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ON THE KLAINERMAN-MACHEDON CONJECTURE OF THE

QUANTUM BBGKY HIERARCHY WITH SELF-INTERACTION

XUWEN CHEN AND JUSTIN HOLMER

ABSTRACT. We consider the 3D quantum BBGKY hierarchy which corresponds to the
N-particle Schrodinger equation. We assume the pair interaction is N3?~1V(N”e). For in-
teraction parameter 8 € (0, %), we prove that, as N — oo, the limit points of the solutions to
the BBGKY hierarchy satisfy the space-time bound conjectured by Klainerman-Machedon
[37] in 2008. This allows for the application of the Klainerman-Machedon uniqueness theo-
rem, and hence implies that the limit is uniquely determined as a tensor product of solutions
to the Gross-Pitaevski equation when the N-body initial data is factorized. The first result
in this direction in 3D was obtained by T. Chen and N. Pavlovi¢ [11] for 3 € (0, 1) and sub-
sequently by X. Chen [15] for g € (0, %} We build upon the approach of X. Chen but apply
frequency localized Klainerman-Machedon collapsing estimates and the endpoint Strichartz
estimate to extend the range to 8 € (0, %) Overall, this provides an alternative approach
to the mean-field program by Erdds-Schlein-Yau [23], whose uniqueness proof is based upon
Feynman diagram combinatorics.
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1. INTRODUCTION

The quantum BBGKY hierarchy refers to a sequence of trace class operator kernels

N
k
{fyg\,)(t,xk;x;)} , where t € R, x3 = (21,72, ,13) € R¥* x|, = (2,2}, ,2}) € R3*,

which are symmetric, in the sense that

k k
V(8 xp, X5) = A (1%, %),

and
k k
(1.1) 7§V)<t7x0(1)7 o 'xﬂ(k%m:f(l): T 'l':,(k,)) = ’ng)(taxla e 'xkuxlb S,

for any permutation o, and satisfy the quantum BBGKY linear hierarchy of equations which
written in operator form is

(1.2) 0y + [AXMN} - l > [VN zi) (k)}

1<z<]<k
ZTrkz+l [VN — Tpt1) WE\I;H)

with prescribed initial conditions

k k
ng)((), Xk X;) = fyg\f,)o(ka X;c)

Here A, denotes the standard Laplacian with respect to the variables x;, € R3*, the operator
Vi (x) represents multiplication by the function Vi (z), where

(1.3) Vi (z) = N*V(NPz)
is an approximation to the Dirac 0 function, and Tr,,.; means taking the k 4+ 1 trace, for

example,

K+
Ty Viv (27 — Tpgn) Y /VN — ) YT (8 Xy Tt X, Tt A
We devote this paper to proving the following theorem.

Theorem 1.1 (Main theorem). Assume the interaction parameter 5 € (0,2/3) and the pair
N
interaction V€ L'NW25+. Suppose that the sequence {755) (t, X xz)} is a solution to the

quantum BBGKY hierarchy (1.2) subject to the energy condition: there is a C' (independent
of N and k) such that for any k > 0, there is a No(k) such that

(1.4) V' N > Ny(k), sup HS(I")%]&)H < Ck
teR Lix/
k
where S*) H <<ij <Vx;,>>. Then, for every finite time T, every limit point I' =
7=1

N oo
{'Y(k)}Z; of {Tn}n_y = {{751\;)}k—1} in @y, C ([0,T], L},) with respect to the product
=1) N2
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topology Tyroa (defined in Appendiz A) satisfies the Klainerman-Machedon space-time bound:
there is a C' independent of j, k such that

T
(1.5) [ 1RO B @), de < C"
O X, X

kol

x .

where L} is the space of trace class operators on L*(R3F) , R = H <|V$]
7j=1

), and

Bj ki1 = Trpsq [0 (7 — 2p41) ,’Y(Hl)} :

In particular, this theorem establishes a positive answer to Conjecture 1 by Klainerman and
Machedon in 2008 for B € (0,2/3).

Conjecture 1 (Klainerman-Machedon [37]). Under condition (1.4), for 5 € (0,1}, every
limit point T' = {fy("“)}zozl of {T'n}x—, satisfies space-time bound (1.5).

