ON THE RIGOROUS DERIVATION OF THE 2D CUBIC NONLINEAR
SCHRODINGER EQUATION FROM 3D QUANTUM MANY-BODY
DYNAMICS

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider the 3D quantum many-body dynamics describing a dilute bose
gas with strong confining in one direction. We study the corresponding BBGKY hierarchy
which contains a diverging coefficient as the strength of the confining potential tends to
0o. We find that this diverging coefficient is counterbalanced by the limiting structure of
the density matrices and establish the convergence of the BBGKY hierarchy. Moreover, we
prove that the limit is fully described by a 2D cubic NLS and obtain the exact 3D to 2D
coupling constant.
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1. INTRODUCTION

It is widely believed that the cubic nonlinear Schrédinger equation (NLS)
0,6 = Lo+ |¢|” ¢ in R™

where L is the Laplacian —A or the Hermite operator —A + w? |:17|2 , describes the physical
phenomenon of Bose-Einstein condensation (BEC). This belief is one of the main motivations
for studying the cubic NLS. BEC is the phenomenon that particles of integer spin (bosons)
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occupy a macroscopic quantum state. This unusual state of matter was first predicted
theoretically by Einstein for non-interacting particles. The first experimental observation of
BEC in an interacting atomic gas did not occur until 1995 using laser cooling techniques
[4, 20]. E. A. Cornell, W. Ketterle, and C. E. Wieman were awarded the 2001 Nobel Prize in
physics for observing BEC. Many similar successful experiments [8, 36, 52] were performed
later.

Let t € R be the time variable and ry = (r1,79,...,7n) € R™V be the position vector of N
particles in R”. Then BEC naively means that the N-body wave function ¥ (¢, ry) satisfies

Nt ry) Hgotr]

up to a phase factor solely depending on ¢, for some one particle state ¢. In other words,
every particle is in the same quantum state. Equivalently, there is the Penrose-Onsager
formulation [46] of BEC: if we define 75\];) to be the k-particle marginal densities associated
with ¢ by

(1.1) Yt 1) = / Un (b Th TN ) O (6, T Ty )N, Tp, T, € R7F
then, equivalently, BEC means

k
(1.2) fy t ry;T)) ~ ng (t,rj)@

=1

Gross [33, 34] and Pitaevskii [47] proposed that the many-body effect should be model by
a strong on-site interaction and hence the one-particle state ¢ should be modeled by the a
cubic NLS. In a series of works [44, 42, 21, 23, 24, 25, 26, 27, 11, 17] , it has been proven
rigorously that, under suitable assumptions on the interaction potential, relation (1.2) holds
in 3D and the one-particle state ¢ satisfies the 3D cubic NLS.

It is then natural to believe that the 2D cubic NLS describes the 2D BEC as well. However,
there is no BEC in 2D unless the temperature is absolute zero (see p. 69 of [43] and the
references within). In other words, 2D BEC is physically impossible due to the third law of
thermodynamics. In a physically realistic setting, 2D NLS can only arise from a 3D BEC
with strong confining in one direction (which we take to be the z-direction). Such an effective
3D to 2D phenomenon has been experimentally observed [28, 53, 19, 35, 18]. (See [6] for
a review.) It is then natural to consider the derivation of the 2D NLS from a 3D N-body
quantum dynamic. Combining [1, 2, 17] suggests a route of getting the 2D NLS from 3D.
First, a special case of Theorem 2 in [17] establishes the 3D cubic NLS

(1.3) iip = —Dgp + (02 +w?2%) o + o o, (x,2) € R**!

from the 3D N-body quantum dynamic as a N — oo limit. Then the result in [1, 2] shows
that the 2D cubic NLS arises from equation (1.3) as a w — oo limit. This path corresponds to
the iterated limit (lim, o limy_o0) of the N-body dynamic, thus the 2D cubic NLS coming
from such a path approximates the 3D N-body dynamic when w is large and N is infinity.
In experiments, it is fully possible to have N and w comparable to each other. In fact, N
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is about 10* and w is about 10% in [28, 53, 35, 18]. In this paper, we derive rigorously the
2D cubic NLS as the double limit (limy,, o) of a 3D quantum N-body dynamic directly,
without passing through any 3D cubic NLS. It is elementary mathematical analysis that
lim,, 00 im0 and limy oo are topologically different and one does not imply each other.
Let us adopt the notation

r; = (.fi, Zi) c R2+1

and investigate the procedure of laboratory experiments of BEC according to [28, 53, 19, 35,
18].

Step A. Confine a large number of bosons inside a trap with strong confining in the z-
direction. Cool it down so that the many-body system reaches its ground state. It is
expected that this ground state is a BEC state / factorized state. To formulate the problem
mathematically, we use the quadratic potential H2 to represent the trap and

v (5) oo

Vo(r) = e

to represent the interaction potential. We use the quadratic potential to represent the
trap because this simplified yet reasonably general model is expected to capture the salient
features of the actual trap: on the one hand the quadratic potential varies slowly, on the
other hand it tends to co as || — oco. In the physics literature, Lieb, Seiringer and Yngvason
remarked in [44] that the confining potential is typically ~ ]x\2 in the available experiments.
The review [6] on [28, 53, 19, 35, 18] also mentioned that the trap is harmonic. We use V, (r)
to represent the interaction potential to match the Gross-Pitaevskii description [33, 34, 47]
that the many-body effect should be modeled by an on-site self interaction because V, is
an approximation of the identity as a — 0. This step then corresponds to the following
mathematical problem:

Problem 1. Show that, for large N and large w > wy, the ground state of the N-body
Hamiltonian

N
1 Ty — T
(1.4) > (B +Blf )+ Y a3ﬂ1v< aﬂj)

j=1 1<i<j<N

s a factorized state under proper assumptions on a and V.

Step B. Switch the trap in order to enable measurement or direct observation. It is assumed
that such a shift of the confining potential is instant and does not destroy the BEC obtained
from Step A. To be more precise about the word “switch”: in [19, 18], the trap in the
x-spatial directions are tuned very loose to generate a 2D Bose gas. For mathematical
convenience, we can assume wg becomes 0. The system is then time dependent. Therefore,
the factorized structure obtained in Step A must be preserved in time for the observation of
BEC. Mathematically, this step stands for the following problem.
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Problem 2. Take the BEC state obtained in Step A as initial datum, show that, for large
N and w, the solution to the N—body Schrodinger equation
N

1.5 O = LN Lo (rizm
( . ) ? th,w - Z _5 rj + ?Zj ¢N,w + Z 381 ab ¢N7w

j=1 1<i<j<N

is a BEC state / factorized state under the same assumptions of the interaction potential V
in Problem 1.

We first remark that neither of the problems listed above admits a factorized state solution.
It is also unrealistic to solve the equations in Problems 1 and 2 for large N. Moreover, both
problems are linear so that it is not clear how the 2D cubic NLS arises from either problem.
Therefore, in order to justify the statement that the 2D cubic NLS depicts the 3D to 2D
BEC, we have to show mathematically that, in an appropriate sense, for some 3D one particle
state ¢ fully described by the 2D cubic NLS

k
Yt riiry) ~ [ et r)e(t, 7)) as N,w = oo
j=1

where ﬁ@}w are the k-marginal densities associated with ¢y .

For Problem 1 (Step A), a satisfying answer has been found by Schnee and Yngvason.
Let scat(WW') denote the 3D scattering length of the potential W. By [24, Lemma A.1], for
0< B <1anda< 1, we have

Scat( 1v<l>)N a/RgV fo<pg<1

@ \ B
“ “ ascat(V) if g =1

Consider ¢ the minimizer to the 2D NLS energy functional

wo,Ng»

(1.6) EioNg = /[Rz (IVo(@)]® +wj |z* [¢(2)* + 4nNglo(z)|*) da

subject to the constraint ||¢| 2@y = 1. The existence of this nonlinear ground state stems
from the presence of the confining potential w3 |x\2; otherwise the nonlinear term is defocusing
(as it is called in the NLS literature).

Given parameters wg,w, N, a, Schnee-Yngvason [49] define ¢ = g(wo,w, N,a) and p =
p(wo,w, N,a) by the two simultaneous equations (see (1.15) and (1.18) in [49])

1 _
)+m 3 p:N/|¢wo,Ng|4‘
R

They argue that this definition for g makes the 2D NLS Hamiltonian (1.6) relevant to the
analysis of the limiting behavior of the ground state of (1.4) describing a dilute interacting

-1
def
g = |—log(

IR

Bose gas in a 3D trap that is strongly confining in the z-direction. (See also [54] for the case
with rotation)
The Gross-Pitaevskii limit means Ng ~ 1. We have liberty to fix the value of wy by

scaling, so we take wy = 1. Then the minimizer ¢ is fixed and hence p ~ N.

wo,Ng
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In this paper, we consider Problem 2 (Step B) and offer a rigorous derivation of the 2D
cubic NLS from the 3D quantum many-body dynamic. For the scaling of the interaction
potential, we consider the case (called Region I in [49]) in which the term (y/wa) ™! dominates
in the definition of g. Then

1
1~Ng~N = a~—Fm=
g av/w a No

This then implies that
1 N 5
so that our assumption that the term (y/wa)™' dominates in the definition of g is self-
consistent.
We will take for mathematical convenience a = (N+/w)~* for Problem 2 (Step B). The

Hamiltonian (1.4) then becomes

N

(1.7) Hyo =Y (=4, +w’2)) - Z (NVE) ™ v <(N\/5)ﬁ(ri_rj)>

Jj=1 1<z<]<N

Let h(z) = 7~ 'e~*"/2 so that h is the normalized ground state eigenfunction of —9% + 22,
i.e. it solves (—1 — % + 2?)h = 0. Then the normalized ground state eigenfunction h,, ()
of —0? + w?2? is given by h,(z) = w/*h(w'/?2), i.e. it solves (—w — 0 + w?2?)h, = 0. In
particular, hy = h.

