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Abstract

We prove that the Weil-Petersson metric near the boundary of
the Teichmiiller space is Cl-asymptotically a product of the Weil-
Petersson metric on a lower dimensional Teichmiiller space and a
metric on a model space. In particular, we show that the Weil-
Petersson metric on the genus g, p-punctured Teichmiiller space with
3g — 3 + p > 0 satisfies all the important properties required to ap-
ply the results in [DaMel]. These estimates extend the well known
CP-estimates for the Weil-Petersson metric.

1 Introduction

The Teichmiiller space T of a genus g, p-punctured surface S with 3g—3+p >
0 endowed with the Weil-Petersson metric Gy p is an incomplete Kéhler
manifold (cf. [Wo5] and [Chu]). Its metric completion 7, although no longer
a Riemannian manifold, is a CAT(0) space; i.e. a simply connected, complete
metric space with non-positive curvature in the sense of Alexandrov (cf.
[Ya]). Set theoretically, T is the augmented Teichmuller space of Abikoff
(cf. [Abi]). The boundary OT of Teichmiiller space is stratified by lower
dimensional Teichmiiller spaces with each stratum being totally geodesic.
In [Mas], Masur initiated the study of the Weil-Petersson metric near the
boundary of 7. In recent years, many authors have extended Masur’s work
to establish significant properties of the Weil-Petersson geometry ([Schu],
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[DaWe], [Ya], [Wol], [Wo2], [Wo3], [Wo6], [Schu], [LSY1], [LSY2] among
many others).

The CY estimates of [Ya], [DaWe], [Wol] quantify the way in which 7 is
asymptotically a product space of a lower dimensional Teichmiiller space and
its normal space near a point of the boundary. In this paper, we extend this
result by proving the C! estimates. The motivation comes from the desire to
use differential geometric methods in the study of Teichmiiller space and its
mapping class group. The estimates proven here are more delicate than the
derivative estimates of [LSY1] and [LSY2| in the sense that we estimate the
asymptotic difference of the Weil-Petersson metric and the product space.
Significantly, the asymptotic C! estimates of this paper are needed to estab-
lish the Holomorphic Rigidity Theorem of Teichmiiller space of [DaMa3]. The
holomorphic rigidity is a surprisingly strong statement about the uniqueness
of the complex structure of Teichmiiller space; indeed, it asserts that a Kahler
manifold which allows an action of the mapping class group such that the
quotient is of finite volume must be biholomorphic to the Teichmiiller space
(under some mild assumptions). This application will be summarized later
in this section.

We now turn to a brief description of our results. A point in 7 is real-
ized as a nodal surface R with nodes {ny,...,nx}. These nodes results from
pinching N disjoint, nonhomotopic, noncontractible simple closed curves on
the surface S. Let Ry be the punctured surface R\{ny,...,ny}. The bound-
ary stratum of 9T containing Ry is a (possibly a product) Teichmuller space
T’ of dimension n = 3g —3+p— N. Let s = (s1,...,8,) € C" — Ry
be a parameterization of the neighborhood of Ry in 7’. We can regularize
each node n; by the the plumbing construction of Earle-Marden and Fay to
obtain a family of smooth surfaces. Let t = (t,...,ty) € CV be the plumb-
ing coordinates; thus t; € C parameterizes the regularization of the node n;,
and the family of surfaces forms a node as |t;| — 0 (with a nontrivial loop
degenerating to the node n;). Together s and t define the coordinates of the
deformation space near the original surface R. (For more details, see the be-
ginning of Section 2 for the case of one node and its generalization to many
nodes at the beginning Section 5.) We first state in the next theorem the
well known C” estimates of the Weil-Petersson metric and co-metric (cf. [Ya],
[DaWe]|, [Wol]). For clarity, we will use the upper case I, J, K and the lower
case 1, 7, k, [ to index the s-coordinates and the t-coordinates respectively.



Theorem 1 The Weil-Petersson metric Gywp = (G.) and
hg = 7°|t;| 72 (= log |t;])~*

satisfy the following estimates:

0 Gi = ks (1+0(§<—1og\tl|>-2))

=1
(i) Gz = O((=loglt;) (= log|te) [t;[|tul™") (G #K)
(iii) G = O([t;]""(—logt;))~?)
() Gz = Gusl0)+0 (3 loxli?).

The Weil-Petersson co-metric Gy'p = (G**) and

i _ 6P (=logt])?
’/T3

satisfy the following estimates:

(i) G = h (1+0<i(—1og|tll)2>>

=1
(@) G = O(tlltl) (G # k)
(i) G = O(t,))
(i) GV = <Z_:—log|tl )

The main result of this paper asserts that the C! estimates of the Weil-
Petersson co-metric is the “derivative” of error term of the C° estimates.
More precisely, we have the following.

Theorem 2 The Weil-Petersson co-metric Gy'p = (G**) satisfies the fol-
lowing estimates (with i, 7, k, I, J, K all distinct):
0 i 0



N0 = _ _
(i) -G = O ([t~ (~log [t:])~*[t;|*(— log [t;])*)

ot;

0 s

(i) 5G7 = O(It])

‘ 0 %

(i) 5 G = O(Jtl 7 (= log |t))~*[t;]t])
a _

(0) 5 G = O (|t~ (~logt)~*)

. 0 .

(vi) 3G = O(Ial™" (~log ul) 11

(vid) aiG“ = 0O(1).

By inverting the matrix G¥ and combining the above two theorems, we
obtain the following.

Theorem 3 The Weil-Petersson metric satisfies the following estimates:

0 0

() 3G = gphatO (67 (—loglu)™)

(i) 3Gy = O (Ll (= log Il (= log )

(i) ftiGﬁ = O (It 72(=Tog [t:)) > ([t;| 7" (— log ;1) %)

(iv) ai% = O (|tal ™ (= log [t:] ) (It~ (= og [t;1) * (Jta| " (— log [ti]) )
) 3G = Ol (~loglu) )

i) 3Gy = O (16l (Slogla) I (~ o))

(vii) ;;G = O (|t (~log[ti))*) .

We would like to point out that there is a different approach in expressing
C! estimates for the Weil-Petersson metric due to Scott Wolpert (cf. [Wo3]).
In this work, Wolpert writes the Weil-Petersson connection in terms of a cer-
tain frame given by gradients of geodesic length functions, but unfortunately
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this frame does not come from a set of local coordinates on Teichmiiller space.
Even though such an approach is effective in terms of obtaining curvature es-
timates near the boundary of Teichmiiller space, it is not clear to the authors
how to use it in conjunction with harmonic maps. In other words, in order to
obtain good estimates for harmonic maps we need to be able to write down
local coordinate expressions. This is one of the reasons for carrying out this
work.

We will now give an explicit description of the way the Weil-Petersson
metric is a product metric and discuss the aforementioned application to the
Holomorphic Rigidity Theorem of Teichmiiller space proven in [DaMa3]. The
key ingredient in the proof is the theory of harmonic maps which has played a
central role in various geometric rigidity problems (e.g. [Siu], [MSY], [JoYa2],
[Cor], [GrSc], etc.). Given that the Weil-Petersson curvature is strongly neg-
ative in the sense of Siu (cf. [Schu]), a natural way to prove rigidity properties
in Teichmiiller space is by applying Siu’s Bochner method (cf. [Siu]). Jost
and Yau conjectured that an equivariant harmonic map into 7 must lie in
the interior 7 (unless it maps completely to the boundary) and stated the
holomorphic rigidity property of Teichmiiller space (cf. [JoYal]). In another
direction, Farb-Masur and Yeung (cf. [FaMa] and [Ye]) established super-
rigidity properties of the mapping class group providing further evidence of
the Jost-Yau conjecture. We have so far been unable apriori (from only lo-
cal properties) to verify that harmonic maps indeed map into 7 C 7. On
the other hand, using the C'-estimates of this paper, we show in a series of
papers [DaMel], [DaMe2] and [DaMa3| that the singular set of a harmonic
map (i.e. the set of points that are not mapped into a single stratum of 7 )
is small enough so that we can apply the Bochner method.

The starting point of this work is [DaMel] where we study harmonic maps
into a space that is asymptotically a product space. Theorem 1, Theorem 2
and Theorem 3 imply that the Weil-Petersson metric gy p of 7 near the
boundary J7 is asymptotically a product of the Weil-Petersson metric gy,
on a lower dimensional Teichmiiller space 7" and its normal space. To make
this statement more explicit, we recall the model space (H, hg) where

H= {(’I‘, 0) ceR?>:r> 0}, hH(T, 9) — Adr? + 540>

first introduced by Yamada (cf. [Ya]) (Note that in [DaMe2]| and [DaMa3],
we consider the slightly different metric g = dp? + p®d¢? which is clearly



isometric to hyg via the change of coordinates p = 2r, ¢ = g.) The Riemann
surface (H, hg) models the singular behavior of the Weil-Peterson metric.
For example, the Gauss curvature of (H,hy) approaches —oco as r — 0.
This corresponds to the sectional curvature blow up of the Weil-Petersson
metric near 7. Moreover, (H, hg) is not complete; the curve r — (r, 0y) for
a fixed ¢y leaves every compact subset of H as r — 0. Recall that in [Wob]
and [Chu], it was shown that certain curves in 7 leave every compact subset
have finite length. These correspond to deformations of compact Riemann
surfaces via neck pinching. The metric completion of (H, hg) is constructed
by identifying the axis » = 0 to a single point F, and setting

H=HU{R}.

