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Abstract

This is the second in a series of papers ([5] and [6] are the others) that
studies the behavior of harmonic maps into the Weil-Petersson completion T
of Teichmiiller space. The boundary of 7 is stratified by lower dimensional
Teichmiiller spaces and the normal space to each stratum is a product of
copies of a singular space H called the model space. The significance of H
is that it captures the singular behavior of the Weil-Petersson geometry of
T . The main result of the paper is that certain subsets of H are essentially
regular in the sense that harmonic maps to those spaces admit uniform
approximation by affine functions. This is a modified version of the notion
of essential regularity introduced by Gromov-Schoen in [12] for maps into
Fuclidean buildings and is one of the key ingredients in proving superrigidity.
In the process, we introduce new coordinates on H and estimate the metric
and its derivatives with respect to the new coordinates. These results form
the technical core for studying the analytic behavior of harmonic maps into
the completion of Teichmiiller space and are utilized in our subsequent paper
[6], where we prove the holomorphic rigidity of the Teichmiiller space and
several rigidity results for the mapping class group.

1 Introduction

Let 7 denote the Teichmiiller space of a genus g Riemann surfaces with n punc-
tures and 3g—3+n > 0. Recall that the cotangent space T[’;]'T of T at a conformal
structure defined by the hyperbolic metric o can be identified with the space of
holomorphic quadratic differentials with respect to [¢]. The Weil-Petersson co-
metric of the quadratic differential ¢ € T[*;]T is defined as L?-norm of ¢ with
respect to o. This induces an incomplete, smooth Riemannian metric in 7 of
non-positive sectional curvature called the Weil-Petersson metric (cf. [18], [19],
[1], [2] and [22] among numerous references). The metric completion 7 of T is
no longer a Riemannian manifold, but instead it is an NPC space or otherwise
known as a CAT(0) space; i.e. a complete metric space of non-positive curvature
in the sense of Alexandrov (cf. [23])

In our previous work (cf. [5], [8] and [9]), we studied rigidity problems in group
theory via harmonic maps into certain NPC spaces. In this paper and its sequel
[6], we study rigidity properties of Teichmiiller space and the mapping class group
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via harmonic maps into the NPC space 7. The goal is to prove the holomorphic
rigidity conjecture for Teichmdiller space (first stated in [13]) which, loosely stated,
says that the mapping class group uniquely determines the Teichmiiller space as
a complex manifold. The key step is to show that the singular set of a harmonic
map into 7 is of Hausdorff codimension at least 2. Since 7 is a smooth manifold,
the singular set of a harmonic map into 7T is the set of points that is mapped into
oT = T\T.

The Weil-Petersson geometry near the boundary 07 has been studied by var-
ious authors (cf. [21] and references therein). The boundary 97 is stratified by
lower dimensional Teichmiiller spaces with each stratum being geodesically con-
vex. Furthermore, in a neighborhood N of a boundary point, the Weil-Petersson
metric can be approximated up to higher order by a simpler model space. Indeed,
N is asymptotically a product U x V (cf. [23], [10], [21], [7]) where U is an open
subset of a lower dimensional Teichmiiller space along with the Weil-Petersson
metric and V is an open subset of H x ... x H, where H is the model space.

To define the model space H, let

(1) H={(p,¢) €R*: p>0} and gu(p,¢) = dp® + p°d¢*.

(Note that in most literature on Weil-Petersson geometry, one considers the slightly
different metric 4dr? + r8d#? which is clearly isometric to gy via the change of
coordinates p = 2r, ¢ = %.) The Christoffel symbols of this metric are

_ ¢ _

ng_O F¢¢_g

P _ ¢ _

(2) de,_O Fp(b_;
_ 5 _

FZ¢7—3p rgﬁpfo

and the Gauss curvature is given by

6

p
The geodesic equations for v = (7,,7,) in terms of the coordinates (p, ¢) are given
by

(3) Yoy, =375 Vsl* and 45 Avs = —6V7, - 13V,

The Riemannian manifold (H, ggx) is not complete; indeed, for a fixed ¢g € R,
the geodesic v = (7,,74) : [0,1) = H given by 7,(t) = 1 — ¢, 74(t) = ¢o leaves
every compact subset of H and has a length of 1. The incompleteness of 7 was
exhibited by Wolpert [22] and Chu [4]; indeed certain curves that leave every
compact set have finite length with respect to the Weil-Petersson metric. These
curves correspond to deformations of compact Riemann surfaces via neck pinching
in which nontrivial loops degenerate to nodes. The metric completion of (H, g)
is constructed by identifying the axis p = 0 to a single point Py and setting

ﬁ:HU{Po}



The distance function dg; induced by gy is extended to H by setting de(Q, Py) =
p for Q@ = (p, ¢) € H. The following facts are easy to check (cf. [10]):

(1) The Riemannian surface (H, gm) is geodesically convex.
(2) The complete metric space (H, dg) is an NPC space.
(3) The space (H, dg) is not locally compact.

Since each boundary stratum of 7 is a smooth Riemannian manifold, the
singular behavior of the Weil-Petersson geometry is completely captured by the
model space H. For one, the Gauss curvature of H approaching —oo near its
boundary {Py} reflects the sectional curvature blow-up of T near 7. Moreover,
the non-local compactness of T is also captured by H. Indeed, a geodesic ball
in H centered at P, is not compact; for example, the points in the sequence
{(ro,n) € H : n = 1,2,...} are at a fixed distance ry from P,, and yet the
sequence does not have a converging subsequence. Finally, H does not have a
geodesic extendability property; i.e. not every geodesic segment can be extended
to a geodesic line. In particular, the geodesic v : [0,1) — H given above cannot be
extended to be defined on [0,T] for T > 1. The inability to extend geodesics also
characterizes the Weil-Petersson geometry of Teichmiiller space. Many important
results concerning the geometry of non-positively curved Riemannian manifold
spaces rely in an essential way on having the geodesic extension property. (We
refer to [3] for results in this direction for NPC spaces with geodesic extendability.)

In order to analyze the behavior of harmonic maps into 7, we first need to
analyze the behavior of harmonic maps into H, and the goal of this paper is
to develop tools to study harmonic map theory into H. To this end, we start
with an important observation that a harmonic map u : £ — H can be closely
approximated near an order one singular point by a harmonic map into

m=Hul /~

where H™ and B denote two distinct copies of H and ~ indicates that the point
Py from each copy is identified as a single point. To understand this in the case of
H,, note that because of the non-local compactness of H near P, the Alexandrov
tangent space Tp,H of H at Py (which is isometric to the interval [0, 00)) does
not properly reflect the geometry of H in a neighborhood of Py. Indeed, if there
exists a harmonic map u : B1(0) — H with u(0) = Py, then its tangent map at
0 does not map into Tp, H. Instead, its image can be embedded into a metric
space constructed by joining a multiple copies of H at Py (cf. [20]). In particular,
a tangent map at an order 1 point is isometric to R and can be embedded in Hj
as a geodesic that hits the singular point Py (cf. Lemma 10). These results are
presented in Section 2 with many proofs deferred to Section 7 in the Appendix.
An explanation of this phenomenon is outlined in Observation 1 below. We also
note that the idea of supplying an extra copy of Teichmiiller space across each
Weil-Petersson boundary stratum appeared in [24] where using a result of [17],
the resulting space is again NPC.

Motivated by the phenomenon discussed in the last paragraph, we first con-
sider harmonic maps into Hy. To study these maps, we take advantage of the fact



that Hy is almost a complete Riemannian manifold; more precisely, Hy has the
geodesic extension property and Hy\{Pp} is an union of two Riemannian mani-
folds H™ and H™. In this sense, we are in a setting similar to that of Gromov and
Schoen’s foundational paper [12] that initiated the theory of harmonic map into
singular spaces. There, Gromov and Schoen study harmonic maps into Euclidean
buildings. (More generally, they consider F-connected complexes. Also relevant
are [5] and [8] where the authors study harmonic maps into hyperbolic build-
ings.) A Euclidean building can be viewed as a union of copies of equidimensional
Euclidean spaces with each copy geodesically convex. This viewpoint plays an
important role in the regularity theory of harmonic maps; indeed, each copy of a
Euclidean space in a Euclidean building is an example of a subspace called essen-
tially reqular in [12]. We refer to Section 5 of this paper for the precise definition
of essentially regular subspaces of an NPC space. Here, we shall summarize the
notion of an essentially regular space by the characterization that any harmonic
maps into it is well-approximated near a point by an affine map and this approx-
imation is uniform in the sense that the approximation depends locally only on
the total energy of the harmonic map. The existence of many essentially regu-
lar subsets is the key ingredient in proving regularity of harmonic maps (cf. [12]
Theorem 5.1), which implies the non-Archimedean rank 1 superrigidity theorem.

As the first step toward the regularity theory of harmonic maps into 7, we
will prove the existence of many essentially regular geodesically convex subsets of
H, containing the point Py. We note that we have so far been unable to prove
that these subsets are essentially regular in the strict sense of Gromov-Schoen
[12]. On the other hand, we will prove a weaker notion of essentially regular
that is sufficient for obtaining good estimates for harmonic maps in the sequel
[6]. For convenience, we will also call this weaker notion essentially reqular. (We
remark that the proof of essentially regularity of smooth Riemannian manifold in
[12] Section 5 appears to be incorrect, and we have so far been unable to correct
it. Thus, as far as we know, Euclidean spaces and buildings are the only known
examples of essentially regular sets in the strict sense of [12]. We emphasize that
this plays no role in the rest of [12] and does not affect the validity of the other
results of [12].) Given that the the local geometry of Hy is very singular near P,
it is somewhat surprising that essentially regular subsets containing P, exist in
H,. By a similar argument, we can also prove the existence of essentially regular
subsets arbitrarily close to Py in H. The idea for this is to relate the geometry of
H, and H near the singular point P.

We now discuss the how we will relate the geometry of Hy and H. First,
note that the coordinates for Hy\{Py} are given by (p,¢) € R?\{p = 0} with
(p,¢) € HT when p € (0,00) and the point (—p,¢) € H™ when p € (—00,0). Let
gr, be the Riemannian metric on Ha\{P,} inherited from (H, ggz). With respect
to the coordinates (p, ¢) we have

(4) gu, = dp® + p°d¢?.



The induced distance function dg, on Hp is given by

de, ((p1,91), (p2, 92)) = { ijljf(-i‘-pfptﬁl)’ (=1, 2) g Zigi i 8

The Christoffel symbols with respect to this metric are given again by (2) and and
the Gauss curvature lim,_,o K = —oo, making the geometry of H, very singular
near Py. The fundamental relation between the geometry of the spaces H and H,
near Py is captured in the following observation which plays a key role for the rest
of the paper.

Observation 1 Let ¢y > 0 and 0% = (0‘?0,0‘20) : (—o0,00) — H be a piecewise
geodesic defined by %0 (s) = (s, ¢g) for s € [0,00) and 0%°(s) = (—s, —¢p) for
s € (—00,0]. Let y%0 = (vf‘fo,'yio) : (—o00,00) — H be the unit speed geodesic
passing through the points

Q% = (1, —o) and QY = (1, ¢p).

Then
(5) d(y%°, %) — 0 as ¢g — oo uniformly on the interval [—1,1].

To prove of this claim, we first make three subclaims: (i) For any ¢, v5°(0) <
v90(s) forall s € (—o0, 00), (ii) ¥2°(0) — 0 as ¢o — oo and (iii) d(Q?, %0 (—1)) =
d(Q%°, 7% (1)) — 0 as ¢ — 0.

