REPRESENT ATIONS OF INTEGERS BY AN INV ARIANT
POL YNOMIAL  AND UNIPOTENT FLO WS

ALEX ESKIN AND HEE OH

Abstra ct. Westudy are ned version of Linnik problem on the asymptotic behavior of the
number of represertations of integers m by an integral polynomial as m tends to in nit vy.
Assuming that the polynomials arise from invariant theory, we reduce the question to the
study of limiting behavior of measuresinvariant under unipotent ows. Our main tool is
then Ratner's theorem on the classi cation of measuresinvariant under unipotent o ws, in
a form developed by Dani and Margulis.

1. Intr oduction

Let f be an integral homogeneougolynomial of degreed in n variables. A basic prob-
lem in Diophantine analytic number theory is to understand the behavior of the integral
represertations of integersm by f asm tendsto in nit y.

For eadh m 2 N, considerthe level variety Vi, := fx 2 R" : f (xX) = mg. For instance, if
f(xy; Xp) = X3+ + x2 (n  3), then Vy, is the sphereof radius = m certered at the
origin and the set Vi, (Z) = Vi \ Z" consistsof integral vectors the sum of whosesquaresis
equalto m. In this case,the asymptotic of # V,(Z) is well known. For n 5 the classical
Hardy-Littlew ood circle method applies and for n = 4 the Klo osterman sum method works.
For n = 3, Linnik gave a conditional answer and later Iwaniec and Duke gave a complete
answer (see[Sa], [lw], [Du]).

In the casewhen V, is non-compact, the number # V,(Z) may be in nite. In this case
one asksif there exists an asymptotic density for V,(Z) asm! 1 . To be more precise,for
a compact subset of Vq, set

(1.1) Nm(f;) = #Vm(Z)\ m*™
Or equivalertly,
Nm(f;) =#Vm(Z)\ R
where R* is the radial conefx 2 V :tx 2  for somet 2 R*g. The question we study in
this paper is if there exists a sequenceof numbers! ,, independert of the compact subset ,
such that
Nm(f;) mi !'m vol() :
This formulation is basically due to Linnik ([Li2], seealso[Sa]).
The only known generalmethod is the Hardy-Littlew ood circle method. Howewer for this

method to work, the number of variables needsto be much larger than the degreeof the
polynomial in general.
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In this paper, we focuson the polynomials that are invariant under an action of a semisim-
ple real algebraic group. In such cases,the level varieties admit actions of a semisimple
algebraic group and the dynamics of sudh groups plays a crucial role in understanding this
guestion. In particular, whenV; is a homogeneouspaceof a semisimplereal algebraic group
with the stabilizer being generatedby unipotent o ws, we are able to use a well dewveloped
theory of unipotent ows on a homogeneousspaceof a Lie group.

We formulate our main results for a family of varieties Vi, which are more general than
level setsof a given polynomial. Let V be a nite dimensional real vector spacewith a Z-
structure. Let G be a semisimplereal algebraicgroup de ned overQ andlet :G! GL(V)
be a Q-rational represenation of G. Fix a non-zerovector vg 2 V(Z) suc that voG is Zariski
closedand a sequence 1, 2 R* : m 2 Ng of strictly increasingnumbers. We set

Vin = mVoG for eadh m 2 N:

Denote by Ay be the collection of all arithmetic subgroups G(Q) of G suc that
V(2) V(Z). Since is de ned over Q, Ay is non-empty. Consider a sequencefO
Vm(Z) : m 2 Ng of -in variant subsetsof Vi, (Z) for some 2 Ay. For a compact subset
of V1, we de ne

N(Om;) = # pr(Om)\

wherepr : Vi ! V; denotesthe radial projection given by pr(x) = 1 ,x.

Let H denote the stabilizer of vp in G. The notation H% and G° denote the identity
componerts of H and G respectively. In the rest of the introduction, we assumethat H is
semisimplewithout compact factors.

Theorem 1.2. Supmsethat H? is a maximal connected closel sulgroup of G°. Let fO
Vm(Z)g be a sequene of -invariant subsetsfor some 2 Ay, for example,On = Vin(Z2).
Suppmsethat for each mg 2 N,

(1.3) #fm 2 N:pr(Om,) = pr(Om)g< 1:

Fix a G-invariant Borel measure onV;. Then for any compact subset of V; with boundary
of measure 0,

(1.4) N(Om; ) mi '(Om) ()
wher ! (On) is given below (1.6).
An immediate consequenc®f the above theorem is that the sequencd pr(O)g of projec-

tions is equidistributed onV; asm ! 1 , sinceit follows from (1:4) that for any two compact
subsets 1 and , of V; with boundary measure0,

Nm(Om; 1) ' ( 1).
Nn©Om: 20 ™ (2)°

The condition (1.3) says that there is no in nite sequenceof varieties V,, where all the
integer points in Oy, are simply the radial dilations of a xed Op,,. Clearly this is a necessary
condition for the conclusionof the above theorem. We remark that the condition (1.3) is also
equivalent to saying limyi, ! (Om) = 1 (seeLemma4.3).

