FOCUSING QUANTUM MANY-BODY DYNAMICS:
THE RIGOROUS DERIVATION OF THE 1D FOCUSING CUBIC
NONLINEAR SCHRODINGER EQUATION

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider the dynamics of N bosons in one dimension. We assume that
the pair interaction is attractive and given by NA~1V(N”.) where JV < 0. We develop
new techniques in treating the N—body Hamiltonian so that we overcome the difficulties
generated by the attractive interaction and establish new energy estimates. We also prove the
optimal 1D collapsing estimate which reduces the regularity requirement in the uniqueness
argument by half a derivative. We derive rigorously the one dimensional focusing cubic NLS
with a quadratic trap as the N — oo limit of the N-body dynamic and hence justify the
mean-field limit and prove the propagation of chaos for the focusing quantum many-body
system.
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In 1925, Einstein predicted that, at low temperatures, non-interacting bosons in a gas
could all reside in the same quantum state. This peculiar gaseous state in trapped interacting
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atomic clouds, a Bose-Einstein condensate (BEC), was produced in the laboratory for the
first time in 1995 using the laser-cooling methods [4, 21]. E. A. Cornell, W. Ketterle, and C.
E. Wieman were awarded the 2001 Nobel Prize in physics for observing BEC. Many similar
successful experiments [20, 35, 47] were performed later. These condensates exhibit quantum
phenomena on a large scale, and investigating them has become one of the most active areas
of contemporary research.

Let t € R be the time variable and xy = (21, Z2, ..., Zx) € R™V be the position vector of N
particles in R”. Then BEC naively means that the N-body wave function v (¢, x) satisfies

N
Yt xn) ~ H o(t, ;)

up to a phase factor solely depending on ¢, for some one particle state ¢. In other words, every
particle is in the same quantum state. Equivalently, there is the Penrose-Onsager formulation
of BEC: if we define 755) to be the k-particle marginal densities associated with 1, by

(1.1) AW (x5 %)) = /¢N(t7xk,XN—k)ﬁ(t,XZaXN—k)dXN—k, X;, X, € R™

then, equivalently, BEC means

k

(1.2) YO (t 3 x) ~ [ o(t, 25)o(t, ).

Jj=1

It is widely believed that the one particle state ¢ in (1.2), also called the condensate wave
function since it describes the whole condensate, satisfies the cubic nonlinear Schrodinger
equation (NLS)

0y = Lo+ p|o|* ¢,

where L is the Laplacian —A or the Hermite operator —A + w? |$\2 Such a belief is one of
the motivations for studying the cubic NLS. Here, the nonlinear term p |ng|2 ¢ represents a
mean-field approximation of the pair interactions between the particles: a repelling interaction
gives a positive ;1 while an attractive interaction yields a ¢ < 0. Gross and Pitaevskii proposed
such a description of the many-body effect. Naturally, the validity of the cubic NLS needs to
be established rigorously from the many body system which it is supposed to characterize
because it is a phenomenological mean-field type equation.

In a series of works [40, 1, 22, 24, 25, 26, 27, 10, 16, 11, 17, 6, 18, 31], it has been proven
rigorously that, for a repelling interaction potential with suitable assumptions, relation (1.2)
holds, moreover, the one-particle state ¢ satisfies the defocusing cubic NLS (u > 0).

It is then natural to wonder, whether BEC happens (whether relation (1.2) holds) when
the interaction potential is attractive, and whether the condensate wave function ¢ satisfies a
focusing cubic NLS (p < 0) if relation (1.2) does hold. In contemporary experiments, both
positive [36, 48] and negative [20] results exist. To present the mathematical interpretations
of the experiments, we investigate the procedure of laboratory experiments of BEC subject
to attractive interactions according to [20, 36, 48].
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Confine a large number of bosons, whose interactions are originally repelling, inside a
trap. Reduce the temperature of the system so that the many-body system reaches
its ground state. It is expected that this ground state is a BEC state / factorized
state. This step corresponds to the following mathematical problem.

Problem 1. Show that if 1y, is the ground state of the N-body Hamiltonian Hy g
defined by

N

1 2 1
Hyo=) <—§ij + % Ixj|2) + > NV (NP (2 — )

j=1 1I<i<j<N

where Vo > 0, then the marginal densities {yg\%} associated with ¥y o, defined in
(1.1), satisfy relation (1.2).

Here, the factor 1/N is to make sure that the interactions are proportional to
the number of particles, the pair interaction N™#V,(N?.) is an approximation to the
Dirac 0 function so that it matches the Gross-Pitaevskii description of BEC that
the many-body effect should be modeled by a strong on-site self-interaction, and the
quadratic potential w? |x|2 represents the trapping since [20, 36, 48] and many other
experiments of BEC use the harmonic trap and measure the strength of the trap with
wp. This step is exactly the same as the preparation of experiments with repelling
interactions and satisfactory answers to Problem 1 have been given in [40].
Strengthen the trap (increase wy) to make the interaction attractive and observe the
evolution of the many-body system. This technique which continuously controls the
sign and the size of the interaction in a certain range is called the Feshbach resonance.!
The system is then time dependent. In order to observe BEC, the factorized structure
obtained in Step A must be preserved in time. Assuming this to be the case, we then
reset the time so that ¢ = 0 represents the point at which this Feshbach resonance
phase is complete. The subsequent evolution should then be governed by a focusing
time-dependent N-body Schrodinger equation with an attractive pair interaction
V subject to an asymptotically factorized initial datum. Moreover, the confining
strength is different from Step A, and we denote it by w. A mathematically precise
statement is the following:

Problem 2. Let ¢y (t,xy) be the solution to the N — body Schrodinger equation

N

, 1 w? 9 1 n

Zat¢N:Z (—§ij+7’xj‘ >wN+N Z NPV (NB (xi—37j)) Py
j=1 1<i<j<N

where V< 0, with 1y o from Step A as initial datum. Prove that the marginal densities

{VEI\;) (t)} associated with 1y (t,xy) satisfies relation (1.2).

ISee [20, Fig.1], [36, Fig.2], or [48, Fig.1] for graphs of the relation between w and V.
2Since w # wg, V # Vo, one could not expect that 1y o, the ground state of (1.3), is close to the ground
state of (1.4).
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In the experiment by Cornell and Wieman et.al [20], once the interaction is tuned attractive,
the condensate suddenly shrinks to below the resolution limit, then after ~ 5ms, the many-
body system blows up. That is, there is no BEC once the interaction becomes attractive.
Moreover, there is no condensate wave function due to the absence of the condensate.
Whence, the current NLS theory, which is about the condensate wave function when there
is a condensate, cannot explain this 5ms of time or the blow up. This is currently an open
problem in the study of quantum many systems.

In [36, 48], the particles are confined in a strongly anisotropic cigar-shape trap. That is,
the confinement is very strong in two spatial directions to simulate a 1D system. In this
case, the experiment is a success in the sense that one obtains a persistent BEC after the
interaction is switched to attractive. Moreover, a soliton is observed in [36] and a soliton
train is observed in [48]. The solitons in [36, 48] have different motion patterns.

In this paper, we consider the 1D model in [36, 48]: we take n = 1 in (1.4). We derive
rigorously the 1D cubic focusing NLS from a 1D quantum many-body system. We establish
the following theorem.

Theorem 1.1 (Main Theorem). Assume that the pair interaction V is an even Schwartz
class function, which has a nonpositive integration, that is, fR V(x)dx < 0, but may not
be negative everywhere. Let 1y (t,xy) be the N — body Hamiltonian evolution e~ (0),
where

N 2

j=1 1<i<j<N

for some w € R which could be zero and for some € (0,1), and let {75\];)} be the family

of marginal densities associated with . Suppose that the initial datum 1, (0) verifies the
following conditions:
(a) the initial datum is normalized, that is

[¥n O =1,

(b) the initial datum is asymptotically factorized, in the sense that,

(16) Jim T [950(0,2154) = Go(a) ()| = 0.

1
for some one particle wave function ¢q s.t. ||(1 — 0* + w?z?)2 ¢, < 00.

L2(R)
(c) the initial datum has finite kinetic energy and variance each particle®

(1.7) S]u]\I]) <1/)N(0), (—8; + w%?) ¢N(O)> < 0.

Then ¥t > 0, Vk > 1, we have the convergence in the trace norm or the propagation of chaos

that
k

VW xixq) — [ ot 25)a(t )

j=1

:O,

lim Tr
N—o00

3Finite variance can be dropped when w is zero.
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where ¢(t,x) is the solution to the 1D focusing cubic NLS

2

1
(1.8) i0,0 = (—50; + %x?) ¢ —bo|o|> ¢ in R
¢(0,x) = ¢o(x)
and the coupling constant by = UR V(x)dx} .
Theorem 1.1 is equivalent to the following theorem.

Theorem 1.2 (Main Theorem). Assume that the pair interaction V is an even Schwartz
class function, which has a nonpositive integration, that is, fR V(x)dzx <0, but may not be
negative everywhere. Let 1y (t,xx) be the N — body Hamiltonian evolution €N . (0) with
Hy given by (1.5) for some w € R which could be zero and for some 8 € (0,1), and let

{7%)} be the family of marginal densities associated with 1. Suppose that the initial datum

¥ (0) is normalized and asymptotically factorized in the sense of (a) and (b) in Theorem 1.1
and verifies the following energy condition:
(¢’) there is a C' > 0 independent of N or k such that

(1.9) {(Yn(0), Hiby(0)) < CFN*, Wk > 1.4

Then ¥Vt > 0, Vk > 1, we have the convergence in the trace norm or the propagation of chaos
that

k
: (k) . oy _
Aim Ty (F %45 x,) = chb(t,:vj)aﬁ(t,:v}) =0,
]:
where ¢(t, x) is the solution to the 1D focusing cubic NLS (1.8).

The equivalence of Theorems 1.1 and 1.2 for asymptotically factorized initial data has been
used in all defocusing works. In the main part of this paper, we prove Theorem 1.2 in full
detail. For completeness, we discuss briefly how to deduce Theorem 1.1 from Theorem 1.2 in
Appendix B.