PROOF OF (7). The geodesic equations

2
d2'y¢° d'y% d2’y¢0 dy%o dy20
1 =305 | | and () g = —6(yp)

imply ’y:fo is convex. Combining this with the symmetry of ’y,‘f“, subclaim (4) fol-
lows.

PROOF OF (ii). If v$°(0) > ¢ > 0, then v$°(s) > ¢ by subclaim (i) and hence

2 2 %o 2 o 2
dy® dyj° dy dy
1= _ P 6 [ > 0 ¢ )
‘ ds ( ds () ds =\ s
Thus,
2 2
1 d’yd)o 1 d’y%
2 _ %0 (1) 2 < % </ s —
6 = g (1) _</ y ds) < [|55] as<e

Since this impossible for large ¢g, we have proven subclaim (i7).

PROOF OF (iii). This assertion follows immediately from the fact that 4% is a unit



speed geodesic passing through points Q?° and Qﬁ” and that d(Q?°, Qﬁ“) — 2 as
¢0 — OQ.

Subclaims (i4) and (7ii) assert
d(a?°(0),7%°(0)) = d(Po,7**(0)) = 75°(0) — 0

and
d(o?(1),7%(1)) = d(Q%°,7** (1)) — 0.

Since y%° and 0% are geodesics on the interval [0,1], Claim (5) follows from the
convexity of geodesics in an NPC space.

The point of Observation 1 is to show that the geodesic of H through Qi" (such
a geodesic is called a symmetric geodesic) is almost like two geodesics p — (p, ¢o)
for ¢ large (a geodesic with constant ¢-coordinate is called a vertical geodesic).
One can get a hint of the usefulness of this behavior by noting that, given two
vertical geodesics in H starting at P,, if we identify one of these geodesics in
ﬁ+ C H, and the other in H_ C H,, we then obtain a geodesic in H,. We
will take advantage of Observation 1 by foliating H by symmetric geodesics and
comparing this to the foliation of Hy by vertical geodesics. We will explain this
in more detail later in this introduction.

The singular set of a harmonic map v from a Riemannian domain ) to H or
H, is defined by

Su)={ze€Q:u(z) =P}

A singular point is a point in S(u) and a regular point is a point that is not a
singular point. Since Hz\{P} is a smooth Riemannian manifold, for a harmonic
map u :  — Hs, we can write in small neighborhood of a regular point v =
(up, ug) in terms of the coordinates (p, ¢). The harmonic map equations in these
coordinates are

(6) upAu, = 3uf|Vug|* and uﬁAqu = —6Vu, - u) Vug.

Although the right hand side of the above equations is locally bounded by the
Lipschitz regularity of harmonic maps (cf. [15] Theorem 2.4.6), the left hand side
of the equations is degenarate since u,(z) is the distance of the image u(x) to Fy
which tends to zero. Thus, from this point of view, it is hard to see why the map
should be uniformly regular near a singular point. We remark that in order to
fit our equations (6) into the existing framework of degenerate elliptic PDE’s one
needs to have a precise decay estimate for u, which doesn’t a priori exist. As first
pointed out to us by P. Daskalopoulos and also exploited in the 2-dimensional case
in [20], one might try to approach this PDE by using results of Koch (cf. [14]), but
so far we have not been able to apply these techniques successfully to our setting.
On the other hand, we are aided here by the fact that our problem arises from
a geometric problem; indeed, we are considering minimizing maps into the space
H, of non-positive curvature. As illustrated in the next example, it turns out that



some of the degeneracy of our PDE’s is due to the fact that the natural choice of
coordinates (p, ¢) coming from Teichmiiller theory is a bad choice of coordinates
from the point of view of PDE:

Example 2 Consider the 2-dimensional Euclidean space. Omne can use polar
coordinates to express this space as a Riemannian manifold; namely, the Euclidean
space is the Riemannian manifold (H, go) where

H={(p,¢) €R?: p>0} and go(p,¢) = dp* + p*d¢”.

The Christoffel symbols with respect to the polar coordinates (p, ¢) are

_ ¢ _
ng—O Fdxﬁ_?
P _ ¢ _
Fp¢_0 Fptﬁ_;
P _
[y =—-p Tp,=0

For a map u into the 2-dimensional Euclidean space, write v = (u,,ug) with
respect to the polar coordinates (p, ¢). Then the harmonic map equations are

(7) upAu, = w[Vugl® and ulAug = —2Vu, - u,Vug.

This equation looks very similar to equation (6) for harmonic maps into (Ha, gg1,)
(or (H,gu)). On the other hand, we can also write down the 2-dimensional
FEuclidean space by using the usual Cartesian coordinates. Correspondingly, we
have

R? and go(z,y) = dz* + dy?.

Writing v = (ug, uy) with respect to the Cartesian coordinates (z, y), the harmonic
maps equations in coordinates (x,y) are

(8) Au, =0 and Auy, =0.
One can go from (7) to (8) by the change of variables
(9) (p, @) > (x = pcos¢,y = psing).

Relevant to the techniques of this paper is that the smoothness of u, and u, can
be immediately deduced from the theory of elliptic partial differential equations.

In Section 3, we prove the existence of subsets of Hj ~that are essentially
regular. The key is the introduction of new coordinates in Hs that are motived
by the above example. Specifically, we let

3
(10) T:=p— §p5¢2 and @ := p>¢.

To explain the relevance of the new coordinates (Y, ®), we first consider (p, p?¢)
as analogues of polar coordinates (r,6) of R?. Then the coordinates

(p,®) = (pcosV3p?¢, psin V3p>¢)



are the analogues of the standard Euclidean coordinates (9). The coordinates T
and 1/3® agree up to the first order with pcos v/3p%¢ and psin v/3p?¢ respectively.
We write u = (ur, ug) in terms of coordinates (T, ®) and study the harmonic map
equations (cf. (32) and (33) below) to obtain regularity results. An important
observation about Example 2 is the implicit use of the assumption 0 < vy < 2.
(We need this assumption in order to show that the change of variables defines a
diffeomorphism away from the origin.) In fact, without assuming this bound, it
is unclear whether the solutions to (7) are regular. For a harmonic u :  — Ha,
we do not have an apriori bound on the “angular” component function. But as
mentioned before, the strategy for proving regularity of u is to first find almost
essential regular subsets of Hy. This leads us to fix ¢o > 0 and to define

H;[po] = {(p, ) € Hy : [¢] < o}

Since s + (s, ¢o) and s > (s, —¢g) are geodesics, Ha[¢y] is geodesic convex in Hp.
A harmonic map v whose image lies in Ha[¢o] has the property that its “angular”
component function vy is bounded. In Section 3, we use this to show that Ha[¢o]
is essentially regular. The precise statement is given in Theorem 15.

In Section 4, we explain the relationship between the geometries of H and Hy
near P,. First, observe that Hj is foliated by an one-parameter family of geodesic
lines {p — (p, ¢)} (with parameter ¢ and a singularity at Py). Motivated by this,
we also foliate H by a families of geodesics. More specifically, we consider the one
parameter family of geodesics

(1) €= () (~00,00) x (~00,5) = H

satisfying the following conditions:

(12) t — ¢, (0,t) satisfies the equation %(O7 t) = cf’)(O7 t),

(13) ¢,(0,1) =1 and ¢4(0,t) = 0 for all ¢t € (—oo0, g),

(14) s+ ¢(s,t) is a unit speed symmetric geodesic (cf. Definition 11).

To motivate this construction, fix a parameter ¢, < 0. As will be explicitly
described in Section 5, we define coordinates (g, ) by

(0,9) = c(o, 9+ ts).

In other words, the coordinates (g, ¢) not only depend on the family of geodesics
{s — ¢(s,t)} but also on the parameter t.. We are interested in the asymptotics
as t, — —oo. More precisely, we want the metric expression of gg with respect
to (0, ) as t, — —oo to resemble to the metric expression of gy, with respect to
the coordinates (p, ¢) which is

9, (p, @) = ( (1) pos )



In other words, we want as t, — —o0

gu (o, ) ~ ( (1) o5 >

c = c(s,t) = c(p,p+ts)

Y

As ti — - (p—0) In the coordinates (o,®)
geodesics become almost vertical H looks like H,

The expression of the metric gg in the coordinates (g, ¢) is

2
_ (0,0 +1.)| < (o p+t), oo +t) >
gH(QHP) - dc Oc dc 2

< g(@,@"‘t*%&(éﬁﬁp"‘t*) > E(Qa@+t*)|

(o ttesear)

0 |5itep+t)]

The top diagonal entry is equal to 1 because of (14). The off-diagonal terms are
equal to 0 because of the following reason: First, note that the curve ¢t — ¢(0, )
parametrizes the line ¢ = 0 by (12) and (13). Next, since the geodesic s + ¢(s, t)
is symmetric (cf. (14)), the minimum value of the function s + ¢,(s,t) is achieved
at s = 0 by Observation 1 subclaim (z). In particular, %(O,t) = 0 which in
turn implies %(O7 t) is parallel to the line p = 0. Therefore, we conclude that the
Jacobi field % is perpendicular to the velocity vector % of the geodesic at s = 0,
and they must be perpendicular for all s by a standard property of Jacobi fields.
This justifies that the off-diagonal entries are equal to 0.

The examination of the bottom diagonal entry is more subtle than that of
the other entries and explains the role of the differential equation given in (12).
First, note that (for fixed t = p+1t,) the geodesic s — ¢(s, t) can be written in the
notation of Observation 1 as y?0(*) where ¢q(t) — —oo as t — —oo. Observation 1
implies that the geodesic s — ¢,(s,t) asymptotically converges to the piecewise
geodesic s — o(s,t) made up of two geodesic curves s — (—s,—@o(t)) for s €
(—00,0] and s — (s, ¢o(t)) for s € [0,00) as t — —oo. In particular, this implies

(15) [¢p(s,8) = [s]] = lcp(s,t) — oy (s, 8)[ = 0.

)



By invoking the well-known fact for a sequence of harmonic maps (in particular

geodesics) local C%-convergence implies a local C* convergence, we conclude that
ey| _ |9 _ Do
ot ot ot

in any compact interval I contained in (—o0,0) U (0,00). Thus, bottom diagonal

— 0 uniformly as t — —oo

2
entry is |%(s,t)|2 R~ (%(s,t)) for s € I and —t large. If we assume

0
(16) SE(s,t) = ci(s.),
then we can conclude |%(3, t) |2
we therefore observe back in the coordinates (g, )

1 0 1 0
17 gHg7cp=< . 2)@( ) as t, — —o0.

On the other hand, imposing assumption (16) along with (14) results in an over-
determined set of conditions for ¢. Thus, we impose (12) instead and we show
that assumption (12) is sufficiently strong to prove the desired estimates for the
coordinate expression of gg with respect to (o, ). Note that in (17) above, we
only gave evidence for C%-estimates of the Jacobi field s — %(s, t). However in
order to study harmonic maps we need higher derivative estimates of the metric.
Obtaining higher derivative estimates for the asymptotic behavior of the Jacobi
field s — %(s, t) is much more subtle and constitutes the majority of Section 4.
The discussion above is illustrated in the picture in the previous page.

In Section 5, we introduce the coordinate system (o, ¢) in H described above.

We write as in (17)

(18) gu = do* + T (0, ¢)d¢”

where J(0,¢) = |J(p, ®)|, J(p,p) = % is the Jacobi field associated to the one-
parameter family of geodesics {p — (g, ¢)} and we prove precise estimates for the
metric and its Christofel symbols.

__ Finally, in Section 6, we prove the existence of essentially regular subsets in
H. The precise statement is contained in Theorem 28. Its proof is an adaptation

of the arguments in Section 3 for the existence of essentially regular subsets in Hg
using the metric comparison estimates of Section 5.