In order to give the formula of the number! (Oy,) in Theorem 1.2,let ¢ and H denote
Haar measureson G and H respectively so that the triple (; ; u) are topologically
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compatible in the senseof Weil [We], namely, for any cortinuous function f on G with
compact support, 2 2 2

(1.5) fdg(g)= d (90 f(hg)d n(h)
G HnG H
where , by slight abuseof notation, denotesthe G-invariant measureon HnG pulled back
from on V; via the identi cation of HnG with V; by Hg 7! voQ.
The number! (On) is de ned asfollows: for any 2 Ay preservingead O,

o, H (HVg " g)H

c( nG) ’
where the sum is taken over the set of disjoint -orbits in O, and g 2 G is an elemen
such that vo = pr( )g . Under our assumption,! (Oy,) < 1, and moreover ! (O,) doesnot
depend on the choice of in Ay preserving On,, justifying our notation. This is shovn in
[Oh] for Oy = Vi (Z) but the sameproof works for any O,. For the caseof O, = Vi, (2),
we simply write
(1.7) I'm =1 (Vm(2)):

Note alsothat the product! (O,) () isindependert of the choiceof compatible measures
(; H; ). For this reason,we sometimeswrite ! (O,) vol() in what follows.

We remark that Theorem 1.2 appliesto the caseswhere V; is an a ne symmetric space,
i.e., H is the set of xed points of an involution of G, with additional assumptionsthat G
is Q-simple and that H is semisimplewithout compact factors. It is so sinceH 9 is then a
maximal connectedclosedsubgroup of G° (cf. [Bo, Lemma 8.0]).

We present some exampleswhich follow from Theorem 1.2 for the caseOn = Vm(2).
See(1.1) for the notation N (f; ). The following three theorems are proven in section 6
wherewerealizeead f asan invariant polynomial of a certain represenation of a semisimple
algebraic group. Once we do that, the number! , is de ned asin (1.6) and (1.7).

Theorem 1.8. Letn 2 and Det denote the determinant polynomial on the vector space
Mp(R) of n  n matrices. For any compact subset of V1 = fX 2 M,(R) : Det(X) = 1g of
boundary of measure 0, we have

Nm(Det;) mi !'m vol() :

Theorem 1.8 was proven rst by Linnik [Li1l] (for n = 2) and by Linnik and Skubenko (for
n 3) [LS]in the early sixties using methods in analytic number theory. A dierent proof
was also given using methods basedon Hedke operators (see[Sa], [COU] and [GQO]).

Let V be the subspaceof M,,(R) consisting of the skew-symmetric matrices, i.e., V =
fX 2 Mon(R) : Xt= Xg(n 2)and considerthe Pfaan asa polynomial onV de ned
by P (X)? = Det(X) and

(1.6) | (Om) =

0 In _
P .0 - 1
where |, denotesthe identit y matrix of order n.

Theorem 1.9. Letn 2. For any compact subset of V1 = fX 2 V : P (X) = 1g of
boundary of measure 0, we have

Nm(P ;) m1 !'m vol() :
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An integer m is called a fundamental discriminant if and only if m is either a squarefree
integer congruert to 1 mod 4, or 4 times of a squarefree integer which is congruert to 2 or
3 mod 4.

Theorem 1.10. Let Q be an integral quadatic form of signature (r;s) wheer + s 4,
r 2ands 1. For any compact subset of V; = fX 2 R™"S:Q(X) = 1g of boundary of
measure O,

Nm(Q;) !'m vol()
asm! 1 alongthe fundamental discriminants with Vi, (Z) 6 ;.

In fact, the Hardy-Littlew ood circle method together with the Klo osterman sum method
(neededfor r + s = 4) (cf. [Va], [ES]) alsogivesan asymptotic density in Theorem 1.10,in the
form of product of local densities. By comparing the two di erent forms of the asymptotic
for N,m(Q; ), oneobtains a new proof of Siegelmassformula for quadratic forms (see[Oh])
in the samespirit of the work of Eskin, Rudnick and Sarnak [ERS]. The above theorem is
still true for the caseofr + s = 3 and rs > 0 though our method doesnot apply. This follows
from a theorem of Duke [Dul].

More generally a natural question is whether the asymptotic ! , vol() in Theorem 1.2
coincideswith the heuristics predicted by the Hardy-Littlew ood circle method. It is shavn
in [Oh] that this is true in many casesbut not always.

To state our main result in a more generalsetting without the maximality assumption on
H, we de ne the following: the notation Z (H %) denotesthe certralizer of H® in G.
Denition 1.11. A sgqquene fO, Vm(Z2)g is called focused if, for every 2 Ay pre-
serving fO g, there exist a proper connected closal sutgroup L of G° in whichL\ is a
Zariski denselattice, g 2 G with g *H% L and a compact subsetC  voZ (H%gL such
that for every compact subset Vi, there exists 2 with

o,ftC) pr( )\ ALy ) g9

1.12 lim su > 0
( ) m!l P ! (Om)
In the above and alsoin the rest of the paper, the notation o , Meansthat the sum

is taken over the set of disjoint -orbits contained in O,.

Theorem 1.13. Supmsethat fO , : m 2 Ng is not focusal. Then for any compact subset
of V; with boundary of measure 0,

N(Om; ) mi1 ! (Om) vol() :

Note that in the casewhen O, consistsof one -orbit, the focusing of fO ,g implies
that for every given compact subset of Vi, there exists an in nite sequencem; sud that
pr(Om;)\ lies completely inside a proper subvariety of V1. In general,if fO g is focused,
one expectsin view of Theorem 1.13that a positive proportion of points in pr(Ony,, )\  lies
inside a proper subvariety of V; of the form voZ(H)gL for some 2 and for someproper
subgroup L of GO,

Assuming H connectedfor simplicity, we explain someof schemesin the proofs. Our main
tool is Ratner's work on the classi cation of measuresinvariant under unipotent o ws [Ra].
For eath Om, considerthe H-invariant measure on nG supported onghe closed

orbit n g H with the total measure! ( ). Let ., denotethe averagingmeasure!(ooimm)
on nG. We rst obsene that the equidistribution of pr(On,) (Theorem 1.13) follows if
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corvergesto the G-invariant probability measureon nG asm ! 1 (Proposition 2.2). We
then shawv that under the non-focusing assumption of fO g, the H-orbits n g H which
stay outside a given compact subset C as well as the H-orbits n g H which stay inside

n Lg for someproper subgroupL of G are ignorable, in consideringthe weaklimits of .
Then by applying Ratner's measureclassi cation invariant under unipotent o ws [Ra] and
the results of Dani and Margulis in [DM1-2], we shaw that ead H-orbit n g H is getting
longer and longer and moreover uniformly distributed on nG asm! 1 ; hencethe average
measure n, tendsto the Haar measureon nG asm! 1.

