LATTICE ACTION ON FINITE VOLUME HOMOGENEOUS
SPACES
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Abstra ct. We study the distribution of a denseorbit of a lattice  acting by
the right multiplication on the space nG where G is a connectedsimple Lie
group and its lattice. We show that for G = SL,(R), every denseorbit is
equidistributed with respect to the Euclidean norm.

1. Intro duction

Let G be a connectednon-compactsimple (linear) Lie groupwith nite certer.
A discretesubgroupin G of nite co-wlumeis calleda lattice in G. Two lattices
and in G arecalledcommensurablenith ead other if the intersection \

is of nite index both in and .

Let and belatticesin G and considerthe right translation action of on
the homogeneouspace nG. If iscommensurablevith , thenthe orbit n
consistsof only nitely many points of cardinality [ : \ ] andin particular is
discretein nG. If isnot commensurablevith , thentheorbit n isdense
in nG. Indeed, it is a rather simple consequencef Ratner's theorem[Ra2] that
the orbit of ( ) on( ) n(G G) is denseunder the diagonal action of
G (cf. Lemma3.1). Thereforethe setf( g; g) : g2 Ggis densein G G.
It follows that is densein G, being the image of a densesubsetof G G
under the cortinuousmap G G! G givenby (g;h) 7! gh 1. This fact was
rst stated by Vatsal in [Va] (for p-adic case)where he usedthis fact asa crucial
ingrediert in proving the main result in [Va].

In this paper, we study ner properties of the distribution of the denseorbit

n on nG. Fix a maximal compact subgroupK of G and considera well

rounded(seeDe nition 2.1)family fGg G : R > 0g of left K -invariant subsets
of G. For asubsetS G, Sg denotesthe intersectionS\ Gg for any R > 0.

De nition 1.1. We saythat g is equidistributed on nG asR! 1 if
#f 2 R - 12 19 VOI( 1)
#f 2 R - 12 20 VOl( 2)
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for any two compact subsets ;; » nG with non-emptyinterior and piecewise
smath boundary.

Let G= KAN be an lwasava decomppsition and setB = AN. We rst showv
that the equidistribution of g on nG asR ! 1 holdsif Br is uniformly
distributed on the product space( ) n(G G) via the diagonalaction, in the
sensethat, denotizng by aright invariant Hgar measureon B,

! f(b% bld (! fd asR! 1

(1.2)
(Br) Bg ( ) nG G)

for any continuousfunction f on ( ) n(G G) with compactsupport, where
denotesthe probability Haar measureon ( ) n(G G) (seeTheorem?2.6).

Secondly we verify the uniform distribution of Bg on ( ) n(G G), asde-
scribed above, in the specialcasewhenG = SL,,(R), B is the identity componert
of the upper triangular subgroupand the family f G : R > Og is given by

g X%
(1.3) Gr = f(gj) 2 SLa(R) : o Ra:

Thereforewe obtain:

Theorem 14. Letn 2. Let and be latticesin SL,(R) which are not
commensuable with each other. Then for any nice (see 2.3) compact subset
nG,

#ig=(g)2 : g2 X o, _Vol(Gr) vol()

9= G - 9 ! 9 vol( nG) vol( nG)
where Gg is givenasin (1.3). In particular, g is egui-distributed on nG as
R! 1.

All volumesappearing in the right hand side of the above asymptotic are to
be computedwith respect to one xed Haar measureon G.

asR! 1

The basic ingrediert of the proof of the uniform distribution of B in (1.2)
is Ratner's measureclassi cation theoreminvariant under unipotent ows [Ral]
as well as the work of Dani and Margulis on the behavior of unipotert ows
near cusps[D-M2]. Setting X = ( ) n(G G), the left hand side of (1.2)
de nes a probability measure,say, r, onthe homogeneouspaceX . Then (1.2)
is preciselysaying that r weakly corvergesto asR ! 1. One rst shovs
that any weak limit of g is a probability measureon X, resorting to the work
of Dani and Margulis [D-M2] in the form re ned by Shah[Sh2]. In this step
the unipotent subgroupwe useis just N. Howewer in order to apply Ratner's
measureclassi cation theorem in showving that any weak limit of g is indeed
G G-invariant, we needto know that the weaklimits of g areinvariant under
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someunipotent ows. For a generalwell rounded family in a generalsimple Lie
group, this seemsa hard part to prove, and that is the essetial reasonwhy our
theoremis proved only for SL,(R) and the family Gg asin (1.3).

