤N − PN and
P≥N = P>N + PN . These operators commute one with another. They also
commute with derivative operators and with the semigroup eit∆

2
. In addition

they are self-adjoint and bounded on Lp for all 1 ≤ p ≤ ∞. Moreover, they
enjoy the following Bernstein property:

‖P≥Nf‖Lp .s N
−s‖|∇|sP≥Nf‖Lp .s N

−s‖|∇|sf‖Lp
‖|∇|sP≤Nf‖Lp .s N

s‖P≤Nf‖Lp .s N
s‖f‖Lp

‖|∇|±sPNf‖Lp .s N
±s‖PNf‖Lp .s N

±s‖f‖Lp
(6.2.5)

for all s ≥ 0, and all 1 ≤ p ≤ ∞, independently of f , N , and p, where |∇|s is
the classical fractional differentiation operator. We refer to Tao [28] for more
details. Given a ≥ 1, we let a′ be the conjugate of a, so that 1

a + 1
a′ = 1.

Several norms have to be considered in the analysis of the critical case of
(6.1.1). For I ⊂ R an interval, they are defined as

‖u‖M(I) = ‖∆u‖
L

2(n+4)
n−4 (I,L

2n(n+4)
n2+16 )

,

‖u‖W (I) = ‖∇u‖
L

2(n+4)
n−4 (I,L

2n(n+4)
n2−2n+8 )

,

‖u‖Z(I) = ‖u‖
L

2(n+4)
n−4 (I,L

2(n+4)
n−4 )

, and

‖u‖N(I) = ‖∇u‖
L2(I,L

2n
n+2 )

.

(6.2.6)

Accordingly, we let M(R) be the completion of S(Rn+1) with the norm ‖·‖M(R),
and M(I) be the set consisting of the restrictions to I of functions in M(R). We
adopt similar definitions for W , Z, and N . We also need the following stronger
norms in order to fully exploit the Strichartz estimates in Section 6.3. Following
standard notations, we say that a pair (q, r) is Schrödinger-admissible, for short
S-admissible, if 2 ≤ q, r ≤ ∞, (q, r, n) 6= (2,∞, 2), and

2
q

+
n

r
=
n

2
. (6.2.7)

We define the full Strichartz norm of regularity s by

‖u‖Ṡs(I) = sup
(a,b)

(∑
N

N2s+ 4
a ‖PNu‖2La(I,Lb)

) 1
2

, (6.2.8)

where the supremum is taken over all S-admissible pairs (a, b) as in (6.2.7),
s ∈ R and I ⊂ R is an interval. We also define the dual norm,

‖h‖ ˙̄Ss(I)
= inf

(a,b)

(∑
N

N2s− 4
a ‖PNh‖2La′ (I,Lb′ )

) 1
2

(6.2.9)
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where again, the infimum is taken over all S-admissible pairs (a, b) as in (6.2.7),
s ∈ R, and I is an interval. We let Ṡs(I) be the set of tempered distributions
of finite Ṡs(I)-norm. Finally, for a product π = Πiai, we use the notation
O(π) to denote an expression which is schematically like π, i.e. that is a finite
combination of products π′ = Πibi where in each π′, each bi stands for ai or for
āi.

6.3 Preliminary results

We recall results from Pausader [21]. We refer to Pausader [21] for their proof.
A first result from Pausader [21] is that the following fundamental Strichartz-
type estimates hold true. Note that these estimates, because of the gain of
derivatives, contradict the Galilean invariance one could have expected for the
fourth order Schrödinger equation.

Proposition 6.3.1. Let u ∈ C(I,H−4) be a solution of

i∂tu+ ∆2u+ h = 0, (6.3.1)

and u(0) = u0. Then, for any S-admissible pairs (q, r) and (a, b) as in (6.2.7),
and any s ∈ R,

‖|∇|su‖Lq(I,Lr) .
(
‖|∇|s−

2
q u0‖L2 + ‖|∇|s−

2
q−

2
ah‖La′ (I,Lb′ )

)
(6.3.2)

whenever the right hand side in (6.3.2) is finite.

A consequence of the Strichartz estimates (6.3.2) and of the commutation
properties of the linear propagator eit∆

2
is the following estimate, for any solu-

tion u as above:

‖u‖Ṡs(I) . ‖u0‖Ḣs + ‖h‖ ˙̄Ss(I)

. ‖u0‖Ḣs + ‖|∇|s− 2
ah‖La′ (I,Lb′ ),

(6.3.3)

where (a, b) is an S-admissible pair as in (6.2.7), and the norms are defined in
(6.2.8) and (6.2.9) above. Let u ∈ C(I, Ḣ2) be defined on some interval I such
that 0 ∈ I and such that u ∈ L3

loc(I×Rn). We say that u is a solution of (6.1.1)
provided that the following equality holds in the sense of tempered distributions
for all times:

u(t) = eit∆
2
u0 + i

∫ t

0

ei(t−s)∆
2 (
|u|2u

)
(s)ds. (6.3.4)

Note that, by Strichartz estimates, if u0 ∈ L2 and |u|2u ∈ L1
loc(I, L

2), then
(6.3.4) is equivalent to the fact that u solves (6.1.1) in H−4 with u(0) = u0.

The following Propositions 6.3.2 and 6.3.3, still from Pausader [21], are im-
portant for the energy-critical case n = 8. Proposition 6.3.2 settles the question
of local well-posedness. Proposition 6.3.3 settles the question of stability.

Proposition 6.3.2. Let n = 8. There exists δ > 0 such that for any initial
data u0 ∈ Ḣ2, and any interval I = [0, T ], if

‖eit∆
2
u0‖W (I) < δ, (6.3.5)
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then there exists a unique solution u ∈ C(I, Ḣ2) of (6.1.1) with initial data u0.
This solution has conserved energy, and satisfies u ∈ Ṡ2(I). Moreover,

‖u‖Ṡ2(I) . ‖u0‖Ḣ2 + δ3, (6.3.6)

and if u0 ∈ H2, then u ∈ Ṡ0(I) ∩ Ṡ2(I),

‖u‖Ṡ0(I) . ‖u0‖L2 ,

and u has conserved mass. Besides, in this case, the solution depends continu-
ously on the initial data in the sense that there exists δ0, depending on δ, such
that, for any δ1 ∈ (0, δ0), if ‖v0−u0‖H2 ≤ δ1, and if we let v be the local solution
of (6.1.1) with initial data v0, then v is defined on I and ‖u− v‖Ṡ0(I) . δ1.

In addition to Proposition 6.3.2 we also have Proposition 6.3.3.

Proposition 6.3.3. Let n = 8, I ⊂ R be a compact time interval such that
0 ∈ I, and ũ be an approximate solution of (6.1.1) in the sense that

i∂tũ+ ∆2ũ+ |ũ|2ũ = e (6.3.7)

for some e ∈ N(I). Assume that ‖ũ‖Z(I) < +∞ and ‖ũ‖L∞(I,Ḣ2) < +∞. There
exists δ0 > 0, δ0 = δ0(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2)), such that if ‖e‖N(I) ≤ δ, and
u0 ∈ Ḣ2 satisfies

‖ũ(0)− u0‖Ḣ2 ≤ Λ and ‖eit∆
2

(ũ(0)− u0) ‖W (I) ≤ δ (6.3.8)

for some δ ∈ (0, δ0], then there exists u ∈ C(I, Ḣ2) a solution of (6.1.1) such
that u(0) = u0. Moreover, u satisfies

‖u− ũ‖W (I) ≤ Cδ ,
‖u− ũ‖Ṡ2 ≤ C (Λ + δ) , and
‖u‖Ṡ2 ≤ C,

(6.3.9)

where C = C(Λ, ‖ũ‖Z(I), ‖ũ‖L∞(I,Ḣ2)) is a nondecreasing function of its argu-
ments.

In our analysis, we need to consider Ḣ2-solutions. These solutions do not
satisfy conservation of mass. However the next proposition shows that there is
still something remaining from that conservation law for these solutions. Propo-
sition 6.3.4 shows that the local mass of a solution of (6.1.1) varies slowly in
time provided that the radius R is sufficiently large. We define the local mass
M (u,B(x0, R)) over the ball B(x0, R) of a function u ∈ L2

loc by

M (u,B(x0, R)) =
∫

Rn
|u(x)|2ψ4 ((x− x0)/R) dx, (6.3.10)

where, ψ is as in (6.2.4). Proposition 6.3.4 from Pausader [21], states as follows.

Proposition 6.3.4. Let n ≥ 5, and u ∈ C(I, Ḣ2) be a solution of (6.1.1).
Then we have that

|∂tM (u(t), B(x0, R))| . E(u)
3
4

R
M (u(t), B(x0, R))

1
4 (6.3.11)

for all t ∈ I.

We refer to Pausader [21] for a proof of the above propositions.
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6.4 Ill-posedness results

In this section we use a quantitative analysis of the small dispersion regime
to prove ill-posedness results for the cubic equation when n > 8. The idea is
that now the equation is supercritical with repect to the regularity-setting in
which we work, namely H2. Hence one can always use rescaling arguments
to make any “separation-mechanism” between two different solutions happen
sooner and sooner while making the H2-norm smaller and smaller. It remains
then to find two solutions whose distance goes to∞ as time evolves. To achieve
this, we follow the proof in Christ, Colliander and Tao [4] by considering the
small dispersion regime. See also Lebeau [19] for previous results, and Thomann
[30, 31] for instability results in different contexts.

Before we prove our main theorem, we need the following lemma concerning
the small dispersion regime.

Lemma 6.4.1. Let k > n/2. Then, for any φ ∈ S, there exists c > 0 such that
for any ν ∈ (0, 1), there exists a unique solution wν ∈ C([−T, T ], Hk) of the
problem

i∂tw + ν4∆2w + |w|2w = 0 (6.4.1)

with initial data wν(0) = φ, where T = c| log ν|c. Besides, the solution satisfies
wν ∈ C([−T, T ], Hp) for any p, and

‖wν − w0‖L∞([−T,T ],Hk) .φ,k ν
3, (6.4.2)

where
w0(t, x) = φ(x) exp

(
i|φ(x)|2t

)
(6.4.3)

is a solution of the ODE formally obtained by setting ν = 0 in (6.4.1).