The quantum BBGKY hierarchy (1.2) is generated from the N-body Hamiltonian evolu-
tion ¥y (t) = e 4) 5 (0) with the N-body Hamiltonian

(1.6) Hy = =y, + % > N¥V(N? (2 — xy))

1<i<j<N

where the factor 1/N is to make sure that the interactions are proportional to the number
of particles, and the pair interaction N**V (N (z; — z;)) is an approximation to the Dirac §
function which matches the Gross-Pitaevskii description of Bose-Einstein condensation that
the many-body effect should be modeled by a strong on-site self-interaction. Since 11y is

N
a probability density, we define the marginal densities {755) (t, X xﬁg)} by
k=1
Yt xus %) = /l/)N(t»Xk,XN—k)%(taX2>XN—k)dXN—k> X, X, € R,

N
Then we have that {755) (t, xk; xﬁg)} satisfies the the quantum BBGKY hierarchy (1.2) if
k=1
we do not distinguish 75\1;) as a kernel and the operator it defines.!
Establishing the N — oo limit of hierarchy (1.2) justifies the mean-field limit in the Gross-
Pitaevskii theory. Such an approach was first proposed by Spohn [43] and can be regarded
as a quantum version of Kac’s program. We see that, as N — oo, hierarchy (1.2) formally

converges to the infinite Gross-Pitaevskii hierarchy

k
(1.7) 0™ + [Axk,»y(k)] — (/V(:c)da:> ZTl”kH (6 () — 2x01) 77(k+1)} _
j=1

When the initial data is factorized
(0, %45 x},) H% ;)¢

From here on out, we consider only the 5 > 0 case. For 8 = 0, see [21, 38, 40, 42, 30, 31, 13, 6] .
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hierarchy (1.7) has a special solution
k
(1.8) YWt xix1) = [ [ ot 27)(t, ;)
j=1

if ¢ solves the cubic NLS

(1.9) 101 = —Dup + (/ V(m)dm) 6% 6.

Thus such a limit process shows that, in an appropriate sense,
k

. k -
]\ll_l)noo 75\/) = H ¢<t7 $])¢(t, xj)?
j=

hence justifies the mean-field limit.

Such a limit in 3D was first proved in a series of important papers [20, 22, 23, 24, 25] by
Elgart, Erdos, Schlein, and Yau.? Briefly, the Elgart-Erdos-Schlein-Yau approach® can be
described as the following:

Step A. Prove that, with respect to the topology 7,,.¢ defined in Appendix A, the sequence
{T'n}y_; is compact in the space @, C (0,77, L" (R*))).

Step B. Prove that every limit point I' = {7(’“)}:11 of {T'v}x—, must verify hierarchy (1.7).

Step C. Prove that, in the space in which the limit points from Step B lie, there is a unique
solution to hierarchy (1.7). Thus {I'y}%_; is a compact sequence with only one limit point.
Hence I'y — IT' as N — oo.

In 2007, Erdés, Schlein, and Yau obtained the first uniqueness theorem of solutions [23,
Theorem 9.1] to the hierarchy (1.7). The proof is surprisingly delicate — it spans 63 pages
and uses complicated Feynman diagram techniques. The main difficulty is that hierarchy
(1.7) is a system of infinitely coupled equations. Briefly, [23, Theorem 9.1] is the following:

Theorem 1.2 (Erdos-Schlein-Yau uniqueness [23, Theorem 9.1]). There is at most one
nonnegative symmetric operator sequence {y(k)}zozl that solves hierarchy (1.7) subject to the
energy condition

k
(1.10) sup Tr (H (1- AIJ_)> MO

In [37], based on their null form paper [36], Klainerman and Machedon gave a different
proof of the uniqueness of hierarchy (1.7) in a space different from that used in [23, Theorem
9.1]. The proof is shorter (13 pages) than the proof of [23, Theorem 9.1]. Briefly, [37,
Theorem 1.1] is the following:

2Around the same time, there was the 1D work [1].
3See [5, 29, 41] for different approaches.
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Theorem 1.3 (Klainerman-Machedon uniqueness [37, Theorem 1.1)). There is at most one
symmetric operator sequence {’y(k)}zozl that solves hierarchy (1.7) subject to the space-time
bound (1.5).

For special cases like (1.8), condition (1.10) is actually
(1.11) sup [|(Vz) 9> < C,

te[0,T

while condition (1.5) means

T
(1.12) / 11Vl (162 8)]]. dt < C.

When ¢ satisfies NLS (1.9), both are known. In fact, due to the Strichartz estimate [33],
(1.11) implies (1.12), that is, condition (1.5) seems to be a bit weaker than condition (1.10).
The proof of [37, Theorem 1.1} (13 pages) is also considerably shorter than the proof of [23,
Theorem 9.1] (63 pages). It is then natural to wonder whether [37, Theorem 1.1] simplifies
Step C. To answer such a question it is necessary to know whether the limit points in Step
B satisfy condition (1.10), that is, whether Conjecture 1 holds.

Away from curiosity, there are realistic reasons to study Conjecture 1. While [23, Theorem
9.1] is a powerful theorem, it is very difficult to adapt such an argument to various other
interesting and colorful settings: a different spatial dimension, a three-body interaction
instead of a pair interaction, or the Hermite operator instead of the Laplacian. The last
situation mentioned is physically important. On the one hand, all the known experiments
of BEC use harmonic trapping to stabilize the condensate [2, 19, 7, 34, 44]. On the other
hand, different trapping strength produces quantum behaviors which do not exist in the
Boltzmann limit of classical particles nor in the quantum case when the trapping is missing
and have been experimentally observed [26, 45, 18, 32, 17]. The Klainerman-Machedon
approach applies easily in these meaningful situations ([35, 9, 14, 15, 16, 27]). Thus proving
Conjecture 1 actually helps to advance the study of quantum many-body dynamic and the
mean-field approximation in the sense that it provides a flexible and powerful tool in 3D.