The distance function dg induced by hg is extended to H by setting dg(Q, Pp)
r for @ = (r,0) € H. Consider the metric

h=hg®...®hyg definedon Hx ... xH
and the product space
(T"xH X ... xH, gy, ®h)

where each copy of H corresponds to a neck pinching. Denote by (r;,0;) the
coordinates (r,0) of H on the i" copy in H x ... x H. The relation between
the complex coordinate t; and (r;, 6;) is given by

ri = 2m%(—log|t:|) "%,  6; = argt,.

The asymptotic C° product structure of the Weil-Petersson geometry can be
described by
GWP—Gwp@h:O(|T|3)h (1)

(cf. [Ya], [DaWe] and [Wol]). In particular, there exists a constant ¢ such
that given a point p close to the boundary in 7' x Hx. .. xH with coordinates
(15,0;) on the i'" copy of H, the quantity

N
=\
=1



is bounded by ¢ times the Weil-Petersson distance of p to the boundary of
Teichmiiller space. Combining this with Theorem 1, Theorem 2, Theorem 3,
the s-derivative estimates already derived in [Schu], [LSY1], [LSY1] and a
change of coordinates, we obtain the following.

Corollary 4 Given a point P in the boundary of Teichmaller space, there is
a neighborhood N' ~U xV C T'xH x ... x H of P that metrically satisfies
Assumption 2 of [DaMel].

To complete the proof of the Holomorphic Rigidity Theorem, note that the ex-
istence of equivariant harmonic maps from Riemannian domains to the Weil-
Petersson completion T of Teichmiiller space T was established in [DaWe]
provided that the action is sufficiently large. The idea is to show that u
maps into a single stratum of 7 outside a small set. Indeed, Corollary 4
allows us to use the techniques of [DaMel]| to prove that the singular set is
of Hausdorff codimension 2. In [DaMa3|, we show that this regularity result
is sufficient to apply the Bochner method implying the holomorphic rigidity
of Teichmiiller space.

We end this section with a brief summary of the ideas in this paper. Cen-
tral to this paper is Wolpert’s grafted metric (cf. [Wol]) defined on each of
the surfaces obtained by the plumbing construction. In Section 2, we recall
the grafted metric and obtain estimates for the grafting functions. In Sec-
tion 3, we derive estimates for the t;-derivatives for the grafted metrics and
its curvature. In Section 4, we compare the grafted metric and the hyperbolic
metric. The key is the elliptic equation (41) derived from the curvature iden-
tity (also used in [Wol]). In order to take advantage of this elliptic equation,
we introduce a global vector field defined on the deformation space of the
original Riemann surface that projects down to the vector field a% (where t;
comes from the plumbing coordinates). With this global formulation, we can
use the maximum principle to derive estimates for the comparison function
of the grafted and hyperbolic metrics. Combined with results from Section 3,
we thereby obtain ¢;-derivative estimates for the hyperbolic metric. Section 5
contains the proof of the main results. The Weil-Petersson co-metric can be
written down as an integral involving the Masur differentials (cf. [Mas]) and
the hyperbolic metric. Using estimates from the previous sections, we finally
derive the co-metric estimates of Theorem 2.
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2 Wolpert’s grafted metric

In this section, we derive some estimates associated with Wolpert’s grafted
metric (cf. [Wol]). Let R be a nodal surface possibly with punctures and a
single node n and let Ry = R\{n} be the Riemann surface with additional
punctures {a, b}. Let gi*” be the complete hyperbolic metric on R, and

ug,vo : U,V - D" ={0 < |z < 1}

be cusp coordinates on open sets U, V near a, b respectively (we assume that
U,V contain exactly one puncture). In other words, gi*” in U, V is given in
the coordinates ( = u, v respectively as

hyp _ 2 _ |d<|>2

We can parameterize a neighborhood of Ry in the deformation space Def( Ry)
by Beltrami differentials. More specifically, fix a basis consisting of Beltrami
differentials vy, ...,v, (where n = dim Def(Ry)) and let Rg be the surface
whose complex structure is defined by

v=u(s)=> s, s=(s1,...,8,) € C" (2)
k=1

with |s| small via the Beltrami equation. Then s — R, defines a parametriza-
tion of a neighborhood of Ry in Def(Ry). For later purposes, we choose v;
(1=1,...,n) with support disjoint from & U V.

Let ¢g"? be the complete hyperbolic metric on R, and us, v, be cusp
coordinates in U, V near a, b respectively. Define

- -1 ,_ -1
fsi=upou, and gs:=v90v; .



By the removable singularity theorem and by multiplying f; and g, by
(f2(0))~! and (¢.(0))~! respectively, we can assume that

fs(0) =0, f(0) =1, g5(0) =0, g,(0) = 1. (3)

Furthermore, since we have chosen v(s) to have support in a set disjoint from
U UV, we have that

fs, gs are bi-holomorphic onto their image (cf. [Wol] 2.4.M). (4)

For |t| small, we denote by R;; the Riemann surface obtained by the plumbing
construction. In other words, we remove punctured discs from Ry and glue
back an annulus via the plumbing equation ugvy = t. We can rewrite this
equation as

(fs o us) : (gs o Us) =1. (5>

Note that since v(s) is supported away from U UV, the discs that we remove
can be chosen to be the same for all s. The parameter t is called the plumbing
coordinate.

The following subsets of the Riemann surface R, are defined as in [Wol].
Let A € (0,3) such that A < |f,] < 24 and A < |g,| < 2A are relatively
compact annuli in ¢ and V respectively. For ¢ > 0 small, let

LY o= {Ae® <|fy] < 24e¥} = {1 < |g,| < s
I = {fs < |fi] < A®} = {5 < |g.] < Ae®}
It = (s < |fi] < s} = {Ae? < |g,| < 2462}
I35 = {[t]3 < |f,] < Ae?} = {4 < |gs| < |t]2~%}
I3t = { < (£ < [HE2) = |t < |g.] < Ae?}.

Definition 5 By considering a lift of the deformation space Def(Ry) of the
original Riemann surface Ry to Teichmiiller space, one obtains a family of
Riemann surfaces

F:R—S

whose fiber over (s,t) is Rs;.

The local coordinates us, vs of R, glue together to define local coordinates
u, v along the fibers of R. We set

N =UipesI s, N? =UgpesIlys and N = NTUNZ, (6)
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Thus, we obtain local coordinates (u, s,t) and (v, s,t) for N'. We will use the
coordinates (u, s, t) in N'' and the coordinates (v, s, t) in N2. The coordinates
(u, s,t) are used in NP N N2,

Definition 6 Let gff{p be the hyperbolic metric on Rs;. We write with
respect to local coordinates

gei” = pld¢P®.

We now follow Wolpert [Wol] to construct a metric on R, ; conformal to gﬁfgp .

STEP 1: Region near || = A. In (I;' N 1I3%) U (117" N I135), we graft
_ _(_dd )
g = ho(QIdCI = (rigr) with

, (7w wlog|¢] d¢|\’
oiet = (I e Feth ) )
= 0%csc? 0 ho(¢)|dC|* where 0 = lejlfl.

More precisely, the grafted metric is given by

he () b ())d¢)?

in N'' with ¢ = u (resp. in N? with ¢ = v) where 7 is a smooth function of
a = log|¢| with n = 0 for |(| < Ae™® and n = 1 for |¢| > Ae’. This is [Wol]
3.4.MG (model grafting).

STEP 2: Region near || = |t|z. Since the conformal structure on R, is
determined by the identification f,(us)gs(vs) = ¢, the metrics hy(u)|dus|?
and hy(vs)|dvs|? do not agree on T Ii’g NI I;:g (unless of course fg(u) = u and
gs(v) = v). Thus, we construct a new metric by grafting hy(us)|du,|* and
hi(vs)|dvs|? by a smooth function n = n(a), a = log|u,| with n = 0 for
lug| > |t}2% and n = 1 for |u,| < |t|2+9. This is [Wol] 3.4.CG (compound
grafting).