~ B . : 6 ~ <6
~ c,(s,t) ast — —oo. Since c)(s,t) ~ s° by (15),
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2 Preliminaries

Let Y denote either H or Hy, h denote either gg or dgr, and d denote either dgg or
dg, for simplicity. The homogeneous cordinates (p, ®) of Y are defined by setting

O = pio.
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It can be easily seen that the metric of Y is invariant under the scaling
p— Ap, = \D.

Thus, the distance function of Y is homogeneous of degree 1 under this scaling.
More precisely, for P given by (p, ®) in homogeneous coordinates if P # Py and
A € (0,00), we denote by AP the point given by

(19) ()\,0, )\(I)) and APO = Po.

Then
d(AP,\Q) = M\d(P, Q).

We note that in the original coordinates (p, ¢) of Y, we have
(20) Ap: d) = (A, A7)

Furthermore, if v(s) is an arclength parameterized geodesic, then s +— A~1v(\s)
is also an arclength parameterized geodesic. Furthermore, an immediate compu-
tation yields the following

Lemma 3 In homogeneous coordinates (p, ®), the metric of H is given by

1+99%2p72 —3p~ '@

-3p '@ 1
or equivalently

h = (1499207 2)dp® — 3p ' ®dpd® — 3p~ ' ®dddp + dP?
dp? + (3®p~tdp — d®)>2.

Lemma 4 For P; = (p1,¢1), Po = (p2,¢2) € Y, we have
lp1 — p2| < d(Pr, Py) < |p1 — pa| + [®1 — Do
where ®1 = p3p1 and Py = p3ps.

PROOF. If P, and P, lie in opposite copies of H, then d(Py, Py) = |p1 — p2]
(see our sign convention for p in the remarks preceding (4)) and thus the Lemma
holds. So, let v = (v,,74) : [0,1] = H be a geodesic from P; to P,. Then

1 1
[p1 = p2| < / [Yplds < / 7' |nds = d(Py, P2).
0 0

Next, note that since (p, @) — (p,® — ¢1) is an isometry, we can assume without
the loss of generality that ¢; = 0. Along the line ® = p3¢ = 0, the metric on H
is given in coordinates (p, ®) by



Thus, setting a(t) = ((1 — t)p1 + tp2,0), we have

1
/ o, |ndt = |p1 — pal
0

Furthermore, setting 3(t) = (p2,t®P2), we have

|Boln = P2

The join of the curves a(t) with 0 < ¢ <1 and S(t) with 0 < ¢ < 1 connects P; to
P,. Thus, we obtain

d(P,P) < /|0< |hdt+/ |83 |ndt
lp1 — p2| + [P2].

Q.E.D.

For amap v : (€, g) — Y from a bounded Riemannian domain, let the function
|Vv|? be the energy density as defined in [15]. The energy of v is

:/ |Vo|?dp.
Q

Definition 5 The map v : Q — Y is said to be harmonic if for every x € €,
there exists r > 0 such that u‘B @) is energy minimizing with respect to all finite

energy maps v : By(x) — Y with the same trace (cf. [15]).

Harmonic maps u : (€,g9) — Y have the following important monotonicity
formula. Given zy € Q and o > 0 such that B,(x¢) C Q, identify 2o = 0 via
normal coordinates and let

E*(0) ::/ |Vu|*dy and I%(o) ::/ d?(u, u(z))d.
B, (0) 0B, (0)

There exists a constant ¢ > 0 depending only on the C? norm of the metric on g
(with ¢ = 0 when g is the standard Euclidean metric) such that

e @ E%(0)
(o)

is non-decreasing. As a non-increasing limit of continuous functions,

g e

7 o)
T(0)

)
is an upper semicontinuous function and Ord“(zg) > 1. The value Ord"(zg) is
called the order of u at z¢ (See Section 1.2 of [12] with [15] and [16] to justify the
various technical steps.)

Ord*(zg) := lim e*’
o—0

12



Let u : BR(0) — Y be a harmonic map. Recall from Section 1 that the singular
set of u is defined as

S(u) = {z € Br(0) : u(z) = Py}.

A singular point is a point in S(u) and a regular point is a point that is not a
singular point. In a neighborhood of x € Br(0)\S(u), v maps into a smooth
Riemannian manifold H, and we can write

u = (up, ug)

in terms of coordinates (p, ¢). The local Lipschitz continuity of u (cf. [15] Theorem
2.4.6) implies that, for every r € (0, R), there exists a constant C' dependent only
on r and the total energy of u such that

(21) |Vu,| < C and \u,?;Vud,\ <C in B (0)\S(u).

Furthermore, w satisfies the harmonic map equations (6) in Bgr(0)\S(u) and
weakly in Bg(0). In particular it follows from (6) and (21) that there is a constant
C dependent only on r and the total energy of u such that

(22) |Au,| < ug and |Aug| < u—c; in B(0)\S(u).
P p

An important tool used by Gromov and Schoen in [12] is the blow-up analysis of
a harmonic map in the singular setting. The target spaces in [12] are non-positively
curved Riemannian simplicial complexes. Though they differ from Riemannian
manifolds in a number of ways, they have the nice feature that their tangent
spaces are conical Euclidean simplicial complexes. After proving an important
monotonicity formula for a harmonic map v : X — Y, Gromov and Schoen
establish, at each point z € X, the existence of a sequence of blow-up maps u,,
converging to a tangent map u. : B1(0) — T,(,)Y into a tangent space of Y. In
the special case when Y is R (i.e. u is a harmonic function), u, is the homogeneous
harmonic polynomial approximating v — u(xg) near .

In the present situation, we define blow-up maps in the similar way as [12]
(cf. Definition 7 below), but the analysis of these blow-up maps is complicated
by non-local compactness of the spaces H or Hj as indicated in the Introduction.
Indeed, although we know the blow-up maps are uniformly continuous (in fact,
the normalization of the blow-up maps implies a uniform bound on the energies
and hence a uniform Lipschitz continuity in any compactly contained set in the
domain by [15] Theorem 2.4.6), the non-local compactness prohibits us from using
the usual argument involving the Arzela-Ascoli Theorem. This is the point of
invoking the generalized version of Arzela-Ascoli developed in [16] Section 3.

In doing so, we obtain a homogeneous map u, into an abstract NPC space
Y. (cf. (26) below). Because we cannot compare u, with a blow-up map u, :
B1(0) — Hy (since the target spaces are different for these maps as explained
above), we need Lemma 9 where we view the homogeneous degree 1 maps {L,, }

13



as the tangent maps embedded into Hy. The point of this lemma is that the blow-
up maps {u,,} and the embedded tangent maps {L,,} (both mapping into the
same space) become arbitrarily close as o; — 0. We also need an analogous lemma
for the target H. Although Lemma 9 and Lemma 10 are similar, we highlight an
important difference: the image of L., in Lemma 10 is contained in a geodesic
while the image of L,, in Lemma 9 is not. In particular, this means that the
former sequence of maps are harmonic maps while the latter sequence of maps are
not. Thus, Lemma 10 is only a preliminary result; indeed, the correct analogy of
Lemma 9 for the target H is Lemma 12. The relationship between the preliminary
Lemma 10 and Lemma 12 can be explained by Observation 1.

We now give the details of the blow-up construction described above. First,
we need that the domain metric is expressed with respect to normal coordinates
so we make the following definition.

Definition 6 A smooth Riemannian metric g on Bg(0) C R™ is said to be nor-

malized if the standard Euclidean coordinates (x!,...,2") are normal coordinates

of g. The metric g5 for s € (0, R] on B;(0) is defined by

gs(x) = g(sx).

Given a normalized metric g on Br(0) and a harmonic map v : (Bg(0),9) = Y,
the homogeneous coordinates can be used to define blow-up maps of v at 0. More
precisely, we write

u = (up, us)

in coordinates (p, ®).

Definition 7 For ¢ € (0, R], define a harmonic map (which will be referred to
as a blow-up map)
(23) Ue = (uapau0¢> : (Bl(o)vga) —Y
by setting
Uop(T) = /fl(o)up(aac) and uyq(x) = p (0)us(ox)
or equivalently, writing us = (Uop, Uoe),
Ugp(T) = /fl(o)up(ox) and uyg(x) = MQ(U)u¢(Ux)
where

(24) o) = -

The choice of the scaling constant (o) implies that

(25) I (1) = / d*(ug, Py)dY = 1.
9B1(0)

By the monotonicity property stated above, E%< (1) < 20rd*(0) for o > 0
sufficiently small. We can now use the Arzela-Ascoli type construction in [16]

14



Section 3. First, by [15] Theorem 2.4.6, {u, } has a uniform modulus of continuity.
Therefore, by [16] Proposition 3.7, given a sequence u,, with o; — 0, there exists
a subsequence and a map (referred to as a tangent map)

(26) uy : B1(0) = (Yi, dy)
into an NPC space such that
d(te; (+), Ug; (+)) = di(us(-), us(-)) uniformly on compact sets.

Following [16], we will refer to the convergence given above as convergence in the
pullback sense. By using the same arguments as in [12], we can show that wu, is a
homogeneous map of degree o« = Ord*(0), i.e. d(u.(x),u.(0)) = |x|ad(u*(|§—‘, u(0))
and the curve ¢t — u,(tz) is a geodesic in Y, for each x € 9B1(0).
The singular set S(u) = {& € Bgr(0) : u(x) = Py} is partitioned into the
following two sets
So(u) = {z € S(u) : Ord*(z) > 1}

and
S1(u) ={z € S(u) : Ord*(z) = 1}.

The following is Theorem 35 of the Appendix.

Theorem 8 If u : B1(0) — Y is a harmonic map, then the set of higher order
points of u is of Hausdorff codimension at least 2, i.e.

dimy;(Sp(u)) <n — 2.

The qualitative behavior harmonic maps at order one points are given by the
next two lemma which follow immediately from Lemma 36 of the Appendix.

Lemma 9 Let g be a normalized metric on B1(0) and u : (B1(0),9) — (Hz,d) a
harmonic map with Ord*(0) = 1 and u(0) = Py. Then given a sequence o; — 0
there exists a subsequence (denoted again by o;) a rotation R : R™ — R", a
sequence of homogeneous degree 1 maps l,, : B1(0) — Hy defined by

(Azt, ¢t ) 2'>0
(27) Ly, (z) = Py 21 =0
(Az',¢,) 2t <0
for a constant A > 0 and sequences {¢} }, {¢5,} such that, for any r € (0,1),

lim sup d(uy, o R, L,,) =0
1—00 B,.(O)

where uy, are the blow-up maps u at .

15



Lemma 10 Let g be a normalized metric on B1(0) and v : (B1(0),9) — (H,d) a
harmonic map with Ord*(0) = 1 and u(0) = Py. Then given a sequence o; — 0
there exists a subsequence (denoted again by o;), a rotation R : R® — R", a
sequence of homogeneous degree 1 maps L, : B1(0) — H defined by

(Azl, ot ) z'>0
(28) Ly, (z) = Py 1 =0
(—Azt,¢;) 2! <0

for a constant A > 0 and sequences {¢} }, {¢.} such that, for any r € (0,1),

lim sup d(uy, o R,L,,) =0
71— 00 BT(O)

where Uy, are the blow-up maps u at xg.