We consider initial data that is asymptotically (as N — oco,w — o0) factorized in the
z-direction and in the ground state in the z-direction; in particular we could take

¢Nw 0 I’N H¢0 fL‘] ||¢0||L2(R2) =1

Let
(18) wN,w(tv ) = eitHN’wwN,w(Ov )

denote the evolution of this initial data according to the Hamiltonian (1.7). We prove that
in a certain sense, as N — 00,w — 00,

N

(1.9) Unwltrn) ~ [ ] ot 25)ho(z))

j=1
where ¢(t) solves a 2D cubic NLS with initial data ¢,(x). To make this statement more
precise, we introduce the rescaled solution

- |
(1.10) Uno(trn) &

= W¢N,w(t»XN, ﬁ)

and the rescaled Hamiltonian
N

] 1
(111) HN,w - Z(_Aa;] + C«)(—azj + Zf)) + N Z VN,w(Ti — T])

j=1 1<i<j<N
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where

(1.12) V() = N¥ (V) v ((N\/a)%, %z) ,

Then .
~ ~ ZN
(HN,wwN,w)(tvava) N/4 (HNoﬂwa)(t XN, \/(;)

and hence when ¢y ,(t) is given by (1.8) and 0 N 18 defined by (1.10), we have

Dyt ry) = ¥ (0, ry)

The informal statement of convergence given by (1.9) becomes the informal statement

(1.13) U(t,ry) H¢ (t,z;)h

where ¢(t) solves 2D NLS with initial data ¢0(3:). In fact, the convergence we prove is stated
in terms of the associated density operators with kernels

(1.14) Tt T, ) = Gt T (t, Ty

The version of (1.13) that we prove is the convergence

k
Fwntriry) = [ o(2)h(z) b2

Jj=1

in trace class, for each k£ > 0.

We define
1-8 %8 B+E B+3
(1.15) v(p) :max( 256 41_3152 21—66’ 1—2%)
(see Fig. 1)

Our main theorem is the following:

Theorem 1.1 (main theorem). Assume the pair interaction V is a nonnegative Schwartz
class function. Let {’yg\];)w(t, ry; 1) } be the family of marginal densities associated with the 3D
rescaled Hamiltonian evolution {bN’w(t) = e”gN’W{DN’w(O) for some 5 € (0,2/5), (see (1.1),
(1.11), (1.14) ). Suppose the initial datum @NM(O) satisfies the following:
(a) {DNM(O) is normalized, that is, H{DN,&;(O)HLZ =1,
(b) {DNW(O) is asymptotically factorized in the sense that
lim Tr|% ( ) (0,21, 20524, 24) — do(@1) P (2] h(21)h(2])| = 0,

N,w—o0

for some one particle state ¢, € H' (R?),
(c) Away from the z-directional ground state energy, 1y ,(0) has finite energy per particle:

b iy 0), (s = Nl ,(0)) < C,

w,N
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Then ¥k > 1,t > 0, and ¢ > 0, we have the convergence in trace norm (propagation of
chaos) that

k
Gl T A (b Xk, 2 X, 24) — [ [ ot 25)d(t, @) ha (2)ha ()| = 0,
N>wv(5)+s J=1

where v(F) is given by (1.15) and ¢(t,z) solves the 2D cubic NLS with coupling constant
bo ([ |hi(2)|" d2) that is

(1.16) 06 = — Do+ by ( / |h1<z>|4dz) o6 iR

with initial condition ¢ (0,z) = ¢y(x) and by = [V (r
Theorem 1.1 is equivalent to the following theorem.

Theorem 1.2 (main theorem). Assume the pair interaction V is a nonnegative Schwartz
class function. Let {’?EI\;)W(t, r; 1) } be the family of marginal densities associated with the 3D
rescaled Hamiltonian evolution @NbNyw(t) = eitﬁN’wﬂJN,w(O) for some g € (0,2/5), (see (1.1),
(1.11), (1.14)). Suppose the initial datum @NM(O) is normalized, asymptotically factorized
and satisfies the energy condition that

(¢') there is a C' > 0 such that

(1.17) (n(0), (Hyw = Nw)* )y, (0)) < C*N*, VE > 1

Then ¥k > 1,t > 0, and ¢ > 0, we have the convergence in trace norm (propagation of
chaos) that

k
Gl T A (t Xk, 2 X, 24) — [ [ ot 25)d(t, @) ha (2)ha ()| = 0,
N>wv(5)+s Jj=1

where v(B) is given by (1.15) and ¢(t,x) solves the 2D cubic NLS (1.16).

We remark that assumptions (a), (b), and (c) in Theorem 1.1 are reasonable assumptions
on the initial datum coming from Step A. In fact, if we assume further that ¢, minimizes
the 2D Gross-Pitaevskii functional (1.6), then (a), (b) and (c) are the conclusion of [49,
Theorem 1.1, 1.3]. The limit in Theorem 1.1, which is taken as N,w — oo within the
subregion N > w?(®+¢ is optimal in the sense that if N < w%_%, then the limit of Vi,
defined by (1.12) is not a delta function.

The equivalence of Theorems 1.1 and 1.2 for asymptotically factorized initial data is well-
known. In the main part of this paper, we prove Theorem 1.2 in full detail. For completeness,
we discuss briefly how to deduce Theorem 1.1 from Theorem 1.2 in Appendix B.

The main tool used to prove Theorem 1.2 is the analysis of the BBGKY hierarchy of

N
{75&} as N,w — oo. With our definition, the sequence of the marginal densities
k=1

N -
{’ygl\;)w} associated with v, satisfies the BBGKY hierarchy
k=1 ’



XUWEN CHEN AND JUSTIN HOLMER

1
i

ol
i)

_1 1 1 1 1 1 1 1 J
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

FIGURE 1. A graph of the various rational functions of § appearing in (1.15).
In Theorems 1.1, 1.2, the limit (N,w) — oo is taken with N > w'®+e As
shown here, there are values of 8 for which v(5) ~ 1, which allows N ~ w,
as in the experimental paper [28, 53, 35, 18]. We conjecture that Theorems
1.1, 1.2 hold with (1.15) replaced by the weaker constraint v(5) = % for all
0<pB<l1.

(1.18)

i@t’?%?w:Z[— i Y ]—i—iw[ 82 +22 ’?(k)]+NZ[VN,w(Ti— i) :YE\’;)M

=1 1<j

<.

j=1

k
N -
+ lek+1 Z [VN,W — Thy1) 775\];;1)}

J=1

In the classical setting, deriving mean-field type equations by studying the limit of the
BBGKY hierarchy was proposed by Kac and demonstrated by Landford’s work [41] on
the Boltzmann equation. In the quantum setting, the usage of the BBGKY hierarchy was
suggested by Spohn [51] and has been proven to be successful by Elgart, Erdos, Schlein, and
Yau in their fundamental papers [21, 23, 24, 25, 26, 27] which rigorously derives the 3D cubic
NLS from a 3D quantum many-body dynamic without a trap. The Elgart-FErdos-Schlein-
Yau program consists of two principal parts: in one part, they consider the sequence of the

marginal densities {%’;)} associated with the Hamiltonian evolution e®#~1),(0) where

N

1
Hy =) Dot D NV (ri— 1)

j=1 1<i<j<N
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and prove that an appropriate limit of as N — oo solves the 3D Gross-Pitaevskii hierarchy

k
(1.19) o™+ [A, W] = bOZTrrkH — 7)), Y*Y], for all k> 1.
j=1

In another part, they show that hierarchy (1.19) has a unique solution which is therefore a
completely factorized state. However, the uniqueness theory for hierarchy (1.19) is surpris-
ingly delicate due to the fact that it is a system of infinitely many coupled equations over
an unbounded number of variables. In [39], by imposing a space-time bound on the limit

of {7%)}, Klainerman and Machedon gave another proof of the uniqueness in [24] through

a collapsing estimate originating from the ordinary multilinear Strichartz estimates in their
null form paper [38] and a board game argument inspired by the Feynman graph argument
in [24].

Later, the method in Klainerman and Machedon [39] was taken up by Kirkpatrick, Schlein,
and Staffilani [37], who derived the 2D cubic NLS from the 2D quantum many-body dynamic;
by Chen and Pavlovi¢ [9, 10], who considered the 1D and 2D 3-body interaction problem
and the general existence theory of hierarchy (1.19); and by X.C. [16], who investigated the
trapping problem in 2D and 3D. In [12, 13], Chen, Pavlovi¢ and Tzirakis worked out the
virial and Morawetz identities for hierarchy (1.19). In 2011, for the 3D case without traps,

Chen and Pavlovié¢ [11] proved that, for § € (0,1/4) , the limit of {75’;) } actually satisfies

the space-time bound assumed by Klainerman and Machedon [39] as N — oo. This has
been a well-known open problem in the field. In 2012, X.C. [17] extended and simplified
their method to study the 3D trapping problem for 8 € (0,2/7].

The 8 = 0 case has been studied by many authors as well [22, 7, 40, 45, 48|.

Away from the usage of the BBGKY hierarchy, there has been work by X.C., Grillakis,
Machedon and Margetis [31, 32, 15, 30] using the second order correction which can deal
with eHnq) directly.

To our knowledge, this is the first direct rigorous treatment of the 3D to 2D dynamic
problem. We now compare our theorem with the known work which derives nD cubic NLS
from the nD quantum many-body dynamic. It is easy to tell that Theorem 1.2 deals with
a different limit than the known work [3, 21, 23, 24, 25, 26, 27, 37, 10, 16, 11, 17] which
derives nD NLS from nD dynamics. On the one hand, Theorem 1.2 deals with a 3D to
2D effect. Such a phenomenon is described by the limit equation (1.16) and the coupling
constant [ |h;(2)|* dz. The limit in Theorem 1.2 is with the scaling

Vi
Nlir_rgoo N\/Zscat( N ) = constant,

N>wv(ﬁ)+€

instead of the scaling

lim N scat(N™~'V(N”.)) = constant,

N—oo

in the known nD to nD work.
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The main idea of the proof of Theorem 1.2 is to investigate the limit of hierarchy (1.18)
which at a glance is similar to the nD to nD work. However, in contrast with the nD to nD
case, even the formal limit of hierarchy (1.18) is not known.