Definition 7 The grafted metric constructed above will be denoted g7;. We
write in local coordinates

g% = wldc|*. (8)

10



To understand this grafting, Wolpert also considers the auxiliary metrics

o (s, Dl = ( i csc<“°g‘fs(“S”)‘f;(“s)”d“S’)z

log [t log [t| | fs(us)]
10g|98(”8)| ‘g/(U5)||dU5| ’
hy quz (Vs t)|dvg|* = < T (38(37T 5 9
tane (Vs 2) | toal] oIt ) lgs(on)] ®)

which are compatible with the identification fs(us)gs(vs) = t and hence they
define a metric on 173"

Remark 8 The grafting region of STEP 1 is the set
{CeN A < ¢ < A}, i=1,2.
The grafting region of STEP 2 is (assuming that |s| is sufficiently small)
{CeNY 270 < Ju| < |¢7T} c NP NN
Since fo(u) = u and go(v) = v, the normalization (3) implies that
fs(w) =u+O(u?) and gs(v) =v+O(v?) (10)

where the error terms O(u?) and O(v?) can be chosen independently of s for
|s| small. Using fs(u)gs(v) =t (cf. the plumbing equation (5)), we can view
u as a function of v and ¢ (resp. v as a function of u and t). Combined with
(10), we obtain

t = uv + O(uv) + O(uv?) (11)
and hence
_otly L _ oty Ou_ o Aty 9o o JE
U_O(’U|>7 U_O(’u‘)7 8v_0(|v|2)’ 8u_0(\u|2)’ (12)
Pu ) v Nt w1 Ov 1
902 (W)y e (W)’ 5= (m)a %= O(m)~ (13)

Definition 9 In N (resp. N?) with respect to the coordinates (u,s,t)
(resp. (v,s,t)), define the functions

p(C,S,t) = ps,t(C)’ W(C787t> = w87t(g)7
h<C7t) = ht(()a haux(ga t) = ht,aux(o

for ( = u (resp. ¢ =v).
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In particular,

[ Bcsco ? _ mlog|(]
60 = (ier) + 0

Lemma 10 In N1 (resp. N?), we have with respect to the coordinates
(u,s,t) (resp. (v,s,t)),

oh oh
1 1 O cot 0
ot 1—0cotf) and 2 = —
b i logp ! T OO end log ([ + 1
where 0 = Wl(l)‘fggll“ and ¢ =wu (resp. { =wv). In particular,
5 3
% = O([t| (= log [t]) ") (= log |u|)* in N (resp. N?)
and
oh
% = O(Ju| Y (=log [u])"Y) in N' NN

PRrOOF. The identities follow by a straightforward calculation. Note that
1—6cotd = O(6?) in N'! (resp. N?) and cot € is bounded in NTNA?. Q.E.D.

In order to study the grafted metric w|d(|?, we introduce the function

1 (¢, 1) 7 log [¢]
P((, 1t ( )zlog@csc@, 0= 14
=318 gy ) =B 0= gy -
for ¢ = u (resp. ( =v) in N (resp. N'?). Recall that f (resp. g) is close to
the identity. Thus, in " where [¢]2720 < |f,(u)| < Ae? (resp. in N2 where
t]2=% < |g(v)| < Ae®) for § > 0 small and A < 1, the function # ranges
from a value slightly less than 7 to a value stricly less than 7.

Lemma 11 In N1 (resp. N?), we have with respect to the coordinates
(u,s,t) (resp. (v,s,t)),

aw e - 1
5’1& = 2h _7t(_10g|t|)(1—9(30t9)
8w 1
= 1 —06cotd
aC Clog[¢| ( )
(92¢ 1

_ I
3C8t N t<<10g|t|)(10g|C|)(9COt6 0 csc” 0)
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where ( = u (resp. ( =wv).

PROOF. The identities follow from (14) and a straightforward calcula-
tion. Q.E.D.

Lemma 12 In N (resp. N?) whenever Ae™® < |u| with respect to the
coordinates (u, s, t) (resp. Ae™® < |v| with respect to the coordinates (v, s,t)),
we have

Y = O((—loglt)™)

0 % -
(;f = 9L = O(|t] ™ (~ log |t]) )
0

@Qé = O((—logt))~?)

82

at;@ = Ot~ (=log t])™%))

where ( = u (resp. ( =wv).

Proor. We can apply Taylor expansions to conclude that 1 — fcotf =
O(6?) and 62 csc? 0 — O cot 0 = O(6?). For Ae™® < |u| (resp. Ae™® < |v]), we
have that log |u| (resp. log|v|) are bounded functions. Thus assertion follows
from (14) and Lemma 11. Q.E.D.

In order to study the grafted metric w|du|? near |u| = |¢|z and w|dv|? near

lu| = |¢|2 (i.e. in the grafting region of STEP 2), we introduce the functions
1 h(u,t) 1 h(v,t)
Uy (u,t) :=-log | ——— Uy(v,t) := = log | —F——
o) 5= 310 (D) o) o= Jhog (100

in N'! and N2 respectively. Writing v = v(u) via the identification f(u)g(v) =
t, define

Wy (u, t) = Wa(v(u), 1) (15)
as a function on N''. From [Wol] p.442,
U; = Otz in N AN (16)

We will also need the derivative estimates of W.
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Lemma 13 In N'' N N?Z, with respect to the coordinates (u, s,t),

8\112 . —45 a\IjZ o —%—45

o), D= o,
0%V, _1l_gs 0, ~1-105
ouz Ol ) oudt ol )

fori=1,2.

PROOF. In N NN?Z,

OcscO |uf (u) )2 mlog | f(u)
haux U,t = ) O=—"-—"
(u,1) (ulog|u| fu) log [¢]
and 9
[ Ocsct _ mlog |ul

Thus, we can write

Uy (u,t) = log(sin ©) — log(sin #) — log ‘f(u)’

where )
~ uf'(u
u) = :
fw) )
Thus, by a straightforward computation,
00 T x 00 ™
ou  2log |t\uf(u)’ ou  2log|tlu’
o 0 ) 0 ) 0 =
%~ Bu log(sin ©) — 0 log(51i1 ) — W log ‘f(u)’
= cotO- 9 _ cotﬁ@ — f~(u)

= i (cot © — cot ) +

2log |t cot@(f(u)—l)— =

7r
2log |t|u

14



and

0?0, 1

B (L
ou?2  u \2logltu

(cot © — cot ) + cot@(f(u)—l))

2log |t|u
2

+ (210g|t|u> (cot'© — cot’ ) + <210g|t|u> cot’ © ((f(u))2 — 1)

£r f/(u) )l
+ © — | = :
2og iu ) <2f(U)
By (10), f(u) = u+ O(|ul?) is an analytic function which in turn implies
f(u) = “J{(/S)L) =14 O(|ul) is an analytic function. We thus obtain
og| | = 0, Fw ~1=00u), L =0y a7)
u f(u)
and
|7 flw)| _
©—0| = |log\t! log . | = O([|u]). (18)

In N'' N N2 where [t[2725 < |f,(u)| < [t|272%, both © and 6 are close to z
Thus,

|cot®| < ¢ |cot © — cot 6] < ¢|© — 0|
|cot' O < ¢ |cot’ © — cot’ 6] < ¢|© — 0]

where ¢ denotes a constant independent of u,¢ and s. Combined with (17)
and (18), we conclude 4% = O(1) and 8825’21 = O(|t|"2~%). The estimate
92 = O(1) and 8;;1;2 = O(|t1]_%_25) follo2ws from an 1anadogous argument. By
(12) and (13), 2 = O(|t|"27*) and 2% = O(|t|["27%) in N N N? where

2y —
t]272 < | f(u)| < |¢]272. Thus,

8‘112 . 8\112 (9’0 . 45
ou  Ov Ou = O(f™)

and

= O(|t|27¥).

82\1/2 . 82\112 (87})2 8\11@

oz o2 \ou +%8u2
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By a straightforward calculation and with ¢(z) = z cot z,

ov, 00 00 1

5 = o cot © — 5 cotf = S Tog [1]) (q(©) —q(0))
and
9?0, 1 00, 00
dudt  2t(—loglt]) (q (O 5, — ¢ (6)8u>
= M (Fw)d'(©) - ¢(®))
= _M(fgw (¢(©) =)+ (flu) - 1) ¢'(©)).

Noting that ¢(z) is a smooth function near x = 7, we conclude as before that
O — O([t| %) and 2% = O([t|™"). The estimate 2% = O([t|"2~%)

ot oudt
follows by an analogous argument. Furthermore, since % = O(|t|_%_25),
v —_ v _1_ 21} —1— 2’[} —1—
22— O(|t]4), % = O(f~+), £z = O(t|"~*) and 2z = O(ff| )
in N1 NA? by (13), we obtain
(9\1/2 0\112 ov —1_4s
- & - & = tl 2 .
ot ov Ot Ot )
and 0* 0Py Qv v OV, 02
2 2 0V OV 2 OV ~1-105
- 22 = O(|t .
guot = v auar + ov auar U
Q.E.D.