As mentioned above, the image of L,, in Lemma 10 (unlike that the image
of Ly, in Lemma 9) is not contained in a geodesic. We will need to work a little
harder to obtain a lemma analogous to Lemma 9 for target H. By composing
with a rotation if necessary, we may assume that {u,, } converges in the pullback
sense to the linear function
(29) Uy (1) = Azt

for some constant A > 0. Furthermore, let

Ug, (1) + Ug,p(—1)
2

C; =

and define an isometry 7., : H — H by setting

Te,(Po) = Py and T, (p,¢) = (p, ¢ — ci).

Since (T, © Uo,)p(1) = (T, © Us,)p(—1), we can assume that the sequence {u,,}
satisfy
(30) ugi¢(1) :uO'i(b(_l), Vi = 1,2,....

Below, we will assume that u. and u,, satisfy the normalization assumptions (29)
and (30).

Definition 11 An arclength parameterized geodesic
7= (Y, 79) : (—00,00) = H
is said to be symmetric if
Vp(8) = 7p(=s) and 4(s) = —75(=9)-
A homogeneous degree 1 map

1:B1(0) > H
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is said to be a symmetric homogeneous degree 1 map if

I(z) = v(Az)

for some A > 0 and some symmetric geodesic. We call the number v4(1) the
address and A the stretch of a symmetric of [.

As mentioned above, Lemma 10 should only be considered a preliminary result
since L,, is not a harmonic map. To proceed to our final goal (cf. Lemma 12
below), we make the observation that there exists a geodesic whose image is close
to the image of the map L,,. Claim (5) of Observation 1 leads us to the following
modification of Lemma 10.

Lemma 12 Let g be a normalized metric on B1(0), u : B1(0) — (H,d) a har-
monic map with Ord*(0) = 1, u(0) = Py and let {uy,} be as in Lemma 10
normalized such that (29) and (30) are satisfied. Then there exists a sequence of
symmetric geodesics 7o, with the address v,,45(1) — 00, a sequence of symmetric
homogeneous degree 1 maps l,, : B1(0) — H given by

lo, (%) = Yo, (Axl)
and a subsequence (denoted again by ;) such that

lim sup d(ug,,ls;) =0
71— 00 B,»(O)

for any r € (0, R).

PROOF. Let ¢E be as in (28). We claim that ¢ — oo. Indeed, if this
claim is not true, then (by taking a subsequence if necessary) qui — ¢oo- By the
normalization (30), we can have ¢, — —@oo. Thus, Ly, converges uniformly to a
homogeneous degree 1 map

(Azt, ¢poe) 2! >0
(A‘Tla_gboo) xl <0
and

lim sup d(ue,;, Loo 0o R) = 0.
71— 00 BT(O)

Since u,, is a harmonic map, so is L,. By the maximum principle,

d(Lso(0), P) # sup d(Le, P)
B1(0)

Since Leo(0) = Py and suppg, (o) d(Leo, P) = d(Po, P) for P far P away from the
image of Lo, this is a contradiction. Set 7,, to be the symmetric geodesic and
with address v,,,(1) = ¢o,. Since ¢,, — 00, we have that (cf. Observation 1)

lim sup d(l,,,Ls,) = 0.
71— 00 31(0)
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Thus,

lim sup d(ue,,ls;) = lim sup d(ue,, Ls,)
1— 00 B,-(O) 1—00 B,.(O)

3 Essential regularity in H,

The goal of this section is to show that Ha[¢o] = {(p,¢) € Ha : |¢| < ¢} satisfies
a property which is similar (but not equivalent) to being essentially regular in
the sense of [12] Section 5. For a harmonic map v : @ — Hj from a Riemannian

domain, write v = (vy,ve) with respect to coordinates T := p — 3p°¢? and
® := p3¢. Thus,

3 .
(31) VY =V, — iv;vi and ve = viv¢

In Q\S(v), we have the harmonic map equation

45
(32) Avy = —?UgvaV%P - 301}21}2|V1}p|2 - 12v§v¢va - Vg

and
(33) Nvg = 9v;v¢\VU¢|2 + 60,04V, |2
We will denote a geodesic ball of radius R centered at Py in Hy by Br(Py).

Lemma 13 Let R € [3,1), Ey > 0, Ag > 0 and a normalized metric g on Bg(0)
be given. Then there exists C > 1 depending only on Ey, Ay and g such that if
oo >0, s€(0,1], ¥ € (0,1] and

v+ (Bon(0),02) > Fal 53] 1 Buayo ()

is a harmonic map with
EY <9"Ey

then
|U§vv¢|L°°(B% ) < Coo,

and
|AUT|L°°(B%(O)) < Co'gp.

ProoOF. Throughout the proof, C' will denote a generic constant dependent
on only Ey, Ap and g. The assumption on the bounds of |v,| and |ve| imply that

[vo| Lo (Byr(0)) = 1306 Lo (Byr(0)) < CV0.
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Furthermore, (21) and (33) imply

| Ave| Lo (Byr(0)) < CY ' o

Next, note that vy and ve satisfy the equalities (32) and (33) weakly in Br(0).
Thus, by elliptic regularity, for any a € (0, 1)
IVvele(Biggn ) S C(P1AVa](Byn(0) + V0] (Bsn(0))

(34) Cgo.

IN

Since Vg = V(v3vy) = 13V, 4 30204V, we have
W3V og| < 302w Vu,| + [Vugl.

The assumption on the bounds of |v,| and |vs| and (21) imply that first term on
the right hand side above is bounded in Bissr (0) by Cg. By (102), the second
term is also bounded by C'¢g. Thus, we obtain the first estimate of the lemma.
Combining the first estimate, the assumption on the bounds of |v,| and |vg], (21)
and (32), we obtain the second estimate. Q.E.D.

Definition 14 We say that a map | = (I,,13) : B1(0) — Hy is an almost affine
map if l,(x) =d-x+bfor @€ R" and b € R, i.e. [, is an affine function.
We are now ready to prove the main theorem of the section.

Theorem 15 Let R € [%,1), Eg > 0, Ag > 0 and a normalized metric g on
Bgr(0) be given. There exist C > 1 and o > 0 depending only on Ey, Ag and g
with the following property:

For ¢ >0, s € (0,1] ¥ € (0,1], if

oo

v: (Byr(0),9s) — ﬁQ[@] N Bays(Fo)
is a harmonic map with
EY < 9"E,
then R
(35) sup d(v,1) < Cr'*® sup d(v, L) + Cridge, Vr € (0, 5]

B,(0) Byr(0)

where | = (Zp, i¢) : B1(0) — Ha is the almost affine map given by

(@) = 0,(0) + Vo, (0) -2, lyla) = vy(a)

and L : B1(0) — Hy is any almost affine map.
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Remark 16 A subset £ C Hj will be called essentially regular if any harmonic
map v : {} — F from a Riemannian domain satisfies (35) above.

PROOF. Throughout the proof, let C' be a generic constant that depends on Ej,
Ap and g. Since

vr ~lp = v, ~ I, — 5003,
we have
2
o = il oy — 100 = e oion| < 00° (52) = 63

Thus, elliptic regularity and the second estimate of Lemma 13 imply that

o [V(UT - Zp)]C"‘(B 79r (0))

8

IA

C(9?|A(vy — lAp)|L°°(B%(O)) + |vy — Zp|L°°(B%(O)))

A

< 019425% + C|’Up — lAp|Loc(B% (0))

Since Vv,(0) = VI,(0), we have

sup |V(vr —Ip)| < Co) (9768 + 970, — bylio( z0s 00))
By (0) t

(36) < 0 (6 + 07— i@ o)
Furthermore, since
7 7 5 15 4o
V(vy —1,) = V(v, = 1,) — 3v,05Vvy — ?UP%VU,,,
the first estimate of Lemma 13 and (21) imply
B7) |V, - Vip|L°°<B%<0>) —[Voy — Viple(B%(O)) < Cdp.
R

Combined with the mean value inequality, we therefore conclude that for r € (0, 5]

sup |”p_Zp| < rd sup |V(Up_ip)‘

By (0) B,.5(0)
< 9| sup |V(vy —1,)|+C¢3 | (by (37))
B, (0)
< 7rd (C’ro‘ <¢(2J + 19_1|’Up — Zp‘LOO(B%(O))) + C¢g) (by (36))
< Ortte sup v, — Zp| + C’r1+a19¢8 + Cm9¢%
Brys(0)
(38) < Cr'™™ sup v, — | + Crogd.
Bry(0)
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We claim

(39) sup |v, —1,| < C | sup |v, — L,| +9¢3 | .
Byr(0) Byr(0)

Assuming (39) is true, the above two inequalities imply

. R
sup |v, — 1| < Cr*™® sup |v, — L,| + Crig3, Vre (0,=].
By (0) By (0) 2

Since vg(z) = l4(x), this estimate and Lemma 4 imply the lemma.
We are left to prove (39). First, since Zp and L, are affine functions and
1,(0) = v,(0), we have for any s € (0, £

sup |ip - Lp|
Byr(0)
< sup (10, = Ly) = ((0) = L,(0))] + [i,(0) = L,(0)])
Byr(0)

= 7' swp (10, — L) = (p(0) = Ly(0))]) + [£,(0) = L, (0)]
Bys(0)

< s7'R swp (1~ Ly) = (05(0) = Ly(0))] + [0,(0) = L,(0)])
Bﬁs(o)

< s'Rsup |l, — L,/ +2s"'R sup |v, — L,|.
Bys(0) Byr(0)

Apply the triangle inequality and (38) to estimate the first term above by

s7'R sup |, — L,|
Bﬁs(o)

sT'R| sup |v, — L,|+ sup |v, — l},|
Bys(0) Bys(0)

< s'R sup |v,— L,/ +CRs* sup |v,— Zp| + CRY®E
Byr(0) Byr(0)

IN

Combining the above two inequalities and noting R < 1, we obtain

(40)  sup |l, — L,| <3s7' sup |v, — L,|+Cs® sup |v, —I,| + CYp2.
Bor(0) Byr(0) Bor(0)

Triangle inequality along with (40) imply

sup |v, — ip|

Byr(0)
< sup |v,— L,/ + sup |ZP—LP\
Byr(0) Byr(0)
< (1+43s7') sup |v, — L,| +Cs™ sup |v, — ip\ + COP2.
Byr(0) Byr(0)

Choose s < % such that Cs® < % to obtain (39). Q.E.D.
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4 Foliation of H by geodesics

In this section, we introduce a foliation of H by a family of geodesics {s —
(cp(s,t),ce(s,t))}. As explained in the introduction, we note that an important
feature of the coordinates (p,¢) of Hy is that the curves {p + (p, )} define
a family of geodesics. In order to replicate the essential regularity results of
H, (cf. Section 3), we need a similar construction for H. We will use the map
{(s,t) = (cp(s,t),cp(s,t))} to define new coordinates (o, p) on H resembling the
coordinates (p, ¢) of Hy . These new coordinates in turn will allow us to prove in
Section 6 the essential regularity of H.

Consider the one parameter family of geodesics defined in the introduction
(cf. (11)). By solving the differential equation (12) with initial condition (13), we
obtain

(41) (0,1) = (c,(0,1),c4(0,1)) = ((3 — 2t)7/2,0).
Since

(42) (%Z’) +c5 (%?) =1 by (14)
and 9

22(0,1) = 0 by (41),

we conclude that s — ¢(s,t) is the unique geodesic with initial conditions (41)
and

@(o,t) = (0, (3 —2t)%?).

Os
For each t € (—o0, 2), consider the vector field
Oc
s Xi(s) = a(s,t) along s — c(s,t)
and set
(43) Ji(s) = J(s5,1) = [ X(s)|-

In particular, (41) implies

Xu(0) = %00, = (3~ 20, 0)
and
(44) Je(0) = [X:(0)] = (3 —2t)7*/% = ¢(0,1).