To our knowledge, Theorems 1.1 and 1.2 offer the first rigorous derivation of the focusing
cubic NLS (1.8) from the N-body dynamic (1.4)." The main tool used in establishing
Theorem 1.2 is the analysis of the focusing Bogoliubov—Born—-Green—Kirkwood—Yvon hierarchy

N
(BBGKY) hierarchy of {1\ }

as N — oo. With our definition, the sequence of the marginal
1

4Here, the energies (15 (0), Hy 1 5 (0)) are allowed to be negative. Estimate (4.1), in which we use (1.9),
does not depend on the signs of (¢5(0), HY1(0)) . This is not surprising because we are working in one
dimension.

5If one replaces the Hermite operator with —A or (1 — A)2 in (1.4), assumes the Coulomb interaction,
and let 5 = 0, then there are works by Erdds and Yau [23], Michelangeli and Schlein [42], and Ammari and
Nier [2, 3] which derive the corresponding focusing Hartree equations. The techniques in treating the three
dimensional focusing Coulomb potential do not apply here. We need new ideas to handle the attractive delta-
potential, because it cannot be squared (the square of the Coulomb potential, on the other hand, is bounded
by the kinetic energy). For works on defocusing Hartree dynamic (8 = 0), see [28, 39, 44, 32, 33, 15, §].
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N
densities {755)} associated with 1, solves the 1D BBGKY hierarchy with a quadratic

trap k=t
n (K 1 x> & 1 k
(1.10) Zaﬂsv) = —Eﬂxk-f-wQ 5 ,75\,) +N Z [NﬁV(Nﬁ( —x])) 75\,)]
1<i<j<k
N k
+ Zmﬂ [NV (NP (2 = i) 0]

j=1

In the classical setting, deriving mean-field type equations by studying the limit of the
BBGKY hierarchy was proposed by Kac and demonstrated by Landford’s work on the
Boltzmann equation. In the quantum setting, the usage of the BBGKY hierarchy was
suggested by Spohn [46] and has been proven to be successful by Elgart, Erdos, Schlein,
and Yau in their fundamental papers [22, 24, 25, 26, 27]° which rigorously derives the 3D
cubic defocusing NLS from a 3D quantum many-body dynamic without trapping. The
Elgart-Erdos-Schlein-Yau program’ consists of two principal parts: in one part, they consider

the sequence of the marginal densities {75’;)} and prove that its appropriate limit as N — oo

solves the 3D defocusing Gross-Pitaevskii (GP) hierarchy

, L,
(1.11) 0y ™ = { 3 AN } +bOZTrkH — Zy1), Y5V, by > 0.

In another part, they show that hlerarchy (1.11) has a unique solution which is therefore a
completely factorized state. However, the uniqueness theory for hierarchy (1.11) is surprisingly
delicate due to the fact that it is a system of infinitely many coupled equations over an
unbounded number of variables. In [38], by assuming a space-time bound on the limit of
{”yg\,)} Klainerman and Machedon gave another uniqueness theorem regarding (1.11) through
a collapsing estimate originating from the multilinear Strichartz estimates and a board game
argument inspired by the Feynman graph argument in [25].

Later, the method in Klainerman and Machedon [38] was taken up by Kirkpatrick, Schlein,
and Staffilani [37], who derived the 2D cubic defocusing NLS from the 2D quantum many-body
dynamic; by Chen and Pavlovi¢ [9, 10], who considered the 1D and 2D 3-body repelling
interaction problem and the general existence theory of hierarchy (1.11); by X.C. [16, 17],
who investigated the defocusing problem with trapping in 2D and 3D; and by X.C. and J.H.
[18], who proved the effectiveness of the 3D to 2D reduction problem. In [12, 13], Chen,
Pavlovi¢ and Tzirakis worked out the virial and Morawetz identities for hierarchy (1.11) and
showed the blow up for hierarchy (1.11) in 2D and 3D in the case of negative energy initial
data and negative by. In [29], Gressman, Sohinger, and Staffilani have obtained a uniqueness
theorem of solution to hierarchy (1.11) in 3D subject to periodic boundary condition.

Recently, in [11], for the 3D defocusing problem without traps, Chen and Pavlovi¢ showed
that, for 5 € (0,1/4), the limit of the BBGKY sequence satisfies the space-time bound

6Around the same time, there was the 1D defocusing work [1].
"See [6, 31, 43] for different approaches.
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assumed by Klainerman and Machedon [38] as N — oo. In [17], X.C. extended and simplified
their method to study the 3D trapping problem for 5 € (0,2/7]. X.C. and J.H. [19] then
extended the 5 € (0,2/7] result by X.C. to 5 € (0,2/3) using X}, spaces and Littlewood-Paley
theory.
We use the Klainerman-Machedon framework for the uniqueness argument in this paper.
While the known uniqueness theorems [1, 9, 10] regarding the 1D GP hierarchy need H gte
smoothness, i.e. more than the continuity in 1D, our Theorem 3.1 requires merely H*¢
regularity to establish uniqueness. To achieve this reduction, we prove the optimal 1D
collapsing estimate which has been open for a while.
k o2 —iT0? €

Theorem 1.3. 8Let UW (1) = He”%e % and R® = H§:1 (0,,)° <8y;> . Define the
=1

collision operator Bj 41 by ’

Bjgu*™ = Ty [0 (yj — Ys1) ,U(Hl)} :

Given any finite time T and any € > 0, there is a constant Cr > 0 independent of j, k and
qﬁ(kﬂ), such that

”ng)Bj,k+1U(k+1) (T)¢(k+1)

< CT “R§k+1)¢(k+1)

L2 12 L2
T y.y' vy

This estimate is optimal in the sense that it fails whenever T' = oo or e = 0.

It is surprising that the 1D scale-invariant global-in-time collapsing estimate (7' = co and € = 0)
fails while the scale-invariant global-in-time estimates are true in 2D [16, 5] and 3D [38]. The
failure of Theorem 1.3 when T' = oo for any ¢ > 0 indicates that we do not have enough
decay in time in 1D. Since collapsing estimates like Theorem 1.3 determine many features of
the corresponding GP hierarchies, we wonder if this is related to the fact that there is no L?
small data scattering theory for the ordinary 1D focusing GP hierarchy

1 k
Zaﬂ(k) - |:_§Axk77(k):| - bO Z [5([E] - xk-&-l)?’y(k—i_l)] .

j=1

Specifically, we can write down a tensor product of 1D NLS solitons arbitrarily small in
any unweighted H® norm, s > 0, which shows the lack of small data scattering for GP. If
we conjecture that in a general setting, scale-invariant global-in-time collapsing estimates
from [38, 16, 5] could be part of a proof of small data scattering, then the above mentioned
lack of scattering in 1D implies the nonexistence of global-in-time collapsing estimates in
1D. This heuristically implies the optimality of Theorem 1.3. On the other hand, the known
global-in-time collapsing estimates in 2D and 3D could eventually be used to prove small data
scattering for 2D and 3D GP. All of these remarks pertain to unweighted Sobolev spaces at or
above the critical (scale invariant) level; in the setting of weighted Sobolev spaces, small-data
scattering for 1D cubic NLS is known [34].

8For more estimates of this type, see [38, 37, 30, 14, 16, 5, 29
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Theorem 1.3 also reduces the regularity requirement by 1/2 for the current local existence
theory [9] of the GP hierarchy (1.11) subject to general initial data in 1D. In fact, plugging
Theorem 1.3 into [9] yields the following corollary.

Corollary 1.1. For every initial data in H® which is not necessarily factorized, there is a
time T' > 0 such that there exists a unique solution in H® for t € [0,T] to the GP hierarchy
(1.11) in 1D regardless of the sign of by.

1.1. Organization of the Paper. We first review the lens transform and its relevant
properties in §2. It aids in the proof of the main theorem in the sense that it links the analysis
of —02 4+ w?z® to the analysis of —97 which is easier to deal with using the Fourier transform.
With the lens transform, we then outline the proof of our main theorem, Theorem 1.2, in §3.
The components of the proof are in §4, 5, and 6.

In §4, we prove the needed energy estimate for the focusing N-body Schrodinger evolution.
The key obstacle here, compared to earlier versions of such estimates in the defocusing works
[1, 22, 24, 25, 26, 27, 10, 16, 11, 17, 18], is to accommodate the negativity of the potential.
We first observe a new decomposition of the Hamiltonian Hy given by

1
N Hy+ VI +1= — Z H...
N+ VI 2N(N —1) A

1<ij<N

where

NPV(NP(z; — z;)) + 2|V |3

and
S;=(1- %85], + %wa?)l/Z

In the expansion of (N"'Hy + [|[V||2, 4+ 1), the terms that occur most frequently are of the
form

Hiyjy - Hpiygy

with all i1, j1, ..., i, Ji distinct. Since these operators pairwise commute, we can exploit the
positivity of each H;;. In particular, we have

Hyij > 3(S7+53)

We justify the above heuristic by induction.

In §5, we use the energy estimates derived in §4 and duality to prove weak™ compactness
and convergence of the corresponding BBGKY hierarchy. This follows the similar procedure
in the defocusing works.

Finally, in §6, we prove Theorem 1.3, the optimal 1D collapsing estimate. As discussed
previously, we need to include a time-localization. On the Fourier side, the time localization
mollifies the resulting surface measure and makes it integrable. Without the time localization,
the surface measure remains unmollified and is not integrable, and the estimate fails. The
optimality statement essentially follows.
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2. LENS TRANSFORM

In this section, we review the lens transform and its relevant properties. Everything here
comes from [17]. (See also [7, 16].) We include it solely for completeness. The lens transform
aids in the proof of the main theorem in the sense that it links the analysis of —9? + w?z? to
the analysis of —85 which is a better understood operator. We remark that the lens transform
is exactly the identity when w = 0 i.e. this section is trivial when w = 0.

