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Abstract

This paper uses Morse-theoretic techniques to compute the equivari-
ant Betti numbers of the space of semistable rank two degree zero Higgs
bundles over a compact Riemann surface, a method in the spirit of
Atiyah and Bott’s original approach for semistable holomorphic bun-
dles. This leads to a natural proof that the hyperkédhler Kirwan map is
surjective for the non-fixed determinant case.
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1. Introduction

The moduli space of semistable holomorphic bundles over a compact Rie-
mann surface is a well-studied object in algebraic geometry. The seminal pa-
per of Atiyah and Bott introduced a new method for computing the cohomol-
ogy of this space: The equivariant Morse theory of the Yang-Mills functional.
This and subsequent work provides substantial information on its cohomology
ring. Also of interest is the moduli space of semistable Higgs bundles. The
purpose of this paper is to develop an equivariant Morse theory on the (singu-
lar) space of Higgs bundles in order to carry out the Atiyah and Bott program
for the case of rank 2.

The precise setup is as follows. Let E' be a complex Hermitian vector bun-
dle of rank n and degree dr over a compact Riemann surface M of genus g.
Let A(2, dg) denote the space of Hermitian connections on F, and Ay(2, dg)
the space of traceless Hermitian connections (which can be identified with
the space of holomorphic structures on £ without or with a fixed determi-
nant bundle). We use End(FE) to denote the bundle of endomorphisms of F,
Endy(E) the subbundle of trace-free endomorphisms, and ad(E) C End(E)
(resp. adg(E) C Endg(F)) the subbundle of endomorphisms that are skew
adjoint with respect to the Hermitian metric.

Let

B(2,dp) = {(A,®) € A(2,dp) x Q°(End(E) ® K) : d3® = 0}
be the space of Higgs bundles of degree dr and rank n over M and let
Bo(2,dg) = {(A,®) € Ao(2,dg) x Q°(Endo(F) @ K) : d'4® = 0}

denote the space of Higgs bundles with fixed determinant. Let G (resp. G©)
denote the gauge group of E with structure group U (2) (resp. GL(2)) for the
non-fixed determinant case, and G (resp. QBC) the gauge groups with structure
group SU (2) (resp. SL(2)) for the fixed determinant case. The action of these
groups on the space of Higgs bundles is given by

(1) g-(A,®) = (g7 ' A"g+g"A'(¢") " +g7d"g— (dg")(g") ", g D),

where A” and A’ denote the (0,1) and (1, 0) parts of the connection form A.
The cotangent bundle pr : T*A(2,dg) — A(2, dE) is naturally

T*A(2,dg) ~ A(2,dg) x Q°(End(E) ® K)

and this gives rise to a hyperkéhler structure preserved by the action of G (cf.
[9]). The moment maps for this action are

p1 = Fa+ [®, 97
po = —i (d}4® + dy %)
ps = —dy® + dyd*
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In the sequel, we refer to puc = po + ipuz = —2id’y @ as the complex moment
map. The hyperkihler quotient T*A(2, dg) /G is the space

A2,dE) JG = pi " (o) N pz " (0) Nz (0)/G,

where « is a constant multiple of the identity (depending on dg) chosen so
that 1 = o minimizes the Yang-Mills-Higgs functional

YMH(A, ®) = || Fa + [®, ®*]|?

In the following B or By (resp. A or Ag) will often be used to denote the
space of Higgs bundles (resp. connections) with non-fixed or fixed determi-
nant, and the extra notation will be omitted if the meaning is clear from the
context. Let B% (resp. B*®) denote the space of stable (resp. semistable)
Higgs bundles, those for which every ®-invariant holomorphic subbundle F' C
E satisfies

deg(F) _ dea(E) deg(F) _ deg(E)
rank(F) < rank(FE) <res " rank(F) = rank(E))

Similarly for B§' and By**. Let (u,v) = [}, tr{u*v} be the L? inner product
on Q°(ad(E)), with associated norm ||u||* = (u,u). The functional YMH is
defined on B and By, and g~ () N puzz' (0) is the subset of Higgs bundles that
minimize YMH.

Theorems of Hitchin [9] and Simpson [13] identify the hyperkihler quotient

{Bumin = 11 (@) N ug'(0)} /G

with the moduli space of semistable Higgs bundles of rank n, degree dp and
non-fixed determinant, M7%995(2, d E) B%¢ //GE, and similarly in the fixed

determinant case /\/lnggs(Q dp) = B3 [/Go®. Since —2id4® = ps + i3,

this hyperkihler quotient can be Vlewed as a symplectic quotlent of the singu-
lar space of Higgs bundles

T*AG = (BN i (@) /G

This paper uses the equivariant Morse theory of the functional YMH on the
space BB and By to study the topology of the moduli space of rank 2 Higgs
bundles for both fixed and non-fixed determinant and both degree zero and
odd degree. The main results are the following.

Theorem 1.1. For the degree zero case, we have the following formulae for
the equivariant Poincaré polynomials. For the fixed determinant case,

G (138s _ s 9 (1 + t)2g
PY(B5*(2,0)) =R(BG) - ;t rlED7

(2) »
+ Z 752/idpt(:57251—2(1_2]\4)7

d=1
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and for the non fixed determinant case,

Pf(B*(2,0)) =P:(BG) — itZ#dw

3)
g—1 2

2 9g—2d—2 1 py (1 +1)77

Y R (SR

d=1

where ug = g+ 2d — 1 and S™M denotes the 229 -fold cover of the symmetric
product S™ M as described in 9, Sect. 7].

Corollary 1.2. The equivariant Poincaré polynomial of the space of semistable
Higgs bundles of rank 2 and degree zero with fixed determinant over a compact
Riemann surface M of genus g is given by

] 3\29 1 2g42g+2

PY(B35(2,0)) 0 t(l) — tz)((1+_tt)4) :

oA+ (L—t)Pttet
-2 1= * 4(1 +12)

(14t)29t49=4 [ 2¢ 1 1
— -4+ (3-2
ta-e i te-1 2t6-%

1
+ 5(229 — DT (L + )22 (1 — )22 - 2)

and in the non-fixed determinant case,

(1 (t;)r 229 t1) (A+ 9% = 1+ 95e7)
(14 t)%9 _ 29P2(1+1)29 (1 —t)29¢49—4
1—¢2 <_t4g ' (1—12)(1 —t4) * 4(1 4 12) )
(14 t)49t19=4 [ 2¢ 1 1
2(1 — 12)2 <t+1+t2—1_2+(3_2g))

The odd degree case was studied by Hitchin [9] using the Morse theory of
the functional H<I>H2 which appears as (twice) the moment map associated to
the S* action e - (A, ®) = (A, e/ ®) on the moduli space M¢ ¥9*(2,1). The
methods developed in this paper give a new proof of Hitchin’s result.

PP (B*(2,0)) =

Theorem 1.3 (cf. [9, Sect. 7]).

1
: (1+8)%
Pt(M(I;'I’ngS<271) Pt Bg thud + ) +Zt2udp 529 2d— 1M)
d=1
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where S"M denotes the 229_fold cover of the symmetric product STM as
described in [9, Sect. 7). In the non-fixed determinant case,

Higgs _ 2 - 2 4 1
P (M799°(2,1)) = (1 = t°)P(BG) — ;t MA+ Y0
g—1
+ ) P (SPTRIM x Jg(M)
d=1

where g = g+ 2d — 2.

As mentioned above, the moduli space M %995 is the hyperkiihler quotient
of T* A by the action of G, with associated hyperkdiihler Kirwan map:

ki HG(A x QUK @ End(E))) — Hg(uy (0) N pg'(0))

induced by the inclusion iy *(0) N pa'(0) < A x Q°(K ® End(E)). The
Morse theory techniques used to prove Theorems 1.2 and 1.3 also lead to a
natural proof of the following

Theorem 1.4. The hyperkihler Kirwan map is surjective for the space of
rank 2 Higgs bundles of non-fixed determinant, for both degree zero and for
odd degree.

For the case of odd degree, surjectivity was previously shown by Hausel and
Thaddeus [7] using different methods. The result proved here applies as well
to the heretofore unknown degree zero case, and the proof follows naturally
from the Morse theory approach used in this paper. In the fixed determinant
case, Hitchin’s calculation of P,(M_ 9% (2, 1)) for a compact genus 2 surface
shows that b5(M£hggS(2, 1)) = 34, however for genus 2, b5(BGSV?)) = 4,
hence surjectivity cannot hold in this case.

The most important technical ingredient of this paper is the result of [14]
that the gradient flow of YMH on the spaces B and 3y converges to a critical
point that corresponds to the graded object of the Harder-Narasimhan-Seshadri
filtration of the initial conditions to the gradient flow. The functional YMH
then provides a gauge group equivariant stratification of the spaces B, By, and
there is a well-defined deformation retraction of each stratum onto an associ-
ated set of critical points. This convergence result is sufficient to develop a
Morse-type theory on the singular spaces 13 and By and to compute the coho-
mology of the semistable stratums B°° and B3°. It is therefore a consequence
of our methods that the lack of Kirwan surjectivity in the fixed determinant
case is not due to analytic problems, as one might initially suspect.