The symmetry of s — c¢(s,t) implies the symmetry of J; (i.e. Ji(s) = Ji(—9))
which in turn implies
(45) J/(0) = 0.

Since X; is generated by a family of geodesics, X; is a Jacobi field and satisfies
the differential equations

(46) Xi'(s) + Ki(5)Xe(s) = 0
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where

6
4 K =K =—
(47) o) = Klont) =~
is the Gauss curvature of H at ¢(s,t). Since
Oc
X —(0,t) >=
< t(0)7 Os (07 ) >=0,

the vector field X is orthogonal to the geodesic s — ¢(s,t) at s = 0. Hence it is
orthogonal for all s, i.e.

oc oc oc
(48) < X¢(s), a(s,t) >=< E(s,t), &(S’ﬂ >=0.
Furthermore,
P RN IS RTN
(49) < Xi(s), aS(s,t) >=< 856t(s’t)’ aS(s,t) >= 5 91 aS(s,t) =0.

Combining (48) and (49), we conclude that both X](s) and X;(s) are perpendic-

ular to %. By the two-dimensionality of H, X/(s) and X;(s) are parallel, and

hence )
X, (5)]" [ Xe(5)]* =< X;(5), Xe(s) 2.

Equation (46) implies

J(s) = =K (5,)7i(s) + Ji() ™ (IX()° 1Xe(s) = < X(5), Xals) >2) .

The above two equalities along with (44) and (45) give us the differential equation
along with boundary conditions

(50) JI+ KJy =0, J,(0)=c0,t), J/(0)=0.
Lemma 17 For c¢(s,t) given by (11),
|s] < ¢p(s, ).

PROOF. Let 7y : (—00,00) — H be the unit speed symmetric geodesic satisfying

(51) ~v(0) = (1,0) and ~/(0) = (0,1).
We first claim that
(52) o < vp(0) Vo e[0,00).

Indeed, for a fixed o € [0, 00), consider the function

f1(0,00) = RF, f(p) = d((p,0),7(0))-
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Since p — (p,0) is a geodesic, f(p) is a strictly convex function. Furthermore,
the geodesic « intersects the line {¢ = 0} perpendicularly at (1,0) by (51). Thus,
p =1 is the unique minimum of the function f(p). In particular,

o =d(v(0),(1,0)) = f(1) < lim f(p) = d(Po,¥(0)) = p(0)

p—0

This proves (52). For each t € (0,00), we rescale the curve s — ct(s) := c(s,t),
s € [-1,1] to define the unit speed geodesic (see remarks after (20))

- _ . -1
(o) : 10,5 (0) N-H, &)= c(0)" () (0)a).
Since ¢'(0) = (1,0) and %—‘f(O) = (0,1), we conclude by (51) that é'(o) = (o).
Consequently,
o <o), Voe (O,cfj(O)_l].

Multiply through by a; = ¢,(0) to obtain
a0 < ¢(a0), Vo € (0,02(0)_1].
Letting s = a;0, we conclude
s < ch(s), Vsel0,1].
Q.E.D.

Lemma 18 For c(s,t) given by (11) and J(s,t) = |%(s,t)}, there exists C > 1
such that

0 3
< —1 < 1.
0< e og J(s,t) < D) Vs € [0,1]
3 <210 J(s,t) <0, Vse[-1,0]
cp(s,t) — Os =0 ’

and
J(l,t)cf’)(s,t) < J(s,t) < ci(s,t), Vs € [-1,1].

PROOF. Fix t € (0,00) and write J(s) = J(s,t), K(s) = K(s,t) and a = a;
for simplicity. With this notation, we rewrite (50) as

(53) J'+KJ=0, J0)=c0,t), J(0)=0.

Let
J(s) = ci(s, t).

Combining the geodesic equation

YAy
cy =3c,(cy)
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with (42), we obtain

J" + Kj=3cid) +6c,((c,)* — 1) = 9c,(cy)* — 602(0&,)2 =3c)(c))”.

Thus,
Since

integration implies
J'(s)j(s) — J(s)j'(s) <0, Vsel0,1].

Thus, we obtain
J’ i’ 3
<L 2% vseo)
J j Cp
The first inequality of the lemma for s € [0,1] follows from noting that |c}| <
|¢'| = 1. By symmetry, the second inequality follows from the same argument.
J(0) _

Using the initial condition O 1, integration on the interval [0, s yields

J(s) <j(s)=¢, Vselo,1].

P

Since j(1) = ¢3(1,t) > 1 by Lemma 17, integration on the interval [s, 1] yields
s o J()
J(1)e, < m](s) < J(s), Vsel0,1].

By symmetry, the same argument applies for s € [—1,0] and completes the proof
of the third inequality. Q.E.D.

Lemma 19 For c(s,t) given by (11) and J(s,t) = |%(s,t)}, there exists C > 1
such that for (s,t) € [-1,1] x (—o00, 2), we have

%‘Sj(s,t) < Cc, (s, 1) (s, 1),
2

‘?g(s,t) < Cc (s, 1) (s, ),
S

3T -

‘853(8’t> < Ccpg(s,t)J(s,t).

ProOOF. Fix ¢t € (0,00) and write J(s) = J(s,t), K(s) = K(s,t) and a = a;
for simplicity. The first estimate follows from Lemma 18. By (47) and (75),
J=-KJ=3
b
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which is the second estimate. Finally, differentiate (75) with respect to s to obtain
J/// — _K/J_KJ/

Since c;) < || =1, we have

0 —6 12 12
K|l=|—(—x)|= < .
K] ’35 <c%(s,t)>’ 3 (s,1) ] < 3 (s,1)

Combining the above with the previous inequalities, we obtain the third. Q.E.D.

Lemma 20 For c(s,t) given by (11) and J(s,t) = |%(s,t)}, there exists C > 1

such that for (s,t) € [-1,1] x (—oo, %);

G| < ceenien.
9%J
| < o,

(s,t)] < CJ(s,t).

93J
Ot0s?

PRrROOF. Throughout this proof, we will use C' to denote a generic constant
that is independent of (s,t) € [~1,1] x (—oc, 2). For simplicity, we denote the

19

t-derivative by a dot. Differentiate (47) with respect to ¢ to obtain
. 0 6 12¢

54 K=< (-2)==x2

(54) ot ( c%) cf’,

The definition of J and Lemma 18 implies
0<é¢,<J<,

and thus .

(55) 0< K <12

Differentiate (75) with respect to ¢ and note that ¢,(0,t) = ¢3(0,) (cf. (12)) to
obtain ) o . .
(56) J'=-KJ—-KJ, J(0)=3c(0,t), J'(0)=0.

Combining (75) and (56), we obtain
(57) (J'J—JJ) =KJ?

Define n(s) := ‘;Ezg Since s — J(s) is increasing in [0, 1] (cf. Lemma 18), J(0) > 0
and J(s) = J(—s), the function 7 is well defined. By (55) and (57),

(= (5)J%)| = KJ? < 12J
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By symmetry, 7'(0) = 0. Since s — J(s) is increasing in [0, 1], integration implies

| —7'(s)|J%(s) < /OS 12J% < 12s5J%(s) < 12¢,(s,t)J%(s), Vs € [0,1]

which simplifies to
0 (s)] < 12¢,(s,1), Vs €[0,1]

By the initial conditions J(0) = ¢3(0,t) (cf. (75)) and J(0) = 3¢5(0,t) (cf. (56)),
we obtain

=3¢2(0,1).

Since s + ¢,(s,t) is increasing in [0, 1], integration implies
69 )] < In(0)]+ [ Ilds < 362(0.0) + 1250, (5,0) < 1562 (5.1)

which in turn implies
[ J(5)] = [n(s)[J (s) < 15¢3(s,1)J (s).

This proves the first inequality of the lemma for s € [0, 1]. By symmetry, the same
argument applies for s € [—1,0]. By (47), (55), (56) and the first estimate,

|J"(s)| = | — KJ—KJ| <CJ, V¥sel[-1,1].
Since J'(0) = 0 and o +— J(o) is an increasing function in [0, 1], integration,
Lemma 17 and symmetry imply

. . sl
17" (s)| = J(0) +/O "] < C|s|J(s) < Ce,(s,)J(s), Vs € [0,1].

The above two inequalities complete the proof of the lemma. Q.E.D.

Lemma 21 For c(s,t) given by (11) and J(s,t) = |%(s,t)}, there exists C' > 1
such that for (s,t) € [=1,1] x (—o0, 3),
ICP‘ S CCg(S,t),

|é,] < O (s, t).

where ¢, ¢ indicates the first and second derivatives of ¢ with respect to t.

ProOOF. Throughout this proof, we will use C' to denote a generic constant

that is independent of (s,t) € [~1,1] x (—oo,2). For simplicity, we omit the
subscript ¢ and denote the t-derivative by a dot. We can write
=

ép% + é¢%
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and

c/ c/ g + C, ﬁ
P dp 29 é
where
(59) |l lepel < 4/ ()2 +cS(cy)? = || =1
and

(60) |epl, |3eg] < yJé2+c8¢2 = |é| = .
Lemma 18 and (60) imply
(61) ¢l < c3(s,t) and [ég] <1, Vs e [-1,1].

The first inequality above is the first inequality of the lemma. We now proceed
with the proof of the second inequality of the lemma. Since < ¢,¢/ >= 0 by (48),
we obtain

) o . o <>
<éd>==<éd>—<éd >=—9 """ —_JJ.
ot 2
Additionally,
9 Lo
D <ie> .
<é,c’>:atf:JJ.
Since
<d 8>_c, << 8>—é”
78p - p’ J’ap - J’
d ¢ 9 ey
<d, = >=c¢ <= = >=t
9¢ Pee J’ 9¢ J
we can express 8% and 3% in terms of the orthonormal basis {c/, £} (cf. (48)) by
0 ’ ép ¢ 0 6 1/ C6é¢ ¢
—=dd+ L= and = =8, +-L——.
op F JJ dp P9 J J
Combining the above identities, we obtain
< ¢ 9 > = <éc/c’+épé>
" dp N Te JJ
¢
= c;<é,c/>+J—’;<é,c'>
épd
= —C;)JJ/+p77
- 9 . 6. Cgé¢é
<¢=— > = < CyC + ———
d¢ e J J
6.
cbe
= cﬁc:ﬁ <écd > _’_73; <& 6>
6 7
cocyd
= eI+
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and

. _ YA épé
<c,/—> = <c,cpc+7j>
éP

72 <d,ée>

= c’p<é',c'>+
bp o< bl >
J? 2

b !

Cod

By (2), we obtain

Yo
SN

and

Yo
Sle

Thus,
9
ot

= <52>+<C.v 2>
B " Op " Edp

fod
(62) = I+ 697 +3c5¢3,

Applying (59), (61), Lemma 18, Lemma 19 and Lemma 20 to the right hand side
of (62), we obtain the second inequality of the lemma. Q.E.D.

Lemma 22 For c(s,t) given by (11) and J(s,t) = |%(s,t)}, there exists C > 1
such that for (s,t) € [=1,1] x (—o0, 3),

0%J
S ot)] < Celts (s
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0s0t?
o*rJ
0s20t? (5, t)‘

3
‘ 0°J (s,t)‘ < OB(s.1)I(s.1),

< Cci(s,t)J(s,t).

ProOOF. Throughout this proof, we will use C' to denote a generic constant
that is independent of (s,t) € [~1,1] x (—o0, ). Differentiate (56) and note (12)
to obtain

(63) J'=-KJ-KJ-2KJ, J(0)=0, J(0)=15c0,¢).