We denote (t,z) the space-time on the Hermite side and (7,y) the space-time on the
Laplacian side. We define the lens transform in Definitions 1 and 2. We then explain how
the lens transform acts on the BBGKY hierarchy and the GP hierarchy via Lemmas 2.1 and
2.2. Finally, we relate the trace norms and the energies of the two sides of the lens transform
through Lemmas 2.3 and 2.4.

Definition 1 ([17]). Let xy,yn € RY. We define the lens transform for L* functions
My : L*(dyy) — L?(dxy) and its inverse by

, N
e—zwtanwt 5 tan wt XN
M t,x =
( NUN)( 7 N) (coswt)% UN( w  cos wt)
i ‘ygﬁ tan (wT)
_ e 1+wir arctan (wr YN
Mt T, = , .
( NwN)( YN) <1+w272)11¢N( W m)
My is unitary by definition and the variables are related by
tan wt XN
T = y YN =
cos wt

Definition 2 ([17]). Let xx, X}, yx,y) € RE. We define the lens transform for Hilbert-Schmidt
kernels Ty : L*(dyxdy},) — L*(dxxdx},) and its inverse by
(Teu™) (8, % x,)

(I =1, 12)
e—iwtanwtf

(k)(tanwt X X

(coswt)k " w ' coswt’ cos wt)
(™) (7, v v3)

2 712
RN )

P 2 (k)(arctan (wT) Yk . Yi
(1+w2r2)? ! w o VI VW

T}, is unitary by definition as well and the variables are again related by

tan wt X X
T = y YE = i and Y;c = b
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In particular, if un(T,yn) = My' (¥y), then {u]’\;) =T, ’yg\,)} is exactly the family of

marginal densities associated with wuy .

Lemma 2.1 ([17]). Write Vy (z) = N°V (N°z) . {75\’;)} solves the 1D BBGKY hierarchy

with a quadratic trap (1.10) in [—To, To] if and only if {usl\;) =T, 75\,)} solves the hierarchy

n (k) 1 (k) 1 1
(2.1)  iduy = [—gﬁym%\/} +(1—|—w272)ﬁ Z

1<i<j<k
Vi Yi — Yk+1 ugl\;ﬂ)
1 9
(14 w?72)2

Lemma 2.2 ([17]). {7} solves the 1D focusing GP hierarchy with a quadratic trap

V(=) )
(14 w?r?)?

tanwTp tanwTp ]

in [_ w ? w

k
: 1 X
(2.2) 0™ = [—§Axk +w d ;‘ 7 ] —bo E [0(x; — wx41), 7%V
Jj=1

n [=To, To] if and only if {u(k) = Tk’lfy(k)} solves the focusing hierarchy

k
. 1
B9 [y = )
w272 st
mn [_taano’ taano]

Lemma 2.3 ([17]). If K(yi,y}) s the kernel of a self-adjoint trace class operator on
L? (Rk), then the eigenvectors of the kernel (T, K) (xx, X)) are exactly the lens transform of
the eigenvectors of the kernel K(yy,y)) with the same eigenvalues. In particular, we have

Tr |1, K| = Tr |K|.

Lemma 2.4 ([17]). There is a C' > 0 such that

<uN(T), ﬁ (1-a2) uN(T)> < <¢N(t), I (1 _ %a; + %wzxg) ¢N(t)>

Jj=1 Jj=1

Y(Wy). In particular, if ug\lf) = Tk_lyg\l,c), we have

for all ¥ (t,xy), where uy(T,yn) = M
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Notation 1. From here on out, to make formulas shorter, we write

1 1
2 \2 1, 1 5 5)\°2
Lj = (1 —8yj> s Sj == 1-— 582:] —|—§w {L‘j s

J=1

k k
LW =T[L;, s® =15
j=1

1
g9(r) = (1 +w’7%) 2 Vo (y) = Nog(1)V (Ng(7)y).
The only properties we need are 0 < g(1) < 1, and [ Vi, (y)dy = by.

3. PROOF OF THE MAIN THEOREM (THEOREM 1.2)

We start by introducing an appropriate topology on the density matrices as was previously
done in [22, 23, 24, 25, 26, 27, 37, 10, 16, 17, 18, 19]. Denote the spaces of compact operators
and trace class operators on L? (R¥) as K and L}, respectively. Then (Kj)' = L}. By the
fact that Ky, is separable, we select a dense countable subset {Ji(k) }is1 C Kj in the unit ball
of Kk, (so HJZ-(k)HOp < 1 where [|-[|, is the operator norm). For 7B 58 ¢ £1 we then define
a metric dj, on L} by

dp(7®,70) = "2
=1

Tr Jz'(k) (,y(k) _ &(k))‘ '

A uniformly bounded sequence 75\17) € L; converges to k) g L; with respect to the weak*
topology if and only if

lim di(yy',y™®) = 0.

For fixed T > 0, let C' ([0, 7], L}) be the space of functions of ¢ € [0, T] with values in L}
which are continuous with respect to the metric dy. On C ([0, 7], L), we define the metric

di(y™ (), 39 () = sup dx(v® (1), 5 (1)),
t€[0,T]
and denote by T, the topology on the space @;>1C ([0,7],L}) given by the product of
topologies generated by the metrics dj, on C ([0,7],LL).
With the above topology on the space of marginal densities, we can begin the proof of
Theorem 1.2. We divide the proof into four steps.

Step I (Energy estimate) Before we apply the lens transform to our problem, we first establish,
through an elaborate calculation in Theorem 4.1, that one can absorb the negativity
of the interaction in (1.5). Henceforth we transform the energy condition (1.9) into
a H' type bound. Due to the fact that the quantity <wN(0), Hﬁ,wN(O» in (1.9) is
conserved by the evolution, we deduce the a priori bound on the marginal densities

sup Tr S(k)wg\’f) (t)S™ < C*.
t
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In Corollary 4.1, we then combine the above bound and Lemma 2.4 to obtain the H*

bound
(3.1) sup Tr L(k)ug\];) (1) LW < Ckif Ty < —
re [7 tan wTjy 7ta,n wTy ] 2w
where ug\’f) =T, 1751\;).

Step IT (Compactness and Convergence) Fix Ty < 5= and employ (3.1), we prove, in Theorem

N
5.1, that the sequence I'y(7) = {ugl\;)} which satisfies the 1D BBGKY hierarchy
k=1

(2.1) is compact with respect to the product topology 7,,.4. Moreover, we prove, in
Theorem 5.2, that if I'(7) = {u® } ., 1s a limit point of I'y(7) with respect to the
product topology Tpmd, then [(7) is a solution to the focusing GP hierarchy (2.3)
subject to initial data u®) (0) = |¢,) (¢,|®" and the coupling constant is given by by =
|f V(z d:c‘ . This is a well-known argument used in [22, 23, 24, 25, 26, 27, 37, 10, 16,
17, 18], we include the proof in §5 for completeness since it is the first time such an
argument is used in the focusing setting.

Step III (Uniqueness) When u® (0) = |¢,) (¢o|=*, we know that there is a special solution to
the focusing GP hierarchy (2.3), namely

(32) u® (7, yi, y1) H¢ Y507, y})

where & solves
- . 12 -
(3.3) i0:6 = —020—g(rhoo| &
gb(oa y) - gbO'
A suitable uniqueness theorem regarding (2.3) will then identify all limit points of
I'n(7) obtained in Step II with (3.2) for us. The Klainerman-Machedon scheme,

introduced in [38] and used in [37, 10, 16, 17, 18, 19], transforms Theorem 1.3 into
the following uniqueness theorem.

Theorem 3.1. Let ng) and B;k+1 be defined in Theorem 1.5. Suppose that {u(k)};il solves
the 1D focusing GP hierarchy (2.3) subject to zero initial data and the space-time bound

(3.4) /;m>3kﬂﬁﬂn,,”B/T<0k
for some e,C >0 and all 1 < j < k. Then Vk,7 € [0,T],
HRf)u (72 =0

Proof. Once we prove Theorem 1.3, Theorem 3.1 follows from the proof of [17, Theorem 6]
line by line. U

To apply Theorem 3.1, we need to check (3.4). As the spatial dimension is one, the following

trace lemma and (3.1) takes care of (3.4) for us.’

IVerifying (3.4) in 3D is highly nontrivial and is merely partially solved so far. See [11, 17, 19]
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Lemma 3.1 ([10, Theorem 4.3]). For o > 3, we have

(k+1) HL2

vy’

< C HR((Xk-i-l)u(k-&-l) HL2

.y

HR ]k-‘rlu

Step IV (Conclusion) By Step III, the compact sequence {I'y(7)} has only one limit point,
thus it converges, that is, as trace class operators kernels,

i tan w1y
H (T yJ (7,9;) weak™ as N — oo, V7 € [0, 0] :
w

Notice that the above weak* limit is an orthogonal projection, the argument in the
bottom of [27, p. 296] which uses the Griimm’s convergence theorem [45, Theorem
2.19]'° then implies the strong convergence in trace norm

lim Tr

N—oo

—0, Vr e {o, tan“TO] .

k
u (v yi) = [[ o v)e(r. o)
7j=1

Recall 75\?) = Tkug\l,ﬁ) and ¢ = M, ¢, we utilize Lemma 2.3 and infer that

lim Tr
N—oo

—0, Vt € [0,Tp],

k
’Y( (t, X, X},) Hﬁbt% )
7=1

where ¢ solves (1.8). So far, we have proved Theorem 1.2 for every Ty < -,
bootstrapping argument then establishes Theorem 1.2 for all time. Thence we
conclude the proof of Theorem 1.2.

a

4. ENERGY ESTIMATES FOR THE FOCUSING N-BODY HAMILTONIAN

Theorem 4.1. Let Hy be defined as in (1.5). For every k, there exists No(k) such that, we
have

(W, (Hx + NIVIG +N) ) 2 275 N5 SOy,
for all N > No(k) and ¢ € L2(RN) with ||¢] ;. = 1.

We prove Theorem 4.1 in §4.1. At the moment, we present the following corollary of
Theorem 4.1.