Definition 14 In N NN?, define with respect to the coordinates (u, s, t),

10 .10 1,

Koimh g, Lo=hTd, Dim b7 O (19)

Lemma 15 In N'' N N? with respect to the coordinates (u, s,t),
1 0 1 0 1
Ko = O([t|>™), —(KoW,) = O(|t| 271), —(KoW;) = O(|t]>~'%),

ot ou

9 (Kat) = 057, (k) = O(f )

at— 0¥*4q 9 817/ 0¥

fori=1,2.
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PrOOF. In N'' N A? where [t[220 < |f,(u)] < [t|27%, we have h™2 =
O(|t|2=*). By Lemma 10,

oh Oh

L= 0(|t™) and e =O(t] =),
Thus, Lemma 13 implies
OV, . oK, 1%k |
KU, = h=i— — O(|t|2~% 0y — Ot R W, = Ot
0 (2 au O<| | )’ 8t 7 2 h 0 3 O(| | )
oK, 19k oV, L 020, ;
7\111 — _,@K \Ijz — t —106 K, b L3 i + —1_q48
o o Kol = O(H), Koy *Sum — O™
o, L 02,
K 1 — h—— 7 — t_126 .
O ou o2 OH=)

The assertion follows immediately from the above estimates. The u and ¢
derivative estimates are proven similarly. Q.E.D.

Next, we derive estimates on the grafting function n of STEP 2.

Lemma 16 Let n be as in [Wol] 3.4.CG. In N* N N?, with respect to the
coordinates (u, s,t),

on On -1 -1 a277 8277 ) -2
—, — = —log |t — = —log |t
00 o0~ tog i) ), S8 I 20— Log 1))
%n 3
— [u| 20 ((= log [t))2).
SO~ O((~logl])?)
PRrROOF. Recall from [Wol| 3.4.CG. that n = n(a) where a = llzg;l?" . The

C* norm of 1 is t and s independent. Direct computation gives

on _ , Oda 1 op . da 1
aa—nwgﬂ—nm> —nw@u—UW)

2ulog|t]”  Ou 2ulog t|
*n 1 P, 1 / 1
guor " ViEter e a2 =" WitoaiE " Yaziog
9n 1 1

- 2 . 1 ‘
gon " Doz " Y P iog )2

The estimates follow immediately from the above identities. Q.E.D.
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Lemma 17 Let  be as in [Wol] 3.4.CG. In N* N N? with respect to the
coordinates (u, s,t),

Lon =O(1),  Dn=0(1),

aa[fn = O(Jt| ™ (log [t)) "), aa?n = O(lt]™" (log ) ™")
a?u(L“") = 0(1) aau (Dn) = O(1).

PROOF. Since h™2 = O(log|t|) in N; N N3 by definition, we obtain from
Lemma 16

_,_10n _ -1 9 _
Lon=h %—0(1)7 Dn=nh ENED =0(1),
on 1 _ 1 on 4 On
gu =" P guag ~ OSleslt) ) Dl =ht e s = O

Furthermore, by Lemma 10, A~ 122 = O(Jt| "' (= log |t|)!) and A1 22 = O(1).
Thus, we also obtain

dLo _ 1 10k —1 -1
O,y L0ty O g ).
oD | 0h » L1
577_ Bl 3¢ D=0t~ (log [¢)) ™),
aLo B lah B aD B 18h .

The assertions follow 1mmed1ately by combmmg the above estimates with
Lemma 16. Q.E.D.

3 The derivative estimates

In this section, we derive derivative estimates for the grafted metric ¢9" =
w|dz|? and its curvature.

18



Lemma 18 In N (resp. N?), we have in the coordinates (u,s,t) (resp.
(v,8,1)),
=1+ 0((—log [t])™),

h
5 (2) = ot ostr~

B _ O]~ log )~ og ]

and

PROOF. We prove these estimates in N''. The same argument gives the
estimates in A/2. The proof consists of two steps.

(1) We prove the estimates in N*\N? with respect to the coordinates (u, s,t).

By STEP 1 in the construction of the grafted metric that in N1\N?,

n oh  Oh
ﬁ: ﬁ — 2% and E_ﬁ_al h 2%
w ho h w ot w 0t

where ¢ as in (14). Now the first and second estimates follow immediately
from Lemma 12 and the fact that n(a(¢)) = 0 whenever |¢| < Ae™®. The
third follows immediately from Lemma 10 and the second estimate.

(2) We prove the estimates in N*NN? with respect to the coordinates (u, s,t).

By STEP 2 in the construction of the grafted metric that in N'* N A?,
N <a\1/1 a\pz>

h 2n(¥1—¥s2)

i d 9L _ 98 — Z lgo— =9 22 — ==
w ey ETR AT ot

where 7 is a function of a = log|u| (cf. [Wol] 3.4.CG). Thus, the first and

second estimates follow immediately by (16) and Lemma 13. The third esti-

mate follows immediately from Lemma 10 and the second estimate. Q.E.D.

Lemma 19 In N'' N N? with respect to the coordinates (u, s,t),

oh  Ow 5
Ou _ Ou _ tH749Y.
z O(l=*)

19



Proor. We have

Oh G o, h (T, — Uy) on
Ou _ Ou _ [ R (R VOt Sl S 4 _ _!

where 7 is a function of o = log |u| (cf. [Wol] 3.4.CG). The estimate follows
immediately (16), Lemma 13 and Lemma 16. Q.E.D.

The Gauss curvature of the grafted metric g7, will be denoted KY;. We
now record Wolpert’s estimates of curvature. By Remarks after Definition
3.8 and Lemma 3.9 of [Wol], we have

K7 +1=0((=log|t|))™?) in N (20)
and
K7 +1=0(t>%) in N' NN (21)

Furthermore, we will show

Lemma 20 In N'' (resp. N?), we have in the coordinates (u,s,t) (resp.
(v,8,1)),
OKI"

o = O (=g Jt))™).

PROOF. We prove these estimates in N'!. Similar argument gives the
estimates in A/2. The proof consists of two steps.

(1) We prove the estimates in N*\N? with respect to the coordinates (u, s,t).
By [Wol] p.441 we have
K9 = —e™2m (1 + VP Nan + 207N + n(e* — 1)) (22)

where n = n(a) as in [Wol] 3.4.MG, 1 as in (14) and the subscript in «

denotes %. Differentiating with respect to ¢, we obtain
O o e O OO
= =2 K9 — 20y 720404 22a - 2721/’ . 2
ol T o1 ‘ <ato‘” R TP (23)

20



Recalling that logu = a +if (cf. [Wol] 3.4.MG) and differentiating with

respect to u, we obtain @ = u. Thus, Lemma 12 implies f%a = gjgt Ou —

O(|t|=*(—=log [t])73). Since the function n is supported in {|u| > Ae~ 5} ‘and
its C* estimate is independent of ¢ and s, Lemma 12 and (20) imply that all
terms in (23) are O(|t|~(—log|t])~?).

(2) We prove the estimate in N*ON? with respect to the coordinates (u, s, t).

By [Wol] p.438 formula (3.1),
K9 = —¢ ™" (1 4 4D + 8ReLonKo ¥ +(e* — 1)) . (24)

Let t = t! + 4t2. Differentiating with respect to t!, we obtain

OKI" ov
= —Ip—KI"
ot 2N o4
ov oD OL
_277\1/ v 0
(48151 Dn+ 4V — 5" + SRG—atl nKoWV
0 8\11

By estimates (16), (21), Lemma 13, Lemma 15 and Lemma 17 imply that all
terms in (29) are O(|t|=?) for some 8 € (0,1). Since the same estimate holds

for aggT, we obtain the desired estimate. Q.E.D.

Lemma 21 In N'\N? (resp. N*\N'), we have in the coordinates (u, s,t)
(resp. (v,s,1)),
dK9"
dg
where ¢ = u (resp. ( =v). In N1 NN?, we have
dK9"
dg

PrROOF. We prove these estimates in A/, Similar argument gives the
estimates in A/2. The proof consists of two steps.

= O((~ log 1))

= O(t] ).
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(1) We prove the first estimate in N'\N? with respect to the coordinates
(u,s,t).

Let logu = £ = a+if and n as in [Wo2| 3.4 MG (cf. proof of Lemma 20).

By differentiating (22) with respect to u
dK9" dy
du du

d
- 6727]1& ( WOKQ%Q + 20‘27]a¢a) +
du

dn
= —_—LK9I" _9 gr 26
wduK n—K (26)

d d
d—n(ew —1)+ 2n¢62¢> :
u

In the region N1\N?, we have by Lemma 12

v = O((~logl) ) (27)
W~ O~ toglt) ) (28)

and «a,n and their derivatives are uniformly bounded. Hence the last term
n (26) is O((—log|t|)~2). By (20), (27) and (28), the remaining two terms
combine as

dvy dz/J o2 dy B a
K9 P(A-n) — _op T (K9 4121 _1) = O((—1 2y
du d ndu( € ) ((—logt])™)

This proves the first estimate of the lemma.

(2) We prove the estimate in N*NN? with respect to the coordinates (u, s, t).