More precisely, the results of [14] show that this Morse stratification is the
same as the stratification by the type of the Harder-Narasimhan filtration (cf.
[7]). In the case where rank(FE) = 2 the strata are enumerated as follows.
Given an unstable Higgs pair (A, ®), there exists a destabilizing ®-invariant
line bundle L C E. The quotient E/L is a line bundle (and hence stable),
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therefore the Harder-Narasimhan filtration is 0 C L C E. In this case the type
of the Harder-Narasimhan filtration is determined by the integer d = deg L,
and so
B=8B*u | By
deZ

d>1dg
where B, is the set of Higgs pairs with Harder-Narasimhan type d. For d >
dg /2 we define the space X to be the union

) X, =B U U By

ez,
d>(>1dg

and by convention we set X | g, /o] = B°°. Then {Xd}giLdEm is the Harder-
Narasimhan and YMH-Morse stratification.

This approach for M %995 is a special case of a more general method origi-
nally outlined by Kirwan, where the topology of a hyperkihler quotient M /G
can be studied using a two-step process. First, the cohomology of pi- 1(0) is
calculated using the Morse theory of ||uc||? on M associated to the complex
moment map puc = p2 + ips , and then the cohomology of M /G can be
obtained by studying the Kihler quotient of ,u(El (0) by the group G with mo-
ment map p1. In the case of M = A x Q°(K ® End(F)) we have that
Hi (A x Q°(K ® End(E))) = Hj(B). Therefore, in the Higgs bundle case

studied here, it only remains to study the Morse theory of YMH = |11 ||* on
B and By respectively.

The formula obtained here for the equivariant cohomology of the minimum
has the form

0 g—1
(5)  PY(B™)=Pf(B)—> t*PI(By) + > t*PI(B).,Bj.)
d=0 d=1

where By denotes the d'* stratum of the functional YMH, 14 is the rank of a
certain bundle over the d*" critical set ng (see (24)) representing a subset of
the negative eigenspace of the Hessian of YMH at 74, and Ptg (B, ., B} ) are
correction terms arising from the fact that that the Morse index is not well-
defined on the first g — 1 critical sets. Indeed, as shown in [14], the Morse
index at each critical point of YMH can jump from point to point within the
same component of the critical set, and so standard Morse theory cannot be
used a priori. If the space B = ¢ 1(0) were smooth then the Morse index
would be well-defined and the Morse function equivariantly perfect (as is the
case for the symplectic reduction considered in [1] or [10]) and the formula
for the cohomology of M //G would only consist of the first two terms in (5).
However, this paper shows that it is possible to construct the Morse theory by
hand, using the commutative diagram (29) in Section 3, and computing the
cohomology groups of the stratification at each stage.
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In order to explain how to define the index p4 in our case we proceed as
follows: Regarding A x Q°(K ® End(F)) as the cotangent bundle T* A,
and B = pu¢ 1(0) as a subspace of this bundle, on a critical set of YMH the
solutions of the negative eigenvalue equation of the Hessian of YMH = ||, ||?
split naturally into two components; one corresponding to the index of the
restricted functional || u1] 4]|°, and one along the direction of the cotangent
fibers. The dimension of the first component is well-defined over all points of
the critical set (this corresponds to g in the formula above), and the Atiyah-
Bott lemma can be applied to the negative normal bundle defined along these
directions. The dimension of the second component is not well-defined over
all points of the critical set, the methods used here to deal with this show that
this leads to extra terms in the Poincaré polynomial of BG corresponding to
Ptg(B& ., B/ ). More or less this method should work for any hyperkihler
quotierit ofa cotangent bundle.

For the non-fixed determinant case, the long exact sequence obtained at
each step of the Morse stratification splits into short exact sequences, thus
providing a simple proof of the surjectivity of the hyperkéhler Kirwan map.
This is done by careful analysis of the correction terms, and it is in a way one
of the key observations of this paper (cf. Section 4.1). As mentioned above
this fails in the fixed determinant case.

This paper is organized as follows. Section 2 describes the infinitesimal
topology of the stratification arising from the Yang-Mills-Higgs functional.
We define an appropriate linearization of the “normal bundle” to the strata and
compute its equivariant cohomology.

Section 3 is the heart of the paper and contains the details of the Morse
theory used to calculate the cohomology of the moduli space. The first re-
sult proves the isomorphism in Proposition 3.1. This is the exact analogue of
Bott’s Lemma [3, p. 250] in the sense of Bott-Morse theory. The second main
result of the section is the commutative diagram (29) which describes how
attaching the strata affects the topology of our space. As mentioned before
the main difference between Poincaré polynomials of hyperkihler quotients
from Poincaré polynomials of symplectic quotients is the appearance of the
rather mysterious correction terms in formula (5). In the course of the proof of
Proposition 3.1 we show how these terms correspond by excision to the fixed
points of the S* action on the moduli space of Higgs bundles. This in our
opinion provides an interesting link between our approach and Hitchin’s that
should be further explored.

Section 4.1 contains a detailed analysis of the exact sequence derived from
the Morse theory. We prove Kirwan surjectivity for any degree in the non
fixed determinant case (cf. Theorem 4.1). This is achieved by showing that
the vertical exact sequence in diagram (29) splits inducing a splitting on the
horizontal sequence. The key to this are results of MacDonald [12] on the
cohomology of the symmetric product of a curve. Next, we introduce the
fundamental 'y = H'(M, Z3) action on the equivariant cohomology which
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8 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

played an important role in the original work of Harder-Narasimhan, Atiyah-
Bott and Hitchin (cf. [1, 9]). The action splits the exact sequences in diagram
(29) into I'y-invariant and noninvariant parts, and the main result is Theorem
4.13, which demonstrates Kirwan surjectivity holds on I's-invariant part of the
cohomology.

Finally, Section 5 contains the computations of the equivariant Poincaré
polynomials of 3¢ and B33 stated above.

Acknowledgments. We are thankful to Megumi Harada, Nan-Kuo Ho and
Melissa Liu for pointing out an error in a previous version of the paper.

2. Local structure of the space of Higgs bundles

In this section we explain the Kuranishi model for Higgs bundles (cf. [2]
and [11, Ch. VII]) and derive the basic results needed for the Morse theory of
Section 3. For simplicity, we treat the case of non-fixed determinant, and the
results for fixed determinant are identical mutatis mutandi.

2.1. The deformation complex. We begin with the deformation theory.
Infinitesimal deformations of (A4, ®) € B modulo equivalence are described
by the following elliptic complex, which we denote by C( 4 ).

(6)

D D
Claa) —Clas)y — Claa)

Q0(End(E)) — QO1(End(E)) & Q'0(End(E)) —2> Q%(End(E))

where
Dl(u) = ( Zluv [@,u]) ) DQ(%@) = le(P + [av (I)]
Here, D1 is the linearization of the action of the complex gauge group on B,
and D, is the linearization of the condition d'f’lfb = 0. Note that Dy D7 =
[d)®,u] =0if (A, @) € B.
The hermitian metric gives adjoint operators Dj, D3, and the spaces of
harmonic forms are given by

HO (C(A@)) = ker Dl
HI(C(A@)) = ker Dik N ker Do
7—[2(C(A7¢)) = ker D3
with harmonic projections II; : CéA o) H (Cia,0))-
We will be interested in the deformation complex along higher critical sets
of the Yang-Mills-Higgs functional . These are given by split Higgs bundles
(A, @) = (A1 DAy, P1BP2) corresponding to a smooth splitting F = L1 Lo

of F with deg L1 = d > deg Ls = dg — d. The set of all such critical points
is denoted by 73 C B. We will often use the notation L = L; ® L3, and
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®, = (@1 — ®,), and denote the components of End(E) ~ L; ® L3 in
the complex by w;j, aj, @ij, u, = %(un — ugg), etc. Define End(E)UT to
be the subbundle of End(FE) consisting of endomorphisms that preserve L1,
and End(F)SYT C End(E)U" to be the subbundle of endomorphisms whose

component in the subbundle End(L;) ® End(Lz) is zero. We say that
(a, ) € QY1 (End(E)YT) @ QYO (End(E)YT)
is upper-triangular, and
(a, ) € QUYEnd(E)%YT) @ QY0(End(E)°YT)

is strictly upper-triangular. Similarly, define the lower-triangular, strictly
lower-triangular, diagonal and off-diagonal endomorphisms, with the obvi-
ous notation. Since ® is diagonal, harmonic projection preserves components.
For example, HI(C(A@)) consists of all (a, ) satisfying

(7) d//(pii =0 (d”)*an' =0
(®) dhp12 4+ 2®pa12 = 0 (d))*a12 + 2%(Py*@12) = 0
) diﬁlg@ﬂ —2®Ppa9; =0 (dfﬁ‘)*agl — 2§(q)b1g021) =0

where * is defined as in [11, eq. (2.8)].
The following construction will be important for the computations in this

paper.
Definition 2.1. Let G : T — nq be the trivial bundle over ng with fiber
Q% (End(E)) ® Q"0 (End(E))
and define v; C T to be the subspace with projection map q : v; — 14,
where the fiber over (A, ®) € ny is Hl(C(SALg)). Note that in general the

dimension of the fiber may depend on the Higgs structure.
We also define the subsets

Vg =g \ N
vi =1{((4,2),(a,¢)) € vy : H(az) # 0}
where H denotes the d')-harmonic projection.