Proof. Letting u = wν − w0, we see that u solves the Cauchy problem

i∂tu+ ν4∆2u = ν4∆2w0 + |w0|2w0 − |w0 + u|2(w0 + u) (6.4.4)

with u(0) = 0. Let k > n/2 be given. Since w0 ∈ C∞(S), standard develop-
ments ensure that there exists a unique solution u ∈ C([−t, t], Hk) to (6.4.4),
and that u can be continued as long as ‖u‖Hk remains bounded. Besides,
u ∈ C([−t, t], Hp) for any p ≥ 0 (in the sense that t does not depend on p).
Consequently, it suffices to prove that there exists c > 0 such that for any
s < c| log ν|c, we have that ‖u(s)‖Hk ≤ ν3. Now, taking derivatives ∂α of equa-
tion (6.4.4), multiplying by ∂αū, taking the imaginary part and integrating, for
all α such that |α| ≤ k, we get that

∂s‖u(s)‖2Hk
. ‖u‖Hk

(
ν4‖∆2w0(s)‖Hk + ‖|w0 + u|2(w0 + u)− |w0|2w0‖Hk

)
.

(6.4.5)

By (6.4.3) we see that, for p ≥ 0,

‖w0‖Hp .φ,p t
p. (6.4.6)

Independently, since Hk is an algebra, we get that

‖|w0 + u|2(w0 + u)− |w0|2w0‖Hk .
2∑
j=0

‖O
((
w0
)j
u3−j

)
‖Hk

. ‖u‖Hk
(
1 + ‖w0‖Hk + ‖u‖Hk

)2
.

(6.4.7)
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Now, using (6.4.5)–(6.4.7), we see that, in the sense of distributions,

∂s‖u(s)‖Hk .φ,k ν
4
(
1 + |s|k+4

)
+ ‖u(s)‖Hk

(
1 + |s|k + ‖u(s)‖Hk

)2
. (6.4.8)

An application of Gromwall’s lemma gives the bound

‖u(s)‖ .k,φ ν
4 exp

(
C
(
1 + |s|C

))
(6.4.9)

for all s such that ‖u(s)‖Hk ≤ 1. By (6.4.9) we see that ‖u(s)‖Hk ≤ 1 holds for
all times |s| ≤ c| log ν|c, c > 0 sufficiently small. This gives (6.4.2) and finishes
the proof of Lemma 6.4.1.

Now, we are in position to prove the main theorem of this section which
states that the flow map u0 7→ u(t), from H2 into H2 which maps the initial
data to the associated solution fails to be continuous at 0. As a remark, note
that (6.4.10) is false when n ≤ 8 since the H2-norm controls the energy.

Theorem 17. Let n > 8. Given ε > 0, there exists a solution u ∈ C([0, ε], H2)
such that

‖u(0)‖H2 < ε and ‖u(tε)‖H2 > ε−1, (6.4.10)

for some tε ∈ (0, ε). Besides, we can choose u such that u(0) ∈ S and u ∈
C([0, ε], Hk) for any k > 0.

Proof of Theorem 17. For φ ∈ S and ν ∈ (0, 1], we let wν be the solution of
equation (6.4.1) with initial data wν(0) = φ. By Lemma 6.4.1, we see that for
|s| ≤ c| log ν|c, (6.4.2) holds true for w0 as in (6.4.3). Now, for λ ∈ (0,∞), we
let

u(ν,λ)(t, x) = λ2wν(λ4t, λνx). (6.4.11)

Then u(ν,λ) solves (6.1.1) with initial data u(ν,λ)(0, x) = λ2φ(λνx). A simple
calculation gives

‖u(ν,λ)(0)‖2H2 =
λ4

(2π)n
(λν)−2n

∫
Rn
|φ̂(ξ/(λν))|2(1 + |ξ|2)2dξ

. λ4 (λν)−n
(∫

Rn
|φ̂(η)|2|λνη|4dη +

∫
Rn
|φ̂(η)|2dη

)
.φ λ

4 (λν)4−n
,

(6.4.12)

provided that λν ≥ 1. Now, given ε > 0, and ν > 0, we fix

λ = λν,ε =
(
ε2νn−4

)− 1
n−8 (6.4.13)

such that λ4 (λν)4−n = ε2, and λν =
(
εν2
)− 2

n−8 > 1. Independently, by (6.4.3),
we see that

‖w0(t)‖Ḣ2 &φ t
2 +O(t),

and, consequently, using (6.4.2), we get that for |s| ≤ c| log ν|c sufficiently large
independently of ν, there holds that

‖wν(s)‖Ḣ2 &φ s
2. (6.4.14)
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Consequently, using (6.4.11), (6.4.13) and (6.4.14) we get that

‖u(ν,λ)(λ−4t)‖2H2 ≥ ‖u(ν,λ)(λ−4t)‖2
Ḣ2

≥ λ4 (λν)4−n ‖wν(t)‖2
Ḣ2

&φ ε
2t4

(6.4.15)

for t sufficiently large. Now, given ε, we let ν > 0 be sufficiently small such that

ε2t4ν > ε−2 , for tν = c| log ν|c , and

ε
16−n
n−8 ν

4(n−4)
n−8 < ε.

(6.4.16)

We choose λ = λν,ε as in (6.4.13). Using (6.4.16), we get that tε = λ−4tν < ε,
and then (6.4.12) and (6.4.15) give (6.4.10). This finishes the proof.

6.5 Reduction to three scenarii

¿From now on we start with the analysis of the energy-critical case n = 8. In
this section we prove that the analysis can be reduced to the study of some
very special solutions. In order to do so, we borrow ideas from previous works
developed in the context of Schrödinger and wave equations by Bahouri and
Gerard [1], Kenig and Merle [16], Keraani [17], Killip, Tao and Visan [18], and
Tao, Visan and Zhang [29]. We refer also to Pausader [22] for a similar result
developed in the context of the L2-critical fourth-order Schrödinger equation.
For any E > 0, we let

Λ(E) = sup{‖u‖6Z(I) : E(u) ≤ E}, (6.5.1)

where the supremum is taken over all maximal-lifespan solutions u ∈ C(I, Ḣ2)
of (6.1.1) satisfying E(u) ≤ E. In light of Proposition 6.3.2 and of the Strichartz
estimates (6.3.2), we know that there exists δ > 0 such that, for any E ≤ δ,
Λ(E) .δ E < +∞. Besides, Λ is clearly an increasing function of E. Hence, we
can define

Emax = sup{E > 0 : Λ(E) <∞}. (6.5.2)

The goal in Sections 6.5–6.10 is to prove that Emax = +∞. Theorem 18 below
is a first step in this direction.

Theorem 18. Suppose that Emax < +∞. There exists u ∈ C(I, Ḣ2) a maximal-
lifespan solution of energy exactly Emax such that the Z(I ′)-norm of u is infinite
for I ′ = (T∗, 0) and I ′ = (0, T ∗), where I = (T∗, T ∗). Besides, there exist two
smooth functions h : I → R∗+ and x : I → Rn such that

K = {g(h(t),x(t))u(t) : t ∈ I} (6.5.3)

is precompact in Ḣ2, where the transformation g(t) = g(h(t),x(t)) is as in (6.1.3).
Furthermore, one can assume that one of the following three scenarii holds true:
(soliton-like solution) there holds I = R and h(t) = 1 for all t; (double low-to-
high cascade) there holds lim inft→T̄ h(t) = 0 for T̄ = T∗, T

∗, and h(t) ≤ 1 for
all t; (self-similar solution) there holds I = (0,+∞) and h(t) = t

1
4 for all t.
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As a remark, since E(u) = Emax, the solution u in Theorem 18 is such that
u 6= 0. Assuming Propositions 6.6.1, 6.9.1 and 6.10.1 which exclude the three
scenarii in Theorem 18, the following corollary holds true.

Corollary 6.5.1. For any E > 0, there exists C = C(E) such that, for any
u0 ∈ Ḣ2 satisfying E(u0) ≤ E, if u ∈ C(I, Ḣ2) is the maximal solution of
(6.1.1) with initial data u(0) = u0, then I = R and ‖u‖Ṡ2(R) ≤ C.

Proof of Corollary 6.5.1. First, using [21, Proposition 2.6.], we see that a bound
on the Z-norm of u implies a bound on the Ṡ2-norm of u. Hence if Corollary 6.5.1
is false, then Emax < +∞. Applying Theorem 18, we find a maximal solution
satisfying one of the three scenarii in Theorem 18. Then, using Propositions
6.6.1, 6.9.1 and 6.10.1, we get a contradiction. Hence Emax = +∞.

Now we prove Theorem 18.

Proof of Theorem 18. In several ways the proof is similar to the one developed
in the L2-critical case in Pausader [22]. We prove the more general statement
that Theorem 18 holds true in any dimension n ≥ 5 when (6.1.1) is replaced by
the Ḣ2-critical equation. In particular, this is the case when n = 8. Therefore,
in this proof, (6.1.1) always refers to the energy-critical equation in dimension
n, and the energy E and Λ must be replaced by

E(u) =
∫

Rn

(
1
2
|∆u(x)|2 +

n− 4
2n
|u(x)|

2n
n−4

)
dx and

Λ(E) = sup{‖u‖
2(n+4)
n−4

Z : E(u) ≤ E},

where the supremum is taken over all maximal solutions of the energy-critical
equation of energy less or equal to E. Besides, the definition of τ and g as in
(6.1.2) and (6.1.3) and Propositions 6.3.2 and 6.3.3 refer to their n-dimensional
energy-critical counterparts. A consequence of the precised Sobolev’s inequality
in Gerard, Meyer and Oru [8] and of the Strichartz estimates (6.3.2) is that, for
any u0 ∈ Ḣ2,

‖eit∆
2
u0‖Z(R) . ‖eit∆

2
|∇|u0‖

n−4
n−2

L
2(n+4)
n−2 L

2(n+4)
n−2
‖eit∆

2
|∇|u0‖

2
n−2

L∞L
2n
n−2

. ‖u0‖
n−4
n−2

Ḣ2 ‖eit∆
2
|∇|u0‖

2
n

L∞Ḣ1‖eit∆
2
|∇|u0‖

4
n(n−2)

L∞Ḃ1
2,∞

. ‖u0‖
n2−2n−4
n(n−2)

Ḣ2 ‖u0‖
4

n(n−2)

Ḃ2
2,∞

,

(6.5.4)

where for s = 1, 2, Ḃs2,∞ is a standard homogeneous Besov space. Now, thanks
to (6.5.4), we may follow the analysis in Bahouri and Gerard [1] and Keraani
[17]. In the following, we call scale-core a sequence (hk, tk, xk) such that for
every k, hk > 0, tk ∈ R and xk ∈ Rn. Mimicking the proof in Keraani [17] we
obtain that for (vk)k a bounded sequence in Ḣ2, there exists a sequence (V α)α
in Ḣ2, and scale-cores (hαk , t

α
k , x

α
k ) such that for any α 6= β,∣∣∣∣∣log

hαk
hβk

∣∣∣∣∣+ (hαk )4
∣∣∣tαk − tβk ∣∣∣+ hαk

∣∣∣xαk − xβk ∣∣∣→ +∞ (6.5.5)
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as k → +∞, with the property that, up to a subsequence, for any A ≥ 1,

vk =
A∑
α=1

g(hαk ,x
α
k )