In particular in the casewhere the subgroup H is a maximal closedsubgroup of G°, the
equidistribution of fpr(O,)g is a consequencef the phenomenonthat for any sequenceof
non-repeated individual -orbits fpr( ) pr(Om)g, the corresponding sequencd n g Hg
of H-orbits is uniformly distributed on nG and hencepr( ) is equidistributed on V; as
m! 1.

Remark Gan and Oh [GO] showved that for any invariant polynomial f in the above setting
but with a more generalH (not necessarilysemisimple),if Vy,(Z) contains at leastoneinteger
point for somedpy 2 N, then there exist explicitly computable constarts ¢ and r depending
only on G, and deg(f) sud that pr(Vcg,mr(Z)) becomesdenseon V; in a strong senseas
m! 1 . In particular it follows that the limit supremein (1.12) is strictly lessthan 1.

Ac knowledgmen t The secondnamedauthor would liketo thank Peter Sarnakfor suggesting
this problem as well as for helpful discussions.

2. Measure theoretic form ulation of a counting problem

Let G be a real semisimplealgebraic group de ned over Q. This meansthat there exists
a connectedsemisimplealgebraic group G de ned over Q sud that G is a closedsubgroup
of G(R) cortaining the identity componernt G(R) . Let : G ! GL(V) be a Q-rational
represemation for a nite dimensional real vector spaceV de ned over Z. Fix a non-zero
vector vg 2 V sud that voG is Zariski closedand a sequencef ,, : m 2 Ng of strictly
increasingpositive numbers. For each m 2 N, we set

Vin = mVoG:
Let H denote the stabilizer of vg in G. Since s rational, H is a real algebraic subgroup
of G. In particular, the identity componert H? is a nite index normal subgroup of H.
Assumethat H° hasno non-trivial R-character. Let ¢ denote a Haar measureon G. Since
both G and H are unimodular, we may choosea G-invariant Borel measure on V; and an
H-invariant measure y on H sothat the triple (; ; w) is compatible in the senseof
(1.5).

Let Ay be dened asin the introduction, and let 2 Ay. Since G acts transitiv ely on
Vi, for any 2 Vy,, there existsg 2 G sudc that vg = pr( )g . The choice of g is unique
only up to modulo H. If H denotesthe stabilizer of in G for 2 Vp(Z), then H isa
Q-subgroupof G andH = g Hg !. Therefore H° hasno non-trivial Q-character and hence
by a theorem of Borel and Harish-Chandra,H \ s a lattice in H . Hence

Dy - H(H\ g ' gnH)
' B c( nG)
Obsene that the de nition of ! ( ) dependsonly onthe -orbit not on its represerativ e.
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Let fOmnm  Vm(Z2)g be a sequenceof non-empty -in variant subsetsof V,(Z) for some
2 Ay. Sinceead Vy, is Zariski closed, by a theorem of Borel and Harish-Chandra, the
number of -orbits in Vi (Z) and hencein O, is nite. Hence

X
I (Om) = () <1:

Lemma 2.1 (Oh). The numkber ! (On) is independent of the choiee of 2 Ay preserving
Onm.

The space P( nG) of the probability measureson nG is equipped with the weak -
topology. Now x any 2 Ay which preseneseah Op,. For eah -orbit Om, let
denote the unique H -invariant measureon nG supported on the closedorbit n g H and
with the total measuregivenby ! ( ). Hence

1 X
! (Om)

2 P( nG):
Om

Here is a main proposition suggestedby Sarnak which translates the counting problem to
the question of whether the weak-limits of the above measuresare G-invariant.

Prop osition 2.2. If

lim = X -1 in P( nG)
mi T (Om) o e(nG) ©

then for any compact subset of V; with boundary of measure 0,

N(Om; ) m1 ! (Om) () :

Proof. Without lossof generality, weassume g( nG) = 1. Let beany continuousfunction
with compact support on HnG = V;. De ne a function F™ asfollows: for eathh g2 G

1 X
' (Om)

FM(g) := (pr( ) 9):

Om 2(H\)n

SinceF ™M isleft -in variant, it may be consideredasafunction on nG. Let beacortinuous
function on nG with compact support. Note that
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0 1
X
@ (er( ) 9 (@A d s(9)

Om_" 2H\)n

X
= (pr()g) (9)d c(9)
0 m g2(H \ ) nG
X Z

= . (pr( )gt) (gt)d (1)
O m t2(H\ g g )nG

X Z
' (Om) hE™; i

x £ Z
= (Vog) . (9 hg)d w(h) d (9)
0 m g2HnG h2(H\ g g )nH
x Z z !
= (Vo) (sg)d (s) d (9)
0 m g2HNnG s2 nG

Considera function 4 on nGZ de ned by gés) ;= (sg). Then

gd G = d g:
nG nG
Henceby the assumption,
x Z Z
im — (sggd (s) = dg:
mil ! (Om) o, S2nG nG ¢

Now by the Lebesguedominated corzr\/ergencetheorem,Z

lim HE™M: | = (vog)d (Q) dg:
m!l HnG nG
If follows that 7
H m . -
(2.3) mIllgn " i= () . dg

where denotesthe characteristic function of .
Fix > 0. Let U bea symmetric neighborhood of e in G sud that

(" )
where * =],y uand =\,2u U. Thenforallg2 U,
(2.4) F™ (9 F™(e) F™ (o)
R

Let beanon-negative cortinuousfunction on nG with supportinU and . dg=

1. Integrating (2.4) against  now gives
HFE™ ;i F™(e) HM L

Sinceboth sidestend to () respectivelyasm ! 1 by (2.3) and > 0 is arbitrary, we

have
F™(e! () asm! 1:
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Since

FT @ = Gy

this provesthe claim.