Heuristically, according to the uncertainty principle, in 3D, as the z-component of the
particles’ position becomes more and more determined to be 0, the z-component of the
momentum and thus the energy must blow up. Hence the energy of the system is dominated
by its z-directional part which is in fact infinity as N,w — oo. This renders the energy and
thus the analysis of the z—component intractable.

Technically, it is not clear whether the term

82 + ZJ Y PY§\7)UJi|

tends to a limit as N,w — co. Since ’y%’f}w is not a factorized state for t > 0, one cannot

expect the commutator to be zero. Thus we formally have an oo — oo in hierarchy (1.18) as
N,w — oo. This is the main difficulty we need to circumvent in the proof of Theorem 1.2.

1.1. Acknowledgements. J.H. was supported in part by NSF grant DMS-0901582 and a
Sloan Research Fellowship (BR-4919). X.C. would like to express his thanks to M. Grillakis,
M. Machedon, D. Margetis, W. Strauss, and N. Tzirakis for discussions related to this work,
to T. Chen and N. Pavlovi¢ for raising the 2D to 1D question during the X.C.’s seminar talk
in Austin, to K. Kirkpatrick for encouraging X.C. to work on this problem during X.C.’s
visit to Urbana. We thank Christof Sparber for pointing out references [1, 2.

2. OUTLINE OF THE PROOF OF THEOREM 1.2

We begin by setting down some notation that will be used in the remainder of the paper.
We will always assume w > 1. Note that, as an operator, we have the positivity:

—-1- 82 + zj2 >0
Define
(2.1) S (1= Ay +w(=1- 8% + 22)12

We have gf(qﬁ(a:])h(z])) = (1 — Ay,)o(x;) h(z;) and thus the diverging w parameter has no
consequence when the operator is applied to a tensor product function ¢(x;)h(z;) for which
the zj-component rests in the ground state.

Let Py denote the orthogonal projection onto the ground state of —9% + 2% and P,
denote the orthogonal projection onto all higher energy modes, so I = Fy + P, where
I: L*(R?) — L*(R%). Let PJ and P/ be the corresponding operators acting on L?(R?N) in
the z; component, 1 < j < N. Then

k
(2.2) I=][(P{+P]), where I:L*R*)— L*R)
7=1

For a k-tuple o = (o, ..., ap) with o; € {0,1}, let Py = P} --- P¥ . Adopt the notation

o] =y + -+ oy,
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This leads to the coercivity (operator lower bounds) given in Lemma A.5.

We next introduce an appropriate topology on the density matrices as was previously done
n [21, 22, 23, 24, 25, 26, 27, 37, 10, 16, 17]. Denote the spaces of compact operators and
trace class operators on L? (R*) as K, and L, respectively. Then (K;)' = £;. By the fact
that ICp is separable, we select a dense countable subset {Ji(k)}@l C K in the unit ball of
Ky (so ||JZ»(k)||Op < 1 where |||, is the operator norm). For B 5K € £1 we then define a
metric dj, on Li by

djp(y®), 50 Z 97

A uniformly bounded sequence 'ygv?w € L} converges to 7k ¢ L} with respect to the weak*

Te (1 = 50) .

topology if and only if
lim (7 7~(k) 0
1 k(%\m? ) :

N,w—00

For fixed T > 0, let C'([0,T],L}) be the space of functions of ¢ € [0,T] with values in L}
which are continuous with respect to the metric di. On C ([0,T], Li), we define the metric

di(v*) (), 4™ () = sup di(Y™ (1), 5® (1)),

and denote by T,,.q the topology on the space @;=1C ([0,7],L}) given by the product of
topologies generated by the metrics dj, on C ([0, 7], L%) .

With the above topology on the space of marginal densities, we now outline the proof of
Theorem 1.2. We divide the proof into five steps.

Step I (Energy estimate). We transform, through Theorem 3.1, the energy condition (1.17)
into an “easier to use” H! type energy bound in which the interaction V' is not involved. Since
the quantity on the left-hand side of energy condition (1.17) is conserved by the evolution,
we deduce the a priori bounds on the scaled marginal densities

k
supTrH (1 — D, Fw (—1 - 83], + zf)) RYE\I;)N < CF
t X
7j=1

k

sup TrH (1 — ATJ.) :yg\lﬁ)w <C*

t pey
sup Tr Paﬁg\’;?wPB < Ckyslel=318
via Corollary 3.1. We remark tthat, in contrast to the nD to nD work, the quantity
Tr (1= An) AR

is not the one particle kinetic energy of the system; the one particle kinetic energy of the

system is Tr (1 — A, — wd?) 7§v)w and grows like w.

Step II (Compactness of BBGKY). We fix 7" > 0 and work in the time-interval ¢ € [0, 7.

N
In Theorem 4.1, we establish the compactness of the sequence 'y, (t) = {75\’,%} €
k=1

@®r>1C ([0, 7], L}) with respect to the product topology 7,,.4 €ven though there is an 0o — 0o
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in hierarchy (1.18). Moreover, in Corollary 4.1, we prove that, to be compatible with the

energy bound obtained in Step I, every limit point T'(¢ {fy } ., must take the form
k
W (8, (xp, zi) 3 (%4, 25)) = 3 (8, 305 %5) [ o (2) B (2)
j=1

where 7, *) — Tr, 4% is the z-component of ¥

Step IIT (Limit points of BBGKY satisfy GP). In Theorem 5.1, we prove that if I'(¢) =
~ N

{'Ny(k)}k_l is a N > w'®* limit point of ['y () = {%5)“}1@ with respect to the product
= “) =1

topology Tprod, then {&;’“) = Tr, 1(’“)}:0:1 is a solution to the coupled Gross-Pitaevskii (GP)
hierarchy subject to initial data 7 (0) = |¢,) (¢o|*" with coupling constant by = [V (r)dr
which written in differential form, is

k

j=1 j=1
Together with Corollary 4.1, we then deduce that {? (k) — Ty, i(k)}zozl is a solution to the

well-known 2D GP hlerarehy subject to initial data 3% (0) = |¢g) (|®* with coupling
constant b ([ |y (2 ) dz), which, written in d1ﬁerent1al form, is

k

k
(23) Z8t~(k Z I],’Ym + bo (/ ‘hl (Z)|4d2) Zr_[‘l"zk_‘_1 [5 (ZL’j — ZEk+1) ’?(mk—i_l)} .
7j=1

J=1

Step IV (GP has a unique solution). When 7% (0) = |¢,) (¢o|** , we know one solution to
the 2D Gross-Pitaevskii hierarchy (2.3), namely |¢) (¢|*", where ¢ solves equation (1.16).
Since we have the a priori bound
k
sup TrH (1 — Amj) ’ygf“) < C*,
ket
the uniqueness theorem (Theorem 6.3) then gives that 3% = |¢) (¢|**. Thus the compact

sequence 'y, (t) = {755’)“}/&—1 has only one N > w?(®+¢ limit point, namely

k

38 =TT ot 2,)d(t, @) hy (25) ha(2) -

Jj=1

By the definition of the topology, we know, as trace class operators
A H¢ (t,2))8(t, 25)n (25) ha (25) wealc*.

Remark 1. This is in fact the very first time that the Klainerman-Machedon theory applies
to a 3D many-body system with B > 1/3. The previous best is € (0,2/7] in [17] after
the B € (0,1/4) work [11]. Of course, we are not actually using any 3D Gross-Pitaevskii
hierarchies here.
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Step V (Weak convergence upgraded to strong). We use the argument in the bottom of p.
296 of [27] to conclude that the weak™ convergence obtained in Step IV is in fact strong. We
include this argument for completeness. We test the sequence obtained in Step IV against
the compact observable

J(k) = H ¢(tv xj)a(t’ x;)hl (Z]) hl('z;)v

=1

2
and notice the fact that (&Ei)w) < ’y%)w since the initial data is normalized, we see that as
Hilbert-Schmidt operators
k
Fion, = [ ot 2)(t. )k (2) ha(}) strongly.
j=1

Since Tr ’y%}w = Tr4%®, we deduce the strong convergence

lim Tr
N,w—o0

Nzwv(B)+e

k
’?S\];?w(ta Xky Zk; X;ca Z;c) - H gb(t) [E]>§_b(t7 x;)hl (Z]) hl (Z;) - Oa
7j=1
via the Griitmm’s convergence theorem [50, Theorem 2.19]

3. ENERGY ESTIMATE

We find it more convenient to prove the energy estimate for ¢y , and then convert it by
scaling to an estimate for N (see (1.10)). Note that, as an operator, we have the positivity:
2 2.2
—w—0; +wz; >0

Define

Sj def (1 . Azj W azj +w22]2)1/2 _ (1 W= Arj + w22]2)1/2

Theorem 3.1. Let the Hamiltonian be defined as in (1.7) with 8 € (0,2/5). Then for all
e > 0, there exists a constant C' > 0, and for all w,k > 0, there exists No(k,w) such that

k 2
(3-1) <77Z)N,w7 (N + HN,w - Nw)kl/}N,w> Z Cka H Sij,w
j=1

L2(R3N)
or all N > w*®*< and all o € L? (R3N) N D(HE ).
s N,w

Proof. We adapt the proof of [21, Prop. 3.1] to accommodate the operator —w — afj + w2
in place of —83j. The case k = 0 is trivial and the case k = 1 follows from the positivity of
V' and symmetry of ». We proceed by induction. Suppose that the result holds for £ = n,

and we will prove it for £ = n + 2. By the induction hypothesis,

<1/J7 (N — Nw + HN,w)n+2w>

(3.2) > C"N"(ih, (N = Nw + Hy,,) [[ S2(N — Nw + Hy,)¥)

J=1
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For convenience, let
V(r) = (N IV ((NVw)'r)
Expand
N n
N—Nw+Hy,= Y S+ (ZS?Jerv,w)

t=n+1 =1
and substitute in both occurrences of the operator N — Nw + Hy,, in the right side of (3.2)
to obtain four terms. We ignore the last (positive) one of these terms to obtain

(3.3) (Y, (N — Nw + HNM)"H@D) > C"N™(I1+ 11 + III)
We have

N n

I= > (wsisy s
l1,0o=n+1 J=1

In this double sum, there are (N —n)(N —n — 1) terms where ¢; # {5 that are all the same

by symmetry, and there are (N —n) terms where ¢; = {5 that are all the same by symmetry.