(
e−i(h

α
k )4tαk∆2

V α
)

+ wAk (6.5.6)

for all k, where wAk ∈ Ḣ2 for all k and A, and

lim
A→+∞

lim sup
k→+∞

‖eit∆
2
wAk ‖Z = 0. (6.5.7)

Moreover, we have the following estimates:

‖eit∆
2
vk‖

2(n+4)
n−4

Z =
+∞∑
α=1

‖eit∆
2
V α‖

2(n+4)
n−4

Z + o(1) and,

E(vk) =
A∑
α=1

E(e−i(h
α
k )4tk∆2

V α) + ‖wAk ‖2Ḣ2 + o(1)

(6.5.8)

for all k, where o(1) → 0 as k → +∞. Let (V, (hk)k, (tk)k, (xk)k) be such that
V ∈ Ḣ2, and (hk, tk, xk) ∈ R+×R×Rn is a scale-core such that h4

ktk has a limit
l ∈ [−∞,+∞] as k → +∞. We say that U is the nonlinear profile associated to
(V, (hk)k, (tk)k, (xk)k) if U is a solution of (6.1.1) defined on a neighborhood of
−l, and

‖U(−h4
ktk)− e−ih

4
ktk∆2

V ‖Ḣ2 → 0

as k → +∞. Using the analysis in Pausader [21], it is easily seen that a nonlinear
profile always exists and is unique. Besides if

E(U) = lim
k
E(e−ih

4
ktk∆2

V ) (6.5.9)

is such that E(U) < Emax, then the associated nonlinear profile U is globally
defined, and

‖U‖Ṡ2(R) .E(U) 1.

Now, we enter more specifically into the proof of Theorem 18. A consequence of
Proposition 6.3.3 is that there exists a sequence of nonlinear solutions uk such
that E(uk) < Emax, E(uk)→ Emax, and

‖uk‖Z(−∞,0) , ‖uk‖Z(0,+∞) → +∞. (6.5.10)

We let ((hαk )k, (tαk )k, (xαk )k) = (hα, zα), V α, and wA be given by (6.5.6) applied
to the sequence (vk = uk(0))k. Passing to subsequences, and using a diagonal
extraction argument, we can assume that, for all α, (hαk )4

tαk has a limit in
[−∞,∞]. We let Uα be the nonlinear profile associated to (V α,hα, zα). Suppose
first that there exists α such that 0 < E(Uα) < Emax. Then, applying (6.5.8)
and (6.5.9), we see that there exists ε > 0 such that for any β, E

(
Uβ
)
<

Emax−ε, and we get that all the nonlinear profiles are globally defined. Letting
WA
k (t) = eit∆

2
wAk , we remark that

pAk =
A∑
α=1

τ(hαk ,zαk )U
α +WA

k
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satisfies (6.3.7) with

e = eAk = f(
A∑
α=1

τ(hαk ,zαk )U
α +WA

k )−
A∑
α=1

f(τ(hαk ,zαk )U
α)

and initial data pAk (0) = uk(0) + oA(1), where f(x) = |x|
8

n−4x. First, we claim
that

lim sup
k
‖

A∑
α=1

τ(hαk ,zαk )U
α‖Z .Emax,ε 1 (6.5.11)

independently of A. Indeed, we remark that when (hαk , t
α
k , x

α
k ) and (hβk , t

β
k , x

β
k)

satisfy (6.5.5), then for any u, v with finite Z-norm, there holds that

‖|τ(hβk ,tβk ,xβk)v|
n+12
n−4 τ(hαk ,tαk ,xαk )u‖L1(R,L1) → 0 (6.5.12)

as k → +∞, where τ(hk,tk,xk) is as in (6.1.2). Now, since Λ is sublinear around
0, and bounded on [0, Emax − ε], using (6.5.8) and (6.5.12), we get that

lim sup
k
‖

A∑
α=1

τ(hαk ,zαk )U
α‖Z =

(
A∑
α=1

‖Uα‖
2(n+4)
n−4

Z

) n−4
2(n+4)

.

(
A∑
α=1

Λ(E(Uα))

) n−4
2(n+4)

.Emax,ε

(
A∑
α=1

E (Uα)

) n−4
2(n+4)

.Emax,ε 1.

Using again (6.5.12), we get that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α)−

A∑
α=1

f(τ(hαk ,zαk )U
α)‖L2(R,L2) = oA(1) (6.5.13)

as k → +∞. On the other hand, using the blow-up criterion in Pausader [21,
Proposition 2.6.], and the bound ‖Uα‖Z ≤ Λ (E(Uα)) ≤ Λ (Emax − ε), we get
that, for any α,

‖Uα‖M .Emax,ε 1.

Using the Leibnitz and chain rules for fractional derivative in Kato [15] and
Visan [32, Appendix A], we obtain that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α)−

A∑
α=1

f(τ(hαk ,zαk )U
α)‖

L2(R,Ḣ
n+8
n+4 ,

2n(n+4)
n2+6n+16 )

.A,Emax,ε 1.

(6.5.14)
Interpolating between (6.5.13) and (6.5.14), we get that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α)−

A∑
α=1

f(τ(hαk ,zαk )U
α)‖N = oA(1). (6.5.15)
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Now, we claim that, letting sAk =
∑A
α=1 τ(hαk ,zαk )U

α, there holds that

lim sup
k
‖sAk ‖M .Emax,ε 1, (6.5.16)

independently of A. Indeed, sAk satisfies the equation

i∂ts
A
k + ∆2sAk +

A∑
α=1

f(τ(hαk ,zαk )U
α) = 0,

with initial data

sAk (0) =
A∑
α=1

τ(hαk ,zαk )U
α(0) =

A∑
α=1

g(hαk ,x
α
k )e
−i(hαk )4tαk∆2

V α + oA(1),

and consequently (6.5.8) and (6.5.9) give that

‖sAk (0)‖2
Ḣ2 ≤ 2E

(
sAk (0)

)
.Emax 1 + oA(1).

Using the Strichartz estimates (6.3.2), (6.5.11) and (6.5.15), we get that

‖sAk ‖M . ‖sAk (0)‖Ḣ2 + ‖
A∑
α=1

f(τ(hαk ,zαk )U
α)‖N

. E
(
sAk (0)

) 1
2 + oA(1) + ‖f(

A∑
α=1

τ(hαk ,zαk )U
α)‖N

.Emax 1 + oA(1) + ‖sAk ‖
8

n−4
Z ‖sAk ‖W

.Emax 1 + oA(1) + ‖sAk ‖
8

n−4
Z ‖sAk ‖

1
2
Z‖s

A
k ‖

1
2
M

.Emax,ε 1 + oA(1) + ‖sAk ‖
1
2
M

.Emax,ε 1 + oA(1)

(6.5.17)

and (6.5.17) proves (6.5.16). Independently,

‖f(
A∑
α=1

τ(hαk ,zαk )U
α +WA

k )− f(
A∑
α=1

τ(hαk ,zαk )U
α)‖L2(R,L2)

. ‖WA
k ‖Z

(
‖WA

k ‖
8

n−4
Z + ‖

A∑
α=1

τ(hαk ,zαk )U
α‖

8
n−4
Z

)

.Emax,ε ‖WA
k ‖Z

(
‖WA

k ‖
8

n−4
Z + 1

)
.Emax,ε ‖WA

k ‖Z

(6.5.18)

and again, using (6.5.16) and the product and Leibnitz rules for fractional
derivatives, we get that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α +WA

k )− f(
A∑
α=1

τ(hαk ,zαk )U
α)‖

L2(R,Ḣ
n+8
n+4 ,

2n(n+4)
n2+6n+1 )

.Emax,ε 1.

(6.5.19)
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Interpolating between (6.5.18) and (6.5.19), we obtain that

‖f(
A∑
α=1

τ(hαk ,zαk )U
α +WA

k )− f(
A∑
α=1

τ(hαk ,zαk )U
α)‖N .Emax,ε ‖WA

k ‖
4

n+8
Z (6.5.20)

and (6.5.7), (6.5.15) and (6.5.20) show that

lim sup
k
‖eAk ‖N = o(1) (6.5.21)

as A→ +∞. Independently,

‖pAk ‖W ≤ ‖
A∑
α=1

τ(hαk ,zαk )U
α‖W + ‖WA

k ‖W

.Emax,ε 1 + oA(1).

(6.5.22)

Now using Proposition 6.3.3, (6.5.21) and (6.5.22), since pAk (0) = uk(0) +oA(1),
we get that

lim sup
k
‖uk‖

2(n+4)
n−4

Z . lim
A→+∞

lim sup
k
‖pAk ‖

2(n+4)
n−4

Z

.
∑
α

‖Uα‖
2(n+4)
n−4

Z .Emax,ε

∑
α

E (Uα) .Emax,ε 1

and this contradicts (6.5.10). Now, suppose that for all α, we have that V α = 0.
Then Strichartz estimates (6.3.2) and (6.5.8) give that

‖eit∆
2
uk(0)‖W ≤ ‖eit∆

2
uk(0)‖

1
2
M‖e

it∆2
uk(0)‖

1
2
Z

. E
1
2
max‖eit∆

2
uk(0)‖

1
2
Z → 0

as k → +∞, and Proposition 6.3.2 gives that ‖uk‖Z → 0, which contradicts
(6.5.10). Consequently, we know that there exists a scale core (hk, tk, yk), and
V ∈ Ḣ2 such that

uk(0) = g(hk,yk)e
−itkh4

k∆2
V + wk,

where E (wk) → 0. Now, up to passing to a subsequence, we can assume that
tkh

4
k → l ∈ [−∞,+∞]. If l ∈ R, then, replacing V by e−il∆

2
V , we can assume

that l = 0, and changing slightly wk, we can assume that for any k, tk = 0. We
then get that uk(0) = g(hk,yk)V + o(1) in Ḣ2, and in particular E(V ) = Emax.
Otherwise, by time reversal symmetry, we can assume that l = −∞, and then,
we find that

‖eit∆
2
uk(0)‖Z([0,+∞)) ≤ ‖τ(hk,tk,yk)

(
eit∆

2
V
)
‖Z([0,+∞)) + ‖wk‖Z([0,+∞))

≤ ‖eit∆
2
V ‖Z([−h4

ktk,+∞)) + o(1)

= o(1),

and by standard developements, we get that, for k sufficiently large, ‖uk‖Z(R+)

remains bounded. Once again, this contradicts (6.5.10). Let U be the maximal
nonlinear solution of (6.1.1) with initial data V , defined on I = (−T∗, T ∗).
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Suppose, for example that T ∗ = +∞, and that ‖U‖Z(R+) < +∞. Then, using
Proposition 6.3.3 on R+ with v = U , and u = τ(h−1

k ,0,−yk)uk, we see that
‖uk‖Z(R+) is bounded uniformly in k, which is a contradiction with (6.5.10).
Consequently, we have that

‖U‖Z(0,T∗) = ‖U‖Z(−T∗,0) = +∞

and E(U) = Emax. Now, we prove the compactness property of U . In the
sequel, we let Nmin > 0 be sufficiently small so that ‖u‖Ḣ2 ≤ Nmin implies
E(u) < Emax/4. Proceeding as above, it is easily proved by contradiction
that for any ε > 0, there exist t1, . . . , tj , j = j(ε), such that for any time
t ∈ (−T∗, T ∗), there exist i = i(t), and g(t) = g(h(t),y(t)) with the property that
‖u(ti) − g(t)u(t)‖Ḣ2 ≤ ε. Let us apply this with ε = Nmin. We get a function
g(t) = g(h(t),y(t)), and a finite set of times t1, . . . , tj such that for any t, there
exists i satisfying

‖u(ti)− g(t)u(t)‖Ḣ2 ≤ Nmin.