Differentiate (54) to obtain

(64) K=—-——24

Applying Lemma 21, we thus obtain

(65) 'K’ < C(s,1).

By (65), (55) and Lemma 20, we obtain

(66) |KJ+2KJ| < Cc(s,t)J in [-1,1].
By (75), (63) and (66), we obtain

(67) (J'J—=JJ

_ ‘(KJ +2K )| < Cc(s,1)2,

For s € [0,1] let 7(s) = 713, Then (67) implies

|(=7'(5)J2(5))'| < Cep(s,)J%(s).
By symmetry, 7/(0) = 0. Since o + ¢,(0,t) and o — J(o) are both increasing in
[0, 1], integration and Lemma 17 implies
17/ (s)|J%(s) < C/o ci(a, t)J%(0)do < Csci(s,t)JZ(s) < Cci(s,t)JQ(s)
which simplifies to
|7/ (0)] < Cci(a, t).
Using (75) and (63), we thus obtain

Thus, integration and Lemma 17 imply

el <l + [ (o)l < Cel(s, 1)
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which in turn implies

|J(s)

=[7(s)|(s) < Ccy(s, 1) (s)

This proves the first estimate of the lemma for s € [0,1]. By symmetry, the same
argument applies for s € [—1,0]. By (63), (66) and the first estimate of the lemma,

|J"(s)] = |-KJ—KJ-2KJ|
< Cc(s,t)J, Vse[-1,1].
Since J'(0) = 0, integration and Lemma 18 imply
|J(s)] < Cc(s,t)J(s), Vse[-1,1].

The above two inequalities are the third and second estimates of the lemma. Q.E.D.

Lemma 23 For c(s,t) given by (11), there exists C > 1 such that
|éﬂ| S OC;(Sat)
where ¢ indicates the third derivative of ¢ with respect to t.

ProoOF. Continuing the computation in the proof of Lemma 21, we obtain

Cp = §<c,cp a—¢>

= <c—>+<cVacp

0
8(1) 8(;5

0 0
7 / o
’8p>+<c’V%8p>

|
A
)

(69) =

Differentiating (62) with respect to ¢ and applying (59), (61), (68), (69), Lemma 18,
Lemma 19, Lemma 20 and Lemma 22, we obtain the third estimate. Q.E.D.
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Lemma 24 For c(s,t) given by (11) and J(s,t) = |%(5,t)}, there exists C > 1

such that for (s,t) € [-1,1] x (—o0, 3),

23J
G| < i,
‘W(S,t) S CCP(S,t)J(S,t)7

< Ccﬁ(s,t)J(s,t).

957
FERTASE

PRrROOF. Throughout this proof, we will use C to denote a generic constant
that is independent of (s,t) € [~1,1] x (—oo, 3). Differentiate (63) to obtain (with
the third derivative of J and K with respect to ¢t denoted by J and K respectively)

(70) J'=—-KJ—-KJ—-3KJ—-3KJ, J(0)=0, J(0)=105a".

Differentiate (64) to obtain

14463 108¢,¢, L 126

5 4 3
Cp Cp Cp

(71) K=

Applying Lemma 21 and Lemma 23, we thus obtain

(72) K| < C’cﬁ(s,t) in [-1,1].

Thus, (72), (65), Lemma 20, (55) and Lemma 22 imply

(73) |KJ+3KJ+3KJ| < Ccj(s,t)J in [-1,1]

Next, combining (75) and (70), we obtain

(74) |(J = )| = ‘ (KJ V3K + 3KJ) J‘ < Cch(s,4)0% i [-1,1],

By comparing (73) to (66) and (74) to (67), we observe that the lemma follows

from the proof of Lemma 22. Q.E.D.

Lemma 25 For c(s,t) given by (11) and J(s,t) = ‘%(s,tﬂ we have for (s,t) €
[—1,1] x (=00, 2)
e 3 0;3)(5715) < J(s,t) < ci(s,t).

PROOF. By Lemma 18, it is suffices to show e~ 2 < J(1,t). Fix t € (0,00) and
omit the subscript ¢ for simplicity. With this notation, we rewrite (50) as

(75) J'+ KJ =0, J(0)=c0,t), J'(0)=0.
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The function
ji(s) = (s +¢,(0,1))°
is the solution to the differential equation

6
N7 .
J1tkiji=0, k=-—"7-—

' (s +¢,(0,1))*
with boundary conditions

71(0) = ¢5(0,) and 71(0) = 3¢;(0,)
For s € [0,1], Lemma 17 and (47) implies
—k; < —K.

Hence
(76) (J(s)71(s) = J'(s)ga(s))" < 0.
Since J'(0) = 0 (cf. (75)), we have

J(0)41(0) — J'(0)71(0) = J(0)51(0)

which in turn implies by (76) that

(77) J(s)j1(s) = J'(s)jr(s) < J(0)51(0)
Since J'(s) > 0 for s € [0, 1], we have that J(0) < J(s) and
9 (1oe 118)\  _ Ji(8)I(s) = J'(s)ia(s)
3 (55 MOKE
71(0)J(0)
= i) )
71(0)
: Ja(s)
(78) = 3600 Vs € [0,1].

Integrating this inequality in the interval [0, 1], we obtain

J1(1)  J(0) 3¢2(0,) 1 1 .
S <exp<— 5 ((1+cp(0,t))2_c§(0,t)>><e , Vsel0,1].

[V

Since j1(0) = ¢3(0,t) = J(0) we obtain

Nl

E 3
2

<e 25(l) <J(1)

e

which is the required lower bound for J(1). Q.E.D.
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Lemma 26 For c(s,t) given by (11) and J(s,t) = |%(5,t)|, there exists C > 1
such that for (s,t) € [-1,1] x (—o0, 1],

C_lci(s,t) < J(s,t) < ci(s,t).

PrOOF. Applying the first estimate of Lemma 20 with s = 1, we obtain

JLt) L, .
J(l,t) S Ccp(l7t) S Ccp(]-7 ].) = CO, vt c (_007 1].
Integration implies
J(1,1)
< < B .
log J(l,t) < C’o(l t) < (Cy, Vte ( oo,l]

Thus, by Lemma 18,
—Cy 3 3 3
e” 0 J (1, 1)e,(s,t) < J(1,t)c,(s,t) < J(s,t) < c,(s,t)

for s € [-1,1] and t € (—o0, 1]. Q.E.D.

5 The metric estimates

In this section, we use the family of symmetric geodesics ¢(s, t) given in the previ-

ous section to define a new coordinate system for H. We then give estimates of the

metric gg and its Christoffel symbols represented in terms these new coordinates.
For a fixed t, < 0, apply a linear change of variables

(79) (s,8) = (0,) = (5,1 — 1)

Our goal is to compare the geometry of our space H near (0,0) to that of the
space Hy near Py. The metric and the Christoffel symbols of Ho\{Fp} expressed
in the coordinates (p, ¢) are given by

_ ¢ _

Lo I‘gpfO I‘Wf(?))
P _ ¢ _
(0 p6> and Pp¢—0 ].—‘p(b—;
_ 5 _

rh,=-3p> Tg,=0.

We want to compare the above metric expression and the Christoffel symbols
to that of of gy in terms of our new coordinates given in (79). By construc-
tion (cf. (14), (43) and (48)), the metric g with respect to coordinates (g, ) of

Ho\{Py} is
< (1) 52((;, ©) >
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where we set

Oc
J(0,¢) = ’&(Q"p+t*) =J(o,p +1t.).
and
e =0 Ty = 81 J
eo — e 8@ 08
0
(80) re, =0 If, = 5,087
10 oJ
e - ____ 2 = —— Y =
Lo 2agj Ogj T5 =0

Since we are interested in the geometry of H near Py we will assume (g, ¢) €

[-1,1] x (—o0,1 — t,]. We thus can apply Lemma 19 through Lemma 24. For
simplicity, introduce the function

p=p0p)
given by
(81) P =cplo,p+ts).
By Lemma 17 and Lemma 18, there exists a constant C' > 1 such that
(82) C1® <C7p% < T30, 0) < 6°.
Furthermore, Lemma 19, Lemma 20, Lemma 22, Lemma 24 and the fact that
(s,t) — (0,) is a linear change of variables (and thus 6% = 8%’ % = %) yield
the derivative estimates of J; i.e. there exists C' > 1 such that
oJ 2T o3
- < Cgp? <C — <C.
90 (0,0)| < Cp7, 007 (0,9)| < Cp, 00’ (0,9)| <
oJ 5 ‘ 0*J 4 o°TJ 3
- (0.9)| < Cp?, 0,0)| <Cp",  |5—=—5(09)| <Cp
sy e 300 ¥ 2o 7
a o \& C ’ ) <C 63 9, 29 0\ <C b
§f2 (0,0)| < Cp', 3(,028Q(Q p)| < Cp ’a(anQQ(g w)‘ @
J

0*T »PT
87@3(9’@) < Cp?, m(@#ﬁ) < Cp®, ‘W(Q,@ < Cgp’.

We can apply the above estimate to obtain the following Christoffel symbols esti-
mates: there exists C' > 1 such that

T2,|(0.p) < Cg°

c

T2, (0.0) < Cg°

84 9 peo < Cp
( ) % ) (97@) = &
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82

@Fé’w (0.9) < Cp°
awzfiw (0p) < Cp°
82
‘MF&@ (0,p) < Cp°

6 Essential regularity of H

The goal of this section is to prove the essential regularity of H. This is the
analogue of Theorem 15. Fix ¢, < 0 and let (g, ¢) be coordinates of H as in (79).
For a harmonic map v : (B1(0),g9) — (H, dm), write

v = (v, V)

in our new coordinates (g, ¢). For simplicity, set g, to be the composition of p
defined in (81) and the map v; i.e.

(85) P = P(Vg, V) = €p(Vg, Vg + tx).

Fix R € [2,1). The map v is locally Lipschitz continuous (cf. [15] Theorem 2.4.6);
in particular,

1

(V0] = (I900f? + 1 (v, v )P [V, ) * < L in Br(0)

for some constant L that depends on the dimension n of the domain, R and the
total energy of v. Thus, (82) implies

(86) |Vv,| < L and ¢3|Vu,| <L in Bg(0).

The harmonic map equations are (cf. (80))

oJ
(87) Av, = *Fiw(vg,v@)W%F = 67‘Q~7|V’Usa‘2
and
Avy, = — (21, (vg,v,) VU, - Vug + T8 (v,,04) |V [?)
(QTJ( V)V - Vug + %(vg,v¢)|Vv¢|2)
B T (Vg5 vp)
(8) B (2V~7(U@a vy) - Vo, — %(Ugvvw)‘VUHQ)
B I (vg,vy) .
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Thus, the Christoffel symbols estimates (84) and Lipschitz estimates (86) imply

CL?
|AU9| < C’pZ\VU@Fg

CL?
ps

v

(89) |Avg|

IN

C (9 190l Vv, | + 92 V0, [2) <

in Bg(0). In analogy with (31) we define

’[)920 1 aj 2
(90 = v, + ?Fi@(vg, vy) and vg = J(Vg, Vyp)Vyp — 5%(v9,v@)vw.

For ¢y > 0, define the set

Hpo] := {(0,) € H: [pp| < 0o}

Note since the level sets ¢ = ¢y and ¢ = —¢ are images of the geodesic lines
0+ c(o,p0 + to) and o — c(o, —po + to), the set H[ypo] is geodesically convex.
We also define

alpo] :=  max  ¢,(0,0+t.) = cp(0, 00 + ts).
{e:lel<po}

In particular, we have

P = Cp(ga(p+t*) = dﬁ(c(97§0+t*)aP0)
dﬁ(C(Q, w+ t*)a C(Ov ®+ t*)) + dﬁ(c(07 w+ t*)a PO)
0 + afpo] in Hlpo].

