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Abstra ct. We study the distribution of a denseorbit of a lattice � acting by
the right multiplication on the space� nG where G is a connectedsimple Lie
group and � its lattice. We show that for G = SLn (R), every denseorbit is
equidistributed with respect to the Euclidean norm.

1. In tro duction

Let G be a connectednon-compactsimple(linear) Lie group with �nite center.
A discretesubgroupin G of �nite co-volume is calleda lattice in G. Two lattices
� and � in G are calledcommensurablewith each other if the intersection� \ �
is of �nite index both in � and �.

Let � and � be lattices in G and considerthe right translation action of � on
the homogeneousspace� nG. If � is commensurablewith �, then the orbit � n��
consistsof only �nitely many points of cardinality [� : � \ �] and in particular is
discretein � nG. If � is not commensurablewith �, then the orbit � n�� is dense
in � nG. Indeed,it is a rather simpleconsequenceof Ratner's theorem[Ra2] that
the orbit of (� � �) on (� � �) n(G � G) is denseunder the diagonal action of
G (cf. Lemma 3.1). Therefore the set f (� g; � g) : g 2 Gg is densein G � G.
It follows that �� is densein G, being the image of a densesubsetof G � G
under the continuous map G � G ! G given by (g; h) 7! gh� 1. This fact was
�rst stated by Vatsal in [Va] (for p-adic case)wherehe usedthis fact asa crucial
ingredient in proving the main result in [Va].

In this paper, we study �ner properties of the distribution of the denseorbit
� n�� on � nG. Fix a maximal compact subgroup K of G and considera well
rounded(seeDe�nition 2.1) family f GR � G : R > 0g of left K -invariant subsets
of G. For a subsetS � G, SR denotesthe intersectionS \ GR for any R > 0.

De�nition 1.1. We say that � R is equidistributed on � nG as R ! 1 if

# f � 2 � R : � � � 1 2 
 1g
# f � 2 � R : � � � 1 2 
 2g

�
vol(
 1)
vol(
 2)

as R ! 1
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for any two compact subsets
 1; 
 2 � � nG with non-emptyinterior and piecewise
smooth boundary.

Let G = K AN be an Iwasawa decomposition and set B = AN . We �rst show
that the equidistribution of � R on � nG as R ! 1 holds if BR is uniformly
distributed on the product space(� � �) n(G � G) via the diagonalaction, in the
sensethat, denoting by � a right invariant Haar measureon B,

(1.2)
1

� (BR )

Z

B R

f (� b� 1; � b� 1) d� (b) !
Z

(� � �) n(G� G)
f d� as R ! 1

for any continuousfunction f on (� � �) n(G � G) with compactsupport, where
� denotesthe probability Haar measureon (� � �) n(G � G) (seeTheorem2.6).

Secondly, we verify the uniform distribution of BR on (� � �) n(G � G), asde-
scribed above, in the specialcasewhenG = SLn (R), B is the identit y component
of the upper triangular subgroupand the family f GR : R > 0g is given by

(1.3) GR = f (gij ) 2 SLn (R) :
q X

g2
ij � Rg:

Thereforewe obtain:
Theorem 1.4. Let n � 2. Let � and � be lattices in SLn (R) which are not
commensurable with each other. Then for any nice (see 2.3) compact subset

 � � nG,

# f g = (gij ) 2 � : � g� 1 2 
 ;
q X

g2
ij � Rg �

vol(GR ) � vol(
)
vol(� nG) � vol(� nG)

as R ! 1

where GR is given as in (1.3). In particular, � R is equi-distributed on � nG as
R ! 1 .

All volumesappearing in the right hand side of the above asymptotic are to
be computedwith respect to one �xed Haar measureon G.

The basic ingredient of the proof of the uniform distribution of BR in (1.2)
is Ratner's measureclassi�cation theorem invariant under unipotent 
o ws [Ra1]
as well as the work of Dani and Margulis on the behavior of unipotent 
o ws
near cusps[D-M2]. Setting X = (� � �) n(G � G), the left hand side of (1.2)
de�nes a probability measure,say, � R , on the homogeneousspaceX . Then (1.2)
is preciselysaying that � R weakly convergesto � as R ! 1 . One �rst shows
that any weak limit of � R is a probability measureon X , resorting to the work
of Dani and Margulis [D-M2] in the form re�ned by Shah [Sh2]. In this step
the unipotent subgroup we use is just N . However in order to apply Ratner's
measureclassi�cation theorem in showing that any weak limit of � R is indeed
G � G-invariant, we needto know that the weak limits of � R are invariant under
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someunipotent 
o ws. For a generalwell rounded family in a generalsimple Lie
group, this seemsa hard part to prove, and that is the essential reasonwhy our
theorem is proved only for SLn (R) and the family GR as in (1.3).