2.2. Equivariant cohomology of the normal spaces. Note that there is a nat-
ural action of G on the spaces introduced in Definition 2.1. In this section we
compute the G-equivariant cohomology associated to the triple v, v, and V).
We first make the following

Definition 2.2. Let (A, ®) € ng, E = L1 ® Lo, and L = Ly ® L. Let
(a,p) € QUHEnd(E)) @ QY (End(E)). Since deg L > 0, there is a unique
fo1 € QU(L*) such that az; = H(az) + d’) fo1. Define
(10)

U QU End(E) QY (End(E)) — HY(L) : (a,¢) — H(p21 +2f21 ;)

Set 191 = o1 + 2f21Py, and let Foq be the unique section in (ker(dﬁl)*)L C
QUL(L*) such that 12 = ¥ (a, @) + (d})* Far.
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10 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

Let

(11) Ty = {(a,¢) € vy : H(az) =0, ¥(a, ) # 0}
and set g = g — 1 + 2d — dg. We will prove the followmg

Theorem 2.3. There are isomorphisms

(12) Hg (v, vy) = HE 2 (ny)
(13) H (V) v)) =~ HS*Q“d(Td)

With the notation above, eq. (9) becomes
(14) OaFo; +2H(az2)®, =0
(15)  Oafor + 4] D[ for = (d4)* (2%(P,#F21)) + 2%(D, 5V (a, 0))
Given (H(az1), ¥(a, ) € H*Y(L*)@H O (L*), satisfying H(H (a21)®,) =
0, (14) uniquely determines F5;. Then (15) uniquely determines fo;. Note
that since deg L > 0, (4, 2 has no kernel. We
then reconstruct (a, ¢) € Hl(C&L’g)) by setting ag; = H(a21) + d’j fo1, and
a1 = V(a,p) + (d))" Fo1 — 2f21®,. Thus, we have shown
(16)

vy NG (A, <I>>

~ {(H(an), ¥(a,p)) € H*'(L*) & H"O(L*) : H(H(ag1)®;) = 0}

Next, let 740 C 74 be the subset of critical points where ¢ = 0. Notice that

Nd,0 < 74 is a G-equivariant deformation retraction under scaling (A4, ®) —
(A,tP), for0 <t < 1. Let

Vao=Vg N g '(nao) Vo =VyN g '(nao) Vo =vy N G ' (nayo)
We have the following

Lemma 2.4. There is a G-equivariant retraction v, , — v, that preserves
the subspaces v/, and v/}

Proof. Given (A, ®)and (as1, p21) € QL (L*)DQIO(L*), let (f2
be the unique solutions to (14) and (15). Notice that ( f21(0), F21(0))
Then an explicit retraction may be defined as follows

1(®), F21(®))
= (0,0).

)
0,
p:[0,1] xv, — v,
p(t, (A, @), (a, ) = ((4,t®), H(az1) + d} f21(tP),
U(a,p) + (d4)" For (t®) — 2t fo1 (t0) D, )
It is easily verified that p satisfies the properties stated in the lemma. q.e.d.

Proof of Theorem 2.3. First, note that by Riemann-Roch, dim H%!(L*) =
ttq- By Lemma 2.4, there are G-equivariant homotopy equivalences (v, V] ;) ~

(vg,vy),and (v g, vg o) = (v, V). Also, since 4,0 < ngq is a G-equivariant
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deformation retraction, Hj(ng) =~ HE(n40). By (16), a similar statement
holds for

(17) Tuo=TaNq ' (na0)
Hence, it suffices to prove

(18) Hg (v, Vi) = Hy 2" (na)
(19) Hg(vyo:vio) = Hg " (Tuyp)

From (16) we have,
Vao NG (A, 0)~ HYN(L*) @ HYO(L*)
Then (18) follows from this and the Thom isomorphism theorem. Next, let
Yq={(a,¢) € vio: ¥(a,¢) =0}

Clearly, Y; is closed in 1/&’ o- and one observes that it is also closed in 1/& 0-

Hence, by excision and the Thom isomorphism applied to the projection to
Hl ,0 ( L* ) ,

Hé(”&,m 1/&’70) = Hé(’/&,o \ Yo, V&’,o \Yy) ~ H;QM(Td,O)
This proves (19). g.e.d.

There is an important connection between the topology of the space Ty
and the fixed points of the S'-action on the moduli space of semistable Higgs
bundles, and this will be used below. Recall from [9, Sec. 7] that the non-
minimal critical point set of the function ||®||2 on M%99%(2, d) has compo-
nents ¢q corresponding to equivalence classes of (stable) Higgs pairs (A, ®),
where A = A; ® As is a split connection on £ = Ly @ Lo with deg Ly =
d > deg Lo = dg — d and ® # 0 is strictly lower triangular with respect to
the splitting. On the other hand, it follows from (9) and (17) that

Tao={((A,®2=0),(a21 =0,921)) : A= A1 ® Ay, d4(p21) =0}

Taking into account gauge equivalence, we therefore obtain the following

Lemma 2.5. Let cq be as above. For the non-fixed determinant case,
HG(Typ) = H(cq) @ H*(BU(1))
and in the fixed determinant case, Hj(Ty0) = H™(cq).

3. Morse Theory on the space of Higgs bundles

The purpose of this section is to derive the theoretical results underpin-
ning the calculations in Section 5. This is done in a natural way, using the
functional YMH as a Morse function on the singular space B. As a conse-
quence, we obtain a criterion for hyperkéhler Kirwan surjectivity in Corollary
3.5, which we show is satisfied for the non-fixed determinant case in Section
4.1. The key steps in this process are (a) the proof of the isomorphism (20),
which relates the topology of a neighborhood of the stratum to the topology of
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12 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

the negative eigenspace of the Hessian on the critical set (a generalization of
Bott’s isomorphism [3, p. 250] to the singular space of Higgs bundles), and (b)
the commutative diagram (29), which provides a way to measure the imper-
fections of the Morse function YMH caused by the singularities in the space
B.

The methods of this section are also valid for the rank 2 degree 1 case, and
in Section 5 they are used provide new computations of the results of [9] (fixed
determinant case) and [7] (non-fixed determinant case).

3.1. Relationship to Morse-Bott theory. Recall the spaces v, v/, and v/
from Definition 2.1. This section is devoted to the proof of the Bott isomor-
phism

Proposition 3.1. For d > dg/2, there is an isomorphism
(20) HE(Xa, Xa1) = Hy(vg V)

Let A, denote the stable manifold in A of the critical set 14 of the Yang-
Mills functional (cf. [1, 5]). We also define

Xf=a20 ) A
dp/2<0<d

Let X/ = X4\ pr—!(Aqg). By applying the five lemma to the exact sequences
for the triples (X4, Xq—1, X)) and (v, v}, v]), it suffices to prove the two
isomorphisms

(1) HE(Xq, X)) ~ Hg (v, vy)
(22) HE(Xq-1, X)) ~ Hg(vy,vy) -

We begin with the first equality.

Proof of (21). By (12), the result of Atiyah-Bott [1], and the fact that the pro-
jection 1q — 14,0 has contractible fibers, it suffices to show

HE(Xq, X)) ~ Hy (X7, X34)

Also, note that for ¢ > d/2, pr(B;) = As. Indeed, the inclusion D comes
from taking ® = 0, and the inclusion C follows from the fact that for any
extension of line bundles

0—L1—F—Ly—0

with deg Ly > degl,, 0 C Ly C FE is precisely the Harder-Narasimhan
filtration of E. With this understood, let Ly = pr(B**) N (Up=q.A¢). Then
we claim that /Cy, which is manifestly contained in pr(Xy), is in fact closed
in pr(Xg). To see this, let A; € Kgq, A; = A € pr(Xy). By definition,
A = pr(A, ®) with either (A, ®) € B**, or (A, ®) € By, ¢ < d. Notice that
by semicontinuity, A € Uy~ 4.4,. Hence, the second possibility does not occur.
It must therefore be the case that A € pr(8°®), and hence A € K also. Now,
since Ky N Ay = () by definition, it follows that

Ka C pr(Xa) \ Aq = pr(Xq\ pr'(A4q)) = pr(X})
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Since the fibers of the map pr : X; — pr(Xy) are G-equivariantly contractible
via scaling of the Higgs field, it follows from excision that

HE(Xa, Xq) = Hg(pr(Xa), pr(Xg)) = Hg(pr(Xa) \ Kg, pr(Xg) \ Ka)
However,
pr(Xq) = pr(B**) U (UdE/2<£§d PT(BZ))

= A% U (Ugy j2<eAe N pr(B°)) U (Ugy, j2<o<aAr)

= A* UKqU (Ugy 2<i<aAe)
Hence, since the union is disjoint, pr(Xy) \ Kg = X 34- Furthermore,

pr(X{) \ Ka = pr(Xe) \ Ka U Ag = X'\ Ag = X3,

This completes the proof. g.e.d.

Proof of (22). By the isomorphism (13) (see also Lemma 2.4), it suffices to
prove Hg(Xg 1, X)) ~ HE(Typ). From the proof of (21) we have

X7 = {B* U (Ugp 2<e<aBe)} \ pr " (Ag)

= {B*\ pr ! (Aa) } U (Vayj2<e<a—1B0)
whereas
Xa-1=B" U (Ua,j2<e<a—1Be)

Since Uy, j2<p<a—18e C X, 7 is closed in X4_1, it follows from excision that

H§(Xa-1, X)) = HE(B*, B\ pr™ (Ag))

By the main result of [14], the YMH-flow gives a G-equivariant deformation
retract to BB,,;,. Hence,

HE(X g1, XY) = Hi(Buins Biin \ pr(Ag)).