We have

(3.4) I=(N—=n)(N—n-1), H S2) + (N —n) (), S H S2y)

the first of which will ultimately fulfill the induction claim. In (3.3), we also have

I+ 111 = 2 Z ZgDSZIHSQS@ ) + Z @ASEHS?HNM

l1=n+1/lr=1 l(=n-+1

+ Z w,HwaHSQSg

f=n+1

Exploiting symmetry this becomes

n+1 n+1
(3.5) I+ 111 = 2(N — n)n(eh, S7 [ S;v) + 2(N = n) Re(@, [ [ S7HR ¥)
j=1 j=1

In the first term, we have applied the permutation that swaps ¢; and n + 1 and /5 and 1.
In the second and third terms, we have applied the permutation o that swaps ¢ and n + 1.
Strictly speaking, this permutation maps H ]IVM to H ]I\/,w,a where

where £1 is chosen according to the affect of the permutation on the pair (7,7). The dis-
tinction between Hj , and Hy , , is inconsequential for the remainder of the analysis (and
in fact Hy, = Hf,,, if V is even), so we have ignored it in (3.5). The first of the terms
in (3.5) is positive — it is the second term that requires attention; in particular, we have to
manage commutators.
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Assuming N > 2n + 2, we substitute (3.4), (3.5) into (3.3) to obtain

n+2 n+1
(¥, (N = Nw + Hy,)""?0) > 2C"N" 2 (), T S7v) + C"N" o, ST | S7)
j=1 j=1
(3.6) -

+2C"N™(N — n) Re(y) HSQHNw —D+E+F

The first two terms, D and F, in (3.6) are positive. The third term F' will be decomposed
into components, some of which are positive and others that can be bounded in terms of the
first two terms appearing in (3.6). In the expression for Hf ,, there are

e 1(n+1)n terms of the form Viri—rj) for1<i<j<n+1.
e (n+1)(N —n—1) terms of the form V(r; —r;) for 1 <i<n+1landn+2 < j < N.

e L(N—n—-1)(N—-n-2) terms of the form V(r; —r;) forn+2 <i < j < N.

For convenience, let
Vig = (N 22V (Nw!2) (= 1))

Using symmetry, we obtain

n+1
F = 2C"N™(N —n)(n+ )nRe(w, [ [ 5:Vi2¢))
j=1
n+1
+2C"N™(N = n)(n+ 1)(N —n — D) Re(, | [ S}Vims2¥)
j=1
n+1
+C"N"(N —n)(N —n—1)(N —n—2)Re(y, | [ $;Vins2jms3)¥)
j=1

= F1+F2+F3

The last term F3 is positive since each S; for 1 < j < n + 1 commutes with V{,19)n3). We
will show Fy > ——E and Iy > D provided N > Ny(n), which together with (3.6) will
complete the induction argument. We have

n+1
Py =2C"N™(N = n)(n+ )nRe(y, [ [ $:Viat))
j=1
=2C"N"(N —n)(n+ 1)n Re/ (f, SESIViaf vy s drg -+ dry
T3yeeey TN :‘:gl
where f = H”Jrl Sj. We can regard r3,...,ry as frozen in the following computation, so

to prove |Fi| < 1E', it will suffice to show that

(3.7) 1P| < i”_2||51252f||%glL32
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Toward this end, we have

B = [{S2f, Vi2S3f) + 2(SEf. Vi Via - Vi ) + (ST (A, Vi2) £

S ST Fllez, 2o, Vizll g s, 1195 fll 22, 22, + ||Sff\|L31L§2HVrQV12||L$TL§é2HvrszL,%lm

+ 1S F N2, s, 1A Va2l oo o5l Fllzz, 255

r

By evaluation of

||V12||L§2N(Nw1/2)26—1’ ||Vr2‘/12||LgégN(Nw1/2)2,3—17 1A, Vil 6

the above estimate reduces to

2

~ (N 1/2\28-1
és ( w )2

|By| S (N2 NIST 2, 191195 Fll 22, oz, + (Nw2)25 (ST Fll oz, g, Ve £l 22, 1o

12
+ (Nw'2)2P7YSE fll ez, s, 1l o2, Lo
Applying Lemma A.4, this reduces further to
|F1] S (Nw )10V 15885 fl a2 1195 f Il e, 22,
+ (N2 00215385 f 2, 12 1195 f || 2, 2,
+ (NwH2) 377 MO0 4| 525, | 12, 1155 £ 122, 2,

Hence we need < £ and conditions (3.13), (3.11) below to achieve (3.7).
Let us now establish F, > —%D. We have

n+1
Fy =2C"N"(N = n)(n+ 1)(N —n — 1) Re(®), [ [ $:Vins)¥)

j=1

= QCnNn(N — n)(n + 1)(N —n — 1) /\<f, Sf‘/i(n+2)f>rl,rn+2j dry -+ drpp1dr, 3

=/

where f = []"5, S;4. Now

j=2
Fy = (f,(~w = 02, + &5 Vigui) N s
= —w(f, Vitnt2) ) rirnss + (O fr (02 Vitns) ) f) rirnss
+ (00 f. Vit 20 Frarnss + (Fr0%28 Frirns
=: FQ,l + FQ,Q + F’z,s + F2,4

Note that }7}73 and FQA are positive and can thus be disregarded. To prove Fy >
suffices to prove

(3.8) [Pl + |Foo| < g5 1S1Susafll72 12

Tn42

But
1Foal S wllfllez, e, Vi) | e vz 1S 1lzz, 2e,
By Lemma A4 and ||Vigni2) || o 32 ~ (Nw!'/2)P71 we obtain
71 7 Tn+42
3.9 Bl S PN P S,

Tn42

12 12

dry

—1D it

2 Y
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The upper bound in (3.8) will be achieved provided (3.12) below holds. Also,
Foal S 10 flluzzs,, 105 Viee o v £ 112z, 20

Note that ||8z1V1(n+2)||LOOL3/2 ~ (Nw'/?)?’=1 By Lemma A 4,
1

’r+2

||3z1f||L%1L§n S w1/6||Sn+2821f||L2 2 S W2/3||51 Swiafllrz 12

() R

S w0 S 2 f | 2, 1z, From this, it follows that

(3.10) Fosl S W5/6(NW1/2)26 NS1Sniaflluz 2, ISns2fllez 2z,

The upper bound in (3.8) will be achieved provided (3.13) holds. By (3.9), (3.10), we obtain
(3.8), completing the proof. Let us collect the conditions on N and w. We have

and HfHLQ L6

Tn42

5 1
28— 13 2

(3.11) (]\7u)1/2)%5_1w5/12 <n? = N>w'36pl-3s
1p4+32
(3.12) (Nw'/?)P=1,43 « 7t e N> wisnis
B+i
(3.13) (Nw'/?)#71,5/6 « ! = N>wronis
The requirement that (3.11), (3.12), and (3.13) hold is imposed in the definition (1.15) of
v(B). O

Now consider the rescaled operator (2.1) so that
(Sjv)(t, xn, zN) = WN/4(SJ7JJ)U7 XN, \/C_UZN) .
We will convert the conclusions of Theorem 3.1 into statements about ), S'j, and ’yg@w

that we will then apply in the remainder of the paper.

Corollary 3.1. Let @N’w(t) = e“ﬁvazLN,w(O) and {:yg\lf)w(t)} be the marginal densities as-
sociated with it, then for allw > 1 , k > 0, N > w*®* we have the uniform-in-time
bound

k k
I o
(3.14) T[] 5295, = ([ ] Sitwe(®) <c*
7=1 j=1 L2(R3N)

Consequently,

K k 2
(3.15) H (1= An)ANL = H A ) (1) <t

: = LQ(RBN)
and
(3.16) | Pathy ol 2wy < CRw™o2 0 Tr PaAY), P < Chw2lel=218l

Proof. Substituting (1.10) into (3.1) of Theorem 3.1 and rescaling, we obtain

k 2
H g]'{pN,w

Jj=1

(3.17) @N,wa (N — ﬁN,w - NW)kQZN,J > CENF

L2(R3N)
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Since N — ]:IN,W — Nuw is self-adjoint and [lfIN,w, N — FINM — Nw] =0,

at<{DN,w7 (N - gN,w - Nw)qu)N,w> =0
Hence by (3.17),

k
H ngLNWJ (t)
j=1

CFNF <o), (N — Hyo — Nw) iy (1))

L2 (RSN)

= (Unul(0), (N = Hyo = No)fy,(0)) < (C)FN*
where the last estimate follows from the hypothesis (1.17) of Theorem 1.2.
The inequality (3.15) follows from (3.14) and (A.27). The inequality on the left of (3.16)
follows from (A.29) and (3.14). By Lemma A.6, Tr Pa’yg\lf’)wpﬁ = (Pa¥ N Ps¥n.,), 0 the
inequality on the right of (3.16) follows by Cauchy-Schwarz. |

4. COMPACTNESS OF THE BBGKY SEQUENCE

Theorem 4.1. The sequence
Pnu(t) = {%@w} e P (0.71.c})
=L
which satisfies the oo — oo BBGKY hiem'rchy (1. 18) 1s compact with respect to the product

topology Tprea. For any limit point T'(t {'y }k 1 ~ ®) s q symmetric nonnegative trace
class operator with trace bounded by 1