Gorodnik showed the uniform distribution of BR on � nSLn (R) for any lattice
� [Go]. The secondpart of the proof of Theorem 1.3, which is the uniform
distribution of BR on the product space(� � �) n(SLn (R) � SLn (R)), closely
follows his work.

Remark Recently in [G-O] Gorodnik and the author were able to prove that
(1.2) holds for any connectednon-compactsimpleLie group G with �nite center,
whereGR is de�ned asthe Riemannianballs of radiusR, by a completelydi�erent
approach from the methodsdescribedhereaswell asfrom thoseof [Go]. Together
with our results in section2 of this paper, this implies that Theorem1.3holdsfor
any connectednon-compactsimple Lie group G with �nite center with respect
to a family of Riemannianballs in G.

On the other hand, another recent work of Gorodnik and Weiss [G-W] also
givesa di�erent method of proving Theorem1.3 in a greater generality.

Ac knowledgmen t I am grateful to Margulis for sharinghis insight on this prob-
lem.

2. Relation between � -action on � nG and B-action on (� � �) n(G � G)

Let G be a connectedsemisimple(real) linear Lie group with �nite center.
Consideran Iwasawa decomposition G = K AN whereK is a maximal compact
subgroupof G, A is the connectedcomponent of a maximal real split torus and
N the unipotent radical of a minimal parabolic subgroupnormalizedby A. Set
B = AN .

Fix a right invariant Haar measure� on B and let dk be the probability Haar
measureon K . Denote by � G the measureon G de�ned as follows: for any
f 2 Cc(G), Z

G
f d� G =

Z

B

Z

K
f (kb) dkd� (b):

It is standard to check that � G is a Haar measureon G.
For any discretesubgroup� of G, there existsa uniqueright invariant measure

(cf. [R]), which we alsodenoteby � G by a slight abuseof notation, such that for
any f 2 Cc(G), Z

G
f d� G =

Z

[g]2 � nG

X


 2 �

f (
 g)d� G([g]):

De�nition 2.1. For a given family F = f GR � G : R > 0g of subsetsof G, we
say F is well rounded (cf. [EM]) if the following conditions hold:



4 HEE OH

(A) for all su�ciently small � > 0, there exists a neighborhood U� of e in G
and k� � 1 suchthat k� ! 1 as � ! 0 and

Gk � 1
� R � U� GR � Gk � R for all su�ciently largeR > 0;

(B) for all su�ciently small � > 0, there exist a(k� ) � 1 and b(k� ) � 1 such
that

b(k� ) � lim inf
R!1

� G(Gk � 1
� R)

� G(GR )
� lim sup

R!1

� G(Gk � R )
� G(GR )

� a(k� )

with a(k� ) and b(k� ) going to 1 as k� ! 1.

Example 2.2. Let G � Mn(R). Supposethat k � k is a norm on Mn(R) which is
bi K -invariant, i.e., kk1X k2k = kX k for all X 2 Mn(R) and k1; k2 2 K . Then
it follows from [DRS, Lemma2.2 and appendix 1] that for

GR := f g 2 G : kgk � Rg;

the family f GR : R > 0g is well rounded.

For each R > 0 and any subsetS of G, we set

SR = GR \ S:

De�nition 2.3. Let � be a lattice in G. A compact subset
 � � nG is nice if
for any � > 0, there existsa neighborhood U� of e in G suchthat

(2.4) (1 � � )� G(
 +
� ) � � G(
) � (1 + � )� G(
 �

� )

where

 +

� = [ g2 U� 
 g and 
 �
� = \ g2 U� 
 g:

Let � and � be lattices in G. Set

X = (� � �) n(G � G)

and denoteby � the normalizedHaar measureon X . In fact,

d� =
1

� G(� nG) � � G(� nG)
(d� G � d� G):

For the rest of this section,we �x a well rounded family f GR � G : R > 0g of
subsetsof G. We alsoassumethat each GR is left K -invariant, i.e., K GR = GR .
It follows that GR = K BR for each R > 0.