Gorodnik shaved the uniform distribution of Bg on nSL,(R) for any lattice

[Go]. The secondpart of the proof of Theorem 1.3, which is the uniform
distribution of Br on the product space( ) n(SL,(R) SL.(R)), closely
follows his work.

Remark Recernly in [G-O] Gorodnik and the author were able to prove that
(1.2) holdsfor any connectednon-compactsimple Lie group G with nite certer,
whereGg is de ned asthe Riemannianballs of radius R, by a completelydi erent
approad from the methods described hereaswell asfrom thoseof [Go]. Together
with our resultsin section?2 of this paper, this implies that Theorem 1.3 holdsfor
any connectednon-compactsimple Lie group G with nite certer with respect
to a family of Riemannianballsin G.

On the other hand, another recert work of Gorodnik and Weiss[G-W] also
givesa di erent method of proving Theorem 1.3 in a greater generality.

Acknowledgmen t | am grateful to Margulis for sharinghis insight on this prob-
lem.

2. Relation between -action on nG and B-action on ( ) (G G)

Let G be a connectedsemisimple(real) linear Lie group with nite certer.
Consideran lwasava decompsition G = K AN whereK is a maximal compact
subgroupof G, A is the connectedcomponern of a maximal real split torus and
N the unipotent radical of a minimal parabolic subgroupnormalizedby A. Set
B = AN.

Fix aright invariant Haar measure on B and let dk be the probability Haar
measureon K. Denote by ¢ the measureon G de ned as follows: for any

f 2 C,(G), 5 5 7
fdgs= f (kby dkd (b):

G B K
It is standardto chedk that ¢ is a Haar measureon G.
For any discretesubgroup of G, there existsa uniqueright invariant measure
(cf. [R]), which we alsodenoteby ¢ by a slight abuseof notation, sud that for

any f 2 C,(G), 7 7 X
fdg= f( gd s([g):

G [g2 nG ,»

De nition 2.1. For a givenfamily F = fGg G : R > 0g of subsetsof G, we
say F is wel rounda (cf. [EM]) if the following conditions hold:
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(A) for all suciently smal > 0, there existsa neightwrhood U of e in G
andk 1suchthatk ! l1as ! 0Oand
G, 1g UGgr Gggr forall suciently largeR > 0;
(B) for all suciently smal > O, thereexista(k) 1andbk) 1 such
that

. . G(Gk lR) . G(Gk R)
bk ) “Frz]?1mf c(GRr) “g]usup c(Gr)

with a(k ) and b(k ) goingto 1 ask ! 1.

a(k )

Example 2.2. LetG Mu(R). Supmsethat k k is a norm on M,(R) whichis
bi K -invariant, i.e., kkyX kyk = kX k for all X 2 M,(R) and k;;k, 2 K. Then
it followsfrom [DRS, Lemma2.2 and appendix 1] that for

Gr:=fg2 G:kgk Rg;
the family f Ggr : R > Og is wel rounde.

For eadr R > 0 and any subsetS of G, we set

Sr = Gr\ S:
De nition 2.3. Let be a lattice in G. A compact subset nG is nice if
for any > 0, there existsa neighlmrhood U of e in G suchthat
(2.4) @ )el ") () @+ ) el )
where
"=[g@u 9 and =\qpu @

Let and belatticesin G. Set
X=(C )nG @G
and denoteby the normalizedHaar measureon X . In fact,
1

4= (18 o ey de de

For the rest of this section,we x a wel roundel family fGg G : R > Og of
subsetsof G. We alsoassumethat eat Gg is left K -invariant, i.e., K Gg = Gg.
It followsthat Gg = KBy for eatch R > 0.

The aim of this sectionis to relate the uniform distribution of Bg on X as
R! 1 with the equidistribution of g on nG.

De nition 2.5. For anyf 2 CC(X% set

1
R() = (Br) &g

f(b% bYd (b:
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By the Rieszrepresetation theorem, r de nes a probability measureon X .
We denote by P (X) the spaceof probability measureson X with the weak*-

topology.
The main theoremin this sectionis the following:

Theorem 2.6. If ! asR! 1 in P(X), thenfor any nice compact subset
in nG,
vol(Ggr) vol()
vol( nG) vol( nG)
(here all volumesare computeal with resgct to ).