Next, notice that the singularities of B,,;, correspond to strictly semistable
points and therefore there exists a neighborhood Ny of pr=1(Ay) N Bpin in
B,,in consisting entirely of smooth points. Furthermore, G acts on N, with
constant central transformations as stabilizers. Therefore, by again applying
excision and passing to the quotient we obtain

HE(Xq-1,X}) ~ HENaNa\pr'(Ag)
H*(Na/G, (Na\ pr™'(Aq))/G) @ H*(BU(1)).

Now according to Frankel and Hitchin (cf. [9, Sect. 7]) the latter equality
localizes the computation to the d-th component ¢, of the fixed point set for
the S'-action on B,,;,,/G. Hence,

HG(Xgo1, X) = H*24(cq) © H*(BU(1)).

1R

The result follows by combining the above isomorphism with Theorem 2.3
and Lemma 2.5. g.e.d.
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14 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

3.2. A framework for cohomology computations. From Proposition 3.1, the
computation of Hg (v, , v);) in Theorem 2.3 leads to a computation of the equi-
variant cohomology of the space of rank 2 Higgs bundles, using the commu-
tative diagram (29). Recall the decomposition (4).

The inclusion X;_; — X induces a long exact sequence in equivariant
cohomology

(23) cee = Hé(Xddefl) — HE(Xd) — Hé(Xd,ﬁ — e,

and the method of this section is to relate the cohomology groups H(Xy) and
HE(Xq-1) by H5(Xg4, X4-1) and the maps in the corresponding long exact
sequence for (v, v, V).

Let J4(M) denote the Jacobian of degree d line bundles over the Riemann

surface M, let S"M denote the nt" symmetric product of M, and let SnM
denote the 229 cover of S™M described in [9, eq. (7.10)]. The critical sets
correspond to ®-invariant holomorphic splittings £ = L; @ Lo, therefore
after dividing by the unitary gauge group G the critical sets of YMH are

T*Jg(M) x T*Jq,—q(M) non-fixed determinant case;

24 =
@9 {T* Ja(M) fixed determinant case.

By combining this with Lemma 2.5 and the computation in [9] we obtain

Lemma 3.2. In the non-fixed determinant case

(25) Hg(ng) = H*(Jy(M) x Jo(M)) @ H*(BU(1))®*
(26) HE(Ty) =2 H*(J4(M)) ® H*(S"M) ® H*(BU(1)).

1%

In the fixed determinant case

(27) Hg(nq) = H"(Ja(M)) ® H*(BU(1))
(28) HE(Ty) = H*(S"M).

The spaces (v, , v, v;) form a triple, and the isomorphism A% (X4, Xg-1) =
Hé(yg, yél) from (20) implies the long exact sequence (abbrev. LES) of this
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triple is related to the LES (23) in the following commutative diagram.

(29)

e Hg(Xd,Xd—l) — ngc Xd) — Hlé(Xd—l) -

where the two horizontal exact sequences are the LES of the pairs (X4, Xgq_1)
and (v, , /) respectively. The vertical exact sequence in the diagram is the
LES of the triple (v}, v/, v/]). The diagonal map &* is from the LES of the
pair (v, /). Applying the Atiyah-Bott lemma ([1, Prop. 13.4]) gives us the
following lemma.

Lemma 3.3. The map — e : H]g“(ud_, V) — ng“(nd) is injective and there-
fore the map " is injective, since w* o £F =< e.

From the horizontal LES of (29)
HE(Xg-1) ~ HE(Xq-1)

impk T kerqk % imo® Sherat™
and also . .
o g = Hg(Xa) f{g(Xd)
ker 3k im ok
Therefore

dim ker o' = dim H(X4-1) — dim im 8*
= dim HE(X4-1) — dim HE(X4) + dim im o”
Lemma 3.4. ker o C ker Ck.

Proof. Lemma 3.3 implies £¥ is injective, and since alg = &k o ¢F, then
ker o = ker ¢¥. Using the isomorphism (20) to identify the spaces H, &(Xa, Xa-1)
H é(ud_, v)), we see that ker o C ker o, which completes the proof. q.e.d.

>~
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16 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

Corollary 3.5. If \* is surjective for all k, then B* is surjective for all k.

Proof. If A\* is surjective for all k, then ¢* is injective for all %, and so
Lemma 3.4 implies o is injective for all k. Therefore, 3* is surjective for all
k. g.e.d.

In particular, we see that if for each stratum X, we can show that M is
surjective for all k, then the inclusion B*® — B induces a surjective map
Ky @ H5(B) — H;(B%°). The next section shows that this is indeed the case
for non-fixed determinant Higgs bundles.

4. Hyperkihler Kirwan surjectivity

We now apply the results of Section 3 to the question of Kirwan surjectiv-
ity for Higgs bundles. We establish surjectivity in the case of the non-fixed
determinant moduli space. In the fixed determinant case surjectivity fails, this
will be explained in more detail in Section 4.2, where we introduce an action
of 'y = H'(M,Zs) and prove surjectivity onto the 'y-invariant equivariant
cohomology.

4.1. The non-fixed determinant case. For simplicity of notation, throughout
this section let n = 29 — 2 + dp — 2d where d = deg(F) and d is the index
of the stratum B as defined in Section 3. In this section we prove

Theorem 4.1. The spaces M*995(2, 1) and M™199%(2,0) are hyperkdih-
ler quotients T* A/J|G for which the hyperkdiihler Kirwan map

k- HE(T*A) — HE(B)
is surjective.

As mentioned in the Introduction, for the space M7%99%(2 1) a special
case of Theorem 4.1 has already been proven by Hausel and Thaddeus in [7].
However, because of singularities their methods do not apply to the space
MHi995(2.0).

The calculations of Hitchin in [9] for M 99*(2,1), and those of Section 5

in this paper for M(I]{ tggs (2,0), show that the hyperkéhler Kirwan map cannot

be surjective for the fixed determinant case. The results of this section also
provide a basis for the proof of Theorem 4.13 below, where we show that
the hyperkihler Kirwan map is surjective onto the I's-invariant part of the
cohomology. This is the best possible result for the fixed determinant case.

The proof of Theorem 4.1 reduces to showing that the LES (23) splits,
and hence the map 3* : H;(Xq) — Hg(Xg-1) is surjective for each positive
integer d. Lemma 3.4 shows that this is the case iff the vertical LES of diagram
(29) splits. By Corollary 3.5, together with the description of the cohomology
groups in Theorem 2.3, the proof of Theorem 4.1 reduces to showing that
the map \* : Hgd“ i(ng) — Héd“ 4(Ty) is surjective. In the non-fixed
determinant case, the following lemma provides a simpler description of the
map A\*.
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Lemma 4.2. The map \* restricts to a map
Ne s H =2 (Jy(M)) @ H* (BU(1)) — H*~%4(S"M),

and \* is surjective iff A} is surjective. The restriction of the map X\ to
H*=24(Jy(M)) is induced by the Abel-Jacobi map S"M — J,(M).

Proof. The same methods as [1, Sect. 7] show that for the critical set 7y,
the following decomposition of the equivariant cohomology holds

Hg(na) = Hg,,, (na) = Hg,,,, (73)

where Gg;q4 is the subgroup of gauge transformations that are diagonal with
respect to the Harder-Narasimhan filtration, 7 refers to the subset of critical
points that split with respect to a fixed filtration, G4;q4 is the subgroup of
constant gauge transformations that are diagonal with respect to the same fixed
filtration, and 73 is the fiber of 77 = Gaiag X Gy, 7Ty- In the rank 2 case, the
group G gjqg is simply the torus 77 = U(1) x U(1) and we can define (using
the local coordinates on v, from Section 2)
B0)  Zj={(A®a,¢) € () : (A,®) €7j,a=0}
Gl Z;={(A,2,a,0) € (vg)r : (A, ®) €1j3,a =0, # 0}
(we henceforth omit the subscript 21 from (a, ¢); also, L will denote a general
line bundle, and not necessarily L1 ® L3). The map A\* is induced by the in-
clusion Z; — Z7 and so the map \* becomes \* : H}(Z}) — H}.(Z}). Let
T’ be the quotient of 7" by the subgroup of constant multiples of the identity.
Since the constant multiples of the identity fix all points in Z; and Z then
H}(Z)) =2 Hy(Z;)@H*(BU(1)) and H}(Z)) = Hy, (Z;) @ H*(BU(1)).
Therefore the map

N HY(Z3) @ HY(BU(1)) — Hi(Z5) @ H*(BU(1))

is the identity on the factor H*(BU(1)).