The aim of this section is to relate the uniform distribution of BR on X as
R ! 1 with the equidistribution of � R on � nG.
De�nition 2.5. For any f 2 Cc(X ), set

� R (f ) =
1

� (BR )

Z

B R

f (� b� 1; � b� 1) d� (b):
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By the Rieszrepresentation theorem, � R de�nes a probability measureon X .
We denote by P(X ) the spaceof probability measureson X with the weak*-
topology.

The main theorem in this sectionis the following:
Theorem 2.6. If � R ! � as R ! 1 in P(X ), then for any nice compact subset

 in � nG,

# f � 2 � R : � � � 1 2 
 g �
vol(GR) � vol(
)

vol(� nG) � vol(� nG)
as R ! 1

(here all volumesare computed with respect to � G).

Fixing a piecewisecontinuous function � on � nG with compact support, and
R > 0, we de�ne for any g 2 G

F �
R (g) :=

X

� 2 �

� G� 1
R

(� g) � � (� � g):

Notice that F �
R is a well de�ned function on � nG. If � 
 is the characteristic

function of a set 
 � � nG, then we set, for simplicity,

F � 

R = F 


R :

The reasonwe de�ne this function is that the value of F 

R at the identit y e is

preciselythe left hand sideof the asymptotic in Theorem2.6:

F 

R (e) = # f � 2 � R : � � � 1 2 
 g:

To show Theorem2.6,weapproximate the valueF 

R (e) usingthe inner products

of functions in L2(� nG).

Fix a nice compact subset 
 � � nG. For each � > 0, let U� be a bounded
symmetric neighborhood of e in G as in the de�nition (2.3). We may assume
that U� \ � = f eg for each � > 0 without lossof generality. In what follows, all
inner products h�; �i are taken in the spaceL 2(� nG) with respect to the measure
� G. Let k� be as in De�nition 2.1 (A).
Lemma 2.7. Let  � be a non-negative continuous function on � nG supported
on � n� U� with

R
� nG  � d� G = 1. Then for any R > 0,

(2.8) hF 
 �
�

k � 1
� R

;  � i � FR(e) � hF 
 +
�

k � R ;  � i :

Proof. Observe that

F 

R (g) = # f � 2 � : � 2 G� 1

R g� 1; � 2 
 g� 1g:

It then follows from (2.3) and (2.1 (A)) that for any g 2 U� ,

(2.9) F 
 �
�

k � 1
� R

(g) � F 

R (e) � F 
 +

�
k � R (g) for all g 2 � n� U� ;
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where
 +
� and 
 �

� arede�ned asin De�nition 2.3. Hence,taking integralsagainst
 � in (2.9) yields the claim. �

In the following lemmaand the proposition, assumethat � is a piecewisecontin-
uousfunction on � nG with compactsupport and the setof points of discontinuity
hasmeasurezero.
Lemma 2.10. For any  2 Cc(� nG),

hF �
R ;  i =

Z

g2 GR

(� �  )(� g� 1; � g� 1)d� G(g):

Proof. Observe that

hF �
R ;  i =

Z

� nG

 
X

� 2 �

� G� 1
R

(� g)� (� � g)

!

 (� g) d� G(g)

=
Z

� nG

 
X

� 2 �

� G� 1
R

(� g)� (� � g) (� � g)

!

d� G(g)

=
Z

g2 G
� G� 1

R
(g)� (� g) (� g) d� G(g)

=
Z

g2 GR

� (� g� 1) (� g� 1)d� G(g):

�

Prop osition 2.11. If � R ! � as R ! 1 in P(X ), then for any  2 Cc(� nG)

1
� G(GR )

hF �
R ;  i !

Z

X
� �  d� as R ! 1 .

Proof. De�ne a function f on X by

f (� g; � h) :=
Z

k2 K
� (� gk) (� hk) dk for g; h 2 G:

SinceGR = K BR , we deducefrom Lemma 2.10that

hF �
R ;  i =

Z

g2 GR

� (� g� 1) (� g� 1)d� G(g)

=
Z

K

Z

b2 B R

� (� b� 1k� 1) (� b� 1k� 1) d� (b)dk

=
Z

b2 B R

� Z

K
� (� b� 1k) (� b� 1k)dk

�
d� (b)

=
Z

b2 B R

f (� b� 1; � b� 1) d� (b):
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Since f is piecewisecontinuous on X with compact support and the set of
points of discontinuity hasmeasurezero, the assumptionnow implies that

hF �
R ;  i � � (BR ) �

Z

X
f d� as R ! 1 :