We claim that K = {g(t)u(t) : t ∈ (−T∗, T ∗)} is precompact in Ḣ2. Suppose by
contradiction that this is not true. Then, there exist ε > 0, and a sequence sk
such that for any k and p,

‖g(sk)u(sk)− g(sp)u(sp)‖Ḣ2 > ε. (6.5.23)

According to what we said above, and passing to a subsequence, we can assume
that there exist two times t̄, t̄′, and a sequence g′k = g(h′k,y

′
k) such that, for any

k,

‖u(t̄)− g(sk)u(sk)‖Ḣ2 < Nmin, and

‖u(t̄′)− g′ku(sk)‖Ḣ2 <
ε

4
.

(6.5.24)

Passing to a subsequence, it is easily seen that that (h′k)−1
h(sk) remains in

a compact subset of (0,∞) and that and y(sk) − h(sk)−1h′ky
′
k remains in a

compact subset of Rn. Hence, up to considering a subsequence, we can find g∞
such that g(sk) (g′k)−1 → g∞ strongly. Now, using (6.5.24) and the fact that
g(h,y) is an isometry on Ḣ2 for all (h, y), we get that

‖g(sk)u(sk)− g(sk+1)u(sk+1)‖Ḣ2

≤ ‖g(sk)u(sk)− g∞u(t̄′)‖Ḣ2 + ‖g∞u(t̄′)− g(sk+1)u(sk+1)‖Ḣ2

≤ ‖g′ku(sk)− g′kg(sk)−1g∞u(t̄′)‖Ḣ2 + ‖g′k+1u(sk+1)− g′k+1g(sk+1)−1g∞u(t̄′)‖Ḣ2

≤ ε

2
+ o(1).

Clearly, this contradicts (6.5.23) and proves the compactness property ofK. The
remaining part follows the line of the work in Tao, Visan and Zhang [29] and
Killip, Tao and Visan [18]. However, in order to obtain a low-to-high cascade
(instead of a high-to-low cascade), we make the following slight modification.
We use the notations in Killip, Tao and Visan [18], except for h(t) = N(t)−1.
In case Osc(κ) is unbounded, instead of a, we introduce the quantity

b(t0) = inf
(

h(t0)
inft≥t0 h(t)

,
h(t0)

inft≤t0 h(t)

)
.
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Then, if supt0∈J b(t0) = +∞, we can find intervals on which the solution presents
arbitrarily large relative peak. In particular it becomes possible to find a solution
satisfying the low-to-high cascade scenario. Finally, in case supt0∈J b(t0) < +∞,
the solution has arbitrarily large oscillation, but no relative peak. Mimicking
the proof in Killip, Tao and Visan [18], but changing future (resp past)-focusing
time into future (resp past)-defocusing time, one can find a solution behaving
as in the self-similar case scenario. Theorem 18 follows.

6.6 The self-similar case

In this section, we deal with the easiest case in Theorem 18, namely, the self-
similar-like solution. We prove that it is not consistent with conservation of
the energy, compactness up to rescaling, and almost conservation of the local
L2-norm as expressed in (6.3.11). More precisely, we prove that the following
proposition holds true.

Proposition 6.6.1. Let u ∈ C(I, Ḣ2) be a maximal-lifespan solution such that
K = {g(t)u(t) : t ∈ I} is precompact in Ḣ2 for some function g as in (6.1.3).
If n = 8, and I 6= R, then u = 0. In particular, the self-similar scenario in
Theorem 18 does not hold true.

Proof. Let u ∈ C(I, Ḣ2) be a solution as above, with I 6= R, and let v(t) =
g(t)u(t). Without loss of generality, we can assume that inf I = 0 and that
(0, 2) ⊂ I. Fix 0 < t < 1. First, using Hölder’s inequality, we get that, for any
δ > 0, ∫

B(−h(t)x(t),δ)

|u(t, x)|2dx .Emax δ
4. (6.6.1)

Independently, let x0 ∈ Rn, R > δ > 0, D = B(x0, R) \ B(−h(t)x(t), δ), and
D′ = B(x(t) + x0/h(t), R/h(t)) \ B(0, δ/h(t)). Using Hölder’s inequality once
again, we get that∫

D

|u(t, x)|2dx = h(t)4

∫
D′
|v(t, x)|2dx

≤ h(t)4

(∫
|x|≥ δ

h(t)

|v(t, x)|4dx

) 1
2
(∫

B(
x0
h(t) +x(t), R

h(t) )

dx

) 1
2

. ε(δ/h(t))
1
2R4,

(6.6.2)

where ε is given by

ε(R) = sup
t∈I

∫
|x|≥R

|v(t, x)|4dx.

A consequence of the compactness of K as in Theorem 18 is that

ε(R)→ 0 , as R→ +∞. (6.6.3)

Combining (6.6.1) and (6.6.2), we get that for any ball BR of radius R > δ,∫
BR

|u(t, x)|2dx .Emax δ
4 +R4ε(δ/h(t))

1
2 . (6.6.4)

133



Using almost conservation of local mass, as expressed in (6.3.11), and (6.6.4),
we get, for any x0 ∈ R8 and any R > 4, that the following bound at time 1
holds true

M (u(1), B(x0, R))
3
4 .Emax

1
R

+M (u(t), B(x0, 2R))
3
4

.Emax

1
R

+
(
δ4 +R4ε(δ/h(t))

1
2

) 3
4
,

(6.6.5)

where the local mass is as in (6.3.10). Letting t→ 0 and using (6.6.3), and then
letting δ → 0, we get with (6.6.5) that

M (u(1), B(x0, R)) .Emax R
− 4

3 . (6.6.6)

Letting R→∞ in (6.6.6), we obtain

‖u(1)‖L2 = 0. (6.6.7)

Clearly (6.6.7) contradicts u 6= 0. This proves Proposition 6.6.1.

6.7 An interaction Morawetz estimate

To deal with the remaining two scenarii in Theorem 18, in which there is no pre-
scribed finite-time blow-up, we need a new ingredient that bounds the amount
of nonlinear presence of the solution at a given scale. Natural candidates to
achieve this are Morawetz estimates and in our case, interaction Morawetz esti-
mates. In light of Theorem 18, we need to work exclusively with Ḣ2-solutions.
Interaction Morawetz estimates scale like the Ḣ

1
4 -norm. Because of this 7/4-

differrence in scaling, following Colliander, Keel, Staffilani, Takaoka and Tao
[5], Ryckman and Visan [24] and Visan [32], we seek for frequency-localized
interaction Morawetz estimates. This is the purpose of Sections 6.7 and 6.8. In
Section 6.7 we derive an a priori interaction estimate that applies to all solu-
tions u ∈ C(H2), and in Section 6.8 we use it to obtain a frequency-localized
version of these estimates. The frequency localized version applies only to the
special Ḣ2-solutions given by Theorem 18. We prove here that the following
proposition holds true.

Proposition 6.7.1. Let n ≥ 7 and let u ∈ C([T1, T2], H2) be a solution of
(6.3.1), with forcing term h ∈ ˙̄S2([T1, T2]) + ˙̄S0([T1, T2]). Then the following
estimate holds true:

n∑
j=1

∫ T2

T1

∫
R2n
{h, u}m(t, y)

(x− y)j
|x− y|

{∂ju, u}m(t, x)dxdydt

+
n∑
j=1

∫ T2

T1

∫
R2n
|u(t, y)|2

(x− y)j
|x− y|

{h, u}jp(t, x)dxdydt

+
∫ T2

T1

∫
R2n

|u(t, x)|2|u(t, y)|2

|x− y|5
dxdydt . sup

t=T1,T2

‖u(t)‖2L2‖u(t)‖2
Ḣ

1
2
,

(6.7.1)

where {, }m and {, }p, the mass and momentum bracket are defined by

{f, g}m = Im(fḡ) , and, {f, g}p = Re(f∇ḡ − g∇f̄). (6.7.2)
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In addition to Proposition 6.7.1, in order to exploit the bound given in
(6.7.1), we also prove that the following lemma holds true.

Lemma 6.7.1. Assume n ≥ 6. Then

‖|∇|−
n−5

4 u‖L4 ' ‖(
∑
N

N−
n−5

2 |PNu|2)
1
2 ‖L4 . ‖|∇|−

n−5
2 |u|2‖

1
2
L2 , (6.7.3)

for all u ∈ Ḣ2 such that |∇|− 3
2 |u|2 ∈ L2, where the summation is over all dyadic

numbers.

Proof. The equivalence of norms is classical. We first claim that for any g ∈ S,
and any n ≥ 6,

‖|∇|−
n−5

4 g‖L4 . ‖|∇|−
n−5

2 |g|2‖
1
2
L2 . (6.7.4)

We prove (6.7.4). Let φ(ξ) = |ξ|−n−5
4 (ψ(ξ)− ψ(2ξ)) where ψ is as in (6.2.4).