3. Asymptotic behavior of unip otent o ws

We recall the following fundamental result of Dani and Margulis.

Theorem 3.1 (DM2, Theorem 6.1). Let G be a connected Lie group and a lattice in G.
Given a compact subsetC nG and an > 0, there exists a compact set K nG such
that the following holds: for any x 2 C, any unipotent one-parameter sulgroup fu(t)g of G,
andany T > O,

ft2[0;T]:xu(t)2Kgj>(1 )T
where j | denotesthe Lelesguemeasure on R.

Let G be a connectedsemisimplereal algebraic group de ned over Q, and H a connected
semisimple real algebraic subgroup of G. Let G(Q) be an arithmetic subgroup of G.
The results in this section have meaningsonly when nG is non-compact, which we assume.
Considerthe onepoint compacti cation nG[ flg of nG. The spaceP( nG|[ flg ) of the
probability measureson nG|[ flg equippedwith the weak -topology is weak compact.

Let fgn 2 Gg be a sequencesuch that gmH gy,? is a Q-subgroup of G for eahr m. By a
theorem of Borel and Harish-Chandra [BH], it follows that g, gm \ H is a lattice in H.
Henceeathh n gnH is closedin nG (cf. [Rag]) and there exists the unique H -invariant
probability measure , in nG supported on n gnH.

Prop osition 3.2. Assumeeither that H hasno compact factors or that gnH g,,* is Q-simple
for each m. Then the following are equivalent:

(1) There exists a compact subsetC of nG suchthat
n goH\ C6 ; for all suciently largem 2 N.
(2) Every weak limit of f ngin P( nG[ flg ) is supprted on nG.

Proof. Assumethat (1) is true. Without lossof generality, we may assumethat n g, 2 C
for all m 2 N. Let Hy denote the unique maximal connectednormal closedsubgroup of H
without compactfactors. Let U = fu(t)g be a unipotent one parameter subgroupin Hy not
contained in any proper normal subgroup of Hy. Sud a subgroup exists (seefor example,
[MS, Lemma 2.3]). Under our assumption, either H = Hy or g1 gm \ H is an irreducible
lattice in H. Henceit follows from Moore's ergadicity theorem (cf. Theorem 2.1 in [BM])
that U acts ergadically with respect to ead ,. Moreover by the Birkho ergadic theorem
(cf. [BM]), for almostall h2 H, n gymhu(t) is uniformly distributed on nG with respect
to m,i.e,forany f 2 Co( nG),
gt £
TI!lgn T . f(ngnhu)dt= fd m:

Therefore we may assumethat for each m 2 N, there existsh, 2 H suchthat n ghhy 2 C
and gmhnu(t) is uniformly distributed on nG with respectto . For any given > 0, let
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K be a compact subsetof nG asin Theorem 3.1 with respectto C. Then for each m 2 N,
m(K) 1

Therefore (K) 1 for any weak limit  of f ,g. Since > 0 is arbitrary, we have
( nG) = 1, proving that (2) holds.
Now supposethat (1) fails. First write nG as[ L, C; where C; are compact subsetssuc
that C; Cii1 for all i. Then for ead i, there exists m; suc that

N gnH\GC =;:
SinceC; is increasing, we have
(3.3) ngmH\C=; foralj &

This implies that any weak limit of f 1, g cannot be supported on nG, for if so, then for
someig, m;(Ci,) > 1=2 for innitely many i. This is cortradiction to (3.3). Hence (2)
implies (1).

Let fOn, HNGg be a sequenceof a nitely many union of -orbits. For each HnHg 2

Om, we assumethat gHg ! is a Q-subgroup of G. For eat -orbit Om, set
H\g?! g)nH X
() = (i g~ g)nH) and ! (Op) = ()
c( nG) on
Hereg 2 Gissudhthat = HnHg .
Let denote the H-invariant measureon nG supported on n g H with the total
measuregiven by ! ( ). De ne an H-invariant probability measure ,, on nG:
1 X
m =
'Om) o

The notation Hy denotesthe unigue maximal connected normal closed subgroup of H
without compact factors.
Prop osition 3.4. Assumeeither that H hasno compact factors or that g Hg ! is Q-simple
for any 2 Op. Supmsethat g Hyg ! is not contained in any proper Q-paratolic sulgroup
of Gforany 2 [ mOm. Then any weaklimit of f , :m 2 Ngin P( nG[ flg ) is supported
in nG.

Proof. Without lossof generality we may assumethat f ,g convergesin P( nG[ flg ). It
su ces to shaw that, for any > 0, there exists a compact subsetK nG sud that

m(K)> 1 for all su cien tly large m.

Assumenot; then for any compact subsetK nG, (after goingto a subsequencel}here
exists m, 2 Oy sud that

C(KY<(@ )N(m) foreahhm2N.