It follows from the invarianceof the measure� that
Z

X
f d� =

1
� G(� nG) � � G(� nG)

Z

� nG
� d� G �

Z

� nG
 d� G:

SinceGR = K BR and
R

K dk = 1, we have � G(GR) = � (BR ). Thereforethe claim
follows. �

Pro of of Theorem 2.6 By Proposition 2.11, the left and right hand sidesof
(2.8) are asymptotically, asR ! 1 , equal to the product of 1

vol(� nG)�vol(� nG) with

� G(Gk � 1
� R ) � � G(
 �

� ) and � G(Gk � R ) � � G(
 +
� )

respectively.
Sinceby (2.1 (B))

b(k� )
a(k� )

�
� G(Gk � R )
� G(Gk � 1

� R )
�

a(k� )
b(k� )

we have
� G(Gk � R )
� G(Gk � 1

� R )
! 1 as R ! 1 and � ! 0:

Also by (2.3)

1 � �
1 + �

�
� G(
 +

� )
� G(
 �

� )
�

1 + �
1 � �

we have
� G(
 +

� )
� G(
 �

� )
! 1 as � ! 0:

Thereforewe obtain as R ! 1

F 

R (e) �

� G(GR ) � � G(
)
� G(� nG) � � G(� nG)

;

�nishing the proof.
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3. Unip oten t 
o ws on (� � �) n(G � G)

Let G be a connectedsimple non-compactlinear Lie group with �nite center.
This guaranteesthat G is generatedby unipotent oneparametersubgroupsin G.
We denoteby G0 the imageof G under the diagonal embedding into G � G,

G0 = f (g; g) : G � G : g 2 Gg:

The reasonwe insist G being simple rather than semisimpleis to ensurethat G0

is a maximal connectedclosedsubgroupof G � G.

Let � and � be lattices in G which are not commensurablewith each other.
The following is a well known consequenceof Ratner's theorem.
Theorem 3.1. The orbit (� � �) G0 is densein (� � �) n(G � G).

Proof. SinceG is generatedby unipotent one parameter subgroups,by the the-
orem of Ratner [Ra2], there exists a connectedclosedsubgroup H of G � G
containing G0 such that the orbit (� � �) H is closedand H \ (� � �) is a lattice
in H . SinceG0 is a maximal closedsubgroup in G � G, it follows that either
H = G � G or H = G0. In the latter case,(� � �) \ G0 is a lattice in G0, or
equivalently � \ � is a lattice in G. It follows that � \ � has �nite index both
in � and �, that is, � and � are commensurablewith each other, contradicting
our assumption. HenceH = G � G, proving our claim. �

Denoting by g the Lie algebraof G, considerthe vector space

(3.2) V = � dim( G� G)
i=1 ^ i (g � g);

with a �xed norm k�k. The group G� G actson V via the adjoint representation.
For any closedsubgroup H in G � G with the Lie algebra h, we de�ne a unit
vector in V :

pH 2 ^ dim( H )h:

De�nition 3.3. Set H to be the collection of all proper non-trivial closed con-
nected subgroupsH � G � G suchthat (� � �) H is closed in (� � �) n(G � G),
(� � �) \ H is a lattice in H and the subgroup generated by all one parameter
unipotent subgroupsof H acts ergodically on ((� � �) \ H )nH with respect to the
H -invariant probability measure.

If H 2 H, Ad(H \ (� � �)) is Zariski densein Ad(H ) (see[Sh2]).
Theorem 3.4 (D-M1, Theorem 3.4). For any H 2 H, we have (� � �) pH is
discrete in V and [� � �] NG� G(H )1 is closed in (� � �) n(G � G), where

NG� G(H )1 := f g 2 G � G : gpH = pH g:

Write V = V0 � V1 whereV0 is the subspaceof all G0-invariant vectorsand V1

a G0-invariant complement. Let pri : V ! Vi be the projection for each i = 0; 1.
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Lemma 3.5. Let H 2 H be suchthat H 6= G � f eg; f eg � G. Then

0 =2 pr1((� � D)pH ):

Proof. Supposenot. Then for somex 2 � � �, xG0x � 1 � NG� G(H )1. Since
(� � �) G0 is densein G � G by Theorem 3.1 and (� � �) NG� G(H )1 is closed
in G � G by the above theorem,we have (� � �) NG� G(H )1 = G � G. By Baire
category theorem, it implies that G � G = NG� G(H )1. HenceH is a normal
subgroupof G � G. The only proper connectednormal subgroupsof G � G are
f eg � G and G � f eg. This provesthe claim. �

Fix m 2 N. For any d;n 2 N, the notation Pd;n denotesthe set of functions
q : Rm ! G � G such that for any a;b2 Rm , the map

t 7! Ad(q(at + b))

is a polynomial of degreeat most d with respect to somebasisof the Lie algebra
of G � G.