We establish Theorem 4.1 at the end of this section. With Theorem 4.1, we can start
talking about the limit points of I'y () = {7 A’; [N

Corollary 4.1. Let T'(t) = {71 | be a limit point of Ty (t) = Nw}k L with respect to
the product topology Tprod, then ) satisfies

(4.1) TrH AR < o
(4.2) AW (8, (xns 20) 5 (%, 24,)) = vé’“)(tjxk;XDth (27) ha (%))

Proof. The estimate (4.1) is a direct consequence of (3.15) in Corollary 3.1 and Theorem
4.1. The formula (4.2) is equivalent to the statement that if either ac # 0 or 3 # 0, then
Pofy(k)Pﬁ = 0. This is equivalent to the statement that for any J* € ICy, Tr J(k)Pa’y(k)Pg =
0. However,
(4.3) Tt JOPA® Py = lim TrJWP,AY) Py
(N,w)—00

By Lemma A.6,

Tr J(k Paryg\];)wpﬁ = <J(k)Pa'(LN,w7 ‘Pﬁ{b]\/,w>rk
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and by Cauchy-Schwarz and (3.16),
|T1" J(k)Pa'%]\;,)me < ”‘] ||0pHPa¢Nw”L2 R3N)||P5¢Nw||L2(R3N < C w 2\04 1‘ﬁ|
Hence the right side of (4.3) is 0. O

Proof of Theorem 4.1. By the standard diagonalization argument, it suffices to show the
compactness of '?S\];?w for fixed k with respect to the metric di. By the Arzela-Ascoli theorem,

this is equivalent to the equicontinuity of &Eéfw, and by [27, Lemma 6.2], this is equivalent
to the statement that for every observable J*) from a dense subset of K(L?(R**)) and for
every € > 0, there exists 5(J*, ) such that for all t1,t, € [0, T] with |t; — t5| < 6, we have

(4.4) sup [Tr JOFG) (1) — Tr TP (1)] < <.
N,w

We assume that our compact operators J*) have been cutoff as in Lemma A.7. Assume
t1 < to. Inserting the decomposition (2.2) on the left and right side of ’y(Nk?w, we obtain

ZPIX’YNw

where the sum is taken over all k-tuples a and 3 of the type described above.
To establish (4.4) it suffices to establish, for each a and 8

(4.5) sup [Tr J® Poi ), Pa(ty) — Tr J® PoAly) Pa(t)| <

N,w

Below, we establish the estimate

| T J® P,AY Py(ty) — Tr J* Pany) Pa(ty))|

(4.6) if botha=0and 8=0

< |ty — ¢
< te 1] {max(l,wléaélﬁl) otherwise

Estimate (4.6) suffices to prove (4.5) except when || = 0 and | 3| = 1 or vice versa, in which
case it yields the upper bound w'/2|t, — t;| with the adverse factor w'/2. On the other hand,
we can also prove the (comparatively simpler) bound

(47) | Tr J(k)Pa;yg\l;) Pg(tg) — Ty J(k)Pa7%7)wPﬁ(tl)| S, w—%|a|—%\ﬂ\

;W

that provides no gain as ty — t;, but a better power of w. By averaging (4.6) and (4.7) in
the case |a| = 0 and |3] =1 (or vice versa), we obtain

| Te JPPAY), Pa(ts) — Tr JWPLAY) Pa(t)] < te — ]2

which suffices to establish (4.5).
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Thus, it remains to prove both (4.6) and (4.7), and we begin with (4.6). Hierarchy (1.18)
yields

k k
(48) Zat aﬁ)/Nw Z [ ija Pa’YN wpﬁ:| + Zw [_agj + 2]2'7 Pa:)/g\’l{,)wpﬁ]

Jj=1

+ = ZP [VNw ri—rT )7~§\];)wj|P,3

z<]
N —k
N Trrk+1 Z P [VNw ( - 7ﬁk+1) 75\?21)} P,@
7=1
Let
k
I=—iy TrJW[-A,;, Pai\), Pl
j=1
k
(4.9) I=—wiy TrJ®[-0? + 22 PA\), Pl

I = —;N! Z Tr J* VNw(z—Tj)a:YS\];,)w]Pﬁ

1<i<j<k

N k ~ (k+1)

VNw( Tk+1)77N,w ]Pﬁ

Then it follows from (4.8) that

(4.10) 0, Tt JWP A Py =1+ 11+ 11 + 1V
First, consider I. Applying Lemma A.6 and then integration by parts, we obtain
k
I=iY ((JWA, Path, Pgt))e, — (J* Pt PaA, 1), )
j=1

k

=1

Hence

=

(4.11) <D TP A llop + 180, T® llop) | Pattl| 2oy | Pl 2gsny < C g0

where in the last step we applied the energy estimate.
Now, consider II. When a = 0 and 8 = 0, we use that

IT :—szTrJ 1—82 + 23 PvaPﬁ]—O

7j=1
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Otherwise, we proceed directly from (4.9), applying Lemma A.6 and integration by parts to
obtain (H; = —02, + 27)

k
I =wi Y (JWH;Path, Paty) — (J*) Pat), H; Pgi))
j=1

k
= wi Y (JOH;Path, Pgvy) — (H;JW Poth, Pau)

=1

Hence

B

10 S w > (TS H;llop + 11H; T ®|op) | Pactl| 2 | Patb ]| 2y
=1

By the energy estimates,

H{zo if . =0and B =0

4.12
(4.12) S Crgm wi=slel=3181 otherwise

Now, consider III.

I =—iN"" > (JWPaVivu(ri — )¢, Paty) — (J®) Path, PaVivo(rs — 1))

1<i<j<k
= —iN! Z (J®) PV o (i — 1730, Pah) — (Pat), J® PgVi (1 — 7))
1<i<j<k
Let L; = (1 — A,,)"/? and
Wij = Ly 'L W (rs — ) L VLT
Then
ML= —iN"" Y (J®PoLLWi;Li Ly, Patb) — (P, J® PgL; LjWi;Li Ljt))
1<i<j<k
Hence
| S N7HTWL Ly lop | Wi llopl | Li L || 2ggon) | Pato || 2o
+ N7 Pl 2gsmy | T® LiLi llop Wi llop | Li L) | 2 sy

By Lemma A1, ||Wiillop S [[VNwllzr = V]2 (independent of N, w), and hence the energy
estimates imply that

(4.13) I S Cp g N7
Now consider IV.
N—k <
IV = =i > (T PaVivalry = s ), Paw) = (7 Pap, PaVivao(rs = mia )

j=1
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Then, since J® Ly = Ly J®),

N
V= —i I L PaW;(41)Lj L1, Pa L)
N

—1

LT P Li1th, PaWjiki1) Ly L1 )

_kz<

N
N
Estimating yields

VIS

k
J=

(1T Lyllop + L5 T ® Nlop) Wity lop | Ly Livs 19| 2 qiomy | L 2 sy

1

By (3.15),
(414) |IV| 5 Ck,7J(k)

Integrating (4.10) from ¢; to ¢y and applying the bounds obtained in (4.11), (4.12), (4.13),
and (4.14), we obtain (4.6).
Finally, we proceed to prove (4.7). We have, by Lemma A.1,

| Tt J®) PaAN, Pa(ta) — Tr WP AR, Pa(ty))]

;W

< 25p [(J Patin o (1), Paty (D)

ST lopll Path oo (0)l] 2(om | Pt v o (8) [ 2 v
< o slel=3l8l

~

where in the last step we applied (3.16).
]

N
According to Corollary 4.1, the study of the limit point of 'y, (t) = {%\]/ﬂw} is directly
“J k=1

related to the sequence I'; v, (t) = {’?;k])\,w = Tr, %@fw}N € ®1C (0,77, L}, (R?)) . We
will do so in Section 5. We end this section on compa’f(;clness by proving that I'; v, (t) is
compact with respect to the two dimensional version of the product topology 7,,.¢ used in
Theorem 4.1. This proof is not as delicate as the proof of Theorem 4.1 because we do not
need to deal with oo — oo here.

Theorem 4.2. The sequence
N
Lao(®) = {30, = Tr. ag@w}k @)L (&),
N k>1

is compact with respect to the two dimensional version of the product topology T,req used in
Theorem 4.1.
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Proof. Similar to Theorem 4.1, we show that for every observable J¥) from a dense subset
of K (L? (R?")) and for every € > 0, 35(JP &) st Vi, by € [0,T] with |t; — to| < 6, we have

g (30, () =38 ()] <=

sup
N,w

We utilize the observables J&*) € K (L? (R?*)) which satisfy

(92 (92) I (92 (92,

< Q.
op

#9207 (7 I (9.0 49)
op

Here we choose similar but different observables from the proof of Theorem 4.1 since ’?gc]i?\f,w
acts on L? (R%) instead of L? (R3k) . This seems to make a difference when we deal with

the terms involving 7% or #®. But Jgﬁ’“) does nothing on the z variable, hence
g f}/N,w v g

‘op

J(HL
(<V$J > + 8”‘])

1

(k) -1 - k)_ -
12T oy~ | (V) +05) 1 g

1
< V.. g ____ =
<J>x«vm+@»L*

op

< () (V)

],

L5 T8 L lops L7 T Lo 14 Ly TSV L L o and (|17 Ly I LiL o, ave all fi-
nite. It is true that Jék) and the related operators listed are only in £ (L2 (R?’k’)), but this
is good enough for our purpose here.

Taking Tr, on both sides of hierarchy (1.18), we have that ﬁi’f}v’w satisfies the coupled
BBGKY hierarchy:

k
(415) Zat’?(kaw = Z [_A»"C;? ~:(L‘kNu.)i| Z TI'Z [VNw ri — ) /?g\l;)w]
j=1 Z<J
k
N —k -
-+ Z Trxk+1 Trz [VN,w (7’] — TkJrl) 775\]/?::1)] .