Using the Cauchy-Schwartz inequality we get that for any dyadic N ,(
PN |∇|−

n−5
4 g
)

(x)

= N−
n−5

4
(
g ∗ F−1 (φ(ξ/N))

)
(x)

= N
3n+5

4

∫
Rn
g(x− y)φ̌(Ny)dy

≤ N
3n+5

4

(∫
Rn
|g(x− y)|2|φ̌(Ny)|dy

) 1
2
(∫

Rn
|φ̌(Ny)|dy

) 1
2

. N
n+5

4

(∫
Rn
|g(x− y)|2|φ̌(Ny)|dy

) 1
2

(6.7.5)

uniformly in N . Since φ ∈ S, for any y ∈ Rn, we get∑
N

(N |y|)
n+5

2 |φ̌(Ny)| .
∑
N

(N |y|)
n+5

2 (1 +N |y|)−2n . 1, (6.7.6)

where the summation is over all dyadic numbers N . Consequently, using (6.7.5),
(6.7.6) and the fact that φ̌ ∈ S, we get that∑

N

|PN |∇|−
n−5

4 g|2(x) .
∑
N

N
n+5

2

∫
Rn
|g(x− y)|2|φ̌(Ny)|dy

.
∫

Rn

|g(x− y)|2

|y|n+5
2

(∑
N

(N |y|)
n+5

2 |φ̌(Ny)|

)
dy

.
(
|∇|−

n−5
2 |g|2

)
(x),

(6.7.7)

and using the Littlewood-Paley theorem, (6.7.7) gives (6.7.4) for g smooth.
Density arguments then give (6.7.3). This ends the proof of Lemma 6.7.1.

Proof of Proposition 6.7.1. Since the estimate we want to prove is linear, we
can assume that u is smooth and use density arguments to recover the general
case. We adopt the convention that repeated indices are summed. Given some
real function a, we define the Morawetz action centered at 0 by

M0
a (t) = 2

∫
Rn
∂ja(x)Im(ū(t, x)∂ju(t, x))dx. (6.7.8)
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Following the computation in Pausader [21], we get that

∂tM
0
a (t) =2

∫
Rn

(
2∂ju∂kū∂jk∆a− 1

2
(
∆3a

)
|u|2 − 4∂jka∂iku∂ij ū

+ ∆2a|∇u|2 + ∂ja{u, h}jp
)
dx.

(6.7.9)

Similarly, we define the Morawetz action centered at y, My
a (t) = M0

ay (t) for
ay(x) = |x − y|. Finally, we define the interaction Morawetz action by the
following formula:

M i(t) =
∫

Rn
|u(t, y)|2My

a (t)dy

= 2Im
(∫

Rn

∫
Rn
|u(t, y)|2 x− y

|x− y|
∇u(t, x)ū(t, x)dxdy

)
.

(6.7.10)

We can directly estimate

|M i(t)| ≤ ‖u‖2L∞L2‖u‖2
L∞Ḣ

1
2
. (6.7.11)

Now, we get an estimate on the variation of M i by writing that

∂tM
i =2

∫
Rn
{u, h}m(y)My

ady + 4Im
∫

Rn
∂ju(y)∂jkū(y)∂kMy

ady

+ 2Im
(∫

Rn
ū(y)∇u(y)∇∆My

ady

)
+
∫

Rn
|u(y)|2∂tMy

ady.

(6.7.12)

This gives that

∂tM
i =

4
∫

Rn×Rn
Im (ū(y)∂ju(y)) ∂yj ∆ (∂xka(x− y)) Im (∂ku(x)ū(x)) dxdy

+ 8
∫

Rn×Rn
Im (∂iu(y)∂ij ū(y)) ∂yj (∂xka(x− y)) Im (∂ku(x)ū(x)) dxdy

+ 4
∫

Rn×Rn
{u, h}m(y)∂xka(x− y)Im (∂ku(x)ū(x)) dxdy

+ 4
∫

Rn×Rn
|u(y)|2∂xjk (∆a(x− y)) ∂ju(x)∂kū(x)dxdy

−
∫

Rn×Rn
|u(y)|2

(
∆3a(x− y)

)
|u(x)|2dxdy

− 8
∫

Rn×Rn
|u(y)|2

(
∂xjka(x− y)

)
∂iku(x)∂ij ū(x)dxdy

+ 2
∫

Rn×Rn
|u(y)|2

(
∆2a(x− y)

)
|∇u(x)|2dxdy

+ 2
∫

Rn×Rn
|u(y)|2∂xj a(x− y){u, h}jp(x)dxdy,

(6.7.13)

where ∂xj denotes derivation with respect to xj , and ∂yk derivation with respect
to yk. Most of the terms in (6.7.13) have the right sign if we let a(z) = |z|. Now
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we focus on the first two terms in (6.7.13). In the sequel, we let z = x−y. Using
the fact that Re (AB) = Re (A) Re (B)− Im (A) Im (B), we get the equality:∫

R2n
Im (ū(y)∂ju(y))

(
∂yj ∂

x
k∆a(z)

)
Im (∂ku(x)ū(x)) dxdy

= −1
4

∫
R2n
|u(y)|2∆3a(z)|u(x)|2dxdy −R((∇u⊗ u); (∇u⊗ u)),

(6.7.14)

where we let R be the bilinear form on S(Rn,Rn)⊗ S(Rn,R) defined by

R((~α⊗ β); (~γ ⊗ δ)) = Re
∫

R2n
αj(y)δ̄(y)

(
∂xjk∆a(z)

)
γ̄k(x)β(x)dxdy. (6.7.15)

For the second term, we proceed as follows:∫
R2n

Im (∂ij ū(x)∂iu(x))
(
∂xj ∂

y
ka(z)

)
Im (∂ku(y)ū(y)) dxdy

=
1
4

∫
Rn
|∇u(x)|2∆2a(z)|u(y)|2dxdy +Q((∇∂iu⊗ u); (∇u⊗ ∂iu)),

(6.7.16)

where we define the quadratic form Q on S(Rn,Rn)⊗ S(Rn,R) by

Q ((~α⊗ β); (~γ ⊗ δ)) = Re
∫

R2n
αk(x)δ̄(x)

1
|z|

(
δjk −

zjzk
|z|2

)
γ̄j(y)β(y)dydx.

(6.7.17)

As one can check by computing the Fourier transform of its kernel, Q is non-
negative. Hence, applying the Cauchy-Schwartz inequality, we get

|Q((∇∂iu⊗ u); (∇u⊗ ∂iu))| ≤ |Q((∇∂iu⊗ u)2)| 12 |Q((∇u⊗ ∂iu)2)| 12

≤ 1
2
Q((∇∂iu⊗ u)2) +

1
2
Q((∇u⊗ ∂iu)2)

(6.7.18)

and if R and Q are as in (6.7.15) and (6.7.17), we observe that

Q((∇u⊗ ∂iu)2) = Q((∇∂iu⊗ u)2)−R
(
(∇u⊗ u)2

)
+ 2Re

∫
R2n

∂ku(x)ū(x)
(
∂xijka(z)

)
∂ij ū(y)u(y)dxdy

= Q((∇∂iu⊗ u)2) +R((∇u⊗ u)2)

+ Re
∫

R2n
|u(x)|2

(
∂xij∆a(z)

)
∂iū(y)∂ju(y)dxdy.

(6.7.19)

Consequently, applying (6.7.14), (6.7.16), (6.7.18) and (6.7.19), we get that

4
∫

Rn×Rn
Im (ū(y)∂ju(y)) ∂yj ∆ (∂xka(x− y)) Im (∂ku(x)ū(x)) dxdy

+ 8
∫

Rn×Rn
Im (∂iu(y)∂ij ū(y)) ∂yj (∂xka(x− y)) Im (∂ku(x)ū(x)) dxdy

≤ −
∫

R2n
|u(y)|2

(
∆3a(z)

)
|u(x)|2dxdy + 8Q

(
(∇∂iu⊗ u)2

)
+ 2

∫
R2n
|u(y)|2

(
∆2a(z)

)
|∇u(x)|2dxdy

+ 4Re
∫

R2n
|u(x)|2

(
∂xij∆a(z)

)
∂iū(y)∂ju(y)dxdy.

(6.7.20)
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Now, for e ∈ Rn a vector, and u a function, we define

∇eu = (e · ∇u)
e

|e|2
, and,∇⊥e u = ∇u−∇eu.

Then, applying the Cauchy-Schwartz inequality, we get that

Q((∇∂iu, u)2)

=
∫

R2n
∂ij ū(x)u(x)

1
|x− y|

(
δjk −

(x− y)j(x− y)k
|x− y|2

)
∂iku(y)ū(y)dxdy

=
∫

R2n

[
u(x)∇⊥x−y∂iu(y)

]
·
[
∇⊥x−y∂iū(x)ū(y)

]
|x− y|

dxdy

≤
∫

R2n
|u(x)|2 1

|x− y|
|∇⊥x−y∂iu(y)|2dxdy

≤
∫

R2n
|u(x)|2 1

|x− y|

(
δjk −

(x− y)j(x− y)j
|x− y|2

)
∂ikū(y)∂iju(y)dxdy.

(6.7.21)

Finally, (6.7.13), (6.7.20), and (6.7.21) give

∂tM
i ≤− 2

∫
Rn×Rn

|u(y)|2
(
∆3a(x− y)

)
|u(x)|2dxdy

+ 4
∫

Rn×Rn
{u, h}m(y)∂xka(x− y)Im (∂ku(x)ū(x)) dxdy

+ 2
∫

Rn×Rn
|u(y)|2∂xj a(x− y){u, h}jp(x)dxdy

+ 8
∫

Rn×Rn
|u(y)|2

(
∂xjk∆a(x− y)

)
∂ju(x)∂kū(x)dxdy

+ 4
∫

Rn×Rn
|u(y)|2

(
∆2a(x− y)

)
|∇u(x)|2dxdy

(6.7.22)

and the sum of the last two terms equals

−4(n− 1)
∫

R2n

|u(y)|2

|x− y|3

(
(n− 1)δjk − 6

(x− y)j(x− y)k
|x− y|2

)
∂ju(x)∂kū(x)dxdy

which is nonpositive when n ≥ 7. Finally, (6.7.22) and this remark give (6.7.1).

6.8 A frequency-localized interaction Morawetz
estimate

The preceding interaction Morawetz estimate is ill-suited for Ḣ2-solutions. In
order to exploit such an estimate in the context of Ḣ2-solutions, we need to
localize it at high frequencies. The difficulty then is to deal with an inequality
that scales like the Ḣ

1
4 -norm, while using only bounds that scale like the Ḣ2-

norm. To overcome this difference of 7/4 derivatives, we split the solution into
high and low frequencies and develop an intricate bootstrap argument to get
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the inequality. This is made possible because we restrict ourselves to the case
of the special solutions obtained in Theorem 18. More precisely, we prove that
the following proposition holds true.

Proposition 6.8.1. Let n = 8. Let u ∈ C(I, Ḣ2) be a maximal lifespan-solution
of (6.1.1) such that K = {g(t)u(t) : t ∈ I} is precompact in Ḣ2 and such that
∀t ∈ I, h(t) ≤ h(0) = 1. Then, for any sufficiently small ε > 0,

‖|∇|− 3
2 |P≥1u|2‖L2(I,L2) . ε ,

‖P≥1u‖
Ṡ−

3
2 (I)

. ε , and ‖P≤1u‖Ṡ2(I) . ε
(6.8.1)

up to replacing u by g(N,0)u for some N .