We now state two main ingredients of our proof of the uniform distribution
of BR as in (1.2). Both theoremsbelow hold for any connectedsemisimpleLie
group and its lattices without any change. We state this way merely for our
conveniencefor later use.

Theorem 3.6 (Sh2, Theorem 2.2). Let m 2 N be �xed. Suppose that (� �
�) n(G � G) is not compact. There exists closed subgroupsU1; � � � ; Ul such that
each is the unipotent radical of a proper parabolic subgroup in G � G, (� � �) Ui

is compact and for any givend;n 2 N, and �; � > 0, there existsa compact subset
C � (� � �) n(G � G) such that for any q 2 Pd;n and a bounded open convex
subsetD � Rm , one of the following holds:

(1). There exist x 2 (� � �) and 1 � i � l suchthat

sup
t2 D

kq(t) � 1xpUi k � � :

(2).
jf t 2 D : (� � �) q(t) =2 Cgj � � jD j

where j � j denotesthe usual Lebesguemeasure on Rm .

For each H 2 H and a subgroupU0 � G � G, de�ne

X (H; U0) = f (g1; g2) 2 G � G : (g1; g2)U0 � H (g1; g2)g:

Theorem 3.7 (Sh1). Let � > 0 and H 2 H. Let U0 be any one parameter
unipotent subgroup of G � G. For everycompact C � (� � �) n(� � �) X (H; U0),
there existsa compact subsetF � V suchthat for everyneighborhood K of F in
V there existsa neighborhood 	 of C in (� � �) nG� G suchthat for any q 2 Pd;n

and every bounded open convexsubsetD � Rm one of the following holds:
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(1). for somex 2 (� � �) ,

f (q(t)) � 1xpH : t 2 Dg � K :

(2).
jf t 2 D : (� � �) q(t) 2 	 gj � � jD j:

4. Translates of BR by a unip oten t element in SLn (R)

For the rest of paper, we set G = SLn (R) and considerthe Iwasawa decompo-
sition G = K AN whereK is given by

f g 2 SLn (R) : tgg = I ng;

A is the diagonal subgroupof G consistingof positive diagonals,and N is the
strictly upper triangular subgroupof G.

Then B = AN is precisely the identit y component of the upper triangular
subgroupof G.

Considerthe norm k � k on the vector spaceMn(R) of n � n matricesgiven by

k(gij )k =
q X

g2
ij :

De�ne for each R > 0

(4.1) GR := f g 2 G : kgk � Rg:

Then the family f GR : R > 0g is well rounded(seeExample2.2) and clearly each
GR is bi K -invariant.

Set

(4.2) U = f g 2 G : (I n � g) ij = 0 for all (i; j ) expect for (1; n)g:

Note that U is the one parameter unipotent subgroup whoseonly non-zero
entry is the (1; n)-entry, except for 1's on the diagonal. Even though it is not
formulated this way, the following is the essential content in the proof of Lemma
18 in [Go]:
Theorem 4.3. Let � be a right invariant Haar measure on B. Then for any
u 2 U,

� (uBR 4 BR)
� (BR )

! 0 as R ! 1 :

The proof of the above theorem we give below is basically taken from [Go].
However we have simpli�ed somecalculations. For instance,we do not needthe
preciseasymptotic of � (BR ).

The Lie algebraa of A can be identi�ed with the set

f s = (s1; � � � ; sn ) 2 Rn :
nX

i =1

si = 0g;
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and the exponential map e := exp : a ! A is an isomorphismwhoseinverseis
given by log. The Lie algebran of N can be identi�ed with f t : I + t 2 N g and
de�ne the map n : n ! N by

n(t) = I + t:

We usethe right invariant measure� on B de�ned by

(4.4) d� (esn(t)) = e2� (s)ds1 � � � dsn� 1dt

where� (s) is half the sum of all positive roots si � sj with 1 � i < j � n.

For R > 0 and s 2 a, de�ne the subsetNs;R of N by

Ns;R = f n 2 N : kesnk � Rg;

so that esNs;R = esN \ BR . For c > 0, set

Ac = f es 2 A : min
1� i � n� 1

si > cg:

In the following the notation, f (R) � g(R) meansthat there existsa constant
C > 0 such that f (R) � C � g(R) for all su�cien tly large R.