Let U = fu(t)g be a unipotent one-parametersubgroup of Hy asin the proof of previous
proposition. Let R bethe setof h 2 H sud that n g , hu(t) is uniformly distributed in

n g, H with respectto the probability measureﬁ . - Then R hasthe full measure
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in H (seethe proof of the previous proposition). Fix any h 2 R. Then for each m 2 N, there
exists T, > 0 (depending on h) such that

leftZ [0;T]: n g, hu(t)2Kgj<1l =2

for all T > T, wherej | denotesthe Lebesguemeasureon R. Applying a theorem of Dani
and Margulis [DM1, Theorem 2] (seealso [EMS1]), we obtain that for any given , > 0
with lim i1 m = 0, after passingto a subsequencethere exist a proper parabolic Q-
subgroup P of G, a non-zerovector g2 ~ ¥ Lie(W)(Q) (W being the unipotent radical of P
and k = dim(W)) and a sequencd (h) 2 g sud that forallm2 Nandt> 0,

ka: m(h)g, hu(k< m

wherethe action is through the k-th exterior of the adjoint represetation of G on ” K Lie(G).
Since u(t) acts as a unipotent one-parameter subgroup on " Lie(G) and any orbit of a
unipotent one-parametersubgroup is unbounded except for a xed point, it follows that for
al0 t< 1 andforallm2N,

G hg.hu(t)=a fg,h
Hence

U (ha.h P(hg,h);
since the latter group cortains the stabilizer of the vector g: g, h. Hencewe have shavn
that for almostall h 2 H and for any m 2 N,

1
huh * (hg.) P(mg.)

for some R] 2 . Since is countable, it follows that for each m 2 N, there exist an elemen
m 2 and asubsetS,, H of positive measuresud that

huh ' (mg,) *P( mg,) forallh2 Sy:
Sincethe set
fh2H:hUh ' (ng.) "P(mg.)g
is a real analytic submanifold of H with a positive measure,it is indeed equalto H. Hence
huh ' (mg.) *P(mg,) foralh2H.
SinceU is not contained in any proper normal subgroup of Hy, it follows that
g.HNg D m P o

This cortradicts the assumptionsince ., P , is a proper parabolic Q-subgroup of G.

4. Pr ojections of Op, and stabilizer subgr oups

We recall the following theorem of Dani and Margulis: let G be any connectedLie group
and a discrete subgroup of G. We x a left invariant Riemannian metric on G. Let M
be any closedsubgroup of G such that M \  is a lattice in M. Then n M is a closed
Riemannian submanifold of nG and henceit hasa right M -invariant Riemannian volume
form, denoted by V, induced by the Riemannian metric.
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Theorem 4.1 (DM2, Theorem 5.1). For any ¢ > 0, let W be the collection of all closel
connected sulgroups of G suchthat n M is closa in nG and V(M \ ) nM) ¢ Then
there are only nitely many sulgroups of the form M\ with M 2 W..

We also need the following simple consequenceof a theorem of Kazhdan and Margulis
([KM], [Ra, Theorem 11.8]):

Lemma 4.2. Let G be a connected linear semisimple Lie group without compact factors.
There exists a constant ¢ > 0 suchthat for any discrete sulgroup  of G, the co-volume of
in G (with respect to a xed Haar measure on G) is at least c.

We keepthe samenotation from section2 for G, :G! GL(V), , H, H , vq, etc. Let
Om bea -in variant subsetof Vy,(Z) for eadh m. We assumethat H is semisimplewithout
compact factors. Denote by N (H) the normalizer of H in G.

Lemma 4.3. Assumethat [N(H):H]< 1 andthat for each 2 Oy, H? is not contained
in any proper Q-paratolic sulgroup of G. Then the following are equivalent:

(1) Supmsethat for each mg 2 N,
#fm 2 N:pr(Om,) = pr(Om)g< 1:
(2 limmn ' (Om)=1.

Proof. It is easyto seethat pr(Om) = pr(Ok) implies! (On) = ! (Ok). Hence(2) implies (1).
Assumenow that (2) fails. Then by passingto a subsequenceve may assumethat ! (On)
is uniformly bounded. By Lemma 4.2 which we may apply sinceH © has nite index in H,
there exists somec > 0 such that

() = mHYG T aH) o 21 0n.

c( nG)
Since! (Oy) hy, cwherehy, is the number of disjoint -orbits in Op,, we may alsoassume
that hy is constart, say r, for all m, by passingto a subsequenceNow write O = [ {_; m; -
It suces to shov that foreadh 1 i r, pr( m; ) isthe samesetfor innitely many m.
For, this implies that pr(On) is the sameset for in nitely many m, which contradicts (1).
Fix 1 i randset n, = n for simplicity.

It follows from Propositions 3.2 and 3.4 that there exists a compact subsetC of nG sucd
that n g, ,H\ C6 ; forall m2 N. Hencewe may chooseg , sothat fg, : m 2 Ngis
relatively compact.

On the other hand, if § denotesthe factor by which the volumesof subsetsgets multiplied
under the transformation h! ghg %, h 2 H, then

V(H,\V )nH )= g '(m)

up a uniform constart multiple depending only on the choice of Haar measure . Since
fg, :m2 Ngisrelatively compact,sup, ¢, <1.
Therefore

supV((H ,\ ) nH ) sup 4 sup!(Om)<1:
m m m

By Theorem 4.1, this implies that H  \ are all equal to ead other by passingto a
subsequenceSinceH , \ is Zariski densein H by Borel density theorem, it follows that
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H _ areall equalto ead other, that is, g mlg « 2 N(H) for all m;k. Since[N(H) :H]< 1,

m

by passingto a subsequencewe have
g'g,2H; andhence pr( m) =pr(«)
for all m; k. This nishes the proof.
Obsene that for compact subsets Vi, Co Gsuchthat HNHHCog= and 2 Vy(2),
(4.4) N( ;) =0 ifandonlyif ngH\ nCyt=;:

Prop osition 4.5. Consider a sqquen@ f , 2 Vin(2)g suchthat fpr( m)g is relatively com-

pact in Vi. Supmsethat L is a closal sulgroup of G containing H Om for all m. such that

L\ is alattice in L. Then for any compact subset of V;, there exists a nite subset
suchthat for all m,

pr( m) \ pr( m)(L\ )

Proof. Let ( beacompactsubsetof G suchthat HnH o= . Write H asa disjoint union
[ };1 hiH©. By the assumption, there exists a choice of fg , g sothat fg, 2 Gg is relatively
compact. Let ;1 G beacompactsubsetwhich contains fg hj:1 i k;m2Ng o.