Corollary 4.1. Let 1y (t,xy) = €V (0) for some B € (0,1) subject to initial 15(0)
which satisfies energy condition (1.9). If un(7,yn) = My'"y, where My' is the inverse
lens transform for functions in Definition 1, then there is a C' > 0, for all k > 0, there exists

Ny (k) such that
k
<uN(T),HL]2uN(T)> < CF,
j=1

100ne can also use the argument in [17, Appendix A].
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for all N > Ny and all 7 € [—t22edh sl proyided that Ty < 5. Thus, for ug\’;) = T,;WE?,

w

the inverse lens transform of 'y%c),

sup Tr L(k)ug\lﬁ) (r) L™ < C*

_ tanwTpy tanwTp ]
w ’ w

TE[

where the inverse lens transform for kernels is given by Definition 2.

Proof. By Lemma 2.4, we have

<UN(T), HL?UN(T)> < C’k <1/1N<t)7 HS;Q/}N(t>> .

With Theorem 4.1 and the conservation law, we get

<uN<T>,HL§uN<T>> < SO, (Hy + N VIR + V) 6 (0)

C*k k
= i (en(0), (Hv+ N V17 + N) " 4 (0))
The binomial theorem and (1.9) give
k
(4.1) (5 (0), (Hy + N V|7 + N) 95 (0))
k
k j iy
= 3 () IV + 8 n ). 15 00
=0
E g A
< ) ( ) (N | V|3 + N)’ Ck-iNk=
Jj=0 J
= (CN+N|V|% +N)"
< CFNF.
Thus
: L? < ct CkNF < CF
UN(T)>H jUN(T) S Nk X )
j=1
as claimed. 0
4.1. Proof of Theorem 4.1. For convenience, we let o = ||V||7, and rewrite the desired
estimate as
(4.2) (@, (N Hy + 14 a)"9) = 277 SPy||2,.

Note that estimate (4.2) is trivial for £ = 0. To establish estimate (4.2) for general k, we first
prove the k = 1 case which is already nontrivial in §4.1.1, we then prove estimate (4.2) for
k + 2 assuming that it holds for k in §4.1.2, thence a two-step induction based on the k =0
and k = 1 cases proves (4.2) for all k.

The only technical tool we need is the 1D estimate: for f(z)

(4.3) 1 Fllzs < 17Nz
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which is a direct consequence of the fundamental theorem of calculus. We also utilize the
ordinary Sobolev estimates:

(4.4) [fllee < ClISafllez for f(z),
(4.5) [fllzgg < CllSeSyflrz, for f(z,y).

when the sizes of the controlling constants do not matter."" We will use the shorthand L!LZ°

for L} ..0senLo- Here, ¢ stands for “complementary coordinates”.

4.1.1. The k =1 Case. Recall Vy(x) = N°V(NPz) and

1 1 :
Sj = (1 — §8§] + 5&)21‘?) .
We write
al 1
_ 2
HN+N_ZSJ+ﬁZ VN(in—xj).
j=1 4,j=1,...,N
i#]

We next introduce a convenient decomposition of Hy + N. Let

N -1
Note that H;; = Hj; because V' is even, and

1

H N=——"———+ H;..
N 2(N —1) 7
i,j=1,...,.N
i#j

It follows that

1
4.6 N 'Hy+1 = Hij +2
(4.6) vHlta=sem 2. (Hit2)

1,];;.:.,N
i#j

Lemma 4.1. Recall o« = ||V||3,, we have
(Ha + 200) = 5(S7 + S3)

Proof. Apply the well-known change of variable y; = x1 — 2, yo = z1 + 22 which is also
compatible with the Hermite operator, then

Hypy = 2-02 =02+ "+’ el + (1 — N7 Vu(w1)
= Ky, +2- 0, + |l + & |yl

where
K, =—-8+(1—-N "V (y).

The only place in which we apply (4.3) is the proof of Lemma 4.1. We use (4.3) to determine a = ||V||2,.
With the elementary inequality: |ab| < ea? 4+ ¢~ 1b?, one can use (4.4) instead and get another «, namely,
a=C ||V||2L1 for some C' depending on the controlling constant in (4.4). We are not using (4.4) because we

would like to give an exact o and keep track of one less constant.
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We claim that
1
(4.7) (K +2a) > —585
Indeed,
(K¢, ) = 4172 = VNl [[16]%]| ge
> (|07 = VI 19, (o) 2y
> (16172 = 2lV (|2 191l 2 | 22
1
> [l¢'l17: — (§H¢’Hia + 2| VI[[7.ll172)

1
= SI91B: = 2V,

from which (4.7) follows.
We clearly have

2—852‘1‘&12 ‘yl|2+wz‘y2’ 1—5552‘1‘ w2\y1] + W2 Y2 ‘
By this and (4.7), we have

Hyp+2a = (K +20+2-3 +w2|y1|2+w2\92’2)

> Lo le w2|y1! + w2|yz\

2 yl 2 Y2
= ——82——82+1w2\xl+1w2]a¢\
4™ 4 Ty
= (ST +53).
O
In light of (4.6), symmetry, and Lemma 4.1, we readily see that
(4.8) 20, (NTHy + 14+ o)) = (¢, (Hiz + 20)¢))
> 50, (S§ + S9)v)
= [1S19]l7..

Thus we have proved (4.2) for k = 1.

4.1.2. The k + 2 Case. For convenience, let us introduce some notation. For any function f,
let

Inij = Nﬁf(Nﬁ(ﬂfi — ;)

Also, let

(49) H—l—ij :HZ]+2O[:SZQ+SJ2+(1—N_1)VNU+2Oé

Then (4.6) can be written more Compactly as

(4.10) N 'Hy+1+a= Z H ;= Z H.i
zg 1,. 1<z<]<N

z#ﬂ



1D FOCUSING NLS FROM 1D N-BODY FOCUSING QUANTUM SYSTEM 17

Before delving into the proof of the k + 2 case, we give an idea for why (4.2) is true for all
k. Note that we have

_ 1
PONHy 10 = Y HuyeHay,

NE(N = 1)k 4=
1<i,j1,0k,0k SN
11792, £ Tk
The dominant term in this expression occurs when all indices iy, ji, ..., i, Jr are distinct,

since it occurs with frequency ~ N?¥. The other terms occur with lower frequency — for
example, the terms in which exactly two of the indices are equal and all others are distinct
occur with frequency ~ N%~1. By symmetry, the terms in which all indices are distinct can
be rearranged so that formally, we have

(4.11) 2"(, (N"'Hy + 1+ )"y m (Hyro -+ Hyop-1)2m) ¥, 1)

Moreover, by symmetry
k

(4.12) 27k, T LS54 + S3)0) = [1S®p][3

i=1
Since H;; > 271 (S? + 53) for each 4, j by Lemma 4.1, Lemma A.2 implies

k
Hotp Hiopo1yon > 27" H(S§¢_1 +53)

i=1
This, together with (4.11) and (4.12) suggest (not rigorously) that a statement like (4.2)
should hold.

We now establish (4.2) for k + 2 rigorously, assuming it holds for k. To be precise, we will
prove that, if (4.2) holds for k, then

(4.13) 252y, (N Hy + a4 1))
_ 2 _ 2
> (1= Cunal™ ) (S0, + N 150400 )
We remind the reader that we already have the k = 0 case which is trivial and the k = 1 case
proved in §4.1.1, thus (4.2) is proved for all k£ once we prove that (4.13) holds as long as (4.2)

is true for k.
Using the induction hypothesis, we arrive at

(4.14) 2F2(p (N Hy + a + 1)F29)
= 42"(N'Hy +a+ 1), (N T Hy + a4+ D) (N Hy + a4+ 1)9))
> 4SONTTHy +a+ 1), SONTTHy +a+ 1)1).

We start with the following decomposition of the rightmost sum in (4 10):

(4.15) (N'"Hy+a+1) = § Hij+ § . Hyy.
1<z<]<N 1<z<]<N
i<k 1>k

Note that in the first term ¢ < k and j can be either < k£ or > k. We have ordered the indices
11 < j1 and 5 < jo for convenience. In the unordered setting, the above decomposition would
be characterized as follows: the first sum consists of terms in which at least one index is < k,
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and the second term consists of terms in which both indices are > k. The decomposition
(4.15) is similar to the one used in the [22, Proposition 1], although the authors of [22] do
not use the H;; decomposition of the Hamiltonian. There are ~ N terms in the first sum
and ~ N? terms in the second sum. Note that in the k = 0 case, the decomposition (4.15)
contains only the second term since the first term is an empty sum.

Plug the decomposition (4.15) into the end of (4.14) to obtain

M2 () (N Hy + o+ 1)FF20) > Ay + Ay + A3

where

4
Al = NQ(N _ 1)2 E <S(k)H+i1j1w7 S(k)H-&-inQw)?
1<in<ji<N
1<io<jo <N
such that i1 >k, io>k

4
A= ST 1P > 2Re(SWH 10, SWH i,010),
1<ii<ji<N
1<in<ja<N
such that i1 <k, ia>k

4
Ay = NN 1) E , (SWH 5,51, S® H y50)
1<i1<ji<N
1<io<ja <N
such that i1 <k, ia<k

4
= m(s(k) Y Heyh, Y SWH ) >0
1<i<j<N 1<i<j<N
i<k i<k

Since A3 > 0, we drop this term to obtain
(4.16) 2F20h (NT Hy + a + 1)F2) > A + A,

Note that A; contains ~ N* terms and the cross term As contains ~ N® terms.'? In other
words, A; is the dominant term and A, is the error term. In below, we deal with A; and A,

one by one.
In A;, we can commute both terms H;,;, and H,,,;, with S®. Then
4
(4.17) A= NN 1) > (SW, Hoiyj Hyinjy SE0)
1<i1<j1<N
1<io<ja<N
such that i1 >k, ia>k
We decompose
(418) Al - A11 + A12 + Alg

where
e Ay consists of those terms for which all indices i1, ji, 72, jo are different. There are

1

1anN* such terms, where

ang E NN —k)(N—k—1)(N—k—2)(N—k—3)