Proof. We fix ε > 0 sufficiently small to be chosen later on. We remark that for
N a dyadic number and for all time,

‖P≤Ng−1(t) (g(t)u(t)) ‖Ḣ2 = ‖P≤Nh(t) (g(t)u(t)) ‖Ḣ2 . (6.8.2)

Hence, by compactness of K, and since h ≤ 1, we have that ‖P≤Nu‖L∞Ḣ2 → 0
as N → 0. Let N be such that

‖P≤ε−4Nu‖L∞Ḣ2 ≤
ε

2
.

Replacing K by Kg(ε4N−1,0), and modifying slighly h, one can assume that

‖P≤1u‖L∞(I,Ḣ2) ≤ ε , and

‖P≥1u‖L∞(I,Ḣs) ≤ ‖P1≤·<ε−4u‖L∞(I,Ḣ2) + ε4(2−s)‖P≥ε−4u‖L∞(I,Ḣ2)

≤ ε,

(6.8.3)

for s ≤ 7/4. We let

J (C) = {t ≥ 0 : ‖|∇|− 3
2 |P≥1u|2‖L2([0,t],L2) ≤ Cη}. (6.8.4)

The first step in the proof is to obtain good Strichartz controls on the high and
low-frequency parts of u. In the sequel, we let ul = P<1u, and uh = P≥1u.
Besides the summations are always over all dyadic numbers, unless otherwise
specified. We claim that for J = J(2), we have that

‖|∇|− 3
2 |P≥1u|2‖L2(J,L2) ≤ 2η,

‖P≤1u‖Ṡ2(J) . ε , and

‖P≥1u‖
Ṡ−

3
2 (J)

. η,

(6.8.5)

provided that ε > 0 is sufficiently small, and that ε < η. In the following, all
space-time norms are taken on the interval J . Applying the Strichartz estimates
(6.3.3), we get that

‖P≤1u‖Ṡ2 . ‖P≤1u(0)‖Ḣ2 + ‖|∇|P≤1

(
|ul|2ul

)
‖
L2(J,L

8
5 )

+
2∑
j=0

‖|∇|P≤1O
(
ujlu

3−j
h

)
‖
L2(J,L

8
5 )

. ε+ ‖ul‖3Ṡ2 +
2∑
j=0

‖|∇|P≤1O
(
ujlu

3−j
h

)
‖
L2(J,L

8
5 )
.

(6.8.6)

139



Now, we estimate the terms in the sum. First, using the Bernstein’s properties
(6.2.5) and (6.8.3), we get that

‖|∇|P≤1O
(
u2
l uh
)
‖
L2L

8
5

. ‖u2
l uh‖L2L

8
5

. ‖ul‖L4L8‖ul‖L4L8‖uh‖
L∞L

8
3

. ε‖ul‖2Ṡ2 .

(6.8.7)

For the next term, we remark that if N ≥ 4M and N ≥ 8, then the Fourier
support of PNuPMv is supported in {|ξ| ≥ 2}, and P≤1 (PNuPMv) = 0. Using
this remark, the Bernstein’s properties (6.2.5), (6.8.3) and the Cauchy-Schwartz
inequality, we get

‖|∇|P≤1O
(
ulu

2
h

)
‖
L2L

8
5

. ‖P≤1O
(
ulu

2
h

)
‖
L2L

8
5

.
∑

M≤1,N≤8

‖P≤1

(
PMuPNO

(
u2
h

))
‖
L2L

8
5

.

∑
M≤1

‖PMu‖L∞L8

∑
N≤8

‖PNO
(
u2
h

)
‖L2L2


.

∑
M≤1

M−1‖PMu‖2L∞L8

 1
2
∑
N≤8

N−3‖PNO
(
u2
h

)
‖2L2L2

 1
2

. ‖ul‖L∞Ḣ2‖|∇|−
3
2 |uh|2‖L2L2

. εη,

(6.8.8)

where we have used in the last inequalities that since |∇|− 3
2 has a positive kernel,

we have that ‖|∇|− 3
2O(u2

h)‖L2L2 ≤ ‖|∇|− 3
2 |uh|2‖L2L2 . We treat the last term

similarly as follows, by writing that

‖|∇|P≤1O
(
u3
h

)
‖
L2L

8
5

. ‖P≤1O
(
u3
h

)
‖L2L1

.
∑

1≤N≤8,M≤32

‖P≤1

(
PNuhPMO

(
u2
h

))
‖L2L1

+
∑

N≥8,4N≥M≥N/4

‖P≤1

(
PNuhPMO

(
u2
h

))
‖L2L1

.

(∑
M

M3‖PMuh‖2L∞L2

) 1
2
(∑

M

M−3‖PM |uh|2‖2L2L2

) 1
2

. ‖uh‖
L∞H

7
4
‖|∇|− 3

2 |uh|2‖L2L2

. εη.

(6.8.9)

Finally, we get with (6.8.6)–(6.8.9) that

‖ul‖Ṡ2 . ‖P≤1u‖Ṡ2 . ε+ ηε+ ε‖ul‖2Ṡ2 + ‖ul‖3Ṡ2 (6.8.10)
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and this proves the second inequality in (6.8.5) with ul instead of P≤1u if ε > 0
is sufficiently small. Using again (6.8.10), we get the second inequality in (6.8.5).
Now we turn to the control on uh. Still using the Strichartz estimates (6.3.3)
and Sobolev’s inequality, we get that

‖uh‖
Ṡ−

3
2

. ‖uh(0)‖
Ḣ−

3
2

+
3∑
j=0

‖|∇|− 5
2P≥1O

(
ujhu

3−j
l

)
‖
L2L

8
5

. ε+
∑
j=2,3

‖P≥1O
(
ujhu

3−j
l

)
‖
L2L

16
15

+
∑
j=0,1

‖|∇|− 5
2P≥1O

(
ujhu

3−j
l

)
‖
L2L

8
5
.

(6.8.11)

By convolution estimate, letting cN = N−
3
4 |PNuh|, we get that∣∣|uh|2uh∣∣ . | ∑

M1≥M2≥M3

O (PM1uhPM2uhPM3uh) |

. |
∑

M1≥M2≥M3

cM3

(
M3

M2

) 3
4

cM2

(
M2

M1

) 3
2

M
3
2

1 PM1uh|

.

(∑
M

c2M

)(
sup
M

M
3
2 |PMuh|

)
.

(6.8.12)

Consequently, using the Bernstein’s properties (6.2.5), (6.7.3) and (6.8.12), we
get that

‖P≥1|uh|2uh‖
L2L

16
15

. ‖|uh|2uh‖
L2L

16
15

. ‖(
∑
M

M−
3
2 |PMuh|2)

1
2 ‖2L4L4

(
‖ sup
M
|∇| 32PMuh‖

L∞L
16
7

)
. ‖|∇|− 3

2 |uh|2‖L2L2‖uh‖L∞Ḣ2

.Emax η.

(6.8.13)

Note that instead of using the pointwise evaluation of uh =
∑
PMuh, we can

replace uh by an arbitrary Schwartz function, get the bound, and then use
density arguments to recover (6.8.13). When j = 2, we proceed as follows,
using Sobolev’s inequality, the Bernstein’s properties (6.2.5), (6.8.3) and the
estimate for ul in (6.8.5),

‖O
(
u2
hul
)
‖
L2L

16
15

. ‖ul‖L4L8‖uh‖
L4L

16
7
‖uh‖

L∞L
8
3

. ‖ul‖Ṡ2‖|∇|−
3
2uh‖

1
2

L2L
8
3
‖|∇| 32uh‖

3
2
L∞L2

. ε
5
2 ‖uh‖

1
2

Ṡ−
3
2
.

(6.8.14)

When j = 1, we proceed similarly to get

‖|∇|− 5
2P≥1O

(
u2
l uh
)
‖
L2L

8
5

. ‖O
(
u2
l uh
)
‖
L2L

8
5

. ‖ul‖2L4L8‖uh‖
L∞L

8
3

. ε3,

(6.8.15)
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and finally,

‖|∇|− 5
2P≥1|ul|2ul‖

L2L
8
5

. ‖|∇||ul|2ul‖
L2L

8
5

. ‖ul‖3Ṡ2

. ε3.

(6.8.16)

Combining (6.8.11) and (6.8.13)–(6.8.16), we get that
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This ends the proof of of (6.8.5). As a consequence of conservation of energy,
(6.8.3), (6.8.5) and Hardy-Littlewood-Sobolev’s inequality, we get the following
estimates on J = J(2). Namely,
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(6.8.17)

Now that we have good Strichartz control on the high and low frequencies,
we can control the error terms arising in the frequency-localized interaction
Morawetz estimates. First, we treat the terms arising from the mass bracket.
We claim that on J = J(2), as defined above, we have that∫

J

∫
R2n
{P≥1

(
|u|2u

)
, u}m(t, y)

(x− y)j
|x− y|

{∂ju, u}m(t, x)dxdy . ε2η2. (6.8.18)

Exploiting cancellations, we write

{P≥1

(
|u|2u

)
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)
, uh}m
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)
, uh}m + {|uh|2uh, uh}m.

(6.8.19)

The last term in the right-hand side of (6.8.19) vanishes. Using the Bernstein’s
properties (6.2.5), (6.8.3) and (6.8.17), we get that∣∣∣∣∫

J
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(6.8.20)

As for the first term in (6.8.19), using (6.8.3), we get that∣∣∣∣∫
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and, using the Bernstein’s properties (6.2.5), (6.8.5), and (6.8.17), we obtain∫
J
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Similarly, ∫
J
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In order to treat the last term, we remark that, in view of the Fourier sup-
port, if M1,M2,M3 ≤ 1/8, then P≥1 (PM1uPM2uPM3u) = 0. Consequently,
letting cM = M2‖PMu‖L2L4 and dM = M2‖PMu‖L∞L2 , we get, using again
the Bernstein’s properties (6.2.5), (6.8.3) and (6.8.5), that∫

J
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(6.8.24)

Combining (6.8.19)–(6.8.24), we see that (6.8.18) holds true. Now, we turn to
the last error term, which arises from the momentum bracket. We claim that
on J = J(2), we have that∣∣∣ ∫

J

∫
R2n
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In order to prove (6.8.25), we decompose

{P≥1|u|2u, uh}p = {|u|2u, u}p − {|ul|2ul, ul}p − {
(
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)
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= −1
2
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)
, ul}p

− {P<1|u|2u, uh}p.
(6.8.26)

Besides, we remark that

{f, g}p = ∇O (fg)−O (f∇g) . (6.8.27)

Now, we estimate
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The case k = 2 is treated as follows, using (6.8.27). First∣∣∣∣∫
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∫
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Now, using the boundedness of the Riesz transform and the Bernstein’s prop-
erties (6.2.5), we estimate for any y ∈ Rn,