SinceL \ isalattice in L, n L isclosedin nG [Rag], and this implies easily that
LnL isclosedin LnG. SinceLnL is aclosedcountable subsetof LnG, it follows from Baire
category theorem that there exists at least one isolated point. Since acts transitiv ely on
LnL , ewery point of LnL is an isolated point. Therefore LnL is discretein LnG. Hence
there existsa nite subset of sud that

L s\L L
Note that
g9.H oV g, H% " Log,.(iih) olL L a\L L
Hence
(4.6) H o\ H%g ' gl

If vox 2 pr( m) \  for x 2 G, then
x=hg ' =hlw

for someh;h°2 H, 2 andw2 .
Then
9, 2H o\ H% *;
and henceby (4.6),
1

m

g! =g'g: forsomeg2L and ;2

In particular, g= 12 L\ . Therefore
x=hg 'g12Hg L\ )

proving
pr(m) \ pr( m)(L\ )
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5. Asymptotic  behavior of Op

We start by recalling the following theorem of Dani and Margulis, which was built up on
the measureclassi cation theorem of Ratner [Ra]. For any two closedsubgroupsU and L of
a connectedLie group G, set

X(U;L):=fg2G:guU Lgg

Theorem 5.1 (DM2, Theorem 3). Let G be a connected Lie group and a lattice in G. Let
U = fu(t)g be a unipotent one-parameter sulgroup of G and let  be a boundal continuous
function of nG. Let K be a compact subsetof nG andlet > 0 be given. Then there exist
nitely many proper closal sulgroupsL; ;Lk suchthat L;\ is a lattice in L; for each
1 i k, and compact subsetsCy; ; Ck of X (U;L1); ; X (U; L) respectively, for which
the following holds: for any compact subsetF K [ }(:l n Ci, there exists Tp 0 such
that forall x 2 F and T > Tg,
Z z

= (xu(t)) dt d s

T o nG

In fact, it is shavn in the proof of the above theorem [DM2] that the subgroupsL; can
be taken sothat Ad(L;\ ) is Zariski densein Ad(L;) aswell where Ad denotesthe adjoint
represeration of G.

We keep the samenotation from section2 for G, :G! GL(V), , vq, etc. Let Oy,
be a -in variant subsetof Vi, (Z). As before, we assumethat the subgroup H, which is the
stabilizer of vg, is a semisimplereal algebraic subgroup of G without compact factors. Set
X = nG. We assumewithout lossof generality g(X) = 1. For eahh 2 V(Z), we denote
by the unique H -invariant measureon X supported on n g H with the total measure
givenby ! ().

Denoteby the canonicalprojection from H °nG to H nG. By the identi cation of Vi = VoG
with H nG, we considerpr(On,) asa subsetof HnG. SetOn =  (pr(Om)). Note that Op,
is -in variant and has nitely many -orbits. For eadh Om, the notation denotes
the H%-invariant measureon nG supported on n g H° with the total measuregiven by

ho((H°\ g * g)nHO)
c( nG)

where g is any elemen in G such that HonH®g = . Here o is simply the restriction
of n to HO. Notethat if (1) = (2), then! (1) =1(2) and!( ) () if
()=pr().

() =

For Opn, it is not hard to ched that
Hpr( )
where the sum is taken over the disjoint -orbits in Oy suchthat () = pr( ). The
number such -orbits is clearly boundedby [H : H°].
Therefore
X X X
(5.2) = and! (Op) = F():

O m Om Om
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Let U = fu(t)g bea unipotent one-parametersubgroup of H © not cortained in any proper
closed normal subgroup of H?. For given compact subset K X, > 0 and a bounded
cortinuous function on X, let L and Cj, 1 i k be asin the above theorem, with
respect to the given triples (K; ; ). Set

S(K; ;)=K\ (K nC)

and let GK; ; ) denotethe complemen of S(K; ; ) insideK.

Prop osition 5.3. Fix a compact subsetK of X with a non-empty interior. Suppmsethat for
any > 0 and for any continuous function on X with compact suport,

P
im omf!():ngHo\G(K;;)ﬁ;g_l_
mil ' (Om) o
Then
1 X
—_ ! c asm! 1:
'Om) o
Proof. We set
An():=f ngH?: Om; N gH% K S(K: ;)g

and
Bn():=f ngH®: ngH GK; ;)6 ;9:

The assumption implies that
(5.4)
F’f'()'ngHOZA()g Pf'()'ngHOZB()g
lim : : m2=0; Ilim : : UANPL

it " (Om) it " (Om) .