Let u = u' + u?. Differentiating (24) with respect to u', we obtain

OKI" on ov
IR g opCT Ko
ou! oul! n(?ul
ov 0 0
—onW
2n (4@D77 + 4\116 -(Dn) + 8Rea -(Lon) KoW

0 0 ov
+8ReLonw(Ko\If) 5 171( —-1)+ 2au17yew> . (29)

The estimates (16), (21), Lemma 13, Lemma 15, Lemma 16 and Lemma 17
and the fact that [¢[2720 < |f,(u)] < [¢[272 imply that all terms in (29) are
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O(]t|72%). Since the same estimate holds for 257" we obtain the desired
estimate.

Combining (1) and (2) proves the second estimate of the lemma. Q.E.D.

4 Comparison of hyperbolic and grafted met-
rics

In this section, we compare the hyperbolic metric gfﬁp and the grafted metric
g7, defined on R,;. We will need to analyze the comparison function
hyp
L. g
¢s,t = 5 log 87;; (30)
s,t

Expansion 4.2 of [Wol] is

2
m _ _ _
e2¢s,t - 1-= 3(_ log |t|) 2(&181’?#7 _ 2) 1A + O((— log |t|) 4)

where A’;ﬁp is the Laplacian with respect to the metric g?fjp on R, and A
is independent of ¢ and its derivatives are bounded independently of s and
supported in (I* N IIPYY U (I13' N ITI3Y). In particular, we have

e+t =14 O((~log |t]) ). (31)

Let AJ} be the Laplacian on R,; with respect to the grafted metric g7;.
Define ¢, and ¢}, on Ry; by
2

T _ " _
g,t = F(_ log [t]) Q(Ait —2) 'A and (ﬁit = Qs — ng,t- (32)

Notice that in the above definition of ¢27t, we use the Laplacian with respect
102

to g7 (locally written as —57-) instead of the Laplacian with respect to

g™ (locally written as % 33(29@)' This difference is controlled by (31). For

simplicity, we will write ¢, A instead of ¢, AY; for the rest of the paper.
In particular,

6 — ;log (“;) . e —1=0((—log|t|) ). (33)
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Rewriting this another way,

~ —1=0((-loglt) ) m R. (34)

The function ¢ satisfies the standard curvature identity
Ap =+ K9 = (e — 1) + (K + 1)

and we can use this to obtain a gradient estimate. Indeed, estimates (33)
and (20) imply

Ad = O((~logt) ™), ¢ =O((~log|t])™*).

We now apply elliptic regularity and the Sobolev embedding theorem (cf.
[Wol], Estimate A3 in the Appendix). Here, an important point is that by
lifting to the universal cover, we can obtain estimates that do not depend on
the injectivity radius. The key is that we have pointwise bounds on ¢ and its
Laplacian. In other words, fix p > 2 and radius equal to 1 to apply elliptic
regularity in By(0) for x € Rs;. We have (for C' independent of s, t)

16llwro( ey < C (I10l|Lo(Baen + 126 os. 1)) -
We then apply Sobolev embedding W'? c C°, p > 2 to obtain
Vgl = O((logt])~?) (35)

where V = V7, is the gradient with respect to g7}.
Rewriting (32), we have the functions ¢°, ¢! : R — (0, 00) satisfying

2

¢ =~ (—log|) (A =27 ¢l =0 (36)
Thus,
& = O((~logli)™), (37
O~ O~ toglt) ) (39
o = O((~1ogli)™). (39
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Lemma 22 In N, we have in coordinates (u,s,t) or (v,s,T)

i |de®| _a|de| o
vl i = O((—log|t|)™7))
where ( = u (resp. ¢ =wv). Furthermore,
|0 |2 || 2
| S o | = O ol ),

ProoF. By (36) and (37),

Ad =~ (“log|t) 2 = Oog )2, ¢ = O((~log|f)). (40

By elliptic regularity and the Sobolev embedding theorem W'? c C°, p > 2
(cf. proof of (35)), we have

[V§Plco = O((—log [t]) ).

Here, again, elliptic regularity is applied above with a ball of fixed radius for
all t. This proves the first derivative estimates.
Additionally, the Kahler identities give

" 0 _ 1 —2
A'08°) = —50((~loglt)*A)
and hence

A"(0¢°) = O((=log [t]) %), 96" = O((—log [t])~*).
Applying elliptic regularity and the Sobolev embedding theorem as before,
[V(9¢°)]co = O((log [t]) 7).
Hence in N 24
du?

This implies the second derivative estimates. Q.E.D.

-1

= O((log t]) 7).
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Lemma 23 In N with respect to coordinates (u,s,t) or (v,s,T)

I, — o togli) )
where ( = u (resp. ¢ =wv). Furthermore,
R R R )
PRroOOF. By the standard identity,
Ag=e* + K7,
we can write
Agt = —Ag° + (e* — 1)+ (K9 + 1)

= —(A=2)0"+ (e = 1-26") + (K7 + 1)
= T o) A+ (2 - 1 200) + (K7 4 1)

By [Wol]| page 445, the curvature formula in proof of Expansion 4.2,

2

—%(log [t) A+ K7 +1=0((=logt])™), ¢' = O((—log [t])™").

Thus,
A¢t = O(=loglt]) ™,  ¢' = O((~log [t|) ™). (41)

By elliptic regularity as before,
[V6!en < C (|6'|co + A% |co) = O((log ) ™).

and hence also
09| = O((log [t) ™).
The proof of the second estimates is the same as that of ¢°. Q.E.D.

Remark 24 The second derivatives of ¢! have better estimates, but we will
not need them in this paper.
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Lemma 25 In N with respect to coordinates (u,s,t) or (v,s,T)

do| 40| _

WG] @ | = Ol oglt) ) (42)
where ( = u (resp. ( =wv). Furthermore,
d? d? d?
TN ] e e 0ol ) @)

PrRoOOF. Combine proof of Lemma 22 and Lemma 23. Q.E.D.

We now define a vector field W on the total space R. For the coordi-
nates (v,s,t) in N, we will set 7 =t in order to distinguish them from the
coordinates (u, s,t) in N'. Consider the coordinate vector fields

0
B defined in N with respect to the coordinates (u, s, t)

and

0
p defined in N with respect to the coordinates (v, s, 7). (44)
-

Remark 26 The reason we use the variable 7 in expressing the coordinates
(v,s,7) is to distinguish the above two vector fields. Note that if a point
po € N is given by (ug, So, to) in the coordinates (u, s, t) and (v, So, 79) in the
coordinates (v, s,7), then tg = 75. On the other hand, as it will be explained
below (cf. (45)), p— 2 (p) and p — 2 (p) for p € N are two distinct vector

at
fields.

Using the identification fs(u)gs(v) =t = 7, we write

4 gszw)) -

T ou 0
o =g

We apply the change of the coordinates u(v,7) to obtain the expression of
)

5= in terms of the coordinates (u,t,s) as

o 9to dud D

0
or ~orot Torou o 05, ()
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where H(u,t) is a function (holomorphic in u) defined by

ou
H(u,t) := 9

(46)

”:gs_l(fsfu) )s T=t

Thus, H (u, t)a% is the expression with respect to coordinates (u, s,t) of the

vector field 2 — 2 defined in V.
We now use the function H to define a C* vector field W in N by setting

9 + nHﬁ in ! with respect to (u, s, t)
W=< % du (47)
5 in N2\N! with respect to (v,s,7 =1t)
-

where 7 is a rotationally symmetric bump function such that n = 0 for
lu| > [t[2=% and 5 = 1 for |u| < |t|27 as in [Wol] 3.4 CG. In other words,
the vector field W in N' N A? is the interpolation of the vector field %
defined in A/ with respect to the local coordinates (u,s,t) and the vector
field % defined in A2 with respect to the local coordinates (v, s, 7 =t). The
vector field W is C* in N'. We can extend W as a C* vector field on the
total space R. Indeed, R is trivial away from the pinching region N'' N A2
and the product structure defines a canonical lift of the the vector field %

defined S.

Definition 27 We denote by W the C'* vector field on R defined by (47)
in A and the canonical lift to R\A of the vector field 2 defined S.

We will now derive some estimates involving the function H. First observe
that if f,(u) and gs(v) are the identity maps, then H(u,t) = %. Since f,(u)
and ¢,(v) are holomorphic functions close to the identity,

H = O([t| ™) (u+ O(|ul*)). (48)
We will record some other estimates involving the function H (u,t) below.
Lemma 28 In N'NN?, we have with respect to the coordinates (u, s,t),
H =2+ O(t}™) (49)

and .
HR% = O(|t] (= log [#]) ™).
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PROOF. The first assertion follows immediately from (48). Since h =
O(Ju|2(—=log [t])™2) in NN N2, the second assertion follows from the first.
Q.E.D.

Lemma 29 In N,
WE™ = O([t| ™ (—log [t])~*))
where W 1s given in Definition 27.