#f 2 Rr: 12 asR! 1

Fixing a piecewisecortinuous function on nG with compactsupport, and
R> 0,wedene forany g2 G

X
Fe@ = oi(9 (0

2

Notice that Fy is a well de ned function on nG. If is the characteristic
function of a set nG, then we set, for simplicity,
Fr = Fgr:

The reasonwe de ne this function is that the value of Fy at the idertity e is
preciselythe left hand side of the asymptotic in Theorem 2.6:

Fr(e)=#f 2 g: 2 g

To shav Theorem2.6, we approximate the value F (€) usingthe inner products
of functions in L2( nG).

Fix a nice compact subset nG. Foreath > 0O, let U be a bounded
symmetric neighborhood of e in G asin the de nition (2.3). We may assume
that U\ = fegfor eacr > O without lossof generality. In what follows, all
inner products h; i aretakenin the spaceL?( nG) with respectto the measure

G- Let k beasin De nition 2.1 (A).

Lemma 2.7. Lef  be a non-negative continuous function on  nG suprted

on n U with . dg=1 ThenforanyR > 0,

(2.8) HF
Proof. Obsene that
Fr(@=#f 2 : 2Gg'lg Y 2 g'log
It then follows from (2.3) and (2.1 (A)) that forany g2 U,
(2.9) Foip(@ Fr(® Feg(@ forallg2 n U;

TR N S C L S
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where * and  arede ned asin De nition 2.3. Hence,taking integralsagainst
in (2.9) yields the claim.

In the following lemmaand the proposition, assumehat is a piecewisecortin-
uousfunction on nG with compactsupport and the setof points of discortinuity
has measurezero.

Lemma 2.10. For any ch( nG),

g, 0= ( ) gth g hd s(9):
92Gr
Proof. Obsene that |
Z X -
Fg; 0= s.:(9 (9 ( 9dqc(9
Z nG )? !
= c.:(9 (9 ( 9 dc(9
z" 2
= e c,1(9 (9 ( 9d (9
Zg
= (gh ( ghd c(g):
92GR

Prop osition 2.11. If ! asR!Z 1 in P(X), thenfor any 2 C.( nG)

1
—h; 0! d asR! 1.
c(Gr) ° X
Proof. De ne a function f OZnX by
f( g h):= ( gk) ( hk)dk forg;h2 G:
k2K
SinceGr = KBg, we de(}ucefrom Lemma2.10that
g, i = (g" ( ghd a9
ZQZ%R
= (bk Y ( bk Hd (bdk
ZK bZBy
= ( b)) ( b.kdk d (b
szsR K

= f(b% bhHd®:

b2BRr
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Sincef is piecewisecortinuous on X with compact support and the set of
points of discortinuity has measurezero, the assumptionnow implies that
z

(o SFOO (Br) fd asR! 1:
X

It follows from the invariance of the measure that

Z 1 Z Z
fd = d d &:
< o(nG) o( NG) o ¢ w6 °©

R
SinceGg = KBr and  dk= 1,wehave (Gr) = (BRr). Thereforethe claim
follows.

Pro of of Theorem 2.6 By Proposition 2.11, the left and right hand sidesof

(2.8) are asymptotically, asR! 1 , equalto the product of m with

(G r) o( ) and o(Gkr) o 7)

respectively.
Sinceby (2.1 (B))

bk ) c(Gkr)  a(k)
akk)  o(Ge r) Bbk)

we have
~6(Gkr) | 1 4sR1 1 and ! O
G(Gk 1R)
Also by (2.3)
1 o( 7)) 1+
1+ o( ) 1
we have
o ), .
I 1 as ! O
o( )
Thereforewe obtain asR! 1
c(Gr) ()

Fr(€)

o( NG) o nG)’

nishing the proof.
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3. Unip otent o ws on ( ) (G G)

Let G be a connectedsimple non-compactlinear Lie group with nite certer.
This guararteesthat G is generatedby unipotent one parametersubgroupsin G.
We denoteby Gg the imageof G under the diagonalembeddinginto G G,

Go=1(g,0):G G:g2 Gg:

The reasonwe insist G being simple rather than semisimpleis to ensurethat Gg
is a maximal connectedclosedsubgroupof G G.

Let and be lattices in G which are not commensurablewith ead other.
The following is a well known consequencef Ratner's theorem.

Theorem 3.1. The orbit ( ) Go is densein ( ) n(G G).