Jj=1

Assume t; < ty, the above hierarchy yields

2 (vi’?v,w (t) = i ()]
Z dt + — Z /

N —k -
+— Z/ (k) [VN,W (rj — Tht1) 775\];;1)} ‘ dt.
t1

j=1
k ¢
— k 2
> / 111 (t) dt
j=1"h

dt

e [ A%,&g’“m

Ter) VNw( i—rj)a’?%c,)w}

i/l t)dt + — Z/ 11 (¢ dt+

j=1 i<j Y
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For I, we have

Tr Jx(k) [_ij ) :ygclfj)\],w:|
Te 8 (V)" 500
= [T (V) T I () A (V) = T (V) I (V) (90 7% (V)
(627" 2 (9 ) ) o)

o op

< O (VL)Y
< Cj (Corollary 3.1).

(1 commutes with everything)

N\

4 (92 59 (9.,)
P

for IT and III, we have

II =

Tr JM [VN,w (ri —75), ”YE\’;)M]
| Tr L7 L7V I L LW LLAN) LiLy — Tr LLy J® LT L LLAN), LiL Wi
(HL;lL;ng(gk)LiLjHOp + HL@'LJJQE’“)LZIL{lHOp> Wil o T LiLAW LiL;

OJa

NN

and similarly,

I = |Tr Jék) [VN,w (rj — Thy1) s 75521)} ‘
| Tr Ly 1Lk+1°] VL Ly i W) L Lk+1’YNw 'L, i Lk+1
=T Ly Liey1 IO L Lt LD A L Len Wi |
_ _ ~(k
(HLj LR L+ L0 1Hop> Wit [l Tr LiLiii s, Ll
Cj.

NN

Up to this point, we have proven uniform in time bounds for I - III, thus we conclude the

N
compactness of the sequence I'; v, (t) = {f”yikng} . O
) =1

5. LIMIT POINTS SATISFY GP HIERARCHY

~ N

Theorem 5.1. Let I'(t) = {5 }kﬂ be a N = w*®*e limit point of Tn.(t) = {%\];)w}
= “ ) k=1
with respect to the pmduct topology Tprod, then {’y(k =Tr, ’y(k)}:):l 15 a solution to the coupled

G’mss Pitaevskii hierarchy subject to initial data 5% (0) = |¢g) (do|=" with coupling constant
= [V (r)dr, which, written in integral form, is

(5.1) AW =U®(1)5 — by Z/ UM (t - s) Try,,, Tr. [6 (rj = Th41) A (s)] ds,
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where

Jj=1

We prove Theorem 5.1 below. Combining Corollary 4.1 and Theorem 5.1, we see that

iik) in fact solves the 2D Gross-Pitaevskii hierarchy with the desired coupling constant

bo ([ b1 (2)[" dz) .

N

Corollary 5.1. Let I'(t) = {7 }k L be a N > w* O limit point of Ty (t) = {%\’;)w}k
) -1
with respect to the product topology Tprod, then {7 ="Tr, ﬁ(k)}zozl 1s a solution to the 2D

Gmss Pitaevskii hierarchy subject to initial data 3% (0) = |¢o) (| with coupling constant
bo ([ [l (2 )| dz), which, written in integral form, is
(5.2)

A0 = 70 (1)5E) (0)—ibg ( / hy (2)[* dz) Z / M(t—3) Tray,, [0 (zj — zas1) , 78D (5)] ds.

Proof. We compute the k = 1 case explicitly here. Written in kernels, the inhomogeneous
term in hierarchy (5.1) is

ibo/U( )(t /5 2 — 24 dzldzl/é 1 — 12)AP (ry, g, 7, 7o )dr
— iby / U(l)(t - S)ds/5(21 - zi)dzldzi/é(ri — 7’2)&(2)(7’1, o, 71, 72)drs
which, by Corollary 4.1, is

=ity [ U= s)ds [ 8(e1 )00y — 123 (w1 )
Xhy(21)h1(22)h1(2])hi(22)dradzid2y

—ibo/U(l)(t — s)ds/5(21 — 2)6(rh — 1) (2, 20, 7, 2)
Xhl (Zl)hl(ZQ)hl (21)h1(22>d7"2d21d21

Further simplifications lead to

:ibo/U(l)(t—s)ds/cS( x1 — 29)7 P (21, 29, 2], 22) |11 (1) [*dad 2y

— ibg / UMt — s)ds/é(ml — 22)7 P (21, 9, ), 22) |y (2)) | dad ).

In summary, we have

ibo / UD(t — s) Try, Tr, [6 (1 —72) 4P (s)] ds

=i ([ ) [ U= 9T [ 20 (5) .
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Proof of Theorem 5.1. By Theorems 4.1, 4.2, passing to subsequences if necessary, we have

i ) _ xR ) _ (k) 2 (1o3k
N}:}r_r:@ sup Tr J* <’yNw (t) — 3" (t) 0, vJ® e (L R*)),
N>wv(B)+e

. k) (5 (k) ~ (k _ k 2 2k
Jlim SngrJé)(%,N, (t) - ’Vi)(t)) = 0, VJPeK(L*(R™).
N>or(A)+e

(5.3)

We establish (5.1) by testing the limit point against the observables JF ek (L? (R*)) as
in the proof of Theorem 4.2. We will prove that the limit point satisfies

(5.4) Tr JE5 (0) = Tr JH) |¢o) ()"

and

Tr JP3H (1) =Te JPU® (1) 35 (0)

(5:5) — ibg Z/ Te JPUB (¢ — s) [6(rj = T141), FEHD (5 )] ds.

To this end, we use the coupled BBGKY hierarchy (4.15) satisfied by ﬁi’f}v,w, which, written
in the form needed here, is

Tr SO, () = Tr JPU® (1) 315, (0)

——Z/TrJ WO (1= 5) [Vivw (ri = 13) 3%, (3)] ds

1<)

k
(N -k ' k
—i (T) §'_ j /0 T JPUW (¢ - s) [VN,W (rj = i) AN (8)] ds

k

—A——ZB—Z<1——)ZD

1<J

By (5.3), we know

lim Ter)fnyw(t) = TrJP5E (1),

N,w—00

N>wv(B)+e
Jim Te JOU® )55, 0) = TrJBU® ()51 (0).
N e

By the argument that appears between Theorem 1 and Corollary 1 in [42], we know that
assumption (b) in Theorem 1.1,

&S\?w (0) = |pg @ h1) {py @ hy| , strongly in trace norm,
in fact implies

%\’;)w (0) = | ® hy) (g @ h1|®k , strongly in trace norm.
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Thus we have tested relation (5.4), the left-hand side of (5.5), and the first term on the
right-hand side of (5.5) for the limit point. We are left to prove that

li B 0
1m — =
N,w—o0 N ’
N3wv(B)+e

k t

lim 1- —) D = bO/ Te JPUB (¢ — s) (6 (rj = T141) A5+ (s)] ds.
N,w—o0 N 0

N>wv(B)+e

First of all, we can use an argument similar to the estimate of III and IV in the proof of
Theorem 4.1 to show the boundedness of | B| and |D| for every finite time ¢. In fact, noticing
that U®) commutes with Fourier multipliers, we have

t
rB\</
0

t
= /0 ds| Tr L7 L7V TV LLU® (t— s) Wy LiLAN, (s) LiL;

Tr JPU® (¢ — s) [VN,w (rs —15), ’YNw } ‘ ds

~ T LL JO L7 LT U® (t— ) LiLiAY), (s) LiL Wi

w

t
< [ IO U], 95l T 22 )
0

t
*fo ds || 1Ly T LT L3 | 11O, 15 T LELERE, (5)

< Oyt
Hence
kD

N,Liriloo N,u.l)r—r>loo N 0

N;wﬂ(ﬁ)vLE N>wv(6)+e
To prove

¢
(5.6) Nl(iIE)lOO D= [ TrJPU® ¢ —s) [6 (rj = Th41) , A (s)] ds,

N}Lﬂ(ﬁ)-ﬂ-e 0

we need Lemma A.2 (stated and proved in Appendix A) which compares the d—function
and its approximation. We choose a probability measure p € L' (R?) and define p,, (r) =
a~3p (£) . Infact, p can be the square of any 3D Hermite function. Write Js(ﬁ)t = JPy® (t—s),
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we then have
Te JOUS (1= 5) (Vivas (1 = ) 82" (5) = o0 (15 = 162) 7449 (9))|

< [T I, (Vv (75 = 1i1) = b6 (5 = 7a1) 7657 (5)]

+ bg | Tr Js(ﬁ)t (6 (rj = Thy1) = Po (15 — Thy1)) 7§v:1 (s)

0| Tr I8 (75 = i) (827 () = 3040 ()|

00 | T I (o (ry = Taa) = 8 (7 = 7)) 7440 (5)|
=1+ 1T+ 10+ IV

We take care of I first because it is a term which requires N > w? 7. Write Vo(r) =

_— 7=V (@, 75), we have Vi, = (Nv@)* V,((Ny/@)" ), Lemma A.2 then yields

I < (NC%)M (/ Va(r) \r!“dr)

(T 4 N IO L) T 78 () Ly

_ o UV rl"dr)
(N @)™

Notice that ([ V.(r)|r|"dr) grows like (vw)", so I < Cy (

(f)”

K
) which converges to
1 1
zero as N,w — 0o in the way that N > w2~ 27°. More precisely,

lim [I=0.
N,w—o0
N>wv(B)+e

So we have handled I.
For II and IV, we have

< Choa™ (LI P L+ 1L TOL|L ) T LiLean 365 (5) LiLysn (Lemma A.2)
< Cja® (Corollary 3.1)

V< Copa” ([ BL |+ 7 T L| ) T il (5) LiLgsn (Lemma A.2)
< Cja® (Corollary 4.1)

which converges to 0 as @ — 0, uniformly in NV, w.
For III,

III < b

1 -
Tr J! tpa( Tkﬂ)m (7&521)( ) — A+ (3)>‘

+bo

el [k .
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The first term in the above estimate goes to zero as N,w — oo for every € > 0, since we have
assumed condition (5.3) and Jﬁ)tpa (rj — Tr41) (14 €Lyy1) " is a compact operator. Due to
the energy bounds on ﬁg\];’:l) and A++1
in N.