By the Birkho ergadic theorem and Moore's ergadicity theorem, U acts ergadically with
respect to ead ﬁ and the following subsetR has the zero co-measurein H ©:

R=fh2H%: n g hu(t) is uniformly distributed in n g H® w. r. t. g

1
HC)
Let n gH%2 By (). SinceG(K; ; ) isopenin K and R has co-measure0 in H°, we
may assumeby a suitable choiceforg that n g 2 GK; ;) and
z z
1T 1
TI;{n T . ( n gu()dt= ﬁ . d

Therefore by applying Theorem 5.1 to ead singleton F = f n g g, we obtain that for any
1 Z Z

(5.5) ) o d y d g
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x Z z X z z

Om X X n g HO2Am ()
+ d () dg
ngHO2Bm() X X

By (5.5), the above is again lessthan or equalto
X X
(k ki +k k) fr () ngH’2An()9)+ ( f1() : ngH®2Bm()g):

By applying Lebesguedominated corvergencetheorem, we deducefrom (5.4)

X Z z
limsup ——— d d
m!l P ! (Om) Om X ¢
Since > 0is arbitrary, we have for any bounded continuous function on X,
X z z
lim 1 d = d g:
mi T(Om) ,  «x ©

This provesour claim by (5.2).

Lemma 5.6 (EMS2, Lemmab5.1). Let G, H and L be connected real algebaic groups such
that H L G. If at least one of G, H, and L is reductive, then X (H;L) is a union of
nitely many closal doublecosetsof the form L g Z(H) where g2 X (H;L).

Pro of of Theorem 1.13 SinceG° hasa nite index in G and V; consistsof nitely many
open G° orbits, it suces to prove the theorem for eadh GP-orbit. Hencewe may assume
that G is connectedwithout loss of generality. SincefO ,g is not focused, there exists an
arithmetic subgroup G(Q) which presenes eatch O, and fO ,g is not focused with
respect to .
First, for somecompact subsetC of Vy,
lim sup o.f1C)pr() \C=3g _
m!l ! (Om)
Note that the sameholds for any compact subsetof V; containing C.
Henceit follows from the obsenation (4.4) that for somerelatively compact open subset
Co of G, we have

P
fl : ngH% nCyp=:
(5.7) lim sup o ! () 9 0= 9

mll ! (Om)

SetK = n( Cg) and K®= n( Cp). By Propositions 2.2, and 5.3, it suces to show
that for any > 0 and for any bounded continuous function on X,

i onf'( ) ngHO\ GK; ;)69
mit " (Om) )

o:

1:
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Supposenot. Sincethe orbits n g H? disjoint from K °can be ignored by (5.7), it follows
that there exist a bounded continuous function on X and an > 0 sud that
fl() :;6KN ngH? SK; ;:)g
5.8 lim su Om
( ) m!l P !(Om)
LetLijandC;,1 i k bethe subgroupsand compactsubsetsin X (U;L;) respectively, used
in the de nition of S(K; ; ). SinceS(K; ; ) is contained in the nite union [ }‘:1 n Ci,
there exists1l i Kk sud that (5.8) holdswith n C; in placeof S(K; ; ). Without loss
of generality, we assumei = 1. By Lemma 5.6, there existsg 2 G sudh that gug ' L and
o, f1() ;86 gHO\ K% (Ci\ L1gZ(U))g 0
>
' (Om)

>0

(5.9) lim sup
m!l

Whenewer
;6 gH%\ K% (Ci\ LigZ(V))

we may assumethat g 2 Cy\ L1gZ(U) by replacing and g by suitable elemers in

pr( )) and g HO respectively. We may also assumethat the setfh 2 H® : gh 2
Ci1\ L10Z(U)g has a positive measure,since K %is open. Note that g h 2 C1\ L1gZ(U)
implies that hUh ' g !Lig . By a similar argumert asin the proof of Proposition 3.4,
it followsthat H® Ly, i.e.,g 2 X(H%L,), whenewer; 6 gH% K® (Cy\ LigZ(U))
and () 2 pr( ). Applying Lemma 5.6 again, we deducefrom (5.9) that for somegg 2 G
such that goH%,* L,

im su o, f1() 19 2C\ ngoZ(HO)g>o
m!l P ! (Om)
Sinceg 2 C1\ LigoZ(H) and () = pr( ) impliesthat g Hg 1 = H® Lg, it follows

from Proposition 4.5that for any compactsubset of Vi, there existsa nite subset
such that forall g 2 C;\ Li1goZ(H),

() (Hg H(Li\) H(L1goZ (H)\ Co) *(La\ )
Hencewe have shown that for any compact subset V1,
on 1) ()N H(Z(H)g'L1\ CoH(La) ) g

lim su > 0;
m!l P !(Om)
for some nite subset . Hencefor some 2 ,
fl L pr \ Vo(Z(H)gy*L1\ CyY)(Lq\
fim sup o 1) tpr() 0o(Z(H)gy L1\ Co)(L1\ ) 9>0;
m!l ! (Om)

By the remark following Theorem 5.1, L\ is a Zariski denselattice in L;.

Hencethe sequencdO g is focused,yielding contradiction. This nishes the proof.
Pro of of Theorem 1.2 Without lossof generality we may assumethat G is connected. Fix
any 2 Ay preservingeah On,. If (1.4) doesnot hold, then fO ,g is focusedby Theorem
1.13. Since HY is a maximal connected closed subgroup of G, it follows that there exists
g 2 G sud that for any Fg:ompactsubset Vi

i o f1() tpr() \ VoZ(H%H % g
im sup >

m!l ! (Om) 0
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We claim that

P
fl L pr \ VoZ(H%HO% 6 ;
(5.10) lim sup —2-m () ip) Y wz(HOHTg 819,
m!l ! (Om)
Supposenot. Then it follows that for any compact subset of Vy,
: fre) prC) V' =39
lim su Om > 0
m!l P ! (Om)