PROOF. In N'\N?, the estimate follows from Lemma 20 since W = 2.
In N N N? with respect to coordinates (u, s, 1),

oK n HaKgT
ot T 0w
The first term on the right hand side is O(|t|~!(—1log|t|)™®)) by Lemma 20.

The second term is O(]t|~272%) by Lemma 21 and Lemma 28. This proves
the estimate in A1, Similar argument proves the estimate in N?. Q.E.D.

WK =

Lemma 30 In N with respect to the coordinates (u, s,t),

”}’lh = O(|t[™(—log [t]))(~ log ul)?
W(Z> = O(|t|™"(~log [t)~?)
VZW = O(|t[(—log [t]))(~log ul)?

where W 1s given in Definition 27.

PROOF. In N'\N? the first estimate follows from Lemma 10. In N N
N2, we have by Lemma 10 and Lemma 28 that

oh oh
Wh a4 ppou
h h h

= O(|t|"!(~log [t)) ™) (~ log ul)* + %O(IUI“(— log [ul) ™)
= O(|t| (= log|t) ") (= log [ul)® + O(|t| " (~log [ul) ).
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Thus, the first estimate in N’ N N? follows from the fact that (—log |u|) <
(3 + 26)(—log|t]). The second estimate follows from Lemma 18, Lemma 19
and Lemma 28. The third estimate follows from combining the first and the
second estimates. Q.E.D.

Lemma 31 In R,

W

w () = ot (- ogle) )
p
where W 1s given in Definition 27.
Proor. We differentiate the standard identity
Ap =e* + K" (50)
with respect to W to obtain
(A =2*YW¢ = WEKY + comm

where the term comm comes from commuting W and A. Using the fact that
H is holomorphic in u (cf. (46)), we obtain

comm = AW ¢—W A¢

El o, 1 (92¢ gy %
877 0%¢

OH on ¢
"ag Ap+ H €A¢+Ha—caa—<2+HA ac

10n0Hd Qo
Aoomos &

+ A(nH)—

(i) Since H = O(|t|™')(u+ O(|u|?)) (cf. 48) and H is holomorphic (cf. (46)),

%—Ig = O(|t|™))(1 4+ O(|u|). Moreover by (40), A¢ = O((—log|t])~?). Tt fol-

lows that the first term is O(|t|~1(—log |¢|)~?).

(ii) By Lemma 16, gz gg = OJu|7'((—1log|t|)™"), hence combining with the

estimates used before we obtain that the second term is O(]t|~(—log |t]) ™).
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(iii) By Lemma 25, %g%‘f = O((—log [t|)7?)), hence combining with the esti-
mates used before we obtain that the third term is O(|¢t|~!(—log [t])~?).
(iv) By Lemma 17 and Lemma 18, Ap = O(1). By Lemma 25, w™2
O((—log [t])~?) and w? = O(fu|~(~log|u|)~"), hence 52 = O(|u|~*(~log [¢])~?).
Hence, combining with the estimate for H used before we obtain that the
forth term is O([¢t|~'(—log |t])72).
(v) By Lemma 17 and Lemma 18, w’%g—g = O(1) and by Lemma 25, w’%g—?
O((—log [t[)~?). Combined with GT = O([t|™"), we obtain that the fifth term
is O(|t] " (= log|t]) 7).
Hw

(vi) By Lemma 10 and Lemma 20, 2 = O(Ju|"'(—log|u|)~"). Combined
with estimated used before, we obtain that the sixth term is O([¢t|~!(—log |¢])~3).

In summary, we have shown

RIg

(A¢ —2e*)W¢ = O(Jt| ™ (~log [t])*)

in either A' with ¢ = u or in N? with ¢ = v. Since the C*-estimates of ¢
are uniformly bounded independent of ¢t and s outside of the pinching region
N, (51) implies

(A =2e*)W¢ = O(|t| ™ (= log[t)) ™) in R,
and hence by the maximum principle (cf. [Wol] Appendix A.2)
Wo = Ot (—log [t]) ). (51)

Q.E.D.

Lemma 32 In N (resp. N?) with respect to the coordinates (u,s,t) (resp.
(v, 8,1)),
0 (w
— (=) =O0(|t| " (—log|t])?).
o (%) = ot oy
PRrOOF. From (36), we have

(8 =20 = "R (Clog ).
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We differentiate this with respect to W to obtain
W(A =2)¢" = O(|t| ™! (~ log [t)) ™). (52)
From (50), we obtain
W(A = 2)¢' = —W(A —2)¢° + WK
or by commuting W with A
(A =2)We' = —W(A —2)¢” + WK + comm.

We now estimate the terms in the right hand side above. By (52), the
first term is O(Jt|~!'(—log|¢])™®) and by Lemma 29, the second term is
O(|t|'(—log [t])3). Arguing analogously as in the proof of Lemma 31 and
noting that we have a better estimates for ¢! than for ¢ (compare Lemma 23
with Lemma 25), we obtain

comm = O(|t| ' (—log [t])~?).

Indeed, in (7) of the proof of Lemma 31, by (41), A¢' = (—log|t|)~*, hence
the first term is O(|t|™(—log [¢|)™*). In (44) and (i7i) we have the desired

estimate. Furthermore, in (iv) and (v), we have by Lemma 23 that w2 %’? =

O((—1log|t])~*) instead of O((—log [¢|)~2) for w’%aaif and this accounts for
the extra (—log |t])~t.
Thus, the maximum principle as before implies

Wo' = O([t|™"(~ log [t]) ).
Lemma 18, Lemma 23 and Lemma 28, imply that

8¢1 _ 1,1 8¢1 _ -1 =5 ;
UH% =nHh2h u O([t[~" (= log [t)™) in M
which in turn implies that
o' 98 s
v Wo' — Uﬂaiu = O([t|” (= log [t[)™") in M.
Combined with (38), we conclude
0 :
0~ O( ™ (~ o)) in A;

and similarly in 3. Q.E.D.
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5 The proof of the main results

Let R be a nodal surface with nodes {n;}, and Ry = R\{n;}}¥, be the
Riemann surface with punctures {a;, b;} associated with each node n;. For
s € B(0) C C", let R, be the family of Riemann surfaces defined by the
Beltrami differentials as in (2). The resolution of the singularities (described
in Section 2 for a single node) can be simultaneously carried out for all Ry
and nodes, and we obtain a family of Riemann surfaces

F:R—>ScCxcN

whose fiber over (s,t) = (s,t,...,ty) € C" x C¥ is the Riemann surface
R ;. Asin the case of one node, the coordinates (s, t) are called the plumbing
coordinates and the Riemann surface R,; is the surface corresponding to the
coordinates (s,t) via the plumbing construction.

For each i = 1,..., N, we denote by %, N'»! and A2 the neighborhoods
defined by the plumbing construction for the node n; as defined by (5) with
t; replacing t. Let (u;,s,t) and (v;,s,7 = t) be the local coordinates of N*.
Fix s and t = (t!,...,t") and define

1 7 1
Nt i={u; e N"' N Ry o | fo(wg)] > [t:]2}

and A ' )
N;:[ = {v; € NB2n Ryt )gs(vi)| > |ti]2 }.
By (5), A , . .
N, =N'"NR,, =N UNy,
and

i - i >
Ns:;r NNy, = {u; € NN Ry | fs(ui)| = [t:]2}
— {0 € NN Ry, |go(vs)] = [t:]7}.

Fix i and let W; be the vector field given as W in Definition 27 with N*

playing the role of . In other words, W; is a% in R \(N>' N AN*?) and

defined by interpolation in N*'NAN?¢. In N, ;’t’L with respect to the coordinate
u;, we have
0 0 Oy

=y pH,-L where Hj(u;) =
8ti+77 =" where H;(u;) o,

_ t; .
Vi=0s 1(@)

33



In N;:; with respect to the coordinate v; (with 7, = t;),

-0 N ov;
+nH;— where H;(v;) := Y

0
Wi (Ul) N 8vi n 87’@'

8 Ti

wi=f5 " ()

gs(ui)

Here, n = 0, 77 = 1 for |u;| > |t;]2~° and 7= 0, n = 1 for |v;] > |2 7°.
Applying change of variables, we obtain
8 —|—~f{ (9 8 i 8uz+~81}18u2 8

Thus,
ou; _0v; Ou, ou;
ot o on, ot
With this, we can derive a relationship between the two functions n and 7.
Differentiating fs(u;)gs(v;) = t; = 7;, we have

ou; , 1 ov; 1 g(v) Ouy o tigl(vi)
ot; Jolui) = gs(vi)’ 37'@'95(U) B fs(u;) ot Oy folus) = g2(v;) '
and hence
1 1 1