Proof. SinceG is generatedby unipotent one parameter subgroups,by the the-
orem of Ratner [Ra2], there exists a connectedclosedsubgroupH of G G
cortaining Gy sud that the orbit ( ) HisclosedandH \ ( ) isalattice
in H. SinceGq is a maximal closedsubgroupin G G, it follows that either
H=G GorH = Gg. In the latter case,( ) \ Gg is a lattice in Gq, or
equivalertly '\ is alattice in G. It followsthat \  has nite index both
in and , thatis, and arecommensurablewith ead other, cortradicting
our assumption. HenceH = G G, proving our claim.

Denoting by g the Lie algebraof G, considerthe vector space
(3:2) v= 0° 9 9

with a xed normk k. ThegroupG G actsonV via the adjoint represetation.
For any closedsubgroupH in G G with the Lie algebrah, we de ne a unit
vectorin V:

Dy 2 Adim(H) .-

De nition  3.3. SetH to be the collection of all proper non-trivial closeal con-
nected sulgroupsH G G suchthat ( ) H is closal in ( ) n(G G),
( ) \ H is a lattice in H and the sulgroup genented by all one parameter
unipotent sulgroupsof H acts ergddically on (( ) \ H)nH with respect to the
H -invariant prolability measure.

If H2H, Ad(H\ ( )) is Zariski densein Ad(H) (see[Sh2]).

Theorem 3.4 (D-M1, Theorem 3.4). For any H 2 H, we have ( ) pn IS
discretein V and [ ] Ng o(H)! is closal in ( ) n(G G), whee

Ne c(H)':=fg2G G:gpu = pug:

Write V = Vy Vi where, is the subspaceof all Go-invariant vectorsand V;
a Ge-invariant complemen Let pr; : V ! 'V, be the projection for ead i = 0; 1.
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Lemma 3.5. LetH 2 H besuchthatH 6 G feg;feg G. Then

0Zpry(( D)pn):

Proof. Supposenot. Then for somex 2 , XGox ' Ng g(H). Since
( ) Gogisdensein G G by Theorem 3.1 and ( ) Ng o(H)?! is closed
in G G by the above theorem, we have ( ) Ng ¢(H)!= G G. By Baire
category theorem, it impliesthat G G = Ng g(H)!. HenceH is a normal
subgroupof G G. The only proper connectednormal subgroupsof G G are
feg GandG feg. This provesthe claim.

Fix m 2 N. For any d;n 2 N, the notation Py, denotesthe set of functions
g:R™! G G sud that for any a;b2 R™, the map

t 7! Ad(g(at + b)

is a polynomial of degreeat most d with respect to somebasisof the Lie algebra
of G G.

We now state two main ingredierts of our proof of the uniform distribution
of Bg asin (1.2). Both theoremsbelow hold for any connectedsemisimpleLie
group and its lattices without any change. We state this way merely for our
corveniencefor later use.

Theorem 3.6 (Sh2, Theorem 2.2). Let m 2 N be xed. Suppse that (

) n(G G) is not compact. There existsclosal sulgroupsU;; ;U suchthat
each is the unipotent radical of a proper paratolic sulgroupin G G, ( ) U

is compact and for any givend;n 2 N, and ; > 0, there existsa compact subset
C ) n(G G) suchthat for any q 2 Py, and a bounde&l open convex
subsetD R™, one of the following holds:

(1). There existx 2 ( ) and1l i | suchthat
supkq(t) *xpy, k
t2D

2).
jft2D:( ) qt)zCgj |Dj

where j | denotesthe usual Lelesguemeasure on R™.

Foreahh H 2 H and a subgroupU, G G, dene

X(H;U) =1(01:92)2G G:(0;R)Uo  H(g )0

Theorem 3.7 (Shl). Let > OandH 2 H. Let Uy be any one parameter
unipotent sulgroupof G G. For everycompact C  ( ) n( ) X (H;Up),
there existsa compact subsetF  V suchthat for everyneightorhood K of F in
V there existsa neightorhood of C in ( ) nG G suchthat for anyq2 Py
and every boundel open convexsubsetD R™ one of the following holds:
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(1). for somex 2 ( ),
f(q(t)) xpy :t2Dg K:

).
ft2D:( )aqv2 g jD;j

4. Translates of Br by a unip otent element in SL,(R)

For the rest of paper, we set G = SL,(R) and considerthe lwasava decomyo-
sition G = K AN whereK is given by

fg2 SL\(R) : 'gg = 1ag;
A is the diagonal subgroup of G consisting of positive diagonals,and N is the
strictly upper triangular subgroupof G.
Then B = AN s preciselythe identity componert of the upper triangular
subgroupof G.
Considerthe norm k k on the vector spaceM,(R) of n  n matricesgiven by

g x——
k(gj )k = o
Dene foreah R > 0
(4.2) Gr:=fg2 G:kgk Rg:
Then the family f Gg : R > Og is well rounded (seeExample 2.2) and clearly ead
Gr is bi K -invariant.
Set
(4.2) U=fg2G: (I, 9); = Oforall (i;j) expectfor (1;n)g:

Note that U is the one parameter unipotent subgroup whoseonly non-zero
ertry is the (1;n)-entry, exceptfor 1's on the diagonal. Even though it is not
formulated this way, the following is the essetial cortent in the proof of Lemma
18in [Go]:

Theorem 4.3. Let be a right invariant Haar measure on B. Then for any
u2uU,

The proof of the above theorem we give below is basically taken from [Go].
Howewer we have simpli ed somecalculations. For instance,we do not needthe
preciseasymptotic of (BRr).

The Lie algebraa of A canbeidentied with the set

X
fs=(s;; ;sn)2R": si = Og;

i=1
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and the exponertial map e := exp:a! A is anisomorphismwhoseinverseis
given by log. The Lie algebran of N canbeidentied with ft: I +t2 Ngand
dene themapn:n! N by

nt)=1+t:
We usethe right invariant measure on B de ned by
(4.4) d (e°n(t)) = € Ods; ds, .dt

where (s) is half the sumof all positiverootss; s; with 1 i<j n.
ForR> Oands?2 a, de ne the subsetNsr of N by

Nsg = fn2 N : ke’nk  Rg;
sothat eNsr = €N \ Bgr. Forc> 0, set
At = feSZA:lrinip S > gt
In the following the notation, f (R)  g(R) meansthat there existsa constart

C > Osudhthat f(R) C g(R) for all suciently largeR.
Lemma 4.5. Letc> 1. Setting Bg := A°N \ Bg, we have

(Br) (Bg) asR! 1:

P
Proof. Write (s) = inzllrisi. Thenr; > 0foreadhl i n 1. Note that
Br BS=[",'B; where
BL:=fe’n2 Bg:s < cg:
First by the changeof variable €’ n;; 7! nfj’ , We see
Z
eP inzlll'isi dn eP inzlll'isi Rdim(N):
Ns;R

Hence
Z Z

i P . P
(4.6) (Br) e ntris dnds RUMN* " i1

fs2akkeSk R;si cg Ngr
On the other hand, if we set
1 R2
SR =fs2a:-log— s S Og;
R > o] on 1 n 1 g
we have
R? ke’k® R?=2 forany s2 Sg:



12 HEE OH

Hence
Z Z o
(4.7) (Br) & 'S dnds
ZZSR NS;R
Po1 . _
(48) e i=1 risi(RZ keskz)dlm(N) 2dS
SZSR P
(4.9) RAMN)+ " [ytr
Sincerj > Oforeatrl j n 1,it followsfrom (4.6) and (4.7) that
——=1 0 asR! 1:
(Br)

This provesthe claim.

Lemma 4.10. ForanyR > 0, s2 aandu 2 U,

(4.11) fn2 N :kelnk R e kukg fn2 N :kue’nk Rg
fn2 N :ke’nk R+ ekukg:
Proof. Note that
kue’nk  ke’nk + k(u 1)e’nk:

By direct computation we seethat (u 1)en = e (u ). Sinceku 1k kuk,
this provesthe rst inclusion. The other direction can be proven similarly.

Set
Az = fee2 AR : R* ke’k?> Rg:
Lemma 4.12 (cf. Go, Proof of Lemma18). Letr > 0 be xed. For any > 0,
there exists0< o= () 1=2suchthatforanyR > 2, e*2 Ag, and < g,

(R+ )2 keskz)r (R )2 keskz)r ((R )2 keskz)r:
Pro of of Theorem 4.3 Fix > 0andR > 2.