This is equivalent to saying that for any compact subsetC of nG,
o f1(): ngHO\Cz;g>

lim su 0:

m!l P ! (Om)
Hencethere existsa sequence ,, 2 O, suc that for any compactsubsetC X, there exists
m such that n g, HO%\ C = ;. On the other hand, sinceH? is a proper maximal closed

subgroup of G°, by Proposition 3.4, any weak limit of f _ gin P(X [ flg ) is supported
on X . This is a contradiction by Proposition 3.2. Hence(5.10) is proved.
It is easyto ched that pr( ) \ voZ(H°)HO% 6 ; implies H ' = gHg ! for some
2 . Hence(5.10) implies:

o fl():H *=gHg *!forsome 2 g

lim su 0
m!l P ! (Om)
It follows that there exists o 2 Op, for somemg sud that
fl : H =H  forsome 2
lim sup onft() 2 950

m!l ! (Om)
Obsenethat the conditon H 1= H ,impliesthat g 01 g 2 N(H), and the condition
g,' 9 2 H impliesthat pr( ) = pr( o).
SinceH hasa nite index in the normalizer N (H), it follows that
fl Lpr = pr
5.1) imsup__ 0t () 1PC) =pr(o)) g
m!l ! (Om)

Note that if pr() = pr( o), then!( ) = ! (). Sincethere can be at most one
-orbit in Oy such that pr( ) = pr( o), (5.11) implies that

o:

'(o0) limsup————> 0 orequivalently Iliminf! (Oy)<1:
m!l : m m!l
By Lemma 4.3, this cortradicts the assumption on fO ,g. Hencethe proof is now complete.

6. Examples

Theorem 6.1. Let Q be an integral quadmtic form of signature (r;s) wheer+s 4, r 2
ands 1. For any compact subset of V; with boundary of measure 0,

Nm(Q;) !'m vol()

asm! 1 alongthe fundamental discriminants.
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Proof. Consider the standard represenation of the orthogonal group O(Q) onV := RS,
Let Vn bethe level setfx 2 V : Q(x) = mg. By Witt's theorem the orthogonal group O(Q)
acts transitiv ely on ead V;. The stabilizer of a vector vg in V7 is isomorphicto O(r  1;s).
Note that the assumptionson the sizeof the parametersr and s guarantee that O(r 1;s) is
non-compactand simple. It is well known that O(r  1;s)° is a maximal connectedsubgroup
of O(r;s)%. If weset := O(Q)\ SL/+s(Z), then 2 Ay. Let m be a positive integer
such that Vi, (Z) 6 ; and m be a fundamertal discriminant modulo Z2. Then we may take
Om = Vn(2) to apply theorem 1.2. To ched the condition (1.3), note that if m 6 k are

fundamerntal discrilglinants modulo Z?2, then pm 1Vm(Z)\ k “Vk(Z) = ;; otherwise this
would imply that = (m=k) 2 Q, which can be seento be false by an easy computation.
Therefore Theorem 1.2 implies the claim.

Let V := fX 2 Mn(R) : X' = X g bethe spaceof skew-symmetric matrices, sothat the
Pfaan onV is de ned by

P %(X)=Det(X) and P (vo)=1

where
0 In
Vo =
0 I, O
E.g., for n = 2, we have P ( Xx1; 1Xg) = X1X2  X3Xq + X5Xg.

Theorem 6.2. Letn 2. For any compact subset of V; with boundary of measure 0,
Nm®P ;) mn !'m vol() :
Proof. Considerthe represenation : SLyn(R)! GL(V) de ned by
(A)(X) = A'XA

whereA 2 SLpp(R) and X 2 V. It is well known that SL,,(R) actstransitivelyonV; = fX 2
V : P (X) = 1g, sothat Vi, = m¥ vy SLon(R). The stabilizer H of v is the symplectic
group Sp,, (R) corresponding to vo, which is a maximal connectedclosedsubgroupof SLo, (R).
Clearly Vin(2) 6 ; and SLon(Z) presenesVy(Z) for eac m.
To ched the condition 1.3 of Theorem 1.2, supposefor a given mg 2 N that pr(Vm,(Z)) =
pr(Vm(Z)). Then 0 1
m O

- 0 | § 1=n

1=n n 1 .

m % m 0 2 myV(2):
0 In 1

Hencem 1¥" = my 1=K for somek 2 N. This leadsto m = mok " mg. Hence
fm2 N:pr(Vm,(2)) = pr(Vm(Z2))gi mo< 1:
Hencethe claim follows from Theorem 1.2.

Sincethe explicit represenativ esof SL,, (Z)-orbits on Vi, (Z) can easily be written down in
the P case,we cancompute! ,,, using the local density formula givenin [GY]. For instance,
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for a prime p,
x 2

for someconstart C independert of p.

Theorem 6.3. Letn 2. For any compact subset of V; = SL,(R) with boundary of
measure 0O,

Nn(Det;) mn !'m vol() :

Proof. Consider the represenation SL,(R) SL,(R) on the spaceV = Mp(R) given by
X(A;B) = AXB 1 whereX 2 V and A;B 2 SL,(R). The stabilizer of I, is given by
the diagonal embedding of SL,(R) in the product SL,(R) SL,(R), which is a maximal
connectedclosedsubgroup. Clearly Vih(Z) 6 ; and SLy(Z) SLn(Z) presenesV(Z). The
condition 1.3 can be cheded similarly asin the caseof Pfaan. Henceour claim Theorem
1.2.

For the determinant case,the constart ! , is well known from the theory of Hedke opera-
tors. (cf. [Sa], or [GO]). For instance, for any xed k 2 N and a prime p,

!pk p!1 C pk(” l)l
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