210 the case k = 0, Ay = 0 and A3 = 0 since they are both empty sums.
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e Ay consists of those terms for which exactly one pair of indices i1, ji, 72, jo are the
same. There are by N?® such terms, where

def

bvy = N *(N—K)(N—k—1)(N—k—2)

e A3 consists of those terms for which exactly two pairs of indices i1, j;, i2, jo are the
same. There are %CNN 2 such terms, where

eng 2 NN = k) (N —k—1)

Note that
1-— CkN_l S anN & S 1 —f-CkN_l

for some'® O, and similarly for by, cy . Likewise, the coefficient in (4.17) satisfies

AN"H1-CON™ <4N*1+CNY

4+
SN(N 12 =

The O(N~1) corrections are easily absorbed into the error term in (4.13) and we drop them
in the calculations that follow, for expositional convenience.
By symmetry, we have

A = (Hy geinykr2)S®0, Hy sy ST)
Arg = AN"HH oy s12)S™0, Hy vy S™0)
Az = 2N—2<H+(k+1)(k+2)5(k)¢7 H+(k+1)(k+2)5(k)¢>

Since
(4.19) A3 >0
we can discard it. By Lemmas 4.1 and A.2, we have
A 2 i<(5£+1 + 513+2) S(k)w> (Si+3 + S/?+4) 5“%

By integration by parts and symmetry, we obtain

(4.20) Ap = [[SED||3,.
Plugging in the definition (4.9) of H,;; and expanding
(4.21) Arg = Ajo1 + Agaz + Aias

where

A = 4N_1<(Slz+1 + S£+2) (Slzw + Sl§+3) S®, S“%)
Atgy = 8Re N"H(S711 + S71) (Vs kes) + 20) 5P, S®y)
Az = AN (Vi) + 20) (Vivgryiss) + 20) S0, SO)

For Ajs1, we only need to keep one term:

(4.22) Argr = 4N7YS2,,8Mp)|2, = AN S,SFH Dy |2,

I3We allow that Cj, changes from one line to the next.
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For Ay, integration by parts gives
A = SNTH(Vxgoes) +20)SE Dy, SEY)
+8N_1<(VN(k+2)(k+3) + 2a)Sk+zS(k)¢, Sk+25(k)¢>
+8 Re Nﬁil((vl)N(k-}Q)(k—&-S) S(k)l/J’ Sk+25(k)w)

where we used the fact that d,; is the only thing inside S; which needs the Leibniz’s rule.
Estimating,

[A1e] S N[V ter9)]| ||S(k+1)¢}|izpo + N~ SEHy|3,
Tpe3 ctopys

N [ Viwsomsa H5k+25(k)¢||imo + N7 S0P 72

AN s, 1Pz [Ses2S® W
Tpg CTTE Tk+3
< 0t (IS +ISE I+ 5Oy ).
By the 1D estimate (4.4), Cauchy—Schwarz, and symmetry, we have
(4.23) [As| < ONTH([[SWH 22 + (IS V0)[72)
< ONPY|SE 2|12,
For Ajss,
[Ars] < ONTY|[Vngenweo |l [[Vves2 s HS Lo
Tpoq 5" Tyl ”ck+3
FONTH Vil (1S® _HONT \\S(k)¢||Lz-
Th+

Lik«‘rl
Using (4.4) twice, we obtain
_ 2
(4.24) |[Arzs| < ONTHISEDlT. + 1S* V97 + [[SP0|,.)
< ONTHSE Dy,
By (4.21), (4.22), (4.23), and (4.24),

(4.25) Arp 2 AN Y[ S18"H |7 — ONPTH[SEH 2| T,
Collecting (4.18), (4.19), (4.20), and (4.25), we have the estimate for A;:
(4.26) A; = (1= CONPTY) (|27 + AN S1.5%H | 72)

The above estimate yields the positive contribution on the right-side of (4.13).
Next we turn our attention to estimating A;. We will prove that

Ay = —CNPH(||ST DT, + N7 S18% D))
Recall that in the case k = 0, Ay = 0, so we can assume k£ > 1. We decompose
(427) AQ - A21 + A22 + A23

where
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e A, contains those terms with j; < k. There are ~ N? such terms. (In the case k =1,
there are no terms of this type, so Ay = 0)

e Asy contains those terms with j; > k, and (j; = i2 OR j; = j2). There are ~ N? such
terms.

e A,3 contains those terms with j; > k, j; # iy and j; # jo. There are ~ N3 such
terms.

By symmetry of ¢ and H,;; = H,j;,
Ay = NS H 190, S H 1y 12)0)
Agy = NS H 1y, S® H L oy 1) syt
A23 = N71<S(k)H+1(k+1)¢a S(k)H+(k+2)(k+3)¢>
First, we address As;. We decompose

(4.28) Aoy = Aoir + Ao + Ao,
where
Aot = N2 (Hy 1259, Hykyhr2)S ™)
Agiz = N72([S1, Hy1o]Sa - - Sith, Ho gty ) S00)
Ang = N7(S1[S2, Hi12]Ss - Sk, Hy (ranyhryS ™)
= N7([S2, Hino] S5+ S, Haroy e $15 ™ 0).
By Lemmas 4.1 and A.2,

(4.29) Ag1p 2 0.

Since [S1, Hy12) = NP (V') n12, integrating by parts half the Hermite terms in H.y (x41)(k+2)
and using symmetry,

Asis = 2NP2((V')n12Ss - -+ SpShatp, SEFDep)
+2aNP=2((V") y12S5 - - - Spib, SWap)
+NTH(V) Ny ey (V) 1252 - - Sk, SE)

Estimating
[Asa] < CNF2[V| 1S5 kSt g 1S40
+ONF 2Vl (152 Sktbll oz 1S9
FONE2 WVl IV iz, 182 Sitllanss s 15®0 ] o
Using (4.4) and symmetry,
(4.30) [Aaial < ONF=2 (|| SE ||, + [|sOu 7, + |5 w7, )

< onE sy,
For Agj3, we use [Sy, Hy19] = —NP (V') n12 to get
Agiz = —=NP2((V')n1253 -+ Sith, Hoy (s (o4 2) S1.S W)



22 XUWEN CHEN AND JUSTIN HOLMER

Split up the terms of H(;11)42) Via integration by parts and use symmetry to obtain

Az = —2N2((V')n12S5 -+ SpSprrt, S1.8F )
—2aNP"2((V')n12S5 - - - Sy, S1.5F)ap)
_Nﬁ_2<VN(k+1)(k+2)(V/)N12S3 <+ Syap, S1S®)ep)

We now implement the same estimates used to treat Ay, but carry a factor N~1/2 with

$1.5® ) and S;.SE+Dp

38_3 _
sl < ONF 3V 1S5~ SuSiatll age N7 S15E ),
38_3 _
+CONZ 72 |Vl 1S5+ Sitbllzree N2 (150

38_3 _
FON=ZT2 (Ve IV lls 195 Sidll s e N V2| S15Wy|

L2Lge

1 Th+1

Arguing as above using (4.4) and symmetry

38 _3

(4.31) |Ag13] < CNz272 HS(k)@/J”Lz N2 HSlS(kH)Mh?

38 _3

FON= 72 [|SEDg[| o N7V2 (15 0]| ,
FONT73 ||SO] , N2 {|S150 Dy,
< ON¥7E ([[s9fh, + N7 55y )
By (4.28), (4.29), (4.30), and (4.31), we obtain
(4.32) Agy > =CNF 3 (||SEy7, + N7 |51y,
Next, we address Ag,. Recall
Agy = NSO H iy, Hy ey SV0)
Decompose
(4.33) Agy = Agor + Asgao

where
Aot = N7 (H 14051y SW, Ho (1) (er2) SP0)

Agzy = N72([S1, H1(s1)] S-Skt Hep (1) (2 S ™))
For Asgy, plug in the definition (4.9) of H,;; to obtain the decomposition

Agor = Agor1 + Aooia + Asorz + Aaoig

where

Ao = NH(5% + S212) SO, (S, + SE,0) 906)
Agzz = N72((SF + S.1) SW0, (Vigernyesa) + 20)SWy)
Aggiz = N™H{(Vai(esn) + 20) S0, (S, + S71,) SW)

Agora = N={(Var(esn) + 20)SW9, (Vi) + 20)SH)
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Note that Ass1; > 0, so we can discard this term. Integrating by parts,
Asors = N72(S18Wp, (VN 1)(kt2) + 201) 8.5 Mep)
+N2SED Y (Viygesnygere) + 20) SEFIY)
+NOSED Y (V) y sy oy S0
Putting every instance of V or V' in L*°, we obtain the estimate
_ 2 _ 2
[Apia] < CNT2[|S18Wy|[, + CNT2 | STy,
+ONPZ2||SE Ry, 8P
Using that max (N%’J, Nﬁfz) < N1
2 2
[Agzra] < ONPTHNTH[S18B9[[ 1, + [|SE 0] 2)
By integration by parts,

Ago1z = N72<(VN1(I€+1) + 204)5(’”%, S(Hl)w
_NB_2<(V/)N1(k+1) SEap, SEFDp)
+N2{((VNigesn) + 20) Sy 1+25®1, Sy 2 SEeh)

Putting every instance of V or V' in L,
_ 2 _
[Apis| < CNT2|SEY|L, + ON#2 [ SEDy|| L [|sBy ],
+ON ||y,
_ 2
< CNZB 2 HS(kJrl)wHL2
For Ass14, we put both V terms in L* to obtain
| Agors] < CN*72||SWep||7,
This completes the bound for Ass;. Specifically,
_ 2 _ 2
(4.34) Agyr = —CNPH(||S® 0| L+ NS5 ® | ,)
For Asss, substitute [S1, Hi1r)] = N?(V')nier1) and plug in the definition (4.9) of
+1(k+1) (k+1)