Now consider coordinates on Z;; given by (Ly, Ly, ®1, P, p) where Ly €
Ja(M), Ly € Jg,—q(M) are the line bundles of the holomorphic splitting
E=1L®Lyand ¢ € H'(L1 L5 ® K). For a fixed holomorphic structure,
®; and P, take values in a vector space, and so Z; is homotopy equivalent to
a fibration over

(32) {(L,p):LeJ,, pe HY(L)}
with fiber J;(M). The fibration is trivialized by the map
(L1, L,p) = (L1,Ly = L1 ® K* ® L, @)

Let F,, be the subspace of (32) with ||¢|| = 1. Then the cohomology of the
fiber bundle splits as

(33) Hy(Z3) = H*(Ja(M)) @ Hi(Jn(M))
(34) H;(Z) 2 H(Jo(M)) @ Hi(Fy)

Il
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18 DASKALOPOULOS, WEITSMAN, WENTWORTH & WILKIN

Note that F}, fibers over the symmetric product S™M with fiber U (1) = 77,
where T" acts trivally on the base, and freely on the fibers. The map \* restricts
to the identity on the factor H*(Jy(M)) in (33) and (34), and therefore it
restricts to a map Hj,(J,(M)) — Hj,(F,). Now the action of 7" fixes
the holomorphic structures on L; and Lo, and so acts trivially on the base of
the fiber bundle. 7" acts freely on a nonzero section ¢ € H’(LiLy ® K)
and so (after applying the deformation retraction || — 1), the quotient of
the space F}, is the space of effective divisors on M, since the zeros of each
0 # ¢ € H*(LjLy ® K) correspond to an effective divisor of degree n =
29 — 2+ dg — 2d. Therefore the map \* restricts to a map

X' H(Jo(M)) @ H*(BU(1)) — H*(S™M)

which is induced by the 7”-equivariant map F,, — J,(M), which maps a
nonzero section ¢ € H°(LiLy ® K) to the line bundle LiLy ® K. On
the quotient F,,/T" = S™M this restricts to the Abel-Jacobi map S"M —
In(M). q.e.d.

Let
MPUTs = {(L,®) : L€ J,(M),® € H(L®K)}
MBS = (L, ®) : L€ Jo(M),® € H(L® K)\ {0}}

The group U(1) acts on MP%"s and MP®"® by ¢/ - (L, ®) = (L, ¢?®). The
inclusion ME™"™® — MPeTs i U (1)-equivariant with respect to this action,
and the proof of Lemma 4.2 shows that A} is induced by this inclusion.

REMARK 4.3. The paper [12] describes the cohomology ring of the sym-
metric product of a curve in detail. The result relevant to this paper is that
H*(S™M) is generated by 2g generators in H!, and one generator in H?2.
Therefore, the proof of Theorem 4.1 reduces to showing that A’ maps onto
these generators.

From the proof of [12, (14.1)] we have the following lemma for the Abel-
Jacobi map.

Lemma 4.4. \* is surjective onto H'(S"M).
Next we need the following technical lemma.

Lemma 4.5. For any positive integer n, the cohomology group H?(Fy,)
consists of products of elements of H*(F},).

Proof. First consider the case where n > 2g — 2. By Serre duality h!(L) =
0 for all L € J,(M), and so Riemann-Roch shows that h°(L) = n + 1 —
g. Therefore F,, is a sphere bundle over the Jacobian J,,(M) with fiber the
sphere $2("~9+1)~1 By the spectral sequence for this fiber bundle, H* (Fp) =
H*(J,(M)) forall k < 2(n — g 4+ 1) — 1, therefore in low dimensions the
ring structure of H*(F,,) is isomorphic to that of H*(.J,,(M)). In particular,
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since 2(n —g+1)—1 > 2g—1 > 2, we see that H?(F,) consists of products
of elements of H'(F},).

When n < 2g — 2 we see that F}, is not a fiber bundle over the Jacobian
(since the dimension of the fiber may jump). For a fixed basepoint xg of M,
consider the inclusion map M™ < MY given by

(1. xn) — (21, ., Tn, T, ..., X0)
This induces the inclusion of symmetric products i : S"M < SV M, and the
description of the generators of H*(S™N M) in [12, eq. (3.1)] shows that the
induced map i* : H*(SVM) — H*(S™M) maps generators to generators
and hence is surjective. Therefore the inclusion 7 induces the following map
of fiber bundles

ull) — F, Ull) — Fy
N I
S M SN M

which is the identity map j : U(1) — U(1) on the fibers.

If N > 2g — 2 then the previous argument implies H?(Fy) has no irre-
ducible generators, and so in the Serre spectral sequence for H*(Fl), the ir-
reducible generator py € H? (SVM; HO(U(1))) = H*(SYM)®H(U(1))
must be killed by a differential (note that 71 (S~ M) acts trivially on the space
of components of the fiber, and hence on H°(U(1))). For dimensional reasons
this must be the differential

dy - Ey' = HY(U(1)) @ H'(SYM) — E2° = HO(U(1)) @ H2(SN M)

on the F» page of the spectral sequence. Since the map * is surjective, i* o dév
maps onto p,,, the irreducible generator of H?(S™M).
Naturality of the Serre spectral sequence then shows that di o 5* maps onto

Dn, Where df : Eg 1 E22 ¥ is a differential on the F> page of the Serre spec-
tral sequence for F;,. Since j* is an isomorphism, d% maps onto the irreducible
generator p,, of H2 (S"M; HY(U(1))).

The following diagram summarizes the argument

HU(U(1)) @ HYSN M) —2 HOU(1)) @ H2(SN M)
\Lj* iso. u iz* surj.
HY(U®1))® H(S"M) —— H°(U(1)) ® H*(S"M)

Therefore the irreducible generator in H2(S™M) is killed by a differential
in the spectral sequence for F,,, and so there are no irreducible generators of
H2(F,). g.e.d.

Lemma 4.6. \* is surjective onto H*(S"M).

Proof. Using the definition of F}, from above, note that S" M =~ F,, X1
EU(1), where U(1) acts by multiplication on the fibers of U(1) — F,, —
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S™M. Therefore S™ M is homotopy equivalent to a fiber bundle over F}, with
fibers BU(1). From the Serre spectral sequence, we have the map

(HY(F,) ® H*(BU(1))) & (H'(F,) ® H'(BU(1)))
& (H*(F,) ® H'(BU(1))) — H*(S"M)

From [12], H2(S™M) has an irreducible generator p,,. We have that H(BU (1)) =
0 and by Lemma 4.5 there are no irreducible generators of H(F,,)@ H°(BU(1)).
Therefore p,, is in the image of the term H°(F,) ® H?(BU(1)) = C, and
therefore this term is not killed by any differential in the Serre spectral se-
quence for S"M ~ F,, xyq)y EU(1).

By construction, the map A} is induced by a map of fiber bundles which is
an isomorphism on the base BU (1)

F, — Fyxya) EU(1) ~S"M Jn(M) = Jo(M) xpay BU(1)
\ - \
BU(1) BU(1)

and therefore the induced map
H*(BU(1)) ® H°(J,(M)) — H*(BU(1)) ® H°(F},)

is an isomorphism on the E» page of the respective Serre spectral sequences.
Therefore the map

H?*(BU(1)) ® H(Jo(M)) = H?*(Jo(M) Xy EU(1)) — H*(S"M)
is surjective onto the generator p,, of H2(S™M). g.e.d.
Proof of Theorem 4.1. The results of Lemmas 4.4 and 4.6, together with Mac-
Donald’s results about the cohomology of the symmetric product S™M (see

Remark 4.3), show that the map \* is surjective. Therefore, Corollary 3.5
implies Kk is surjective. g.e.d.

4.2. The action of I's on the cohomology. First we recall the definition of
the action of

Iy = HY (M, Zy) = Hom (w1 (M), Zs)

on the space of Higgs bundles (cf. [1, 9]). I's can be identified with the 2-
torsion points of the Jacobian Jo(M) which act on M7%99%(2, d) by tensor
product

L-(E,2)=(E®L,?)
The Jacobian acts also on M*%995(1, k) by

L-(F,®)=(F®L*®)
and the determinant map

det : MH995(2 dp) — MHW995(1,dg) : (E,®) — (det E, tr @)
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becomes Jy (M )-equivariant. Since L € Jy(M ) acts on the base by tensoring
with L2 we obtain, after lifting det from M%995(1 dg) (which is homo-
topy equivalent to Jo(M)) to the cover MH i995(1, dg) corresponding to Ty,
a product fibration

(35)  det : M99 (2, dp) x MH995(1, d ) — MH995(1, dp).

The trivialization

3B6) % M2, dR) x M99 (1, dg) — MT99%(2,dp)

given by (E, L) — E ® L descends to a homeomorphism
ME99°(2,d) xr, MIT995(1, dg) =2 M7T1995(2, d).

(cf. [1, eq. (9.5)] for the case of holomorphic bundles). It is originally one of
the main observations of Atiyah and Bott (cf. [1, Sects. 2 and 9]) that we can
also define the I'y-action via equivariant cohomology.

Recall from [1] that the group I' of components of G is given by I' =
HY(M,Z). Let " = 2I' C T be a sublattice of index 2, and let G’ be the
associated subgroup of G, whose components correspond to elements of T,
By [1, Prop. 2.16], BG' is torsion-free and has the same Poincaré polynomial
as BG.

The degree of a gauge transformation is the component of G containing g,
i.e. degg € I'. Dividing by the subgroup of constant central gauge transfor-
mations, we obtain G = G/U(1), and Gy = Go/{=%1}, and we define

G ={g€G:deggel}.

Let B(1, k) denote the space of Higgs bundles on a line bundle L — M of
degree k, G(1) the corresponding gauge group, and G, (1) the subgroup based
at p. Fix a basepoint Dy € By(2,dg) and define T' : B(2,dg) — B(1,dg),
the trace map, by T'(A, ®) = (tr A, tr ®). Clearly, T is a fibration with fiber
~ By(2,dp).

