Final Exam - Solutions
Math 102 Spring 2010

1. Find the integral

/ 2z — 3 d
x

(x+1)2(x2 4+ 4)

Solution: Use partial fractions decomposition.

2x — 3 A B Cx+D

Gt 1) 14) 741 @rlE ' 214

20 —3 = A(x +1)(2® +4) + B(2* +4) + (Cx + D)(z + 1)
2r — 3= Ax® + 4Ax + Az’ + 4A + B2 + 4B+ Ca® + 2C2* + Cx + Dax* + 2Dz + D

Identifying the coefficients according to the powers of x
:0=A+C

?:0=A+B+2C+D

xt:2=4A+C+2D

' —3=4A+4B+ D

A=C=0,B=—-1,D=1

/ 20 — 3 d / 1 n 1 d 1 +1 ¢ x—i—C
r= [ — T = — arctan —
(x 4+ 1)%(x2 4+ 4) (x+1)2 2244 r+1 2 2

2. Find the integral
I = /sinx-e”dx

Solution: Use integration by parts twice to recover I.
u=sinz, dv = e*dx
du = cosx, v =¢"

I =sinz-e* —/cos:&e"’”da:

u=cosx, dv = e dx
du = —sinx, v =¢€"

I =sinz-e® — [cosx'em—l—/sinxe’”d:c] =sinz-e® —cosx-e® — I

2] =sinz-e®* —cosz-e”

1
I= §(sinx‘e” —cosz-e”)+C



3. Evaluate the definite integral
4 n(x)

o VT
Solution: This is an improper integral, as % is not defined at x = 0.

4 4
I :/ hl(x)dx = lim ln(x)dx
o VT =0+ Jy

I = dx

Use integration by parts.
u=lInx, dv= \/Lidx
du = Ldv,v=2x
2

VT
— lim (4In4 — 8 — 2vbInb + 4Vb) = lim (41n4 — 8 — 2VbInb)

b—0+ b—0+

4
I = lim 2y/rlnx]; — / dr = lim [2y/zInz — 4/7]} =
b—0+ b b—0+

Use L’Hospital’s rule for the 22 case

Inb :
lim 2vbInb =2 lim —~ =2 lim —— = —4 lim Vb =0
b—0+ b—0+t 7 b—0 T30vs b—0+

I =4In4 -8

4. Determine whether or not each of the following series converges. Note: before applying
any test check (and show your work) that the hypotheses of the test are satisfied.

— 1
(&) ann(n)

n=2

Apply the integral test. Let f(x) = —

zlnx”

f(z) is positive, continuous and decreasing on [2,00). Making the wu-substitution
u=Inz, du= %dm

<1 1
/ de = / —du = lim [In(Inz)}5 = +oc0
2 2

zlnzx Uu b—oo

By the integral test, the series is divergent.

b 3 C i)

Apply the Alternating Series Test.

b, = h;fgl ). Using L'Hospital’s rule for the % case,



i) Tim by = lim 2 L g

n—oo n—oo n2 n—oo 2”2

i1) To show b,1 < b,, show that the function f(x) = lnx(f ) is decreasing for suffi-
ciently large z.

f/(ZL’) — z—2zInz — l—iglnx < 07 if © 2 2.

1’4
By AST the series is convergent.

5. (a) Find the Maclaurin series of sin(2x) .

Solution: Use the Maclaurin series of sin z.

) B & (_1)nx2n+1
Sy = Z m,x eR

n=0

n+1)! &= (2n+1)!

0 —1)(2)2n+1 e —1)n92n+14.2n+1
sianZZ( )" (2) (=1) x

(b) Use the previous part to find sin(1) within an error, |error| < 1073.

Solution: Let x = %

o (_1)n22n+1(1/2)2n+1 0
11—
nl=3 o) — 2n + )l

Use the estimation theorem for alternating series.

n=0 n

Ifsinl~1-— 3, + 5, + ...+ (énﬂ 7, then the error < m
One wants the smallest n such that - +3) < 1555, €quivalently, (2n + 3)! > 1000

The smallest such n is n =2, as 7! = 5040 > 1000.