Combining the estimates for I-IV, we have justified limit (5.6). Hence, we have obtained
Theorem 5.1.

), the second term tends to zero as € — 0, uniformly

O

6. UNIQUENESS OF THE 2D GP HIERARCHY

For completeness, we discuss the uniqueness theory of the 2D Gross-Pitaevskii hierarchy:.
To be specific, we have the following theorem.

Theorem 6.1 ([16, Theorem 3]). Define the collision operator B i1 by

(k1) — Try [5 (xj — Tpt1) a’chkH)} .

Bj k117,

Suppose that {fyg(ck)} solves the 2D constant coefficient Gross-Pitaevskii hierarchy
k=1

k k
(6.1) iy + Z [_Azja%(ck)} =G Z Bjkt (’Vg(ekﬂ)) 5
Jj=1 j=1

subject to zero initial data and the space-time bound

Tl & L 1
(6.2) / H (}vmjp Var 2) By, ) dt < C*
0 j= L2(R2k xR2K)
for some C >0 and all 1 < j < k. Then Vk,t € [0,T],
k . 1

J=1 L2(R2k xR2k)

Proof. This is the constant coefficient version of [16, Theorem 3]. W. Beckner obtained
the key estimate of this theorem independently in [5]. Some other estimates of this type
can be found in [14, 29]. K. Kirpatrick, G. Staffilani and B. Schlein are the first to obtain
uniqueness theorems for 2D Gross-Pitaevskii hierarchies. One will find their Theorem 7.1 in
[37] by replacing |V|% by (V)éﬁ in the statement of the above theorem. O

To apply Theorem 6.1 to our problem here, it is necessary to prove that both the known
solution to the 2D Gross-Pitaevskii hierarchy (namely |¢) <¢|®k, where ¢ solves the 2D cubic
NLS) and the limit obtained from the coupled BBGKY hierarchy (4.15), satisfy the space-
time bound (6.2). It is easy to see that |¢) (¢|®* verifies the space-time bound (6.2) because
it is part of the standard procedure of proving well-posedness of the 2D cubic NLS. We use
the following trace theorem to prove the space-time bound (6.2) for the limit.
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Theorem 6.2 ([37, Theorem 5.2]). For every a < 1, there is a C,, > 0 such that

k+1
<C,Tr (H (1- ij)) N

J=1

k

H (<va’7>a <v$}>a> By

j=1

L2 (R2k XR%)
for all nonnegative Y e 1 (L2 (R?*)).
We can combine the above theorems so that it is easy to see how they apply to our problem.

Theorem 6.3. There is at most one nonnegative operator sequence

(P} e D (0.1, £ (R))

k>1
that solves the 2D Gross-Pitaevskii hierarchy (6.1) subject to the energy condition
k
Tr (H (1- ij)> 7B < Ok
j=1

7. CONCLUSION

In this paper, by proving the limit of a BBGKY hierarchy whose limit is not even for-
mally known since it contains (oo — o0), we have rigorously derived the 2D cubic nonlinear
Schrodinger equation from a 3D quantum many-body dynamic and we have accurately de-
scribed the 3D to 2D phenomenon by establishing the exact emergence of the coupling
constant ( [ hy(2)]" dz). This is the first direct rigorous treatment of the 3D to 2D dynamic
problem in the literature.

APPENDIX A. BASIC OPERATOR FACTS AND SOBOLEV-TYPE LEMMAS

Lemma A.1 ([24, Lemma A.3]). Let L; = (1 — Arj)%. Then we have

L7 L7V (ri = 1) LT L7 < C UV

Lemma A.2. Let p € L' (R?) be a probability measure such that [ <r>% p(r)dr < oo and
let p,, (1) =a3p (g) . Then, for every k € (0,1/2) , there exists C' > 0 s.t.

| Te W (p, (r5 = riga) = 6 (rj = riega)) 7Y
<C (/p(r) mﬁdr) " (HLjJ(k)L;lHOp + HLJﬂJ(k)LJ.HOp) Tv L Lyory ™V Ly Ly
for all nonnegative y**1 € L' (L? (R?*+3)) .

Proof. We give a proof by modifying the proof of [37, Lemma A.2]. We remark that the
range of x is smaller here because we are working in 3D. It suffices to prove the estimate
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for k = 1. We represent v by 72 = PFRY l¢;) (¢;], where ¢; € L* (R®) and X; > 0. We
write

e (py (ry = r2) = 8 (r1 = 72)7®
= ST e =) =0 =) )

— Z)\j <¢j, Po (11 —12) =0 (11 —12)) %0j>

where ¢, = (J® @ 1) ¢,. By Parseval, we find

[V, (pa(r1 —12) = 8(r1 — 12)) ;)]
= | / D (€1, 62)0,(E0, E0)p(r) (e 8 —1)§(&, + &, — &) — &) drde, dE,dg, de)|

/ 10561, E)105(E0 EVIB(E + 65 — € — €3) / £ €6 _ 1) dr|de, d € dE),
Using the inequality that Vk € (0,1)

@) 1| < ot - &)

< |t (167 +1ET)

we get

[(%;5 (Pa(r1 = 12) = 0(11 — 72)) ;)]
< O‘ﬂ(/ p(r)|r|*dr) / |§1|n’¢](§1752)”@](5/1:5,2”5(51 +&o — 5/1 - éé)d£1d£2d€3d€/2

T / p(r)lrldr) / 051 (0, )10 (€0, ED)B(E, + &y — €, — 4)de,dEydeLdel
=aw/mmmwma+m.
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The estimate for I and II are similar, so we only deal with I explicitly.

L< [oe+6-6-¢) 2’5;25; b (60 6) % b, (€,6))] de,dede de)
< 5L/n5(51*‘52“53“52)< D) 10 e e[ desdeydede)
€ (6
1 / ! ? A ! ! ! !
+g/6@y+@—&ff9@§£i%gfwx&@gfﬁﬂaﬁmg
2 2|4 2 1 ,
_ (e ded d
5/<§1> (€2) 3(51 )| d, 52/ <€1+52_§,2>2 <€,2>2 3
1 IN2 JI\2 | ~ I IN|2 gt gt 1
> [@rie) e @ ol [ e e

< e (W, LIL3;) s%p/ dn.

1 1 1
———dn+ - {(p,, L2 L. sup/
re (€ —m)* (n)” : o Lilag) ¢

re (& — >0 (n)?
When & € [0,1/2),

/ 1 dn <
sup — n 00,
ks (€ —n)° ) ()

/ L dn <

Sup = a4 00,
Rs (€ — 77> <77>2

and hence we have (with ¢ = ||L1J L] 1||0p ),

{Tr Jo (Po (11 —12) =0 (11 —132)) V(HI)‘

1
C (/p(r) |r|" dr) o [ eTr JOVL2L2TWA® 4 B Tr Lngfy(Z))

/N

<o(/ ) Il dr)a LT IOL |, BV, + )TrL2L§7()

1
:C(/ ) |r]” dr) a <5TrL 1L 150 L1L1J(1)L1_1L Lg,y(Q)L L2—|— TrL2L2 (2))
<C (/ ) |r|” dr) a” (HL IJ(l)LlH 4 HL1 lHo )TrL2L2 (2)

Lemma A.3 (some standard operator inequalities).
(1) Suppose that A >0, P; = P, and I = Py+ Pi. Then A <2PyAFy + 2P, AP;.

J
(2) IfA> B >0, and AB = BA, then A* > B® for any a > 0.
(3) If Ay > Ay > 0, By > By > 0 and A;B; = BjA; for all 1 < i,5 < 2, then
AlBl > AQBQ.

(4) If A>0 and AB = BA, then AY?B = BA'/2.

Proof. For (1), |[AY2f||? = |AY2(Py 4+ P f||? < 2||AY2Pyf||? + 2||AY2 P, f|>. The rest are
standard facts in operator theory. O
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Recall that
52:1—Az—w—33+w2z2

Lemma A.4 (Estimates with w-loss). Suppose f = f(z,2). Then

(A1) ||Vrf||Lg S WI/QHSfHLg
(A.2) 1£llzg S IS Fllz

(A.3) IV fllze S w2152 £
(A.4) £l S wM*1S% fla

The factors of w appearing here are seen to be optimal by taking f(x,z) = g(z)h.(2),
where g(z) is a smooth bump function. Then S?f = (1 — A,)g(x)h,(z) and hence

ISfIIZ: = (S*f, f) = (1 = Ax)ghu, ho) = (lgll72 + Va9l Z2) | he

which is w-independent. Also, ||S?f|[2 = ||(1 — A;)gl|z2 is w-independent. On the other
hand, it is apparent that ||V, f|z2 = w2, || fllzs = w5, ||V, fllze = w?? and || f|| e = w!/4,
which demonstrates sharpness of the estimates.