H_ (341)(k+2) to obtain
Aggo = Agaor + Agas + Agaos
where
Aggor = Nf372<(V/)N1(k+1)82---skwa S]3+1S(k)w>
Agzzs = NP2 (V') ni(t41) S2--- Sk, Spy o SH00)
Aggoz = NB—2<(V’)N1(k+1)S2---Sk% (VN (+1)(kt2) T 20) S®)ap)

For Asge1, we apply Holder in z; as follows:

| Ao | < NP2 [(V ) wageay ez, 12 S| 2nse || S0 M40 2
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By (4.4) and symmetry,
|Ago1] < CN *%HV’HLQHS(’%/,HLQN 1/2HS G(k+1) e
< ONFE (SO + N7SiSE D))

Argue the same for Aggsn, we get
|[Azoa| < NP2V ) nigesnlliz, [ Se. S| 2
< ONPTIV | SOl e N 2S5 Do
< ON=P72 (| SWg)I7a + N7 [S18% V) 32)
For Aggss, we use Holder in x4 to obtain

Nﬁ—Q<(V’)N1(k+1)82...5k¢, (VN(k+1)(]<;+2) + ZQ)S(k)¢>

|Aggas| < CONP72 H(V,)Nl(k+1)||L1 HVN(k+1)(k+2) + 2a|
X (|82 Sitllpzrg | [15°
< CN¥2||5®

oo
sz+1

S(kJrl)wHL2
< oNr sty

This completes the estimate for Asgy. Specifically, collecting the estimates for Aggg; ~ Aggas,
we obtain

(4.35) Appy > —CNPY([|[SEDY|17, + N 7|8, SH D 2,)
By (4.33), (4.34) and (4.35), we complete the estimate for Agy as
(4.36) Agy > —ONP(||SEDy|| ], + N7Y|SLSEDy|[2,)

Finally, for As3, we have
Agz = N71<5(k)H+1(k+1)1/1> S(k)H+(k+2)(k+3)¢>

(4.37) Ags = Agay + Agso
where
Aszt = NTHH 1y S0, H vy (hr3)S®0)
Aozz = N7N[S1, Hi1ges)) S2e- Skt Ho 2y (er3)S 1))
By Lemmas 4.1 and A.2,
(4.38) Aggy >0,

so we discard it. For Asss, we plug in [S1, Hi1p1)] = NA(V! )N1(k+1), the definition (4.9) of
H { (k42)(k+3), integrate by parts and use symmetry to obtain
Asgs = 2NP"H(V")n1rs1)S2---SkSkr2t, SiyaSHY)
+2aN (V) w1k 1) S2--Skap, STp)
ANV N1 (k1) S2--- Sk, Vivger) e3)S )
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For the first two terms, we apply Holder in z; 1, and for the third term, we apply Holder in
both z;1 and x5 to obtain

|A232| < CNﬁ_l ||V/||L}L-k+1 ||SQ...SkSk+2¢||Lng§;+1 }|5k+25(k)¢|

L2LE,
41
B=111/" (k)
FONTHWV Ny, 180S0 laes | (18P o
B=1 17 (k)
FONTHWV gy WV, 180 Sillznss e IS99 e 1

Again, use (4.4),
(4.39) |Agze] < CNPT! ||S(k+1)¢HL2 HS(HQWHH
+ONT[SP || a [|5E D0
FONPT S|, [|SE 20,
< ONTTH|sE Ryl
Collecting (4.37), (4.38), and (4.39), we obtain

_ 2
(4.40) Agz > —CNP1||SE2ap||, .
By (4.27), (4.32), (4.36), and (4.40), we obtain
(4.41) Ay > —CNPH([[SEF29|[72 + N7H|S15WHDy||7.)

Finally, combining (4.16), (4.26), and (4.41), we complete the proof of (4.13) (assuming (4.2)
for k). Whence, we have proved (4.2) for all £ and established Theorem 4.1.

5. PROOF OF COMPACTNESS AND CONVERGENCE

Theorem 5.1 (Compactness). For T € [—tenedo tanslo] yhe sequence

i) =L@ e@o(o.1).ch).

k=1

which satisfies the 1D BBGKY hierarchy (2.1) subject to energy condition (3.1) is compact
with respect to the product topology Tpea- For any limit point I'(t) = {u(k)}szl, 7 *) s a
symmetric nonnegative trace class operator with trace bounded by 1, and it verifies the energy
bound

(5.1) sup Tr L®u® (1) L™ < C*.
T€[0,7T
Theorem 5.2 (Convergence). Let I'(1) = {u! )}kﬂ be a limit point of T'n(T) = {uN } :
= k=1
the sequence in Theorem 5.1, with respect to the product topology Tpreq, then T'(T) is a solution
to the focusing GP hierarchy (2.3) subject to initial data u® (0) = |@y) (de|®" with coupling

constant by = [V (x) dxz, which, written in integral form, is
(5.2)

k T
ul® (1) = U(k)<7)u(k) (0) + 4bo Z/ u® (17— s) Tr [9(5)5 (Y — Yrt1) ,ulk ) (5)] ds.
j=1"0
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Proof of Compactness. By the standard diagonalization argument, it suffices to show the

compactness of usl\;) for fixed k£ with respect to the metric dp. By the Arzela-Ascoli theorem,

this is equivalent to the equicontinuity of ug\];), and by [27, Lemma 6.2], this is equivalent to
the statement that for every observable J®*) from a dense subset of K} and for every ¢ > 0,

there exists §(J*), e) such that for all 7,75 € [0,7] with |71 — 72| < §, we have

sup [Tr J(k)us\lf) (1) = Tr J(k)ugi) (T2>‘ SeE.
N

We select the observables J*) € K, which satisfy
k)7 —17—1 —17-1 7(k
| L 7% L L Hop + || L7t )LiLjHop < o,
1
where L; = (1 — 832»)5. Assume 0 < 71 < 79 < T, hierarchy (2.1) yields

‘Tr J(k)ug\];) (11) —Tr J(k)ug\]f)(m)‘

ko g
<>/
j=1 7/

1 T2

v >

1<i<j<k VT
k
N —k T2
|
J=1v"1

k k

T2 1 T2 N—k T2
< Z/ Ids+N Z / IIds + ¥ Z/ II1ds.
]:1 T T T

1<i<j<k j=1

ds

Tr J® [—832, ugl\;) (S)]

Tr J*) [g(s)VN’S (yi — ;) ,ug\’;) (s)} ‘ ds

Tr J*) [g(S)VN,s (vi —y5) 7“51\?“) (S)} ‘ ds

For I, we have, by (3.1), that,

I = |Tr J(k)L?ug\I;) (s) —Tr J(k)ug\l,f) (s) L3

T L O L Ly (5) Ly = Tr LW L7 L) (3) L

(HLJ.—UUf)LjHOp n HL]-J(’“)LJ.‘1||OP> Tr L (s) L
.

NN

Lemma A.1 and (3.1) will handle /] and /1I. Write
Wiy = (L' Ly Wi (yi — ) L' L7)
which, by Lemma A.1, is a bounded operator with the bound

Hmj”op g C HVHLl 9
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uniformly in s. So then

1T = (T J®g(s)Vivs (i — y) ufy’ () = Tr TP uf (5) g(5)Vivs (s — w3)
= |g(s)| | T L7 L T LL, Wy LiLjuly) (s) LiL
~ T LiL; J WL L L L) (s) Ll Wi
- - 17— k
< O (Il TOLL),, + | LE T O L) IV T Lyl (s) Ll
< Oy
and
1 = |[TrJWg(s)Vi, (Yj — Yrt1) ugl\;ﬂ) (s) —Tr J(k)uyfl) () 9(s)Vn.s (Y5 — Yrt1)
= |g(s)[|Tx L;1J(k)Ljo(k+1)Lij+lug\l;+l) (8) LjLysa
—Tr L;J O L7 Ly L™ () LiLiea Wi
< (g 79, + 12T L) IV T Ly Ll () Ly
< Oy

Putting together the estimates of I, I, and I11, we have

sup |Tr J(k)ug\lﬁ)(ﬁ) — Tr J(k)ug\’f) (19)] < C§k) |71 — T
N
which is enough to end the proof of Theorem 5.1. O

Proof of Convergence. By Theorem 5.1, passing to subsequences if necessary, we have

(5.3) lim sup TrJ® <u§l\?) - u(k)> =0, vJ® € K.
N—=00 r¢(o,T]

We test (5.2) against the observables J®*) in Theorem 5.1. We prove that the limit point
verifies

(54) Tr T u® (0) = Tr J® |gg) (60"
and
(5.5) TrJWu® = TrJOU®(r)u® (0)

B
+iby Z/ Te JOU® (7 — ) [9(5)0 (y; — Yr+1) JulF D (s)] ds.
j=1"0
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We use the BBGKY hierarchy (2.1) for this purpose. Written in the form we need here, it
becomes

TrJ®u) = TrJPU® (1)) (0)

+% 3 /Tﬂj(k)U(k)(T _ ) [_g(s)vas(yi _yj),u%w(s)} ds

1<i<j<k /0

N —k i
+1 Z/ Tr JE *) (1 — ) [—Q(S)VNs(yj — Ykt1), UE\I;H)(S)} ds
N = Jo ’
i A
= A+ Z B+i<1—ﬁ>ZD.
1<i<j<k Jj=1

We put a minus sign in front of Vy s so that the above takes the same form as (5.5) because
bo = —fVN7S(£E)dCE.
First of all, (5.3) yields

]\}im TrJ(k)ug\I;) = Tr J®yuk)

lim Tr J®U® (T)ug\];) 0) = TrJ®UD(r)u® (0).

N—oo
Since

ug\l,) (0) = 7%) (0) — |@g) (@] strongly as trace operators,

we obtain through the argument on [40, p.64] that
u%“) (0) = fy%“) (0) = |¢g) (|®" strongly as trace operators.

So far, we have checked relation (5.4) and the left hand side and the first term on the right
hand side of (5.5) for the limit point. We will prove

(5.6) lim D= [ g(s)TrJPU®(r —5) 16 (yj — Yusr) LD (s)] ds.