The fixed determinant gauge group Gy acts on B(2, dg) preserving By (2, dg)
and such that T is invariant. To see this, note thatif g € Go, then tr(Dogg~!) =
0. Indeed, since Gy is connected it suffices to show that tr(Dogg™!) =
tr(dgg—') is locally constant. Any g in a neighborhood of g can be expressed
e"go, where u € Lie(Gy) is a smooth map from M to the vector space of trace-
less endomorphisms. In particular, tr(du) = d tru = 0. But then

tr(dgg™') = tr(d(e*)e™™) + tr(e“dgogy e ")
= tr(du) + tr(dgogal) = tr(dgogal).
Now for g € Gy,
T(g9(A),g®g™") = (tr(gAg™" —dgg™"),trg®g™") = (tr A, tr @),
hence there is an induced fibration 7' : B(2,dg) xg, EG — B(1,dg) with
fiber By(2,dg) xg, EG.
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The group G/Gp ~ G(1) induced by the determinant map acts fiberwise
on 7" with nontrivial stabilizers on B(1, dg) given by the constant U(1) gauge
transformations. Therefore, following the approach of [1], we pass to the
quotient G = G/U(1), Go = Go/{=£1} and consider the induced fibration
T : B(2,dg) XGo EG — B(1,dg). We claim that T is a trivial fibration.
Indeed, with respect to the fixed base point Dy € By(2, dg) define

X : B(Q,dE> — B(](z,dE) X B(l,dE)
X(A, @) = ((A— (3tr A, ® — (3tr ®)]), (tr A, tr D)) .

Then x descends to a trivialization
X : B(2,dp) xg, EG — (60(2, dr) xg, E@) « B(1,dp).

Now the group G /Gy ~ G(1) = G(1)/ U(1) induced by the determinant map
acts freely on the total space and the base of T, but the induced fibration on
the quotient is not trivial. For this reason we need to pass to a subgroup.
Indeed, given g € G(1) letdegg € T' = H'(M,Z) denote the degree of
the gauge transformation g. Since constant gauge transformations have degree
0, it induces a map deg : G(1) — I'. Let
G(1) = {g€G(1):degge2l'}.
We define G = {g € G :det(g) € ?’(1)}. Given g € G (1), set g = 2,
s € G(1), and let § = <8
[A, @, €] € B(2,dE) xg, EG. Notice that the action is well-defined indepen-
dent of the choice of square root. Furthermore, x is equivariant, where the
action of ?l(l) is trivial on By(2,dg) xg, EG and has the usual action on
B(1,dg). Hence the induced fibration

(37) T:B(2,dp) xg EG — B(1,dp) /G (1)

2) € G. Define g[A, ®,e] = [§(A, ®,e)] for

can be trivialized by the homeomorphism
(B9 Budp) xg BG — (Bo(2.d) xg, FG) x B(1,d5)/G (1)
induced from x.

REMARK 4.7. Formulas (37) and (38) should be considered as the equi-
variant analogues of (35) and (36).

Now I's acts on the left h/a\nd side of (38). It is also clear that the action of
Iy on B(l,dE)/gl(l) =~ MH1995(1, dp) is just by tensoring with a torsion
point in the Jacobian.

Definition 4.8. The action of I's on By(2,dE) xg, EQG is defined so that
the map x becomes I'y-equivariant.
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The following simple lemma identifies also the two actions on the fibers of
(35) and (37).

Lemma 4.9. On any subspace Y of By(2, dg) invariant under Gy on which
Go acts with constant stabilizer, the action of T'o on'Y /Gy is given by tensoring
with a 2-torsion point of Jo(M ).

Proof. Given v € I'g, let g, be a gauge transformation in G(1) such that
deg(gy) = v mod HY(M,2Z) and h., € G with det(h,) = g,. Note that
tr(h;ldhy) = g;ldgv. Then by Definition 4.8, the action of k., on By (2, dg)
(modulo gauge transformations in Gg) is given by

1
hy [(A,®)] = [(hy ' Ahy + h3 ' Doh,y — St (hy"Dohy + h " Ahy) 1,
_ 1 _
Ty @y — ot (hy ' @hy) 1))

1
= Khwlpoh7 +h T AR, — i(ggldgy)l, h71<bh7)} :

since tr A = 0 and tr ® = 0. We claim that this equivalent to tensoring with
the line bundle L. corresponding to 7. To see this last statement, chose a
simple loop o on M and note that if y[o] = +1, then g, has even degree
around the loop ¢ and so in an annulus around o the gauge transformation

gy = 52 is a square, hence the previous formula becomes

hy[(A,@)] = [(§7"hy) - (A, 0)],

where g = sI as before (note that since g, € G(1) then 95 1dg7 = dgvg_l).
Since g~ 'h, € Gy then this shows that i, [(A4, ®)] = [(4, ®)] in an annulus
around o.

If v[o] = —1 then parametrise the loop o by 6 : 0 < 6 < 27 and note that
since g has odd degree, then g, = ¢%s% in an annulus around o. Therefore
the effect of the gauge term (% gy 'dgy)1 is that it changes the argument of

the holonomy around o by 7, as desired. g.e.d.

In the above we can restrict to the Gyp-invariant subspaces X of By(2, dg),
and the action commutes with inclusions and connecting homomorphisms
from the LES in cohomology. Therefore, we have a LES of I'y spaces and
I"y-equivariant maps

k 519 ,yk
HE (Xg, Xq-1) —— HE (Xa) — HE (Xq-1) — HE (X4, Xa1)

Lemma 4.10. The I's-action commutes with the isomorphism in (20)
39 Héo (Xa, Xa—1) = HG (v, V),
and with the isomorphisms (12) and (13), (27) and (28).
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Proof. First, note that the I'y action on By(2,dE) Xg, EG, preserves the
subspaces By XGo EGy and Vg X, EGo, X, XGo EGy and I/C,l X G, EG, for all
values of d, and so the inclusion of pairs

(vq xg, EGo,vy xg, EGo) — (Xa xg, EGo, Xq-1 %g, EGo)
is I'g-equivariant. Therefore the action of I'y commutes with the excision
isomorphism
H*(Xd X(_jo Ego, del X(jo Ego) = H*(Vd_ Xgo Ego, I/Zi Xgo E(jo)
which descends to the isomorphism (39) in equivariant cohomology.
The isomorphisms (27) and (28) arise from taking quotients

H, (na) = H* (4% g, EGo) = Hyy1y(na/G0) = H* (Ja(M))@ H* (BU(1))
(where Gy acts on 7y with isotropy group U(1)), and
40)  HG (Ta) = H*(Ty xg, EGo) = H*(T4/Go) = H*(S™M)

(since Gy acts freely on T,). The action of ', on the space By X G, EG, induces
actions on 74 X G, EGy and Ty X6, EGo which in turn induces an action on
the spaces 74/Go and Ty/Gp. By Lemma 4.9 the action of v € I'y on the
quotient nd/g_o ~ {(Ll,LQ) S Jd(M) X JdEfd(M) L1l = F}, is given
by tensor product (Lq, La) — (L1 ® L, Ly ® L), where L., € Jo(M) is
the line bundle corresponding to . The induced action on the cohomology
is trivial by [1, Prop. 9.7]. The action of I's on the quotient 7,/ Gy is also by
tensor product, (L1, Lo, ®) — (L1 ® L., Ly ® L., ®), therefore the action on
the right-hand side of (40) is via deck transformations of the 229-fold cover
S"M — STM (see also [9, Sect. 7]). g.e.d.

Let N be a space with a I's-action. Then we have a splitting
H*(N) = H*(N)'2 ¢ H*(N)®
where H*(N)'2 is the I'y-invariant part of the cohomology and
H™(N)* 2 G H™(N),

where  varies over all homomorphisms I'y — {£1}. If Ny, Ny are two such

spaces and f : H*(Ny) — H*(N2) is a I's-equivariant homomorphism, we

denote by fr, (resp. f,) the restriction of f to H*(N7)'2 (resp. H*(N7)%).
Applying this notation to A* we have

AL, llfé(ud_,yfil)r2 — HE (v, AR

The main result of this section is Lemma 4.12 which shows that A1, is sur-
jective, a key step towards proving Theorem 4.13. The earlier results (13) and
Lemma 3.2 show that H (v, v/)) = H*~ 214 (S™M), wheren = 2g—2+dp—
2d. Points in S™ M correspond to triples (L1, Ly, ®) € Jy(M) x Jag—d(M)x
QO(L% Ly ® K) where Ly Ly = det E is a fixed line bundle. Similarly, there is
a corresponding 229 cover of the Jacobian J,,(M) = Jy(M) x Jy, _q(M)/~,
where the equivalence is given by (L1, Lo) ~ (El, ig) if Ly Lo 2 Ly Lo.
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The isomorphisms
Hg(vy  vg) = H*(ng) = H*~'4(J(M) x BU(1))
HE (vl vf) = HP214(Ty) 2 B2 (5" M)
from Theorem 2.3 and Lemma 3.2 show that the map Ar, is given by

Ay, H*=2#a(J(M) x BU(1))'2 —— H*—20a(Sn))F2 = fe—2wa(5n))

- :

H 24 (Ud)FQ H*— 24 (Td)FQ

where n = 29 —2+dg —2d, and g = 2d —dg + g — 1. This map is induced
by the inclusion Ty < (v ), (where the spaces are now subsets of the space
of fixed determinant Higgs bundles). We define the lifted Abel-Jacobi map
to be the map S™"M — j(M), which takes a triple (L1, Lo, @) to the pair
(L1,Lo) € J(M). The same proof as Lemma 4.2 in the previous section
gives us the following

Lemma 4.11. The restriction of \}., to H*20a( J, (M)) given by
(b )r + HY 7204 (T (M) — H* =204 (S0 )2
is induced by the lifted Abel-Jacobi map.