IAINA

(91)

We are now in position to prove the following analogue of Lemma 13. We will
denote a geodesic ball of radius R centered at Py in H by Bgr(FP).

Lemma 27 Let R € [3,1), Ey > 0, Ay > 0 and a normalized metric g on Bg(0)
be given. There exist Cy > 1 depending only on Ey, Ay and g with the following
property:

For ¢g >0, 0 € (0,1] ¥ € (0,1], if

v = (Up,v) : (Bor(0),95) = ﬁ[%] N Bays(Fo)
is a harmonic map with with
wo, U
(92) a5 <5
and
EY < 9"E,
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then
|\7(Ugavsp)vvap|L°°(B%(0)) < Coo,

and
|AUT|L°°(B%(O)) < Co? 5.
PRrROOF. Through out the proof, Cy will denote a generic constant dependent

ony on Fy, Ag and g. First (91) and (92) imply that

bo
92

Combining this with (82), (83) and (90), we obtain

(93) o < v, +a[5 91 < Cy¥

(94) V8| Lo (Br(0)) < CPo.

Since the harmonic map equation (88) implies

29T (0 0,) - Vg 4 T (000,50, = 52 (10 [V 2 =0
we have
DAvg = A <j(vg,v¢)vv, ;%7 (vg,vw)vi)
= AT (Vg 05)0p + 2V T (0y,0p) - Vg + T (04, V) Avy,
—;Agg(vg, Uw)“i - QV%Z(UQ,QP) - Vo, v,
G (00,05 B, = G (w0 )V
= AJ(vg,00)0,
—ngj (vr v )02 — zvg‘g(ug,%) Vg,
(95) —%{Z(vg,%)A%%.
We now estimate the terms on the right hand side of (95). First,
AT (vg0,) = %—‘ZA + %2 T |V, + %A% + ZZW%P
(96) +2 88 Zg Vv, - Vo,

By the metric derivative estimates (83), the Lipschitz estimate (86) and the bounds
of the Laplacians (89), the five terms on the right hand side are bounded in Br(0)
by CL?p,. Thus, by (93) we conclude

(97) AT (Vg,v4) < vaLQ < Cpd in Byr(0).
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Similarly,

N PT PT , 0*J BT 2
‘A&p(vg,%) = ‘&pagﬁ%‘FWW% +87<P2A%+67@3W%|
BT
+2mv'l}g . va
(98) < CEPL* < Co® in Byg(0),
0T 2T e
‘V&D(%v“w) V| = ‘ag&p(%vv@)vve -V, + W(%a v¢)|Vv¢\2
(99) < Cpu,L* < Cod in Bygr(0)
and
oJ 9 .
(100) %(UQ,USD)AMP < Cp,L* < Cp¥ in Bgry(0).

By (95), (97), (98), (99) and (100),
(101) |Avg| < Cope?d™" in Byg(0).

Thus, by (94), (101) and elliptic regularity, for any « € (0,1)

Mvaleremiggnon < Co(P1Avelie(Byn) + Volie(Bsn0))
(102) < Codo.
Since
oNg oJ
Vvg = J(0g,0) Vg + = (Vg Vp) VUV + = (Vg, Vo) VU, U,
do I
we have

oNg
|T (vg,v)Vug| < %(%v%))vvevw

oJ
+ ’a(p(vg,vw)vavw + |Voug|.
By (83), the first two terms are bounded by Copot. By (102), the third term is
also bounded by Cypg. Thus, we obtain first estimate of the lemma. We also
have

(103) 90| Vgl < Copod in Bissr (0).
Next, we compute
Doy = Dv, + F&w(vg,vw)\va,P
0 vi 9 1o
+U¢F¢@(v9, V) Avy, + ?%Fww(%’ V) Avg
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v2 92 v2 9
(104) —|— 2 a0 QFgw(vQ,vw)\Vvﬂg—i-?a—Fg (Vg, V) A,
02 92 2
—&-?wa— (vg,vw)|va|2—HJSOa o 2o (Vg;05) Vg - Vi,

0 0
—1—2%a (vg,vw)VvQ Vv, + 2%8 (vg,v¢)|Vv¢|

The harmonic map equation (87) implies that the first two terms of (104) cancel.
Combining with (84), (89) and (103),

o
[T (00 v,) 80, < CEL8 (071 1V0,l [V, ] + 920, )
< 001971()0(2),
vl 9 372 1 2
?“Oa— (vg,vw)Avw < 0194p L? < Cod™ g,
v2 52
?wwf (vg,v@)|Vv¢,| < 0194 P3L? < Cov ™13,
20 372 )
79087@ o (Vg vp) Ay < C’ﬂ4p L* < Co¥™ g,
02
02
3@87 rg (UQ7U<P)|VUQ|2 < 0194 vaz < O U 9003
v2 92 B
;698 (U0, 0p) VU, - Vv, | < 0194 P3L? < Cov~ g,
3 900
”wa (vg,v@)va Vug| < 2@3|V”9HV”¢|
S C’0?9_ @07
0 JoRal
vwa ' (%a”tp)|vvw|2 < 2@Z|V”w|2
< Cod g

In summary, we have shown that there exists a constant Cy > 0 depending only
on R and the total energy of v such that

(105) |Avy| < Cod ™' in Bisgr (0)
which is the second estimate of the lemma. Q.E.D.

We are now ready to prove the main theorem of the section.

Theorem 28 Let R € [%,1), Eg > 0, Ag > 0 and a normalized metric g on
Bgr(0) be given. There exist C > 1 and o > 0 depending only on Ey, Ag and g
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with the following property:

For o9 >0, s € (0,1] ¥ € (0,1], if
%o

v: (Byr(0),9s) = ﬁ[ﬁQ] NBa,o(Fo)
is a harmonic map with
(106) o[£ < ¥
927~ 2
and
E?Y <9"Ejy,
then R
(107) sup d(v,1) < Cr't® sup d(v, L) + Cridg?, VYr e (0, =]
By9(0) Byr(0) 2

where [ = (I, i¢) : B1(0) — H is the almost affine map given by
I(z) = v,(0) + Vu,(0) -, l,(x) = v,(x)
and L : B1(0) — H is any almost affine map.

Remark 29 A subset £ C H will be called essentially regular if any harmonic
map v : § = F from a Riemannian domain satisfies (107) above.

PrOOF. The proof is analogous to that of Theorem 15. Throughout the proof,
let C' be a generic constant that depends on Ey, Ag and g. Since

vy — [p =, — Zp — %Fﬁw(vg,vw),
(84) and (93) imply
07 =l 2 (Bro ) — 1V = | (Bas(op| < CF° (%)2 = CYg5.
Thus, elliptic regularity and the second estimate of Lemma 27 imply that

PV oy — ip)}caw@(o»

IN

C(9?|A(vy — lAp)|L°°(B%(O)) + [vy — Zp|L°°(B%(O)))

A

< CY3+ Clo, — Zp|L°°(B%(O))~

Since Vv,(0) = VI,(0), we have
swp [V(or — L)l < Cro) (978 + 070, — pli (5,505 )
B (0) 16

(108) < Cre (903 +07 v, — lAp\LwB%(o») :
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Furthermore, since

V(vy — [p) = V(v — [p) + T8 (0o, ) vV,
v2 9 v2 9
©
_ ?agfgw(vg,vw)v% - ?W%Fgw(vg,vw)va

the first estimate of Lemma 27, (84), (86) and (93) imply
(109) ||V, — V[p‘Lx(B%(O)) —[Vor - V[p|L°°(B%(O)) < Cyp.

Combined with the mean value inequality, we therefore conclude as in (38) that
for r € (0, &]

(110) sup |v, — Zp| < Cr't® sup |, — Zp| + Cridpl.
B,.9(0) Bry(0)

Exactly as in (39), we have

(111) sup |v, —1,| < C | sup |v, — Lol + 943 | .
Byr(0) Byr(0)

The above two inequalities imply

. R
sup |v, —l,| < Cr'™ sup |v, — L,| + Crdpg, Vr e (0,=].
By, (0) Byr(0) 2

Since v, (z) = I, (x), this estimate and Lemma 4 imply the lemma. Q.E.D.

7 Appendix

In this section, we prove some lemmas regarding blow-up maps and the order
function. In a slight different language and for two dimensional domains these
results first appeared in [20], but we are including them here for the sake of
completeness. We first need the following definition.

Definition 30 We say that a map vg : B1(0) — Yp into an NPC space is piecewise
a function if, for any connected component Qg of {z € B1(0) : vo(x) # vo(0)},
the pullback distance function of vy |QO is equal to the pullback distance function

of the function f := d(vo, UO(O))|QO.

Lemma 31 There exists g > 0 depending only on the dimension of the domain
such that if a homogeneous harmonic map vg : B1(0) — Yy is piecewise a function,
then

Ord™(0) =1 or Ord™(0) > 1+ €.

Moreover, if Ord*™(0) = 1, then the pullback distance function of vy is equal to
that of a linear function.
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PROOF. Let Qg be a connected component of {z € B,-(0) : vo(z) # v9(0)} and
f= d(vo,vo(O))|QO. We claim that

(112) 110|Q0 maps into a geodesic in Yj.
Indeed, for r € (0,1), let zq, € Qo N B,(0) such that

d(vo(ray), v0(0)) = P d(vo(), v0(0)).

For xo € QN B,(0
d(vo (o), vo(0)
)
)

)

)

) = :}jli% d(vo(xo),vo(z)) = f(zo) — ilg(l) f(z) = f(xo)
) = f(xQ()) - f((Eo)
)

= lim d(vo(ra,), v0(2)) = f(za,) — lim f(z) = f(za,).

d(vo(za, ), vo(zo
d(vo(zqy), vo(0

Thus,
d(vo(zg,),v(0)) = d(vo(za, ), vo(20)) + d(vo(zo), v0(0))

which implies vg (o) lies on a a geodesic from vg(0) and vo(zgq,) and proves (112).

We thus may assume that UO|QO = f, hence the harmonicity and homogeneity
of vy imply

Af=0 and f(r,0) =r“F(0) in Qg

where o = Ord™(0), F : A := Qo NdB1(0) C S~ ! - R and 0 = (1,...,6"7 1)
are the coordinates of S”~!. Combining the above two equations, we conclude
that F' is a Dirichlet eigenfunction satisfying

ala+n—1)F+L0gF =0

in the domain A C S"~!. The Faber-Krahn theorem implies that the volume of
A, and hence of g, has a lower bound depending on « and n. In particular,
we conclude that there exists ey € (0, 1] sufficiently small depending only on the
domain dimension n such that if Ord0(0) < 1+ ¢g, then there exists at most two
connected components of {x € B,(0) : vo(x) # v9(0)}. The maximum principle
applied to the subharmonic function f = d(vg,v(0)) imply that there cannot be
only one component. Therefore, there exist exactly two connected components
Q4 and Q_ of {z € B, (0) : vg(x) # vo(0)} which vy maps into two geodesics 4
and vy_ by (112). Since vy is harmonic, v+ U{vg(0)} U~_ is a geodesic. Thus, the

function
d(vo(z),v0(0)) @€ Qy

f(x) =1 —d(vo(x),v0(0)) xe€_
0 otherwise
is a harmonic function which agrees with the pullback distance function of vg.
Since Ordf(O) = O0rd"(0) < 14 ¢y < 2 and the order of a harmonic function is
integer valued, we conclude Ord® (0) = Ordf (0) = 1. Q.E.D.