N—o0 0

A computation similar to the estimate of 11 and I1] in the proof of Theorem 5.1 shows that
|B| and | D| are uniformly bounded for every finite time, thus

B k
lim — = lim —D = 0.
1m 1m N

N—o0 N—oo
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To acquire limit (5.6), we use Lemma A.3. Take a probability measure p € L' (R), define
P (y) = 2p (£) . Use the short notation JE = Jey®) (1 — s), we have

Tr JE ) (1—9) (—VN,S (Y — Yrt1) u%” (8) = o6 (yj — Yrt1) u (k1) (3)) ‘
< [T I, (~Vive (45— ws) — bod (5 — 9isn)) 5’3*” (s)]

+bo [Tr P (s (Y5 — Urr1) — pa (Y5 — yk:—H)) (5)‘

00| Tr I8, (5 = ) (157 () = w0 (s) )|

+ by Tsz(li)T (Pa (U5 — Yks1) — 0 (Y5 — Yr+ 1)) (kD) (5)‘
=F+F+G+ H.

A direct application of Lemma A.3 and the energy condition (3.1) hands us

——— i B (k1)
E S 567 (HLj JOL,, + 1279 L7, > Tr LjLyuy ™ Ly L
C
< _N';IB — 0 as N — oo, uniformly for s € [0, 7] with 7" < oc.

Similarly, using Lemma A.3 and (3.1) and (5.1), we have

F

N

Cuaby (L5 TOL |+ (12579, ) T Ly L™ Ly L
Cja" — 0 as a— 0,

Crbo (||L;1J<k>Lj||Op + \\ij<k>L;1]]Op> Tr Lj Ly 1u* L Lyyy

=
NN N

Cja" —0asa—0.

For G,

G < by

1
T J p., (Y5 — Yrt1) T4elin (U%CH) (s) — ulFth) (3)>‘

L
bo [Tr 7% o, (y; — Sk <<k+1) _ U ) .
+ o’ s=rPa (Y5 = Yk+1) Lo\ (s) =™ (s)

The first term in the above estimate goes to zero as N — oo for every € > 0, since we have

assumed (5.3) and Js(kTpa (5 — Yrs1) (1 + eLgs1) " is a compact operator. Due to the energy

bounds on U§v+ ) and u(k+D) , the second term tends to zero as € — 0, uniformly in V.
Combining the estimates for £ — H, we have justified limit (5.6) and thus limit (5.5).

Hence, we have finished proving Theorem 5.2. 0

6. PROOF OF THE OPTIMAL 1D COLLAPSING ESTIMATE (THEOREM 1.3)

We prove the optimality in §6.1. It suffices to prove Theorem 3.1 for £ = 1. We aim to
prove that, for each £ > 0 and each bump function 6,

10(T)RVUW (=) By sUP (1) || 212, < Ceg|| RD6P |12
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which is equivalent to
16(7) ROUD (=) By sUP ()R |22 < Ceplld 2
vy’ ’ vy

The space-time Fourier transform of the operator on the left side is (dropping the z) variable)

// €00 (n+ (6 - - &) -+ - (&) b e
€2:85 (€1 — & — 6507 (627 (6)° ! 2 2752 52/75 2752

where (7,&) is the space-time Fourier variable. By the usual Cauchy-Schwarz procedure, it
suffices to prove the boundedness (independent of 7, &) of

(010 (1= 26, (6 + €0) + (€2 +60)° + 8 — (&)°)
e [[

dé,dgs,.
A AL 2
Changing variables (&,,&,) — (u,v), where
(6.1) u = &+&
vo= =&
we obtain
_ ) 2 (€)™
1(77751) - \//1;,1; |0(77 - 261“’ +u” + UU)| <€1 . U,>2€<U 4 ’U>2€<U o ,U>25dUdU

Doing the dv integral first and change v +— w, where w = I — 2§, + u + v, we obtain

2¢
[(77751) = /%H(Thglau)du

(€1 —u)
- /'u|<1—i_/|u|>1
= L(n, &)+ I(n, &)

where

0 (uw)|

(6.2) H(n, &, u) = /w (w—"1+26)%(w—2u—21+ 2§1>25dw

For convenience, we introduce

(6.3) o, &) T -2,

6.0.3. Treating I. We first address I1(n,&;). For |u| < 1, we have by (6.2) and (6.3) that
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Change variables, we get

0(w)|  duw
_ c/ o)l
w ‘48 |U|

B Ju|t= 46/|w—ua|

Divide the integral into two pieces,

. / B IC) +/ ol g,
’u| —4aE ‘wfuaKl |w - U,O-| |u}—uo’|>1 |w - ,U/0-|

([
< s B(w)[duw ) -
|u|1_46 |lw—uo|<1 |U) - UU|4 |lw—uo|>1

1
(77 517 )N |u‘1 4e°

Thus

Therefore, plugging the above into 1, we have

(61)*
11(77751) S Agl <§1 _ u>25|u|1_4g du.

. 5 2e
Since |u| < 1, we have <u<_1£>1>25

~ 1 and therefore

du
11(77,51)5/ S
lul<1 |ul

6.0.4. Treating I1. We turn our attention to I5(n,&,). For |u| > 1, by (6.2) and (6.3),

1
6.4
( ) (/’7 517 ) ~ ‘UK >25<0_ . 2U>2€
Indeed, in this case, the integral in (6.2) is effectively constrained to the small interval
lw| < |u|~" < 1, and the extra factors (0)?* (o — 2u)* in the denominator in (6.4) come from

the factors (w — 0)*(w — 2u — 0)* in the denominator in (6.2). Plugging (6.4) into I»(n, &),
we get
S

L&) 5 [

ME)Z o T~ P Tullo o — 20
If [§,] < 1, then Ir(1,&1) <[5 ‘uﬁ% (by neglecting the two terms (0)* (o — 2u)* in the
denominator), and this integral converges. If |{;| > 1, then (£;) ~ |¢;| and hence

2e
L&) S [ 5] du

ot & — uPlullo o — 2uf*

du

Substituting (6.3),

[
L&) 5 [ du
' > €0 — ul®|ul[ — 26, [*|u+ & — 4>

_ / [ du
1 161 — a4 — 26 u) % |u? + §u — %



32 XUWEN CHEN AND JUSTIN HOLMER

If 2+ % > 0, then let a, b be the roots of the quadratic u® + &,u — 7 (which are real). If
7+ % <0, thenlet a =b= —%1. Then we obtain

du
Lne) < /
e 1 o g . e e e

The fact that this is bounded uniformly in &; and 7 follows from Lemma 6.1.

Lemma 6.1. Suppose that 0 < € < %. Then

du

|U _ a|25|u _ b|25|u _ C’2€|U, _ d|25<u>1745

is bounded independently of a, b, ¢, d.

Proof. Call the given integral G(a,b,c,d). Let

+oo
def du
(6.5) o [ e (a)

We claim that

(6.6) G(a,b,c,d) < F(a) + F(b) + F(c) + F(d)

To show (6.6), we might as well assume that
—o<a<b<c<d< 40

Divide the u-integration into the four intervals —oo < u < 42, &0 <y < bhe bhe <y < cld
%1 < u < 4o00. For —oo <u < “T“’, it is evident that the 1ntegral is bounded by F(a). For
atb <y < < the integral is bounded by F(b), etc.

Hence it suffices to show that F'(e) is bounded independently of e. If |e| > 1, then we use

that
/ du
<
o T =

and then change variables v +— x where u = ex to obtain

F(e)

1 dx
< <1
= Jef® / |z — L[Be[g[l e ~

If |e] < 1, then dividing the integration in w in (6.5) into |u| < 1 and |u] > 1 gives two
integrals individually bounded independently of e. ([l

6.1. Proof of Optimality. We prove the failure of Theorem 1.3 for the "= 00 and ¢ > 0
case and the T' < oo and € = 0 case separately. We remark that both cases deduce to the
fact that f ‘<1| du = oo.
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6.1.1. TheT = o0 and ¢ > 0 Case. We disprove the estimate:
(6.7) IRD B U (1) R P22, < ClloP |12 .
T y.y! vy

—&

By duality, it is equivalent to the estimate that

(6.8)

J (7]7 51) 9(7% €1>d77d€1

R1+1

<Ol ez llgllcare,

forall g € L7 LZ , where J (1, &,) is the space-time Fourier transform of RY By U@ (1) RP @)
(dropping the x} variable) which is
S | (06 (n+ (€ — &2 — &) + & — (&)
U =
' (61 — & — £2)°(&2)°(&2)°
Write out the left hand side of (6.8).

/R T (n,€,) g(n, &) dndé,

B(E) — & — &y, £y, E5)dE,dE)

_ / e A, dELD(E, €5, £1)

1H& )T (e +6 - (&)
) /dn<§+5+s> (n+€,+£ (&)°)
(€07 (€ (Ear

Thus estimate (6.8) is equivalent to the estimate

/<&+@+&W
(€1)%(€2)% (E5)%

Performing the change of variables in (6.1) to the left hand side we get

9(7]751 + &+ 5/2)

o€~ S+ (&) 6+ & +6)| derdepdey < Cllgl,

<€ + u>2€ )
/ (€1)% (u le v)2e (u — v)2e |9(=& = wv, & +u)|” g, dudv

- /{/ e —pdu | lo(n, ) déydn
(&, — u)2e(u — n+(£iw) )22 (y + n+(£{u) y2¢ |ul

Over the region |n| < 1, |€;] < 1, the du integral effectively becomes

|

which diverges to oo. Whence, we have disproved estimate (6.7).

6.1.2. TheT < oo and ¢ =0 Case. Here, we disprove the following estimate:
(6.9) 10(7) B12UP (1) 212, < Cl[¢P g2 .

!

We proceed as in the T = co and € > 0 case. This time

T = [0 (n+ (€6 - &~ 6 + &~ (&) 861 — &~ .62 xS
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and hence (6.9) is equivalent to the estimate that

[1(0x9) (-8 -+ € 6+ &+ &) derdeades <Clgle,

for all g € L%Lgl. By the change of variables (6.1), the left side of the above estimate is

/ ‘ (é * 9) (=& —uv, & + u)‘2 dé dudv

= [ ([ ) [(5+9) ore0)] dsan

This disproves estimate (6.9). Together with the 7" = oo and € > 0 case, we have attained
the optimality of Theorem 1.3.