Set Ay = Ar\ A°. Take a suciently large c sothat kuke®™ < () for all
s2 A%. Thenit is shavn in the proof of Lemma18in [Go] that

. (Bg  ARN) _
Am By
Therefore 5 5
. BS54 BE ) . .
lim supM lim sup j Nes (€ °UEN) N, (N)j€? © dnds:

(BI%) (BE{) eS2A%  n2N
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Henceby Lemmas4.10and 4.12, we have
(uBg 4 BY)
(BR)
By Lemma4.5, this proves Theorem4.3.

lim sup lim sup e ® dnds

(BR) &y Neg

5. Uniform distribution of Br in SL,(R)-case

We cortinue notation G = SL,(R), U and Gr setup in section4. In particular,
recall that G = SL,(R) and Go = f(g;9) : g2 SL,(R)g. Let and Dbe lattices
in G which are not commensurablewith ead other. We cortinue notation for
X = ( )n(G G), , r, etc., from section2.

Our goalis to shov that asR! 1, g corvergesto in the spaceP (X).

LetV =V, Vi, andpr, i = 0;1beasin section3. Forg2 Gandv 2V,
we simply write gv for (g;g)v. The following is a special caseof [Go, Lemma
16] applied to the represetation which is the restriction to Gy of the G G
represetation on V:

Theorem 5.1 (Go, Lemma 16). For any relatively compact subsetKk  V and
r > 0, there existsO< < 1andc> 0 suchthat for any e®* 2 A®andx 2 V
with kpr,(x)k r

feln(t)x : ktk e °'g6 K:

5.1. No escaping to 1 . If X is non-compact,considerthe onepoint compact-
ication X [ flg of X. The following proposition implies that every weak limit
of rin P(X [ flg ) is supported on X :

Theorem 5.2. For any > 0O, there existsa compact subsetC X suchthat

I|Fr{r!|1|nf r(C) 1

Proof. Let U;; ;U beasin Theorem3.6. Let V be the vector spacede ned
in 3.2. Let be the restriction to Gy of the adjoint represetation of G G on
V. Let Vp; V; and pr; be asin Theorem5.1.

We claim that for any > 0, thereexistc> 0and0< < 1 sud that for

anyl i |, forany e 2 A®andany x 2 ,
(5.3) suptk (e°n(t))xpy k : ktk < e ®1g

Supposenot. Then there existsa > O0sud that foranyc> 0and0< < 1,
there existse® 2 A°, x 2 andl i | sud that
(5.4) suptk (e°n(t))xpy k : ktk < e °ig<

Fixing 0< < 1 and consideringa sequenceg; ! 1 ,wecannd 1 ip |
and sequences; 2 , €2 A sud that for all j,

(5.5) supik (¢* n(t)x;pu k:ktk< e ° jlg <
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SinceU;, 2 H, ( ) Py, is discrete. By Lemma 3.5, we have 0 2 pr((
) Pu,). Thereforeby passingto asubsequencere have eitherinf; k pr,(x; py; )k >
Oor kpro(xjpu, )k! 1.

If the secondcasehappens,then we have for any s and t,

k(en(®)x;pu,k  kpro(xjpu, k! 1 :
This cortradicts 5.5. Hencefor somer > 0, kpry(X;py, )k 1 forallj.

Then by Theorem5.1,forany > 0 (by takingK = fx2 V :kxk @), there
existsc> 0and0< < 1sud that for any e 2 A°,

supfk (e°n(t))xjpyk : ktk < e °'g
This cortradicts 5.5sincec; ! 1 . This provesour claim.

Fix any > 0and > 0. Letcand beasin the claim.
For eadr xed e 2 A°, we apply Theorem3.6t0

(5.6) qt) = ((e°n(t)) S (e°n(t)) H:n! G G

The inequality (5.3) now implies that for any xed e° 2 A€, and for any open
convex subsetD  n cortaining ft 2 n: ktk < e ®°'g, we have

(5.7) ft2D:((en() Y ( en(t) ) 2Cgj< jDj:
Set
(5.8) AS = &8 2 AS  kek? + (max e St Rg:
I n
Note that for ¢ > 1, which we assumein what follows,
max € = max €°:
1 i n 1in1

Obsene that for any €* 2 AL, we have
(5.9) ft2n:ktk e °'g ft2n:n(t) 2 Nsro:

Since,asR! 1, .
m (ARN\ Br)! 1

asshown in [Go, Lemmazl9],zit Su ces to note:

lim sup x c(C ) en) He @ dnds

R (Br) g H2Nsg

lim sup e ®dnds by (5.7)

ri - (BR) Az n2nes

o ((AEN)\ Br)
R Y P
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5.2. Showing G G-invariance. Recallthe unipotent oneparametersubgroup
U de ned in (4.2) and set

Uo := f(u;u) 2 SLy(R) SL,(R) :u 2 Ug:

As a corollary of Theorem 4.3, we obtain:
Prop osition 5.10. Any weak limit of g in P(X) is Ugp-invariant.