Lemma 4.5. Let c > 1. Setting B c
R := AcN \ BR , we have

� (BR ) � � (B c
R ) as R ! 1 :

Proof. Write � (s) =
P n� 1

i=1 r i si . Then r i > 0 for each 1 � i � n � 1. Note that
BR � B c

R = [ n� 1
i=1 B i

R where

B i
R := f esn 2 BR : si < cg:

First by the changeof variable esi nij 7! n0
ij , we see

Z

N s;R

e
P n � 1

i =1 r i si dn � e
P n � 1

i =1 r i si � Rdim( N ) :

Hence

(4.6) � (B i
R ) �

Z

f s2 a:kesk� R; si � cg

Z

N s;R

e2
P n � 1

i =1 r i si dn ds � Rdim( N )+
P

j 6= i r j :

On the other hand, if we set

SR := f s 2 a :
1
2

log
R2

2n
� s1 � � � � � sn� 1 � 0g;

we have

R2 � kesk2 � R2=2 for any s 2 SR :
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Hence

� (BR ) �
Z

s2 SR

Z

N s;R

e2
P n � 1

i =1 r i si dn ds(4.7)

�
Z

s2 SR

e
P n � 1

i =1 r i si (R2 � kesk2)
dim (N )=2

ds(4.8)

� Rdim (N )+
P n � 1

j =1 r j :(4.9)

Sincer j > 0 for each 1 � j � n � 1, it follows from (4.6) and (4.7) that

� (B i
R )

� (BR )
! 0 as R ! 1 :

This provesthe claim. �

Lemma 4.10. For any R > 0, s 2 a and u 2 U,

(4.11) f n 2 N : kesnk � R � esn kukg � f n 2 N : kuesnk � Rg

� f n 2 N : kesnk � R + esn kukg:

Proof. Note that
kuesnk � kesnk + k(u � I )esnk:

By direct computation we seethat (u � I )esn = esn (u � I ). Sinceku � 1k � kuk,
this provesthe �rst inclusion. The other direction can be proven similarly. �

Set
~AR := f es 2 AR : R2 � kesk2 > Rg:

Lemma 4.12 (cf. Go, Proof of Lemma 18). Let r > 0 be �xed. For any � > 0,
there exists0 < � 0 = � 0(� ) � 1=2 suchthat for any R > 2, es 2 ~AR , and � < � 0,

((R + � )2 � kesk2)r � ((R � � )2 � kesk2)r � � ((R � � )2 � kesk2)
r
:

Pro of of Theorem 4.3 Fix � > 0 and R > 2.
Set ~Ac

R = ~AR \ Ac. Take a su�cien tly large c so that kukesn < � 0(� ) for all
s 2 ~Ac

R . Then it is shown in the proof of Lemma 18 in [Go] that

lim
R!1

� (B c
R � ~Ac

RN )
� (B c

R )
= 0:

Therefore

lim sup
� (uB c

R 4 B c
R)

� (B c
R )

� lim sup
1

� (B c
R )

Z

es 2 ~A c
R

Z

n2 N
j� N s;R (e� suesn)� � N s;R (n)je2� (s) dn ds:
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Henceby Lemmas4.10and 4.12,we have

lim sup
� (uB c

R 4 B c
R)

� (B c
R )

� � � lim sup
1

� (B c
R )

Z

~A c
R

Z

N s;R

e2� (s) dn ds � �:

By Lemma 4.5, this provesTheorem4.3.

5. Uniform distribution of BR in SLn (R)-case

Wecontinuenotation G = SLn (R), U and GR setup in section4. In particular,
recall that G = SLn (R) and G0 = f (g; g) : g 2 SLn (R)g. Let � and � be lattices
in G which are not commensurablewith each other. We continue notation for
X = (� � �) n(G � G), � , � R , etc., from section2.