Lemma 4.12. The map Ay, is surjective.

Proof. By [9, eqs. (7.12) and (7.13)], H*(S"M)2 = H*(S"M), and we
also have H*(J,(M))"> = H*(J,(M)). Therefore Lemma 4.4 implies A},
is surjective onto H'! (§"M )'2, By the same argument as in Lemma 4.6 (with
the I's-invariant part of the cohomology), At is surjective onto H 2(SmM)e,
By [12], H*(S"M)T2 =~ H*(S"M) is generated in dimensions 1 and 2;
hence, Af, is surjective. g.e.d.
4.3. I's-invariant hyperkahler Kirwan surjectivity. For fixed determinant
the inclusion Bj* — T4, induces a map on the I's-invariant part of the G-
equivariant cohomology which we call the I's-invariant hyperkihler Kirwan
map

Kifr + HG(T" Ao) = HG(T" Ao)™ — Hy(B3)"™.
In this section we prove
Theorem 4.13. /ﬁ;?fK is surjective.

As mentioned in the Introduction, it turns out that the full Kirwan map is not
surjective.

The second goal of this section is the following. The results of Section 4.1
show that the map ¢* in Diagram (29) is always injective for non-fixed deter-
minant Higgs bundles, and so Lemma 3.4 implies that in this case ker o =2
ker (¥ = {0}. In this section we will show that ker o* = ker ¢¥ holds for
fixed determinant as well, which is important for the calculations in Section 5.
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Proposition 4.14. For rank 2 Higgs bundles, ker o = ker ¢* for all k,
and therefore dim im o* = dim im ¢* also. In the non-fixed determinant
case ker o = 0 for all k, and in the fixed determinant case

ker o = HE(X 4, Xq-1)"

| HF2Ha(S29-2d=24dp £y | =49 — 4 —dp +2d + 1
~]o otherwise

Note that we have already proven ker a* 2 ker ¢* in the non-fixed determi-
nant case (Sect. 4.1). Hence, for the rest of this section we restrict to the fixed
determinant case.

In order to separate out the I'y-invariant part of the equivariant cohomology,
we require the following simple

Lemma 4.15. Let

fn gn hn

An B, Ch

Apgq —

be a LES of C-vector spaces. Suppose that I is a finite abelian group acting
linearly on A, B, and C,, such that f,, gn, and h,, are equivariant. Then for
each homomorphism ¢ : I' — C* the restriction

fn, gn., hn,
T (An)sa — (Bn)so — (Cn)so —s (An+1)<p -

to the p-isotypical subspaces is exact.

Proof. By the equivariance of the maps the restrictions are well-defined.
We prove exactness at (3,,),. By equivariance and exactness of the original
sequence,

fn((An)w) C kergn, N (Bn)sa
Suppose b € ker g, N (B,),. Again by exactness of the original sequence,
b= fn(a) for some a € A,. Set

1
a= T Z o(cHoa

el
Then
1 1 1
fala) = 2= D oo™ ob= =) w(o™)p(o)b= 5= > b=b
# oel’ oel’ # oel’

and since b € (By,),,

10 = 25 3 ele o = 25 3 () el)ied = pn)a

el yoel

Hence, a € (A,), and f,(a) = b. This completes the proof. q.e.d.

We apply this result to the vertical and horizontal long exact sequences in
(29).
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Proposition 4.16. The decomposition of the vertical LES of Diagram (29)
into U's-invariant and noninvariant parts gives the following for all k:
@) oF : Hgil(l/&, Vi) — HE(vy ,v)) is an isomorphism; in particular,
H (v, v)* =0.
(i1) the sequence

k )\k 5k
0 — HE(vg V)" —> HE(vy v 2= HE (W), V)" —2>0

is exact.

Proof. Since the I'y action is trivial on the cohomology of the Jacobian and
on the cohomology of BU (1), it follows from (12) and (27) that H (v, , v)* =
0. Lemma 4.12 implies HE (v}, v))"2 C im A* = ker 6*, so (5{32 = 0 for all
k, which proves the second part of the Proposition. The first part then follows
from Lemma 4.15. g.e.d.

Corollary 4.17. a1’22 is injective.

Proof. Letx € HE(Xq, Xq-1)"> = Hf (v, v)"2, and suppose that of (z) =
0. In the following, use z to also denote the corresponding element in /, ]g“ (Bae, BZI, 2)
via the excision isomorphism. Then from the commutativity of Diagram (29),
oF(z) = 0 implies that of(x) = 0, and so &¥ o ¢¥(x) = 0. By Lemma
3.3 and Proposition 4.16, ¥ is injective and ¢* is injective on H, ’g“(y;, vt
Therefore x = 0, which completes the proof. g.e.d.

Lemma 3.2, Theorem 2.3, and Lemma 4.10, together with Hitchin’s formu-
las [9, eqgs. (7.12) and (7.13)], give us the following result.

Lemma 4.18.

V k=49—4—dg+2d
Hk: I//,V” a _
¢(va vi) {O otherwise
where V' = Hk_Q“d(gzg_Qd_z""dEM)“ is a complex vector space of dimen-

sion
2g — 1
. _ 29 g
dime V= (2% —1) <2g—2d—2+dE>'

Lemma 4.19. H)(Xy)* =0, forall k <49 —4 —dp +2d + 1.

Proof. The proof is by induction on the index d. For d > g — 1 the induced
map ky : Hi(B) — H;(Xq) is surjective, since each stratum has a well-
defined normal bundle, and so the methods of [1] work in this case. Therefore,
when d > g — 1 we have that H(Xg) is I'>-invariant for all k. Suppose the
result is true for X;. To complete the induction we show that it is true for
X4-1,1e. H’g“(Xd_l) is I'g-invariant for all k < 49 — 4 — dg + 2d — 1.
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Consider the following LES for k < 4g —4 — dg + 2d — 1.
(4D)
k Bk vk k+1
s HE(Xq) —— HE(Xg1) —— HETN(Xg, Xgog) -+
From Lemma 4.18 and Proposition 4.16 we see that
HE (Xg, Xao1)" = HEP (v, v)® 2 H (v, v)" = 0
forall k < 49— 4 —dg + 2d — 1. Therefore HSH(Xd, X4-1) is I'g-invariant.
The exact sequence (41) decomposes to become
k

0 —im 3" 4>H§(Xd—1) AY4>im’y"C —0

Since im~* C H, 5“ (X4, X4—1), and the latter is I'g-invariant, an application
of Lemma 4.15 implies

0 — (im B5)* — HE(X4-1)* — 0

is exact. By the inductive hypothesis, H’gC (X,) is T'o-invariant; hence, (im 3¥)® =
0, and so H’g“(Xd,l)“ = 0 also. q.ed.

Proposition 4.20. The decomposition of the horizontal LES of Diagram
(29) into T'y-invariant and noninvariant parts gives the following for all k <
4g—4 —dg +2d+ 1:

() vyt H’g“_l(Xd,l)“ — H’g“(Xd, X4-1)® is an isomorphism; in partic-

ular, Hé_l(Xd_l)a = HE(vy ,v))"
(i1) the sequence

k—1 r al}igl k—1 r 6§2_1 k—1 r 71122_1
0—— Hg (Xg, Xg-1)"2 4>Hg (Xq) 2 4>Hg (Xg-1)'2—0

is exact.

Proof. First, by Lemma 4.19, Hi ' (X4)® = 0 = HE(X,)® for k < 4g —
4 — dp + 2d + 1. Next we claim that v*~1 maps 1;"-I’g‘“_1(Xd,1)F2 to zero for
all values of k£ (not just for k¥ < 49 — 4 — dg + 2d + 1). To see this, let
x € H’g“_l(Xd_l)m, and let y = v*~1(2) € H’Q“(Xd,Xd_l)FQ. Exactness of
the horizontal LES in Diagram (29) implies o (y) = o* o 4¥~1(x) = 0. By
Corollary 4.17, o* is injective on H’é(Xd, Xg4-1)"2; hence, y = v*~1(x) = 0.
Therefore, v*~!(x) = 0, and so 4*~! is the zero map on H]gffl(Xd_l)Fz. The
result then follows from Lemma 4.15. g.e.d.

Proof of Theorem 4.13. By the proof of Proposition 4.20, 7'132 = 0 for all k.
By Lemma4.18, H’gC (X4—1)®is only nontrivial for k = 4g—4—dg+2d, and so
Proposition 4.20 (i) implies ~* is injective on H’gC (Xg—1)* for all k. Therefore,
B* maps HE(Xq)"™ surjectively onto Hj(X4_1)"> for all k. Applying this
result to every stratum X completes the proof of the theorem. g.e.d.
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Proof of Proposition 4.14. For k < 49 — 4 — dg + 2d + 1, Proposition 4.20

(i) implies ker of D HE(X 4, X4-1)®, which together with Corollary 4.17 im-

plies ker of = HE(Xg4, Xq-1)" = HE (v, v)". The two exact sequences in

Proposition 4.16 show that ker (¥ = HE (v, v})* = HE(v), v)])®. Therefore

Lemma 4.18 implies

ker o = ker (¥ = ng“l(yél, v)®

~ Hk*1*2ﬂd (§2972d72+dEM)a L= 4g — 4 — dE +2d+1

N 0 k<4g—4—dg+2d+1

Fork > 49 —4—dg+2d+ 1, Lemma 4.18 and Proposition 4.16 show that
HE(Xa, Xa1)* = Hi(vy ,vp)* = HE (v, v)* =0

Hence, Hj(Xq4, Xq—1) = HE(Xq, Xq-1)"2, and so ker o* = 0 by Corollary
4.17. Together with the vanishing of H’g“(yd_, v;)¢, Proposition 4.16 implies
ker ¢F = 0, and so ker (¥ = kera® = 0fork > 49 — 4 — dp + 2d + 1.
Therefore, for all values of k& we have ker o = ker ¢*. g.e.d.