The following proposition is motivated by the fact that tangent maps into H
or Hy are piecewise a functions as will be shown in Lemma 34.
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Proposition 32 If a homogeneous harmonic map vy : B1(0) — Yy is piecewise a
function, then
dimy(So(vo)) < n —2,

where Sy(vo) = {x € B1(0) : Ord" (z) > 1}.

PROOF. Assume that H*(Sp(vg)) > 0 for s € [0,n]. By [11], we can choose
2o € Sp(vp) such that zg # 0 and

> 2

(}il,r}) H*(So(vos)) = lim H?(So(v0)) N Bs(20))

o—0 o’

where vy, is the blow-up map of vy at xy. By rotating if necessary, we can
assume zg = (0,...,0,|zg|). By Lemma 31, Ord"(z¢) > 1+ ¢p. The homo-
geneity of vy implies that Ord (txg) > 1+ € for all ¢ > 0, and hence we have
Ord¥-(0,...,0,t) > 1+e¢g for all t > 0. In turn, this implies Ord"~(0,...,0,t) >
1+ ¢ for all t > 0 where vy, is a tangent map of vy at xg.

We claim that v, satisfies the order gap property in the sense that there exists
€0 > 0 such that for any = € S, either Ord?(z) =1 or Ord”(z) > 1 + €;. Indeed,
for x € B1(0)\vy '(vo(0)) and r > 0 sufficiently small, we can assume that UO‘BT(@

is function. Thus, Ord™ (z) = 1 or Ord (x) > 2. For z € vy ' (vp(0)) and r > 0
sufficiently small, vg 5 (after identifying = = 0) is piecewise a function. Thus,

(T

a tangent map of vy is piecewise a function and applying Lemma 31 to it, we can
conclude Ord" (z) = 1 or Ord™(xz) > 1+ ¢y. We have proved that vy has the
order gap property, and hence [5] Lemma 76 implies that for the blow-up map vo.
of vg at xg

dimy (So(vox)) > s.

Moreover, vg, is independent of a direction, and the restriction of vg, to R*~1
spanned by the first (n — 1) standard basis vectors, denoted 0., is a homogeneous
map of degree ag, > 1+ ¢g. We then have

So(vox) = So(tos) x R and  dimyp (So(Do«)) > s — 1.

Furthermore, since vy is piecewise a function, the blow-up maps {vg,} are also
piecewise a function. Since {vgy} converges to ¥, locally uniformly in the pull-
back sense, ¥, is piecewise a function. Thus, if s > n — 2, we may repeat this
argument inductively to produce a geodesic with order not equal to 1 for some
point, a contradiction. This shows s <n — 2. Q.E.D.

Lemma 33 Let vg : B1(0) — Yy be a homogeneous harmonic map into an NPC
space. If there exists a sequence of harmonic maps {w; = (W, w?) : B;(0) = Y}
where Y = H or Hy with uniformly bounded energy converging locally uniformly
in the pullback sense to vy and lim;_, o, w;(0) = Py, then vy is piecewise a function.
In particular,

Ord™(0) =1 or Ord™ (0) > 1+ ep.
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and
dimy(So(vo)) < mn —2.

Moreover, if Ord"(0) = 1, then the pullback distance function of vy is equal to
that of a linear function.

PRrROOF. Since E¥i(1) is uniformly bounded, [15] Theorem 2.4.6 implies that,
for any r € (0, 1), there exists C' > 0 such that for all i and x € B,(0)\{z : w;(z) #
P}

(113) Vuf|(2) < O, (wf(@)*|Vuf|(z) < C.

Let Qo be a connected component of B;(0)\vy'(vo(0)) and f : Qo — R* as
in Definition 30. Fix zq, € 2 and let K be an arbitrary domain compactly
contained in €}y and with zq, € K. By the local uniform convergence in the
pullback sense of w; to vy and the fact that lim;_, ., w;(0) = Py, we also have
the local uniform convergence of w! to the function f. Thus, the function w?
is bounded away from 0 in K for i sufficiently large. Therefore (113) implies
that wf is uniformly Lipschitz in K, and there exists a subsequence of {wf’ —
w?(xg,)} for some fixed zq, (which we shall still denote by {w? — w?(zq,)}
by an abuse of notation) that converges uniformly in K. By taking a compact
exhaustion of €}y by a sequence of sets possessing the properties of K and applying
a diagonalization procedure, we can assume (by taking a subsequence if necessary)
that {w? —w? (zq,)} converges locally uniformly to some function g in Q. Thus,
{(w?, w? —w?(xq,))} converges locally uniformly in Qy to the map (f,g) : Qo —
H. Since {(w”,w? — w?(xg,))} is a sequence of harmonic maps into a smooth
Riemannian manifold (H, gg), this convergence is actually locally C* (for any k).

The map w; is harmonic which implies that the functions w! and wf satisfy
w? Aw? = 3(w?)’|Vw? > in Q.

Thus, the functions f and g also satisfy

(114) fAf =3f%Vgl* in Qo.

Furthermore, the homogeneity of vy implies the homogeneity of f. Thus, Qg is a
cone and we can write

flr,0) =r*F(0) in Qo

where « is the degree of homogeneity of vy, F : A := QyNdB1(0) C "~ ! — Ry
and @ = (#',...,0""1) are the coordinates of S"~1. The above two equations
imply that
ala+n—1)F 4+ NgF = r**T2F0(9)|Vg|?.

Since this inequality holds for any r > 0, we can conclude that |Vg|? = 0. Since
wf’ 7’[1)?(5890) =0 at z = zq,, we see that g(xq,) = 0. Hence this implies g = 0 in
Qo and (w?, wf’ — wf(mgo)) converges locally uniformly to (f,0) in Q. In partic-
ular, we conclude that vy is piecewise a function. The rest of the assertions follow
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from Lemma 31 and Proposition 32. Q.E.D.

Lemma 34 Ifu = (u?,u®): B1(0) = Y is a harmonic map where Y = H or Ha,
x € B1(0) and u, is a tangent map of u at x, then

Ord“(0) =1 or Ord"(0)>1+e€y, dimy(So(u.)) <n—2.

Moreover, if u(x) = Py and Ord*(z) = 1, then the pullback distance function of a
tangent map u. of u at x is equal to that of a linear function.

PROOF. Let z € B1(0). Let {u, = (v ,u$ )} and u, be the blow-up maps
and a tangent map of v at x such that u,, converges to u. locally uniformly in
the pullback sense. First, assume u(x) # Py. Then u maps a neighborhood of x
into a smooth Riemannian manifold, and u, maps into Ty, H = R?2. Therefore,
if u(z) # Py, we conclude the assertion of the lemma with ¢y = 1. Next, assume
u(z) = Py which then implies u,,(0) = Py. We obtain the assertion of the lemma

by applying Lemma 33 with w; = u,, and vo = u«. Q.E.D.

We now arrive at the following.

Theorem 35 If u = (u”,u?) : B1(0) = Y is a harmonic map where Y = H or
H,, then the set of higher order points of u is of Hausdorff codimension at least
2, i.e.

dimq.[(So(u)) <n-—2.

ProoOF. Follows immediately from [5] Theorem 78 and Lemma 34. Q.E.D.

If Ord¥(0) = 1 in Lemma 33, then we can assume (after rotating if necessary)
that vo(z) = Ax! for some constant A. The next lemma shows that we can embed
the image of vy in H or in Hy so that the convergence takes place in H or in Hy
(instead of the convergence in the pullback sense).

Lemma 36 Let B} (0) = {z € B,(0) : 21 > 0} and assume that the sequence
u; : B (0) = H with u;(0) = Py converges locally uniformly in the pullback sense
to a function f(x) = Ax'. Then there exists a sequence maps I : B (0) — H
defined by

o Azt ey 2t >0
li ($) - { PO JUl =0
for a constant A > 0 and sequences {¢; } such that, for any r € (0,1),

lim sup d(u;, 1) =0
B0

PROOF. Choose base points 24 = (3,0,...,0) € By (0). Define f; = (fip, fis) :
B1(0) — H by setting

fip(@) = wip(x), fig(®) = uig(2) — uip(x™)
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Since the translation (p, ) — (p, ¢ — ¢o) is an isometry of H it suffices to prove
(115) d(f;,1°) = 0 uniformly in B, (0)
where [° : B,.(0) — H is defined by

lo(l‘){ (Axl,O)GH $1>0

(116) Py 2 = 0.

Again, by the isometry above, we have d(f;, f;) = d(u;, u;), and hence f; converges
uniformly to u, in the pullback sense; i.e.
A(fi() fi() = d((),u.()) uniformly in B (0)
(117) = d(°(),1°()-
Since
fiolwy) = wip(zy) = d(ui(z), o)
= d(ui(m+)7ui(0 )a
we have by (117) that
lim fip(+) = d(us(z4),u:(0)) = Az =1%(xy).
Therefore, f; is normalized so that

(118) fig(xy) =0 and lim d(fi(x:), %)) =0.

11— 00

Claim 1: For each i € N, there exists a subsequence of {f;} (which we call
{f;} by an abuse of notation) that converges uniformly to 1° on {x € B,(0) : 2! >

s

Proor or CraAiM 1. Since f; is uniformly Lipschitz continuous, the claim
follows from Arzela-Ascoli by proving the following statement: there exist ¢g > 0
and ig > 0 such that f; maps B(i) := {z € B,(0) : 2! > 1} to a compact set
K :={(p,9): 0< p<24,—¢y < ¢ < o} for all j > ig. If not, then there exists
a sequence z; € {x € B,(0) : ' > 1} such that z;; — « and fjr4(z;) — +oo.

Now note that by (117), for sufficiently large j and for all x € E:.r (0), we have

0< fip(x) = d(fj(x), Po) =d(f;(z), f;(0))
< A+d(%x),1°(0)) < 24.

On the one hand, again by (117) and (118),
i d(fy (), (24
< Jim [ o), i) + (o), e )
1 1 A
- 5

= d(l°(2),%(z4)) SA(5 - 5) <
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Furthermore, fj4(z;/) — 400 implies

%giogfd(fj'(%')alo(m)) = 1§.§giogfd((fj'p(fﬂj')7fj’¢($j'))alo($+))
.. A A
= l}gloréffj/p(xj,) + 3 > 3

This is a contradiction. Q.E.D.

Claim 2 There exists a subsequence of {f;} (denoted by {f;} by an abuse of

notation) such that

A(fie) @) < 3, for ot > 5

and

1 —+
[d(fi(x), f:(0)) = d(I°(x),1°(0)| < 7, ¥z € B, (0).
PrOOF OF CLAIM 2. By (117), we can choose j; sufficiently large such that
0 0 1 -t
|d( (), £(0)) = d(*(2), F(0))| < 5, Vo € By (0).
Assume ji, ..., j;—1 are defined. Now let j; be sufficiently large such that j; > j;_1,

0 1 1o 1

d(f;,(x), " (z)) < =, for z° > —

i i

and
1 —+
A, (2), £,(0)) = d@(@), °O)] < =, Y € B, (0).
The existence of such j; is guaranteed by Claim 1 and (117). The subsequence

{f%} thus inductively defined satisfies the assertion of the lemma. Q.D.E.

For 0 < z' < 1, we have by the triangle inequality and Claim 2 that

— 3

d(fi(2),1°(x))

IN

d(fi(w), Po) +d(I°(z), )
d(fi(x), fi(0)) +d(1°(x), Po)
(@), 1(0)) + 5 +d(1°(), Po)

IN

L 2d((@), Py
A
1424

IN

i

By Claim 1, this completes the proof of (115) and hence of the Lemma. Q.E.D.
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