—1 =1
9s(Ui) fi(ui) — “gs(vi) T gs(vi) fi(ws)
which in turn implies
1 1

n+ = -
filwi) ™ fiw)
For convenience, we choose n such that

1 1
n(us) = 5 for [ fo(w)| = |t:[2. (53)
Noting that fi(u;) =14 O(|w;]) (cf. (3) and (4)), we then obtain
B 1 1 1
N(vi) = 5 + O([t|2) for [gs(vi)| = [tal>. (54)

We now recall the Masur differentials {®,} (cf. [Mas]) corresponding
to cotangent vectors in a neighborhood at a point at the boundary of Te-
ichmiiller space. For clarity, we will use the lower case ¢ for the Masur

o

differential corresponding dual of the tangent vector z- of the boundary
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of Teichmiiller space and the upper case I for the Masur differential corre-
sponding to the tangent vector ‘9 normal to the boundary. We can express
these differentials in the ! nelghborhood N with respect to the coordinates
(up, s,t) as

¢, = ¢;dz? and ®; = ¢;d2?

where
ti |6 1 & /N\2
bi(uy, 5,8) = —— (u; Fa (w8 t)+—5 > (l) ) -aj(s,t)) (55)
[

with m(j) > 0, a_; with at most a simple pole at 0, a;, j > 1 are holomorphic

at 0 and

1 o
b1(uy, s,t) = ¢r(ug,0,0) + 22( ) ~b;(s,1) —|—Zul cj(s,t) (56)
l —

J=1 Jj=-1

with m(l) > 0, ¢;(w, 0,0) has at most a simple pole and b;, ¢; are holomorphic

. t !
at 0. Since ‘LZ’I‘Q <1in st, we have

|4 P 1 it
P — — - N7
¢’L O("U/l|2)’ atl O(|ul‘2)7 on S,t
\tz|> 0pi 1 I+
i = O , = O(—) on Ny 57
o = O(|t;]), aafl = O(1) everywhere else.
Moreover,
1 01 1 it
— — N7
(bl O(|uz|>7 (9151 O<|ul|3) on s,t
0pp 1 I+
=0(1 = O(—) on N*
gb[ O( )7 875, O(|UZ‘) on s,t (58)
o =0(1) %ﬁi[ = O(1) everywhere else.

We start with following simple results.
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Lemma 33 With h(z) = ( i csc(’rlog‘zl)@f, we have

log [t| log t| / |2]
11 —log [t])?
[ L, st
{tz<z1<1} 2| h(2) 27
and
/ L dy=001) forn<4
— xdy = ormn :
(it <lel<1} 2] h(2)
Furthermore,
oh
/ 1 LLE(Z)d:pdy:M
(t1z<lzl<1y 2[4 h(2) h(z) Art
PROOF. A straight forward computation using the substitution 6 =
- 6 log |t| 0 .
df = gmdr,r=e "= = |t|= yields
1 1
L — ——dzdy
/{|t2<|z|<1} 2] h(2)
—log [t])? 1 1
_ Gl ol
T {2 <lzl<y 2|2 log ¢|
—log [t])? 1 1
= 7( og [t]) / . 51112(7r Ogr)27rrdr
72 (2 <r<1} 72 log |¢|

us

2(—log|t])* [% log |t
= (0g||)/2 e in29dh  (where a = 8 | |)
0 m

| 3 3
_ (Ogltl)/ e=ma9(1 — cos 20)d6.
0

Letting n = 4, we have

1 1 (—loglt])® %
) —_ dedy = 7/ 1 — cos 260d6
/{|t|2sZ|s1} 2 h(z) us 0 o
_ (log]t])?
2

which is the first estimate. Applying the integral formula

4—n)al ;
/6(4_”)“9 o8 20d0 — e=ma0((4 — n) cos 20 + 2sin 20) VK o=
(4—n)2a®+4

_ r4="((4 — n) cos 20 + 2sin 20) LK
(4—n)%a®+4
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the second estimate follows for n < 4. By Lemma 10, we write
11 2 1 11
/ . o (2 >dxd = 7/ . ——— (1 — fcot )du*du?.
{2 <lzi<y 2| h(2) h( ) t(—logt]) Jyuz<p1<1y |2[" h(z)

Using the same substitution as above, we obtain

1 1
/{ — —6 cot Odxdy = ﬂ / e4=9%0 ¢in 0 cos O do.
0

42 <|z1<1} 2] h(2) us

Letting n = 4 in the above equality, we obtain

1 (—10g|t!
= > 7 f sin 20 do
/{t|2< 2<1} IZ|4h( ) /
(—loglt!)

47
Combining this with the first estimate proves the third estimate. Q.E.D.

Lemma 34 If {®, = ¢,dz>} is the set of Masur differentials, gs; a metric
along the fibers of R and G = q;“gq:", then

0
ot Jn 9 /1+87g+ ang ReoWi, (9tg

+ /Bl’j ZnHZ(ul)é%zg + /Bz,t— lﬁﬁz(vz)aivlg
s, S,

In the above formula 1 denotes intertor multiplication and Bﬁf denotes the
inner boundary circle of N, t with the induced orientation.

PROOF. By definition of W;, the projection F,W; to S is equal to -2-

ot; *
Thus,
0
% /I\%S t g N ‘/Fzs,t EWZg

Since Wi = & +nH; - in Nyi', Wi = -+ 7H; in Ny and 2~ in R, \N,
it suffices to prove

= 7
/N"’t+ C"Hi(“i)aii g Bt nHi () g1 g
s, S,
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and similarly for N, Si’; . Indeed, this follows by Stokes theorem

/]w )29 = / i) 29 = [ s () 229+
s,t

s,t

Q.E.D.

Lemma 35 If ®; is the Masur differential dual to at , then

) O, D,
o ( _ ) — O(ltl(~ log [t)).

ot grr gl

If @1 and ®; are the Masur differentials dual to 5 cmd an then

P o, P9, - -
o . ( oy ) = O(|ts| (= Tlog [t:)) ™).

ot g gl

Proor. We can write

/. K <¢i¢i _ 9252‘9?52‘) duldu? = / 9 <¢z¢z ( 1)) du; du?
NI Ot \ p w Ny Ot P
dw
-/ a0 ( - 1) aidi + [ 20 (—at> (w - 1) du; du;
NP w P NoDow w P
;

¢ 71 -~ 14 2
+/N;_j/ ot ( 1) du; du; . (59)

B((

7),
/ gE hfe_ 1) dujdui; = O(Jt:|(=log|t;])~ )/ ———du}du?
Nk h w L N gt

Lemma 18, Lemma 32 and Lemma 33,

11
p P ¢
O([t(— log |t])), (60)
T ow
/ Gih [ _ou | (@ _ 1| duldu?
Nt h w\ ow ) \p o
-3 L1,
Otl(=10gl6)™) [, orey dutds?
O(|t:)) (61)
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and

JOEL S (o) wda — olultosli) ) [, iy dubad
N N
= O(|t:]). (62)

Combining (59), (60), (61) and (62) along with the corresponding estimates
for Ny, , we obtain

/ at ( :Ly_pi - (Pigq;)i> = O(|ti|(—log [t:])). (63)

gs,t

Next, we estimate the integral over N, [ # i. By (34), (57), Lemma 18,
Lemma 31, Lemma 33 and the fact that outside of N7, % = 0 and 8 (“’) =

sit? ot p
W; (;), we have

Gidih Ly » 11
= 0(\til(—10gltz|)*2), (64)
W
l i (—at) (“’ - 1) duldu? = 0, (65)
Ng&ow w [ \p

¢i6:h 0 (“’_1> dubdn} = O()(~loglu)™) [, ot duld?

N h w Ot; l+|ul|2h
= O([t:|(—log [t:]) 7). (66)

Combining (64), (65) and (66) along with the analogous estimates for Nst :
we obtain that

0., L
/ ot ( hyp _ggr> = O(|t;|(—log [t:]) 7). (67)

gSt S7t

The integral over Rg,\U; N, st can be computed using the estimates of ¢;
outside of U, N, contained in (57) and a similar argument. We obtain

Fonwe, o (i =) = 00y (68

s,t\ Ul Né,t ati st
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We finally compute the contribution from the boundary integrals in Lemma 34.
Indeed, with u; = u} + iu? and by using Lemma 18 and (34), we have

~ Gipi i 1, 9
/B;';;“ U (i) 52 < T du; du;;

p
_ , ¢ipi h (w s
- /B;j%m(ui)aiihw 5 1) duidy;
= O gl [ i o | dutdn? (69)
B 08 [t Bt ZnHi(uz‘)a%i h U; AUy

- Z . ¢z§gz _
= O((—loglti]) 2)5 /B*j Z”Hi(“i)aaui< Y duz‘dui>

gy ¢ Gid;
= O(=logt) )5 [ nw)H(w) % da.