‖|∇|
(

(x− y)j
|x− y|

(
u2
l ∂jul

)
(x)
)
‖
L

8
5

. ‖∇
(

(x− y)j
|x− y|

(
u2
l ∂jul

)
(x)
)
‖
L

8
5

. ‖|x− y|−11{|x−y|≤1}‖L2‖u2
l ‖L∞‖∇ul‖L8

+ ‖|x− y|−11{|x−y|≥1}‖L∞‖u2
l ‖L4‖∇ul‖

L
8
3

+ ‖∇ul‖L8‖∂jul‖
L

8
3
‖ul‖L8 + ‖u2

l ‖L4‖∇2ul‖
L

8
3

. ‖ul‖2L8‖∇ul‖
L

8
3
,
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where 1E is the characteristic function of the set E. Consequently, using the
Bernstein’s properties (6.2.5), (6.8.3), (6.8.5) and (6.8.30), we get that∣∣∣∣∫
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Besides, integrating by parts and using (6.8.5) and (6.8.17), we finish the anal-
ysis of the case k = 2 as follows:∣∣∣∣∫
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The case k = 1 is similar. First, with the Bernstein’s properties (6.2.5), (6.8.3),
(6.8.5) and (6.8.17), we obtain that∣∣∣∣∫
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and then, ∣∣∣∣∫
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Finally for the case k = 0, using the Bernstein’s properties (6.2.5), (6.8.3),
(6.8.5) and (6.8.17), we write that∣∣∣∣∫
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and that ∣∣∣∣∫
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This finishes the analysis of the second error term in the momentum bracket
(6.8.26), namely R. Now we turn to the third error term arising from (6.8.26),
i.e.
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We treat the term k = 0 using (6.8.27) as follows. First, we get that∣∣∣∣∫
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Using the boundedness of the Riesz transform, we see that
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and, consequently, using the Bernstein’s properties (6.2.5), (6.8.3), (6.8.5) and
(6.8.38) above, we obtain that∣∣∣∣∫
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As for the other part, using (6.8.5) and (6.8.17), we get that∣∣∣∣∫
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Now, we treat the case k = 1 using Bernstein property (6.2.5), (6.8.3), (6.8.5)
and (6.8.17) as follows. First we write that∣∣∣∣∫
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and then we write that∣∣∣∣∫
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When k = 2, we use the Bernstein’s properties (6.2.5), (6.8.3), (6.8.5), and
(6.8.17) to get∣∣∣∣∫
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and ∣∣∣∣∫
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Finally, the case k = 3 is treated as follows using the Bernstein’s properties
(6.2.5), (6.8.3), (6.8.5), and (6.8.17)∣∣∣∣∫
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and, similarly,∣∣∣∣∫
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This finishes the analysis of R̃. The first error term in (6.8.26) is now easy to
treat. Indeed, integrating by parts,∣∣∣∣∫
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Finally, with (6.8.26)–(6.8.47), we obtain (6.8.25). As a consequence of (6.7.1),
(6.8.18) and (6.8.25) on J = J(2), we have that
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if ε > 0 is sufficiently small, and η > ε. Letting η = ε
1
2 , we obtain J(2) ⊂ J(1).

Finally, J(1) is a closed, open nonempty subset of R. Hence J(1) = R, and this
finishes the proof.

It follows from Hölder’s inequality that in the situation of Proposition 6.8.1,
one also has the estimates (6.8.17) with η = ε.

6.9 The Soliton case

In this section, we deal with the first scenario in Theorem 18, namely the soli-
ton case. We prove that the soliton scenario is inconsistent with the frequency-
localized Morawtez interaction estimates developed in Section 6.7 and compact-
ness up to rescaling.

Proposition 6.9.1. Let u ∈ C(R, Ḣ2) be a solution of (6.1.1) such that K =
{u(t) : t ∈ R} is precompact in Ḣ2 up to translation. If n = 8, then u = 0. In
particular the soliton scenario in Theorem 18 does not hold true.

Proof. Let u ∈ C(R, Ḣ2) be a solution of (6.1.1) of energy E(u) > 0 such that
K = {g(1,y(t))u(t) : t ∈ R} is precompact in Ḣ2. In particular we can apply
Proposition 6.8.1 with ε > 0 and deduce that

‖|∇|− 3
4P≥1u‖L4(R,L4) . 1. (6.9.1)

Independently, by (6.8.1), we know that, for all t,

‖P≥1u(t)‖2
Ḣ2 &E(u) E(u)− ε2 > 0, (6.9.2)

if ε is sufficiently small. Then (6.9.2) implies that for all v in the Ḣ2-closure ofK,
P≥1v 6= 0. Since K is precompact in Ḣ2 and the mapping v 7→ ‖|∇|− 3

4P≥1v‖L4

is continuous on Ḣ2, we get that there exists κ > 0 such that

∀v ∈ K, ‖|∇|− 3
4P≥1v‖L4 ≥ κ. (6.9.3)

Now, (6.9.1) and (6.9.3) imply that

κ4t . ‖|∇|− 3
4uh‖4L4([0,t],L4) . 1. (6.9.4)

Letting t → +∞, we get a contradiction in (6.9.4). This finishes the proof of
Proposition 6.9.1.

148



6.10 The Low-to-high cascade

Now, we are ready to deal with the last scenario, and to exclude the case of a low-
to-high cascade solution. In order to do so, we use the estimates coming from
the frequency-localized interaction Morawetz estimates developed in Section 6.7
to control the action of the high-frequency part of u. Then the low-frequency
part obeys an analogue of (6.1.1) with initial data arbitrarily small. Hence one
can make its Ṡ2-norm small, depending on the frequency, so as to prove that it
is in fact small in L2. Then the solution is an H2 solution, and conservation of
mass gives a contradiction. More precisely, we prove the following proposition.

Proposition 6.10.1. Let u ∈ C(I, Ḣ2) be a maximal lifespan solution of (6.1.1)
such that K = {g(h(t),x(t))u(t) : t ∈ I} is precompact in Ḣ2 for some functions
h, x such that h(t) ≤ h(0) = 1, and

lim inf
t→sup I

h(t) = 0, (6.10.1)

then if n = 8, we have that u = 0. In particular, the low-to-high cascade scenario
does not hold true.

Proof. Let u be as above. Applying Proposition 6.6.1, we see that I = R, and
since h ≤ 1, given ε > 0, we can apply Proposition 6.8.1 to get that (6.8.1)
holds true. We may also suppose that (6.8.5) holds true. As a first step in the
proof, we claim that if ε > 0 is suficiently small, the following holds true for all
dyadic number M ≤ 1:

‖P≤Mu‖Ṡ2 . M3. (6.10.2)

Fix M0, a dyadic number, let m = M10
0 and let κ > 0 to be chosen later. Since

we know that (6.10.1) holds true and that K is precompact, using (6.8.2) we
get that there exists t0 > 0 such that

‖P≤1u(t0)‖Ḣ2 ≤ κ2m. (6.10.3)

We claim that for any C > 0, if κ is sufficiently small, independently of m, then
we have that, for all dyadic numbers M ∈ [m, 1],

‖P≤Mu‖Ṡ2(J) ≤ κC
(
m+M3

)
(6.10.4)

when J is small. Indeed, using the Bernstein’s properties (6.2.5), we get that,
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in J ,

‖P≤Mu‖2Ṡ2 .
∑
N≤M

N4‖PNu‖2L∞L2 +
∑
N≤M

N6‖PNu‖2
L2L

8
3

.
∑
N≤M

N4‖PNu(t0)‖2L2 + |J |2
∑
N≤M

N4‖∂tPN‖2L∞L2

+ |J |
∑
N≤M

N6‖PNu‖2
L∞L

8
3

. κ4m2 + |J |2
∑
N≤M

N4‖PN∆4u‖2L∞L2

+ |J |2
∑
N≤M

N4‖PN
(
|u|2u

)
‖2L∞L2 + |J |

∑
N≤M

N8‖PNu‖2L∞L2

.E(u) κ
4m2 +M8|J |2 + |J |2

∑
N≤M

N8‖|u|2u‖2
L∞L

4
3

+ |J |M4

.E(u) κ
4m2 +M8|J |2 +M4|J |,

and if |J | .E(u),C κ, then (6.10.4) holds true. Now, let J(C) be the maximum
interval on which (6.10.4) holds true for the constant C > 0. We prove that
J(2) ⊂ J(1) if κ and ε are chosen sufficiently small, independently of m. Indeed,
let

uvlow = P≤mu , and umed = Pm<·<1u.

In the following, all time integrals are taken on J = J(2). Applying Strichartz
estimates (6.3.3), we get that

‖P≤Mu‖Ṡ2

. ‖P≤Mu(t0)‖Ḣ2 + ‖∇P≤M |uvlow|2uvlow‖
L2L

8
5

+ ‖∇P≤M
(
|u|2u− |uvlow|2uvlow

)
‖
L2L

8
5

. κm+ ‖P≤mu‖3Ṡ2 +M‖P̃≤M
(
|uvlow|2|umed|+ |uvlow|2|uh|

)
‖
L2L

8
5

+M‖P̃≤M |umed|3‖
L2L

8
5

+M‖P̃≤M |uh|3‖
L2L

8
5
,

(6.10.5)

where P̃≤M is the convolution operator whose kernel is

k̃(x) = M8ψ̂(Mx)2,

where ψ is as in (6.2.4). We remark that P̃≤M has nonnegative kernel and
satisfies estimates similar to those of P≤M . In particular, (6.2.5) holds true
with P̃≤M in place of P≤M . By assumption we have that

‖P≤mu‖3Ṡ2 ≤ (4κ)3
m3. (6.10.6)

Besides, using the Bernstein’s properties (6.2.5), and the assumption on J , we
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get that

M‖P̃≤M |u2
vlowumed|‖L2L

8
5

. M‖uvlow‖2L∞L4‖umed‖L2L8

. M (4κm)2

( ∑
m<N<1

N−1‖|∇|PNu‖L2L8

)

. M (κm)2

( ∑
m<N<1

N−1‖P≤2Nu‖Ṡ2

)

. Mm2κ3

( ∑
m<N<1

N−1
(
m+N3

))
. m2κ3M

(6.10.7)

and, similarly, using the Bernstein’s properties, (6.2.5) and (6.8.17), we have
that

M‖P̃≤M |u2
vlowuh|‖L2L

8
5

. M2‖u2
vlowuh‖L2L

8
6

. M2‖uvlow‖2L4L8‖uh‖L∞L2

. κ2M2m2ε.