5. Computation of the equivariant Betti numbers

Here we use the results above, specifically Proposition 4.14, together with
the commutative diagram (29), and derive an explicit formula for the equivari-
ant Poincaré polynomial of B33°(2,0) and B°%(2, 0).

We have the following relationship between the equivariant Betti numbers
of Xgand X, _1.

Lemma 5.1.
dim ker o**! — dim im o* = dim Hé(l/é, v)) — dim H’é(y(;, V)
Proof. Using the vertical LES in diagram (29) we have

H(vg vi) ., HE g vi)

ker (F*1 o im §F =

kerdk  im M\
~ ker Ak im¢k

Therefore
dim ker ¢*! = dim HE Wy, v)) — dim im A
= dimHS(u&, V) — dimng“(Z/;, V) + dim im ¢*
and so Proposition 4.14 implies
dim ker o**1 — dim im o* = dim ker CkH — dim im Ck
= dimH]é(V&, V) — dimng“(V;, V).

completing the proof. g.e.d.
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Proposition 5.2.
dim HE(Xy) — dim HE(Xg-1) = dim HE (v, V) — dim HE (v}, V)
In the fixed determinant case
42) dim HE(Xy) — dim HE(X4-1)
= dim H*"2!¢ (J;(M) x BU(1))) — dim H*~2#a(§29-2+dp=2d ),
In the non-fixed determinant case
43)  dim H5(X,) — dim HE(X4-1)
= dim H*=2#a (Jy(M) x J, (M) x BU(1) x BU(1))
— dim HF~20a <S29_2+dE_2dM x Ja(M) x BU(1)) .

Proof. Lemma 5.1 shows that
dim HE(Xg) — dim HE(X4-1)
= dim im 8* + dim ker 8% — dim im 7* — dim ker~*
= dim im ¥ + dim im o — dim ker o**! — dim im g*
= dim im o* — dim ker o**!
= dim H’g“(yd_, V) — dim ngg(l/él, V).
In the fixed determinant case use eqs. (12), (13), (25) and (26) to obtain (42).

In the non-fixed determinant case use eqs. (12), (13),(27) and (28) to obtain
43). g.e.d.

Inductively computing Hg(Xy) in terms of H((Xq-1) for each value of d,
we obtain the

Proof of Theorem 1.1. First we study the fixed determinant case. Eq. (42)
shows that in both the degree zero and degree one case we have
g—1
PE(B) — PE(5Y z gons LIS sy Gea-2vas-aty
d=1
where ptg = g — 1 4 2d — d. Note that the second sum has only g — 1 terms
because H (1), 1)) is only non-zero if the vector space H(LjLs ® K) is
non-zero, i.e. dg —2d+2g—2 > 0, where deg L1 = d and deg Loy = dg —d.
Re-arranging this equation and substituting PY (B) = P,(BG),

1
(1 t -
Pf(B5®) = P(BG) — Z t2“d + + Z 1244 p, (§29-2Hdp=2d 1)

which proves (2). A similar argument using (43) in Proposition 5.2 proves (3).
g.e.d.
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As mentioned in the Introduction, in the degree one case this gives a new proof
of [9, Thm. 7.6 (iv)] (fixed determinant case) and the results of [7] (non-fixed
determinant case).
In [9, Sect. 7] an explicit formula is given for the sum

g—1

Z t2,u,,1Pt(§Zg—2d—1M)

d=1
for ug = g + 2d — 2, corresponding to the case where deg(F) = 1. For the
degree zero case we use eqs. (2) and (3), together with the techniques of [9] to
give the

Proof of Corollary 1.2. First, recall from [1, Section 2] that for the rank 2
fixed determinant case
(1+1t%)%
(1—¢2)(1—t4)’
and for the non-fixed determinant case
(1+1)%(1+ %)%
(1—1¢2)2(1—t4)
Note that using the results from [9, eq. (7.13)], the last term in (2) is given by
(46)
g—1 g—1
Z thdPt(§2g72d72M) _ Z t2(g+2d71)Pt(52g72d72M)
d=1 d=1

(44) P(BG) =

(45) P(BG) =

g—1
2g — 2
29 g 4g+2d—4
+(2 1); (29_2d_2>t

g—1
_ Z t2(g+2d71)Pt(52g72d72M)
d=1

g—1
2g — 2
29 _ 1\449—4 g 2d
+ (2% — 1)t ;1 <2g—2d—2>t

Using the binomial theorem, the second term is

(47) %(229 D (1 + )22+ (1 - 1)272 - 2)
The first term is calculated in the following lemma
Lemma 5.3.
§t2(9+2d_1)Pt<529_2d_2M) _ et t2g+22(1 + t)2Z N (1-— t)29t;19—4
= (1 —12)(1—1¢4) 4(1+1¢2)

(t+1)29t49=4 [ 24 1 1
- — 24+ (3-2
-1 \ixieE-1 2 tG-%)
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Part (b) of Corollary 1.2 immediately follows from egs. (3), (45) and (5.3).
Part (a) follows from combining eqs. (2), (44), (46) and (47) and Lemma 5.3.
g.e.d.

Proof of Lemma 5.3. By [12], P,(S?9729=2 M) is the coefficient of 29242

2g 2d+2 2g
(1+xt) x (14-xt) There-

. . . 2 .
}n W or equivalently the coefficient of x°9 in T A=zt2)
ore the sum

—1
Zt2 g+2d— ”P(SQQ 2d— 2M)
d=1

is the coefficient of 229 in
g—1

Z (2(g+2d-1) 2d+2 (1 + xt)*
(1 —2)(1 —xt?)

d=1

which is equal to the coefficient of 229 in the following infinite sum

i (2(g+2d—1) ,,2d+2 (1 + xt)*
(1—xz)(1 — xt?)

d=1
The sum above is equal to
it2(9+2d71)x2d+2 (1+at)% _ {20+2,4 (1 +at)? i ot2)2-2
(1—2)(1 — xt?) (1—3: 1—xt2

B 294224 (1 + xt)29
(1 —2)(1 — 2t2)(1 — 22t4)

d=1 =1

Therefore the coefficient of 229 in the above sum is equal to the residue at
z = 0 of the function

(1 + xt)?9¢29+2 1
(1 —2)(1 —2t?)2(1 + at?) 22973

fz) =

As in [9], this residue can be computed in terms of the residues at the simple
poles x = 1 and x = —t 2, the residue at the double pole x = t~2, and
the integral of f(x) around a contour containing all of the poles. In this case
the same methods can be used to compute the residues. However, unlike the
situation in [9], the contour integral is not asymptotically zero as the contour
approaches the circle at infinity, so this must be computed here as well. To
compute the integral, let C;. be the circle of radius r in the complex plane
where » > 1 and r > t~2 (i.e. the disk inside C, contains all the poles of
f(z)). Then for || = r we have the following Laurent expansion of f(x)
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centred at x = 0.

(1 + xt)29t29+2x372g (% + t)29t29+2
— — o 12)2 2y 1 1)2 1
(1 —=2)(1 = at?)*(1 + at?) ztb (1-1) (1-5)" (1+ L)

1 [t ,\% 1
-~ (24 14 = 4.,
xt4<x+> <+x+ >
1 2 1
14— 4 ... 1— — ...
X(+:1:t2+ >< xt2+ )

2549—4
=— + terms of order " wheren > 1
T

This series expansion is uniformly convergent on the annulus {z : r — ¢ <
x < r+e¢e}forr > 1,7 > t2 and ¢ small enough so that the closure of
the annulus doesn’t contain any of the poles of f(z). As r — oo the series
asymptotically approaches —*9=* /z, and so the integral approaches

1 1 t 2gt2g+2 372‘(]
@48)  lim — / (1 + 21) & dx = —t49~4
r—o00 27t Jo (1 —a)(1 — xt2)2(1 4 xt?)
The residues of f(x) atx = 1, * = —t~2 and z = ¢~ 2 are similar to the

results obtained in [9]. At the simple pole x = 1,

t29+2(1 + t)?g

49) Reslef(x) == (1 — t2)(1 _ t4)

At the simple pole x = —t 2

(1 —t)2¢to—

(50) ReSx:_t—2f($) == 4(1 + t2)
and at the double pole x = ¢t~
(t41)29t49=4 [ 2g 1 1
51 —— = — — _ 2
(51) Res,—y 2f(.7j) 2(t271) t+1 +t2*1 2+(3 g)
Combining (48), (49), (50) and (51) we have
1 _
o k (1—2)(1—tY 4(1+2)
(t+1)29¢49=4 [ 24 1 1
— - - -2
s—1) \ix1Tpe—1 2 t@-2)

thus completing the proof of the lemma and therefore also of Corollary 1.2.
g.e.d.
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