Our goal is to show that as R ! 1 , � R convergesto � in the spaceP(X ).
Let V = V0 � V1, and pri , i = 0; 1 be as in section 3. For g 2 G and v 2 V,

we simply write gv for (g; g)v. The following is a special caseof [Go, Lemma
16] applied to the representation which is the restriction to G0 of the G � G
representation on V:
Theorem 5.1 (Go, Lemma 16). For any relatively compact subsetK � V and
r > 0, there exists 0 < � < 1 and c > 0 such that for any es 2 Ac and x 2 V
with k pr1(x)k � r

f esn(t)x : ktk � e� �s 1 g 6� K :

5.1. No escaping to 1 . If X is non-compact,considerthe onepoint compact-
i�cation X [ f1g of X . The following proposition implies that every weak limit
of � R in P(X [ f1g ) is supported on X :
Theorem 5.2. For any � > 0, there existsa compact subsetC � X suchthat

lim inf
R!1

� R (C) � 1 � �

Proof. Let U1; � � � ; Ul be as in Theorem 3.6. Let V be the vector spacede�ned
in 3.2. Let � be the restriction to G0 of the adjoint representation of G � G on
V. Let V0; V1 and pri be as in Theorem5.1.

We claim that for any � > 0, there exist c > 0 and 0 < � < 1 such that for
any 1 � i � l , for any es 2 Ac and any x 2 � � �,

(5.3) supfk (esn(t))xpUi k : ktk < e� �s 1 g � � :

Supposenot. Then there existsa � > 0 such that for any c > 0 and 0 < � < 1,
there exists es 2 Ac, x 2 � � � and 1 � i � l such that

(5.4) supfk (esn(t))xpUi k : ktk < e� �s 1 g < � :

Fixing 0 < � < 1 and consideringa sequencecj ! 1 , we can �nd 1 � i 0 � l
and sequencesx j 2 � � �, esj

2 Acj such that for all j ,

(5.5) supfk (esj
n(t))x j pUi 0

k : ktk < e� �s j
1 g < � :
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SinceUi 0 2 H, (� � �) pUi 0
is discrete. By Lemma 3.5, we have 0 =2 pr1((� �

�) pUi 0
). Thereforeby passingto a subsequencewehaveeither inf j k pr1(x j pUi 0

)k >
0 or k pr0(x j pUi 0

)k ! 1 .
If the secondcasehappens,then we have for any s and t,

k(esn(t))x j pUi 0
k � k pr0(x j pUi 0

)k ! 1 :

This contradicts 5.5. Hencefor somer > 0, k pr1(x j pUi 0
)k � r for all j .

Then by Theorem5.1, for any � > 0 (by taking K = f x 2 V : kxk � � g), there
exists c > 0 and 0 < � < 1 such that for any es 2 Ac,

supfk (esn(t))x j pUi k : ktk < e� �s 1g � � :

This contradicts 5.5 sincecj ! 1 . This provesour claim.
Fix any � > 0 and � > 0. Let c and � be as in the claim.
For each �xed es 2 Ac, we apply Theorem3.6 to

(5.6) q(t) = ((esn(t)) � 1; (esn(t)) � 1) : n ! G � G:

The inequality (5.3) now implies that for any �xed es 2 Ac, and for any open
convex subsetD � n containing f t 2 n : ktk < e� �s 1 g, we have

(5.7) jf t 2 D : (�( esn(t)) � 1; �( esn(t)) � 1) =2 Cgj < � jD j:

Set

(5.8) ~Ac
R := f es 2 Ac

R : kesk2 + ( max
1� i � n

e2si )e� �s 1 � R2g:

Note that for c > 1, which we assumein what follows,

max
1� i � n

esi = max
1� i � n� 1

esi :

Observe that for any es 2 ~Ac
R , we have

(5.9) f t 2 n : ktk � e� �s 1 g � f t 2 n : n(t) 2 Ns;Rg:

Since,as R ! 1 ,
1

� (BR )
� ( ~Ac

RN \ BR ) ! 1

as shown in [Go, Lemma 19], it su�ces to note:

lim sup
R!1

1
� (BR )

Z

~A c
R

Z

n2 N s;R

� X � C ((� � �)( esn)� 1)e2� (s) dn ds

� lim sup
R!1

1
� (BR )

� �
Z

~A c
R

Z

n2 N s;R

e2� (s) dn ds by (5.7)

= � � lim sup
R!1

� (( ~Ac
RN ) \ BR)
� (BR )

� �:
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�

5.2. Showing G� G-in variance. Recall the unipotent oneparametersubgroup
U de�ned in (4.2) and set

U0 := f (u; u) 2 SLn (R) � SLn (R) : u 2 Ug:

As a corollary of Theorem4.3, we obtain:

Prop osition 5.10. Any weak limit of � R in P(X ) is U0-invariant.