APPENDIX A. BASIC OPERATOR FACTS
Lemma A.1 ([37, Lemma A.1]). Let z;,z; € R,
L7 L7V (@i = ) LT LT < IV

Lemma A.2. I[f Ay > A; >0, By > B; 20, and [A;, Bj] =0, Vi,j = 1,2, i.e. all A-B pairs
commute. Then AsBy > A1B;.

Proof. We compute directly that
1 1 1 1 1 1
(u, A1 Byu) = <Bfu, Aleu> < <Bfu,A2Bfu> - <A22u, BlA§u> < (u, Ay Boul) .
[

Lemma A.3. Let p € L' (R) such that [, p(x)de =1 and [ (x)|p(z)|dz < oo, and let
po () = Lp (£). Then, for every k € (0,1), there exists C\, > 0 s.1.

T J® (p, (25 — Th21) — 6 (77 — 2psr)) VY]

< C </|p(1’)| |x|“dx) o (L7 O L, + 15T 9L, )
X Tt L Ly "™ L Ly
for all nonnegative ¥V € L} .

Proof. Kirkpatrick, Schlein, and Staffilani stated a similar lemma ([37, Lemma A.2]) with
p = 0. Their proof, slightly modified, gives Lemma A.3. For completeness, we include the
details. It suffices to prove the estimate for & = 1. We represent (2 by ~2) = Zj Aj !gpj> <90j
where ¢; € L? (R) and \; > 0. We write

Tr JW (o (21 — 22) — 6 (21 — 22)) 7(2)
N Z)\j (05 IV (po (w1 = m2) = 6 (21 — 22)) ;)

Y

- ZAj (V0 (o (w1 = 72) = 6 (21 — 2)) ;)
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where ¢; = (J ® 1) ;. By Parseval, we find
(¥, (po(T1 — T2) — 0(21 — T2))0;)]
— | [ 5,06:62,(60.8) (laté, ~ €)) - D
XO(&y + & — &) — &5)dE,dE,dE ds).

With [ p =1, we rewrite

-~ | / D360, 62)0,(E0 D) pla) (e 80 _ 1)
X 3(E, + & — € — £))dade,deyde de))
< /W- £1.6)1155 (€0 EIB(E + € — €, — £1)

X’/ za:c (€1-¢1) _ 1)dx|dfld€2d€1d£2

Using the inequality that Vk € (0,1)

eior(§1-€1) _ 1‘ < o lz|t)g = &)”
< ol (16 + 1€

we get

|<¢J7 pol1 = x3) = 0(x1 — 22)) ;)|

/ Ip(@)| al~dr)

>< / 60960, 11, (E0, EDIDE, + 3 — € — Eb)de dendh e

+a*( [ 1ota) ol"dr)

< [ 1611560 116, (€1 IF(E + &~ € - E)deadesderdey
= ([ lp@llal"dr)(1 + 11).

The estimates for I and I are similar, so we only deal with I explicitly. We rewrite I as

(€1) (€2)
(€1) (€2)

‘90] 51752 ‘d€1df2d§1d§2

b; (€1, 65)

- /6<£1+52—£’1—£’2>

e ()
(&) 7" (&)
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Apply Cauchy-Schwarz:

2
2, €?>2 9, (6, deydeadeiacs

2

&)

o foera-d-a €<> ¢ <>§2>2

< 6/5(§1+€2—€1 &)

; (€1, €) |7 de de e de,.

Rearrange terms:

. 1
= < [t e o e et [ e
1 2 7 62 2
1 1
2 [y @r e, @)l s R
1 2762 2

1
< e, L2L%. 4
< elnly 2w]>sgp/ﬂ%<€—n>2<n>2 !
1

=)' ()

1
+={p;, L1 L3p; sup/ dn.
€< J 1-2 J> ¢ R(f

When x € [0,1],

1
su d 0,
p/<€ RECCIECA

/ L <

sup | —5——5an 00,
e Jr(€—n)(n)”

hence we have

‘Tr Jm (py, (X1 — 23) — 0 (21 — x2)) fy(kﬂ)}

1
C(/Ip(x)l\ﬂﬂl”dm) <5TrJ(1 L20270A4@ 4 = TrL%%(z))

= ([ w@lard)a

1
x <g T L' Ly O DLy T 0L L Ly P L Ly + T L%Liv@))

N

N

_ _ 1
(/\p ) 2" dx) (5||L11J(1)L1H0p||L1J(1)L11H0p+g

x Tr L2L3y®).

Let & = || Ly JW LYo+, we reach

</|p )| |2|® da;> a” (HLl‘lj(l)L1||op+||L1J(1)L1‘1H0p)

x Tr L212®

as claimed.
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APPENDIX B. DEDUCING THEOREM 1.1 FROM THEOREM 1.2

If ¥, (0) satisfies (a), (b), and (c) in Theorem 1.1, then ¢, (0) checks the requirements of
Lemma B.1. Thus we can define an approximation 1% (0) of 15 (0) as in (B.2). Via (i) and
(iii) of Lemma B.1, 9\ (0) verifies the hypothesis of Theorem 1.2 for small enough x > 0.
Therefore, for v5*) (¢), the marginal density associated with e*#~4% (0), Theorem 1.2 gives
the convergence

(B.1) lim Tr

N—oo

AR (8 (¢, x4 %) — H (t, 2;)o(t, a5)| = 0.

J=1

for all small enough x > 0, all £ > 1, and all ¢t € R.
For 7§5> (t) in Theorem 1.1, we notice that, V.J®) € K, Vt € R, we have

e @ (4 1)~ o 1) (6 ()|
Te J®) (75’5) (t) — ﬁ(m (t))‘

T (39 @) = o (1) (6 1)
= I+1IL

<

Convergence (B.1) then takes care of II. To handle I, part (ii) of Lemma B.1 yields
% K % K 1
e (0) — e eh (0) | 1o = 195 (0) = Uy (0)]] 12 < Ok

which implies
I =

T J® (58 ) - %% )| < 9], 14

op
Since k > 0 is arbitrary, we deduce that

e J® (58 (1) — 1o (8) (6 (1)) | = 0.

lim
N—oo

i.e. as trace class operators

75\];) (t) = |o(t)) (¢ (t)|®k weak™*.

Then again, the Griimm’s convergence theorem upgrades the above weak* convergence to
strong. Thence, we have concluded Theorem 1.1 via Theorem 1.2.

Lemma B.1. Assume ¢ (0) satisfies (a), (b), and (c) in Theorem 1.1. Let x € C§° (R) be
a cut-off such that 0 < x <1, x(s) =1 for 0 < s <1 and x(s) =0 for s > 2. For k > 0, we
define an approximation V' (0) of ¥ (0) by

3 _ X(kHN/N)y (0)
(B.2) OO = R Ew V) o (O]

This approximation has the following properties:
(i) V' (0) verifies the energy condition

2k Nk
Kk

(Ui (0), Hyv(0)) <
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(i)
K 1
sup [¥%(0) = ¥ (0)][ 2 < COr2.
(i1i) For small enough r > 0, ¥/ (0) is asymptotically factorized as well

Nhgéo Tr 7%(1)(0@1;%) - ¢o(f1)¢_o(x,1) =0,

where 7?\}(1) (0) is the marginal density associated with V' (0) and ¢, is the same as in

assumption (b) in Theorem 1.1.

Proof. Let us write x (kHy/N) as x and ¢ (0) as 1. This proof of Lemma B.1 closely
follows the proof of [26, Proposition 9.1 (i) and (ii)] and [25, Proposition 5.1 (iii)].

(i) is from definition. In fact, denote the characteristic function of [0, A\] with 1(s < A). We
see that 1(Hy < 2N/k)x (kHy/N) = x (kHyn/N) . Thus

K K quN k Xl/}N
SO R ) = (X 1y < 2N )
WROLIVRO) = Ty V]
< |[M(Hy <2N/w)Hy ||,
2k Nk
Kk
We prove (ii) with a slightly modified proof of [26, Proposition 9.1 (ii)]. We still have

X¥n o
Ix¥nll
Ixtn = ¥nllee + 11 = Ix¢wll

2[Ixtn =¥l

XV N

s —vnle < HwN—wN||L2+'

L2

<
<

where

||X@/)N—1/)N||i2 = <7/)N>(1_X(KJHN/N))27/)N>

H
< <¢N,1<“NN > iy

To continue estimating, we notice that if C' > 0, then 1(s > 1) < 1(s+ C > 1) for all s. So

liHN

It —wullie < <wN,1< ~ = Dvw
< <¢N,1<“(HN+]§V‘”N) >1>¢N>-

With the inequality that 1(s > 1) < s for all s > 0 and the fact that
Hy +Na+ N >0

proved in Lemma 4.1, we arrive at

K
o = nlle < 3

< %<¢N7HN¢N> + (1+04)"f<¢N7¢N>7

Uy, (Hy + Nao+ N)y)
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where

Y, HyYy) = <?/1N7 (_ail + W2$%) z/JN>

bp 3 [NV ) P

1<i<j<N

1
v

N

<¢N7 (_8:%1 + WQ?E%) ¢N>

OVl [ (Wl + 0t )
< C(¢y, (02 +w’zl) vy) + C.

Using (a) and (c) in the assumptions of Theorem 1.1, we deduce that

Ixtoy = enllzz < Cr
which implies
K 1
[N — ¥nllpe < COk2.
(iii) does not follow from the proof of [26, Proposition 9.1 (iii)] in which the positivity of
V' is used. (iii) follows from the proof of [25, Proposition 5.1 (iii)] which does not require V'
to hold a definite sign.!* Notice that we are working in one dimension, we get a N % instead

ofa N% in [25, (5.20)] and hence we get a N3-1in the estimate of [25, (5.18)] which goes to
zero for € (0,1). O
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