(6.10.8)

Independently, using the Bernstein’s properties (6.2.5) and the definition of J ,
we get that

M‖P̃≤M |umed|3‖
L2L

8
5

. M3‖u3
med‖L2L

8
7

. M3

( ∑
m<N<1

N−1‖∇PNu‖
L6L

24
7

)3

. M3

( ∑
m<N<1

N−1‖P≤2N‖Ṡ2

)3

. M3

2κ
∑

m<N≤1

N−1m+N2

3

. (2κ)3
M3,

(6.10.9)

and, using again the Bernstein’s properties (6.2.5) and (6.8.1), we obtain that

M‖P̃≤M |uh|3‖
L2L

8
5

. M4‖u3
h‖L2L1

. M4‖|∇|− 1
2uh‖

L2L
8
3
‖|∇| 74uh‖2L∞L2

. M4ε3.

(6.10.10)

Finally, with (6.8.2)–(6.10.10), we get, if κ = ε and ε is sufficiently small, that
there holds that

‖P≤Mu‖Ṡ2 ≤ κ
(
m+M3

)
. (6.10.11)

In particular, J(2) ⊂ J(1). Consequently, J(1) is a closed, open nonempty
subset of R. Hence J(1) = R. Then (6.10.11) gives (6.10.2) for M ∈ (M10

0 , 1).
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Since M0 can be chosen arbitrarily small, we get (6.10.2) for all M ≤ 1. Now,
we finish the proof of Proposition 6.10.1. A consequence of (6.10.2) is that
u ∈ L∞L2. Indeed, by the Bernstein’s properties (6.2.5), P≥Mu ∈ L∞L2 for
any dyadic M , and using (6.10.2), we get that, when M ≤ 1,

‖P≤Mu‖L∞L2 ≤
∑
N≤M

‖PNu‖L∞L2

.
∑
N≤M

N−2‖P≤Nu‖Ṡ2

.
∑
N≤M

N . M.

(6.10.12)

Now, let M > 0 be an arbitrarily small dyadic number. Since (6.10.1) holds
true, and since K is precompact in Ḣ2, we can find t0 such that

‖PM<·≤M−1u(t0)‖L2 ≤M−2‖PM<·≤M−1u(t0)‖Ḣ2

≤M−2‖PMh(t0)<·≤M−1h(t0) (g(t0)u(t0)) ‖Ḣ2

≤M.

(6.10.13)

Using conservation of mass, the Bernstein’s properties (6.2.5), (6.10.12) and
(6.10.13), we deduce that

‖u(0)‖L2 = ‖u(t0)‖L2

≤ ‖P>M−1u(t0)‖L2 + ‖PM<·≤M−1u(t0)‖L2 + ‖P≤Mu‖L∞L2

≤M2E(u)
1
2 + 2M.

(6.10.14)

Since M is arbitrary, we get that u(0) = 0. This concludes the proof of Propo-
sition 6.10.1.

6.11 Analiticity of the flow map and scattering

In view of Theorem 17 and Corollary 6.5.1, we can finish the proof of Theorem
15 with Proposition 6.11.1 below.

Proposition 6.11.1. Let n ≤ 8. Then, for any t > 0, the mapping u0 7→ u(t),
from H2 into H2, is analytic.

Proof. We follow arguments developed in Pausader and Strauss [23] for the
fourth-order wave equation. We use the implicit function theorem. In case
1 ≤ n ≤ 3, the global bound on the energy gives a global bound on the L∞-
norm of u, and hence, the nonlinear term is lipschitz. In this case the problem
can be solved with basic arguments. Now we treat the case n ≥ 4. We divide
[0, t] = ∪kj=1Ij into subintervals Ij = [aj , aj+1] such that

‖∇u‖
L
n+4

2 (I,L
n(n+4)
3n+4 )

≤ δ. (6.11.1)

First, if I = I0 = [0, a1], we consider the mapping

TI : H2 × Ṡ0(I) ∩ Ṡ2(I)→ H2 × Ṡ0(I) ∩ Ṡ2(I)
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defined by

T (u0, v) =
(
u0, t 7→ eit∆

2
u0 + i

∫ t

0

ei(t−s)∆
2
|v|2v(s)ds

)
.

The map T is well defined thanks to the Strichartz estimates (6.3.3). It is clearly
analytic, and u ∈ C(I,H2) is a solution of (6.1.1) if and only if T (u(0), u) =
(u(0), u). An application of Strichartz estimates gives that, if δ in (6.11.1) is
sufficiently small, then

‖D2T (u(0), u) ‖Ṡ0∩Ṡ2→Ṡ0∩Ṡ2 < 1,

where D2 denotes derivation with respect to the second argument. Conse-
quently, D2 (I − T ) (u(0), u) is invertible, and the implicit function theorem
ensures that u0 7→ u|I is analytic. In particular, u0 7→ u(a1), from H2 into H2,
is analytic. By finite induction, we get that u0 7→ u(t) is analytic.

Now, we turn to the proof of Theorem 16. The theorem is an easy conse-
quence of Propositions 6.11.2 and 6.11.3 below.

Proposition 6.11.2. Let 5 ≤ n ≤ 8. For any u+ ∈ H2, respectively u− ∈ H2,
there exists a unique u ∈ C(R, H2), solution of (6.1.1) such that

‖u(t)− eit∆
2
u±‖H2 → 0 (6.11.2)

as t→ ±∞. Besides, we have that

M(u(0)) = M(u±) , and

2E(u(0)) = ‖u±‖2
Ḣ2 .

(6.11.3)

This defines two mappings W± : u± 7→ u(0) from H2 into H2, and W+ and
W− are continuous in H2.

Proof. By time reversal symmetry, we need only to prove Proposition 6.11.2
for u+. Let ω(t) = eit∆

2
u+. Then by the Strichartz estimates (6.3.3), ω ∈

Ṡ0(R) ∩ Ṡ2(R) and, given δ > 0, there exists Tδ such that, on I = [Tδ,+∞),
(6.11.1) holds true with ω instead of u. For u ∈ Ṡ0(I) ∩ Ṡ2(I), we define

Φ(u)(t) = ω(t)− i
∫ ∞
t

ei(t−s)∆
2
|u(s)|2u(s)ds. (6.11.4)

For δ sufficiently small, Φ defines a contraction mapping on the set

XTδ ={u ∈ Ṡ0(I) ∩ Ṡ2(I); ‖∇u‖
L
n+4

2 (I,L
n(n+4)
3n+4 )

≤ 2δ,

‖u‖Ṡ0(I) + ‖u‖Ṡ2(I) . ‖u+‖H2} ,

equipped with the Ṡ0(I)-norm. Thus Φ admits a unique fixed point u. We
observe that

u(Tδ + t) = eit∆
2
u(Tδ) + i

∫ Tδ+t

Tδ

ei(t−s)∆
2
|u(s)|2u(s)ds
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in H2. Consequently, u solves (6.1.1) on I = [Tδ,+∞). Hence, using Theorem
15 u can be extended for all times t ∈ R. Now, (6.11.2) follows from (6.11.4)
and the boundedness of u in Ṡ2 and Ṡ0-norms. Uniqueness follows from the
fact that any solution of (6.1.1) has a restriction in XT for some T ≥ Tδ, and
uniqueness of the fixed point of Φ in such spaces. The continuity statements are
easy adaptations of the proof of local well-posedness, see Pausader [21]. The
first equality in (6.11.3) follows from conservation of Mass and convergence in
L2. For the second, we remark that since ω ∈ Ṡ0(R) there exists a sequence of
times tk → +∞ such that ‖ω(tk)‖L4 → 0. Then, using conservation of energy,
we compute

2E(u(0)) = 2E(u(tk))
= 2E(ω(tk)) + o(1)

= ‖ω(tk)‖2
Ḣ2 + o(1) = ‖u+‖2

Ḣ2 + o(1),

and letting k → +∞ we get that the second equation in (6.11.3) holds true.
This finishes the proof of Proposition 6.11.2.

Proposition 6.11.3. Let 5 ≤ n ≤ 8. Given any solution u ∈ C(R, H2) of
(6.1.1), there exist u± ∈ H2 such that (6.11.2) holds true. In particular W± are
homeomorphisms of H2.

Proof. In case 5 ≤ n ≤ 7, the equation is subcritical, and standard developments
using the decay properties of the linear propagator, conservation of mass and the
usual Morawetz estimates, give that for any solution u ∈ C(R, H2) of (6.1.1),
there exists C > 0 such that

‖u‖L4(R,L4) ≤ C.

On such an assertion we refer to Cazenave [3] or Lin and Strauss [20] for the
second order case, and to Pausader [21] for the classical Morawetz estimates
in the case of the fourth-order Schrödinger equation. Consequently, applying
Strichartz estimates, we get that

‖u‖Ṡ0(R) + ‖u‖Ṡ2(R) .u 1. (6.11.5)

In case n = 8, as a consequence of Corollary 6.5.1, we get that any nonlinear
solution u satisfies

‖u‖Z(R) .E(u) 1.

Using the work in Pausader [21, Proposition 2.6], we then get that (6.11.5) holds
true also when n = 8. Since eit∆

2
is an isometry on H2, (6.11.2) is equivalent

to proving that there exists u+ ∈ H2 such that

‖e−it∆
2
u(t)− u+‖H2 → 0 (6.11.6)

as t → +∞. Now we prove that e−it∆
2
u(t) satisfies a Cauchy criterion. We

note that Duhamel’s formula gives that

e−it1∆2
u(t1)− e−it0∆2

u(t0) = i

∫ t1

t0

e−is∆
2
|u(s)|2u(s)ds. (6.11.7)
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By duality, (6.3.3) gives that for any s ∈ [0, 2], and any h ∈ ˙̄S(R), we have that

‖
∫

R
e−it∆

2
h(t)dt‖Ḣs . ‖h‖ ˙̄Ss(R)

. (6.11.8)

Now, (6.11.5) and (6.11.8) give that the right hand side in (6.11.7) is like o(1)
in H2 as t0, t1 → +∞. In particular, e−it∆

2
u(t) satisfies a Cauchy criterion,

and there exists u+ ∈ H2 such that (6.11.6) holds true. We also get that

u+ = u0 + i

∫ ∞
0

e−is∆
2
|u(s)|2u(s)ds, (6.11.9)

and u+ is unique. The continuity statements are easy adaptations of the proof
of local well-posedness, see Pausader [21]. Now, by uniqueness, we clearly have
that u(0) = W+(u+), so that W+ is an homeomorphism. This ends the proof
of Proposition 6.11.3.

Proof of Theorem 16. Applying Propositions 6.11.2 and 6.11.3, we see that the
scattering operator S = W+ ◦ W−1

− is an homeomorphism from H2 into H2.
Using (6.11.4) and (6.11.9), and adapting slightly the proof of Proposition 6.11.1,
we easily see that S is analytic. This ends the proof of Theorem 16.
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