Proof. Let f 2 C,(X). Eventhough is not left invariant, it is still invariant
under left translations by an elemen of N. Hencefor any u2 N,

Z Z
f(b u; b 1u)d (b = f(b b 1)d (b):
Br b2 u 1BR
Note that
Z
f(b u; b lu)d (b f(b L p 1)d (b
BR Z BR
maxjf (X)j d (b
maxjf (x)j - (b)
(U lBR4 BR)

= maxjf (x)] B2

Henceby Theorem 4.3, for any u 2 U,
lim sup((u; u) r(f) r(f)) =0

R!1

This provesthe claim.

Recall the notation H from 3.3. For eadh H 2 H, recall

X(H;Ug) = f(91%)2G G:(gu®)Uo  H(g,®)a:

It is shovn by Ratner [Ral]that H is courtable. Moreover by [M-S, Theorem
2.2], for any probability measure,say, , on X which is invariant under Uy, if
(( ) n( ) X(H;Up)) = OforeadiH 2 H then isG G-invariant.

Therefore the following shaws that any weak limit of g in P(X) isG G-
invariant.

Theorem 5.11. For any sulgroup H 2 H and for any compact subsetC
( ) n( ) X(H;Up), we have

Im «(©)= 0
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Proof. Notice that X (H;Up) 6 ; if and only if H cortains a conjugate of U,.
Hencewe may assumethat H cortains a conjugate of U.

Fix any > 0 anda compactsubsetC asin the theorem. We obtain F asin
Theorem 3.7. Let K be a neighborhood of F. We claim that there existsc> 0
and0< < 1sud that for any € 2 A® and for any x 2

feln(t)xpy :ktk e °'g6 K:

‘Supposenot. Then for any xed 0< < 1, there exists sequences; ! 1,
e 2 Ag andx; 2 sud that for all j,

(5.12) fef n(t)x;py 1ktk e Sig K:

Note that ( ) pn is a discretesubsetof V by 3.4, and by Lemma 3.5, we
have 0 Z pr,(( ) pn), sinceH corntains a conjugate of U.
Thereforeby passingto a subsequenceve have either

inf Kpry(Xjpu)k > 0
J

or
limKkpro(x;pa)k=1:

If the rst casedoesnot happenand hencethe secondcasehappens,then for any
s andt,

ken(t)(g Pk kpro(xip)k ! 1

asj ! 1. This cortradicts5.12. Thereforefor somer > 0, we havek pr,(x; py )k
r for all j. By Theorem5.1, there existsc> 0Oand 0< < 1 sud that for any
e 2 AS,

f(en(t))x;pn 1 ktk e °'g6 K:
This is a cortradiction to 5.12sincec; ! 1 and A® AYif ¢> d.

Thereforethis provesthe claim. Now x cand asin the claim. By applying
Theorem3.7,we obtain for any € 2 A® andfor any corvexopenD  ncortaining

Ds:=ft2n:ktk e ®ig;

ft2D :( )( €n(t);e’n(t)) 2 Cgj jDj:
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Recall that (5.9) holds for any €* 2 A% (see(5.8)). Similarly to the proof of
Theoremb5.2, it su ces to note that

lim sup c((en)  ( en) He? ® dnds

R (Br) ag panag

lim sup e ) dnds

ri - (BR) & nanes

o ((AZN)\ Bg)
R S

Since > 0 is arbitrary, this shavs Theorem5.11.

Now Theorems5.2 and 5.11vyield:

Theorem 5.13. For G = SL,(R), B the identity component of the upper trian-
gular sulgroup, the family f Gg : R > 0Og with
0 X——
Gr:=1(gj)2G: g Rg

and for lattices and in G not commensunblewith each other,
im r= in P(( ) n(G Q)

R!1
for any right-invariant Haar measure on B.
By Theorem 2.6, the above theoremimplies Theorem1.4.
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