; 141 _q4_1,4 1 _ 101
Thus, sinl ~ 1 sts=l—§5+1 =

6. Compute the Taylor polynomial of degree 3 for f(z) = xIn(x) centered at a = 1.

Solution:

fl()(x—1 "M (z—12 ") (x—1)3
NLCTED I LTS O

f(1) =0
fla)y=z-f+mer=1+z f(1)=1



T — — e — 1 —
T 21 g -l 6
7. (a) Find the sum of the series Z na"t.
n=1
Solution: Notice that nz"~! = 4L (z")
Take term by term derivative in
1 -
e
n=0
Then,
1 - n—1 = n—1
LYt =Y
(1 ZL’) n=0 n=1
“n
b) Use th i tt luat —
(b) Use the previous part to evaluate ; o
Let x = % Then,
) 1
Z on—1 - 1 2 4
n=1 ( o 5)
= n I~ n
D=3 gt =2
n=1 n=1
8. Consider the power series
Z Cn(x—2)"
n=0
It is known that the power series converges when x = 5 and diverges when z = —3. For

each of the following questions mark the correct answer (No credit will be given if it is
ambigous which answer is chosen).

Solution:

The hypothesis implies that the radius of convergence, R, is al least 5 — 2 = 3 and
at most 2 — (—3) = 5. We conclude that the interval of convergence contains the interval
(—1,5].



(a) The power series at © =4
[Jis convergent [lis divergent [dmay or may not be convergent.

Convergent, as 4 € (—1, 5]

(b) The power series at © = —1
[Jis convergent [lis divergent [Imay or may not be convergent.
May or may not be convergent. Nothing is implied about z = —1.

(c) Could the radius of convergence R be

i. R=27 (Yes [ONo, Answer: NO, R > 3
ii. R="177 (Yes [ONo, Answer: NO, R <5
iii. R=07 (Yes [ONo, Answer: NO, R > 3
iv. R=00? (Yes [ONo, Answer: NO, R <5
v. R=47 UYes [INo Answer: YES
vi. R=37 UYes ONo Answer: YES

9. Find the length of the curve y = In(cos(x)) when 0 <z < 7.

Solution:
dy __ —singz
dr = coszx

5 e 5 in? 50
L:/ J1+ Sl”)%zx:/ \/1+Sm2xd1::/ \ ——dx =
B COS T B cos? B cos?x

%

= / secxdxr = In|secx + tan:c]]og = In(2 4+ V3)
0

10. Find those values of ¢ where the curve

has

(a) a horizontal tangent.

dy/dt _ 252t—et
dx/dt — 3t2-3

The slope along the curve is given by m =



The tangent is horizontal when m = 0, that is 2¢* — e = e'(2¢! — 1) =0,

This yields 2¢' =1, or t =In}

(b) a vertical tangent.

The tangent is horizontal when m is undefined, that is 3t> — 3 = 3(¢* — 1) = 0.
This yields t? = 1, or t = &1

11. Consider the curve which in polar coordinates is given by r = 2 + sin(36).

12.

(a) 1. Find the range of 6 for which r is increasing.

(0,%): (5. %), (. 5, (] 2m)
ii. Find the range of 6 for which r is decreasing.

(5.3 (5. %), (5.5

iii. Find the values of 0 for which r is maximum.

bm 3w
160 2

SE]

iv. Find the values of 6 for which r is minimum.

T Tnm 1llw

267 6
(b) Use the information from the previous part to plot the curve.

To see the polar graph, please visit

http : | Jwww.ies.co.jp/math/java/calc/sgryok/sgryok.html and type in 2+ sin(3*t) in
the applet window.

Find the area of the region inside both the cardioid » = 1+4-sin(#) and the circle r = 3 sin(9).

Solution:

Find the values of 6 where the two curves intersect.Then, use the symmetry about the
y-axis.

1+ sin(f) = 3sin(0), equivalently sinf = 1, 6 = 2,2

66"
51 21 s 2

A:2/ 5(:>,sine)2de+2/ 5(1+sine)2de=/ 9 sin’ 9d9+/ 1+2sin 0+sin’® §df =
0

us us
3 0

6
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B [H_SiHQQ]g+[ 9_ sin 26
D) 4 0 2