2
L2

Proof. Recall I = Py + P,. First, we establish

(A.5) IVePLf 2 S 1SSl
(A.6) 1P fllze S 1S F ez

(A7) IV Pifllos S 1IS? fllee
(A.8) 1P fllee S I1S%f 22

Note that P;S?* = S?P;. By the definition of S,
Pl(l — Ar —|—w2z2)P1 = 52P1 —|—wP1
By spectral considerations 2wP; < P;S?, and hence

(Ag) P1<1 - AT + (,UQZQ)Pl 5 SQP1

all terms positive

Since [Py (1 — A,) P, S?P] =0 and Pi(1 — A,)P, < S?P; (from (A.9)), we have by Lemma
A.3(3)

(A.10) P(1—-A,)*P <SP

Since [P (—0% +w?2?) Py, S?Py] = 0 and Py (—0? +w?z?)P; < S?P; (from (A.9)), we have by
Lemma A.3(3)

(Al].) Pl(—ag + W2Z2)2P1 5 S4P1
Expanding and “integrating by parts”

(A.12) (—0? + w*2*)? = 0 — 20%0,2%0, + w'2* +B + B

terms all positive
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where B % 2,20, 2. We claim
(A.13) P(B+ B )P, <SP

Since ||0.P1f|lr2 S [SPifllr2 and w||zPif|2 S ||SPLf]z2, it follows by Cauchy-Schwarz
that

W!|Re(0.Pof, 2P f)] S wllSPifIIZ2 S 1S*Pif Iz
which is equivalent to (A.13). By (A.11), (A.12), (A.13), we obtain

(A.14) P(0HP < 5P
Now, (A.10), (A.14) imply
(A.15) Pi(1—-A)P <SP

Then (A.5), (A.6), (A.7), (A.8) follow from Sobolev embedding and (A.9), (A.15). For
example, to prove (A.7), we apply 3D Sobolev embedding and (A.15) to obtain

IVoPLflls S APz S ISP Puflle S 1S%fllee -

Next we prove

(A.16) IVePofllce S w215 flea
(A.17) 1Pofllze S wV01Sf1le
(A.18) Ve Poflloe S w2152 f1ls
(A.19) 1Pofllse S w1 S* f1lz
Recall that

(A20) Pofe2) = [ o) 2 o) = () b )
We have Z

(A.21) Vaobof(%,2) = (Vo f(3,), hu) ho(z)
By Cauchy-Schwarz,

(A.22) IVaPofllze S I Vafllz S 1SSz
Also,

(A.23) 0. Pof(x,2) = (f(x,-), hy) 0,hy(2)
and hence by Cauchy-Schwarz,

(A.24) 18: o122 S 2|1 f|.z

(A.22) and (A.24) together imply (A.16). By Cauchy-Schwarz, Minkowski, and 2D Sobolev,
1Poflles < 10F, ) b llgllBollne

5 ||f||L2L§ hy, hy,

S = A2 f

L2

z

LS

|L$ w1/6
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Since (1 — A,) < 52, we obtain (A.17) as a consequence of the previous estimate. Next, we
prove (A.18). By (A.21), Cauchy-Schwarz, Minkowski, and 2D Sobolev,

IVeFoflles S (Vaf(2;-), ho)llrs [ holl s
SIVafllogre 0!/
S N2> fll 2 w'/°
Since (—A,)%? < (1 - A,)? < S*, we obtain
(A.25) HVxPOfHLg N W1/6H52f||Lg
By (A.23), Cauchy-Schwarz, Minkowski, and 2D Sobolev,
10=Pof e < I1Cf (), o) llzg l|0zho| g
S I fllzgrz w?
SN =AY fllpz
Since (1 — A,)?? < (1 —A,)? < S* we obtain
(A.26) 10-Pof g S 11S°f Iz w*?

Combining (A.25) and (A.26), we obtain (A.18). Next, we prove (A.19). By (A.20) and 2D
Sobolev,

1Pofllnse S 1), huod |l ose 1o pee
S fllzser2 w'/4
S = AL Hfl 2 WM/

Since (1 — A,)12 < (1 — A,)? < S%, we obtain (A.19) as a consequence of the previous
estimate.

Note that combining (A.5)—(A.8) and (A.16)—(A.19) yeilds (A.1)—(A.4). O

Let
S = (1-A, +w(—-1- 83 + 22))1/2

Lemma A.5.

(A.27) S2>1-A,

(A.28) S2P > Pi(1— A, —wd? +w2?)P,
(A.29) S2P, > wP

Proof. Directly from the definition of S, we have
(A.30) Pi(1—A, —wd® +w?)P, <wP, + 5P,

all terms positive

By spectral considerations

(A.31) 2wP <w(—1—0*+ 24P, < 5%P,
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Combining (A.30) and (A.31) yields (A.28). Also, (A.29) follows from (A.31). Next, we
establish (A.27) using (A.28). It is immediate that

(A.32) $P>(1-4,)

On the other hand, since Fy is just projection onto the smooth function e‘z2,

(A.33) Py(-P)Py S1< 87
By (A.28),
(A.34) P (—9*)P, < S*P, < §?

By Lemma A.3(1), (A.33), (A.34),
(A.35) ~9? < 5°
The claimed inequality (A.27) follows from (A.32) and (A.35). O

Lemma A.6. Suppose o : L>(R3) — L*(R3%) has kernel

o(rg, 1)) = /¢(rk;rN—k)E(r;7rN—k)drN—ka

for some ¢ € L2(R®*N), and let A, B : L*(R*) — L*(R3%). Then the composition AcB has
kernel

(Ao B)(rs,1y) = / (A) (xi tr—) (B70) (T dey g

It follows that
Tr Ao B = (Ay, B*Y) .

Let K, denote the class of compact operators on L?(R**), L1 denote the trace class oper-
ators on L?(R3%), and £ denote the Hilbert-Schmidt operators on L?(IR?*). We have

Ly C L C Ky

For an operator J on L?(R%), let |J| = (J*J)/? and denote by J(ry,r}) the kernel of J and
|J|(rg, r}) the kernel of |J|, which satisfies |J|(rg,r},) > 0. Let

>y > >0
be the eigenvalues of |J| repeated according to multiplicity (the singular values of J). Then
[l = Nenllege = w0 = 1] llop = Nl llop
171z = llnllez = 117 vk ¥ | 2oy = (Te J* )

112y = lltnller = MTCors )l 22y = Tr ||

The topology on K, coincides with the operator topology, and K}, is a closed subspace of the
space of bounded operators on L?(IR3*).
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Lemma A.7. Let x be a smooth function on R® such that x (&) =1 for |€] <1 and x(§) =0
for €] > 2. Let

@QuAm) = [ e TLar 1) 76, de

With respect to the spectral decomposition of L*(R) corresponding to the operator H; =
—823. + 292, let Z3; be the orthogonal projection onto the sum of the first M eigenspaces (in
the z; variable only). Let

k
Ry =[] 7,
j=1
def

(1) Suppose that J is a compact operator. Then Jy = RyQanJQuRy — J in the
operator norm.

(2) HjJnr, JuHj, A Jar and Jy A, are all bounded.

(3) There ezists a countable dense subset {T;} of the closed unit ball in the space of
bounded operators on L?(R3*) such that each T; is compact and in fact for each i
there exists M (depending on i) such that T; = Ry QuT;Qr R

Proof. (1) If S,, — S strongly and J € Ky, then S,J — SJ in the operator norm and
JS, — JS in the operator norm. (2) is straightforward. For (3), start with a subset {Y,,}
of the closed unit ball in the space of bounded operators on L?*(R**) such that each Y, is
compact. Then let {T;} be an enumeration of the set Ry Q Y, Qnr Ry where M ranges over
the dyadic integers. By (1) this collection will still be dense. O

APPENDIX B. DEDUCING THEOREM 1.1 FROM THEOREM 1.2

The argument presented here which deduces Theorem 1.1 from Theorem 1.2 has been used
in all the nD to nD work. We refer the readers to them for more details. We first give the
following proposition.

Proposition B.1. Assume &N’w(O) satisfies (a), (b) and (c) in Theorem 1.1. Let x €
C° (R) be a cut-off such that 0 < x <1, x(s) =1 for 0 < s <1 and x(s) =0 fors > 2.
For k > 0, we define an approrimation of 1y ,(0) by

X (n (Fve = N) IN) D (0)
RACEApEm|

This approzimation has the following properties:

Uy w(0)

(i) QZHNO_}(O) verifies the energy condition

. . - 2k Nk
<wN,w(0)7 (HN,w - Nw)kwN,ou(O)) < ,{k '
(i)
Sup |0, (0) = v (0)| | < Ot

N,w
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(#i) For small enough k > 0, 1;7\,“(0) is asymptotically factorized as well

im T 550,21, 20, 21) = d(a1) (@) h(21)h(21) | = 0,
where i%g) (0) is the marginal density associated with {DKNM(O), and ¢, is the same as in
assumption (b) in Theorem 1.1.

Proof. Proposition B.1 follows the same proof as [26, Proposition 9.1] if one replaces Hy by
(Hy, — Nw) and Hy by

N

1
d (A, +w(=14 =02 +27) + N > Vwlri— 1))
=2

1<i<j<N

O

Via (i) and (iii) of Proposition 1.2, @KNLU(O) verifies the hypothesis of Theorem 1.2 for small

(1)

enough % > 0. Therefore, for 4, (), the marginal density associated with eith’“”(z};w(O),

Theorem 1.2 gives the convergence

k
(B.1) i T \§RE( i 2%, 2) — [[ 6 2)0( 1) () (2)| = 0.
N>wv(6)+s Jj=1

for all small enough x > 0, all £ > 1, and all ¢t € R.
For f”yg\l,i)w (t) in Theorem 1.1, we notice that, VJ® € K, Vt € R, we have

Ty J* (VNW() 6 () ® ><¢<t)®h1‘®k)’

eI (30, (0 = A O) |+ [T a0 (58 @)~ lo () © ) (6 (1) @ ||
= I+1IL

Convergence (B.1) then takes care of II. To handle I | part (ii) of Proposition 1.2 yields
ity (0) = gy ) ) = [dnal® = 5a0)]| |

which implies

1
< Ck2

1= Tea® (50,0 - 3% )| < c |19, 5.

Since k > 0 is arbitrary, we deduce that

Jim [T (50,0 = 100 © ) (6 ) © ™) = 0.
N>wv(B)+e

i.e. as trace class operators

FE (1) = 16 (8) @ hn) (6 (£) @ hy|*F wealk*.

Then again, the Griimm’s convergence theorem upgrades the above weak* convergence to
strong. Thence, we have concluded Theorem 1.1 via Theorem 1.2 and Proposition B.1.
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