Proof. Let f 2 Cc(X ). Even though � is not left invariant, it is still invariant
under left translations by an element of N . Hencefor any u 2 N ,

Z

B R

f (� b� 1u; � b� 1u)d� (b) =
Z

b2 u � 1B R

f (� b� 1; � b� 1)d� (b):

Note that
�
�
�
�

Z

B R

f (� b� 1u; � b� 1u)d� (b) �
Z

B R

f (� b� 1; � b� 1)d� (b)

�
�
�
�

� max
x2 X

jf (x)j �
Z

u � 1B R 4 B R

d� (b)

= max
x2 X

jf (x)j �
� (u� 1BR4 BR)

� (BR )

Henceby Theorem4.3, for any u 2 U,

lim sup
R!1

((u; u)� R(f ) � � R (f )) = 0:

This provesthe claim. �

Recall the notation H from 3.3. For each H 2 H, recall

X (H; U0) = f (g1; g2) 2 G � G : (g1; g2)U0 � H (g1; g2)g:

It is shown by Ratner [Ra1] that H is countable. Moreover by [M-S, Theorem
2.2], for any probability measure,say, � , on X which is invariant under U0, if
� ((� � �) n(� � �) X (H; U0)) = 0 for each H 2 H then � is G � G-invariant.

Therefore the following shows that any weak limit of � R in P(X ) is G � G-
invariant.

Theorem 5.11. For any subgroup H 2 H and for any compact subsetC �
(� � �) n(� � �) X (H; U0), we have

lim
R!1

� R (C) = 0:
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Proof. Notice that X (H; U0) 6= ; if and only if H contains a conjugate of U0.
Hencewe may assumethat H contains a conjugateof U0.

Fix any � > 0 and a compact subsetC as in the theorem. We obtain F as in
Theorem 3.7. Let K be a neighborhood of F . We claim that there exists c > 0
and 0 < � < 1 such that for any es 2 Ac and for any x 2 � � �

f esn(t)xpH : ktk � e� �s 1 g 6� K :

Supposenot. Then for any �xed 0 < � < 1, there exists sequencescj ! 1 ,
esj

2 Acj and x j 2 � � � such that for all j ,

(5.12) f esj
n(t)x j pH : ktk � e� �s j

1 g � K :

Note that (� � �) pH is a discretesubsetof V by 3.4, and by Lemma 3.5, we
have 0 =2 pr1((� � �) pH ), sinceH contains a conjugateof U0.

Thereforeby passingto a subsequencewe have either

inf
j

k pr1(x j pH )k > 0

or

lim k pr0(x j pH )k = 1 :

If the �rst casedoesnot happen and hencethe secondcasehappens,then for any
s and t,

kesn(t)(x j pH )k � k pr0(x j pH )k ! 1

asj ! 1 . This contradicts5.12. Thereforefor somer > 0, wehavek pr1(x j pH )k �
r for all j . By Theorem 5.1, there exists c > 0 and 0 < � < 1 such that for any
es 2 Ac,

f (esn(t))x j pH : ktk � e� �s 1 g 6� K :

This is a contradiction to 5.12sincecj ! 1 and Ac � Ad if c > d.
Thereforethis provesthe claim. Now �x c and � as in the claim. By applying

Theorem3.7,weobtain for any es 2 Ac and for any convexopenD � n containing

Ds := f t 2 n : ktk � e� �s 1 g;

jf t 2 D : (� � �)( esn(t); esn(t)) 2 Cgj � � jD j:
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Recall that (5.9) holds for any es 2 ~Ac
R (see(5.8)). Similarly to the proof of

Theorem5.2, it su�ces to note that

lim sup
R!1

1
� (BR )

Z

~A c
R

Z

n2 N s;R

� C (�( esn)� 1; �( esn)� 1)e2� (s) dnds

� lim sup
R!1

1
� (BR )

� �
Z

~A c
R

Z

n2 N s;R

e2� (s) dnds

= � � lim sup
R!1

� (( ~Ac
RN ) \ BR)
� (BR )

� �

Since� > 0 is arbitrary, this shows Theorem5.11. �

Now Theorems5.2 and 5.11yield:

Theorem 5.13. For G = SLn (R), B the identity component of the upper trian-
gular subgroup, the family f GR : R > 0g with

GR := f (gij ) 2 G :
q X

g2
ij � Rg

and for lattices � and � in G not commensurablewith each other,

lim
R!1

� R = � in P((� � �) n(G � G))

for any right-invariant Haar measure � on B.

By Theorem2.6, the above theorem implies Theorem1.4.
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