2 Jpit h

s,t
Moreover, with #; = Arg u;,

u; = e

which together with (69), Lemma 28, (7) and (57) implies

, Gidi Dty
/Bi,+ ZﬁHi(ui)aiui ( P - 7 duzldu? = O(|tl|) (7())

and similarly for Bzit_. The first estimate follows from combining (63), (67),

(68), (70) and Lemma 34.
Next, we prove the second estimate. We first compute the integral over
Ny . By (34), (58), Lemma 18, Lemma 32 and Lemma 33,

0ér 7+
~O1 h 11
/¢“ﬁj(“—QcMM%=CMA%mw%/¢ duidu;
N si Wi

h wl\p NoF || h
— O~ log]t), ()
. ¢1}?JZ (_%i) (L; — 1) du; du;
= Ot (logt) ) [ oy dubd?
NG il h
= O(|t:| (= log t:[) %), (72)
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NiE o h w0t \ p
= O (~loglt) ) [ gy dubd?
Z Z N w2 e
= O(|t:| (= log [t:) ). (73)

Combining (71), (72) and (73) along with the corresponding estimate for
Ngy , we obtain

/ 9 $19. . $19.
Ni, Ot p w

Next, we estimate the integral over N, [ # i. By (34), (58), Lemma 18,
Lemma 31, Lemma 33 and the fact that outside of N7,, 22 = 0 and a% (9) =

s,t) 9, P
W; (%), we have

) dutat =0l - tostuh . (7

3¢1$
o, V7 h [w 152 _ _9 11, .,
/Né:j o (p_1> dujdu; = O((—loglti]) )/Ng; mﬁduldul

= O((—logt:])™*), (75)

- w
- Oros (_%) (w _ 1) dujdui = 0, (76)
NEF o w w p

s,t

¢I$Jha w 15 92 _1 _2 1 -
o T ) et = O S loglal)™) [ dud

= O([t:| ™ (= log [t:])~*). (77)

Combining (75), (76) and (77) along with the analogous estimates for Nsl:t_ :
we obtain that

5 (o i
/N;,t ot <¢IZ}J N ¢fJ> duidui = O([t:| ™' (~ log [t;]) 7). (78)

The integral over Ry;\ U; N, can be computed using the estimates of ¢; and
¢, outside of | '/\[sl,t contained in (58) and a similar argument. We obtain
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/ D (105 ¢19s
Ro\U N, Ot \ p w

We finally compute the contribution from the boundary integrals in Lemma 34.
Indeed, as in (69) we have

/. A G1os _ G10s 1o
Bz,;k n z(uz)aui p w ) )

) duldu? = O(|t ™ (~log 1) ). (79)

i 616

= O((~log ™) 5 [ () H ()™ dii

Moreover, by combining with Lemma 28, (7) and (58) this implies

: Gidi i
/ng Z”Hi(“i)aaw< ) ~ duildul2 =0(1) (80)

and similarly for Bé:;. The second assertion follows from combining (74),
(78), (79), (80) and Lemma 34. Q.E.D.

PrROOF OF THEOREM 2. Below, we will provide the proof for estimates
(7) and (v). The other estimates are proven by analogous arguments, and
hence we omit their proofs.

First, we prove (7). By Lemma 35 it suffices to prove

ot; Jr., 97, :%h + O(|t;|(— log [t4])). (81)

By differentiating the identity (55) with respect to t;, we have in N, SZ;F

0pi _ 1 o]

ot u? <|u1|)
Since ¢; = L + O(“ii")
- |t |t
b — 2
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and

i - ti |t
;= 0 .
8t,¢ 7TQ|UZ‘|4 + (|U,Z|3>
By (83), Lemma 18 and Corollary 33,
s g
it 12 -2 i g1 2
/N;t+ P duldu? = (14 O((~log t]) ))/N;t+ P dul du
t; 11
_ —2 i 112
= (14+0((=loglt) ™)) (7(2 /Ni::r |ui|4hduidul
11
o) [ = duldu?
t;(—log |t:])?
= BT O tog ). (54)
By (82) and Corrollary 33,
T oh
Giti 5 ) 1 o It:|? L 15; 01,9
O V2 — / 20t Y
Ner b b 7 vig Ja P non S
oh
1 13
o) | =00
ROULE) [, s et
ti(—log [t:])?
= BRI ool (85)
By (85), (57) and Lemma 33,
T ow T oh T [dw  oh
Pithi gt~ 172 / DiPi 5t; 5 1, 2 / ¢i0i (o, on 17 2
P durdut = 2 dusdus i ) dusdu?
it w w RS fue Ty P fe T (o T )
fi(—log [t:])”
= BRI o~ 1og )
11
-3 12
+O(|t;|(— log |t;]) )/;::r |ui|4ﬁduidu’3
_ (= logti])?

A3 O8I
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Similarly we have the same formulas over N;:{ . Thus, by adding the above
we obtain

0 (i 15 2 0 (i 15 2
/N;;;ati< . ) duidui—i-/N;:t_ati ) duldu

_ 3hi(=log|ti])® | i(—log |ti])°
= e+ B Ol (< log D). (87)

Since w does not depend on ¢; outside of N, (57), Lemma 18 and Lemma 33

imply
T 0¢; 1
/ 9 (90 dujdui = / O i du?
N Ot \ w NoF o w

se:,
_ ti 17,2
= /NH' " du; du;

o L
= Ot [, gl
= o(lt)) (88)

and similarly for N, Sl:; . Using the estimates of ¢; outside of |, /\fs{t contained
in (57), we similarly obtain

g ¢z¢gz 172 )
Amwmﬁxw)dwm—mm» (9)

We finally compute the contribution from the boundary integrals in Lemma 34.
Indeed, with u; = u} + iu? and as in (69) we have

. ¢z¢z 1 2
/B;f ZnHi(ui)aiui (wdul dul

=<H0wMWMﬂg@JMm£@Tme
= (L O((~loglt) )% [ nw) ()™ (90)

By (82), Lemma 28 and (7) since on the circle Bé’j |u;| = [t:|2, we have the
estimates

t:]? 1 1 (—loglti])?|t]
i Ol and = T

H(w) = Z4+0(1 ™), ¢ =
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Moreover, with §; = Arg u; and as in (70),

. szqu 13 2
/Bi’+ I H, () ( " du; du;

(- loglt)? o,
= (g||)/0 n(’ti|2eel)d91+0(‘tz’|)‘ (91)

24

Similarly,

w

. ¢z(51, 1 2
- Zﬁﬁi(vi)a%i < dui dui

/B;':
ti(—log[t:i))* (27 . 1
= B BEAE [Tl )a0;+ O(n)). (92)
On the other hand, since n = 1 on Bl and 7 = 1 + O(|t;]2) on BYy (cf.

2
(53) and (54)), we obtain

; ¢l$z 19,2 . ¢z$z 17 2

7T3

Combining (87), (88), (89), (93) we obtain the desired estimate (81).
Next, we prove (v). By Lemma 35, it suffices to prove

+O([t:]). (93)

0 q)[cf)]
(‘%l Rt gfz

/_ 9 <¢I¢J> du; du?
NSO w

991 1 Y Ow
= / - O ¢s Edlﬁdu2 - qMhﬁ%du}duf. (95)
NG

h w ' " INt h ww

= O(|t:| ' (= log|t:[)~*). (94)

We write

Observe that by Lemma 33,

(—log |uz‘)2 | I
/N;v; W RS fe pptude =00 (96)
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By (58), Lemma 18, Lemma 33,

3¢1
h 11
/_ kg L = 0(1)/_ = duldu?
NEF w NEF |y

h 5t
= O((—log|t:])°). (97)

By (58), Lemma 18, Lemma 33, (96) and the fact that O((—log |u;|)?) =
O(fui| ™),

b19s h 8t

b quy du?
NAFh wow i
_ 1 (—loglui[)?1 .
= Ol (=log ) ™) [, i jduld
= O(|t:| ' (—log [t:]) ). (98)
Combining (95), (97) and (98) with the analogous estimate on Nst :
0 (I)[(T)J 1 _3
— = O(|t;| (—log |t; :
[ ar (2] = Ot g ) (99

Since w does not depend on ¢; outside of N, (58) and Lemma 33 imply

a . 8¢I
/ A Gifs dujdu} = / ¢J duy du}
Ny ot; w Né:* w

11,
_ 0(1)/l+ lul|hduldul

— 01 (100)

and similarly for Né:t_ . Similarly,

0 (¢r0y e
/Rs,t\uN;,t atz-( w ) duduj = O(1). (101)

We finally compute the contribution from the boundary integrals in Lemma 34.
Indeed, as in (90)

. 1oy 1, 9
/Bi’,f Z”Hz‘(“i)aii< - du; du;

= (O lo )DL [ nwoH) P am, (02

s,t
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By (58), Lemma 28 and (7) we have as before

: G10
/B?j oy ) 2 ( ! Jdugdu§> = O((—log |ti])?). (103)

Ou; w

and similarly, for BY; . Combining (99), (100), (101) and (103) we obtain the
desired estimate (94). The other estimates are obtained analogously. Q.E.D.
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