The well-posedness theory of the Gross-Pitaevskii hierarchy (1.7) subject to general initial
datum also requires that the limits of the BBGKY hierarchy (1.2) lie in the space in which
the space-time bound (1.5) holds. See [8, 10, 11].

As pointed out in [20], the study of the Hamiltonian (1.6) is of particular interest when
B € (1/3,1]. The reason is the following. In physics, the initial datum v, (0) of the
Hamiltonian evolution e~ (0) is usually assumed to be close to the ground state of the
Hamiltonian

Hyo = Doy T bexf + 5 3 NPV(N? (i~ ).
1<i<j<N
The preparation of the available experiments and the mathematical work [39] by Lieb,
Seiringer, Solovej and Yngvason confirm this assumption. Such an initial datum ) (0)
is localized in space. We can assume all N particles are in a box of length 1. Let the
effective radius of the pair interaction V' be a, then the effective radius of Vy is about
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a/NP. Thus every particle in the box interacts with (a/Nﬁ)3 x N other particles. Thus,
for 5 > 1/3 and large N, every particle interacts with only itself. This exactly matches the
Gross-Pitaevskii theory that the many-body effect should be modeled by a strong on-site
self-interaction. Therefore, for the mathematical justification of the Gross-Pitaevskii theory,
it is of particular interest to prove Conjecture 1 for self-interaction (8 > 1/3) as well.

To the best of our knowledge, the main theorem (Theorem 1.1) in the current paper is
the first result in proving Conjecture 1 for self-interaction (8 > 1/3). For f < 1/3, the
first progress of Conjecture 1 is the g € (0,1/4) work [11] by T. Chen and N. Pavlovi¢ and
then the g € (0,2/7] work [15] by X.C. As a matter of fact, the main theorem (Theorem
1.1) in the current paper has already fulfilled the original intent of [37], namely, simplifying
the uniqueness argument of [23], because [23] deals with § € (0,3/5). Conjecture 1 for
B € [2/3,1] is still open.

1.1. Organization of the paper. In §2, we outline the proof of Theorem 1.1. The overall
pattern follows that introduced by X.C.[15], who obtained Theorem 1.1 for 8 € (0, 2]. Let

PS\)/[ be the Littlewood-Paley projection defined in (2.1). Theorem 1.1 will follow once it is
established that for all M > 1, there exists Ny depending on M such that for all N > Nj,
there holds

k k+1
(1.13) | PSR By ™ @)l ngrz, < CF

where By j+1 is defined by (2.3). Substituting the Duhamel-Born expansion, carried out
to coupling level K, of the BBGKY hierarchy, this is reduced to proving analogous bounds
on the free part, potential part, and interaction part, defined in §2. Each part is reduced
via the Klainerman-Machedon board game. Estimates for the free part and interaction part
were previously obtained by X.C. [15]. For the estimate of the interaction part, one takes
K =In N, the utility of which was first observed by T. Chen and N. Pavlovi¢ [11].

The main new achievement of our paper is the improved estimates on the potential part,
which are discussed in §3. We make use of the endpoint Strichartz estimate in place of the
Sobolev inequality employed by X.C [15]. The Strichartz estimate is phrased in terms of X,
norms. We also introduce frequency localized versions of the Klainerman-Machedon collaps-
ing estimates, allowing us to exploit the frequency localization in (1.13). Specifically, the op-
erator Pg}z does not commute with By ;x11, however, the composition Pg]\)@ B N,j,k+1pf(fﬂ,21
enjoys better bounds if My, > M,. We prove the Strichartz estimate and the frequency
localized Klainerman-Machedon collapsing estimates in §4. Frequency localized space-time
techniques of this type were introduced by Bourgain [4, Chapter IV, §3] into the study of
the well-posedness for nonlinear Schrodinger equations and other nonlinear dispersive PDE.

In X.C. [15], (1.13) is obtained without the frequency localization PS}L for g € (0,2].
In Theorem 3.2, we prove that this estimate still holds without frequency localization for
g € (0, %) by using the Strichartz estimate alone. This already surpasses the self-interaction
threshold g = % For the purpose of proving Conjecture 1, the frequency localized estimate
(1.13) is equally good, but allows us to achieve higher (.
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2. PROOF OF THE MAIN THEOREM

We establish Theorem 1.1 in this section. For simplicity of notation, we denote ||| 1,1 7112

/

by “.”LI%Li,x/ and denote ”'HLf(R)Li,x by ||.||LfL>2c,x” Let us begin by introducing some nota-

/

tion for Littlewood-Paley theory. Let P%,, be the projection onto frequencies < M and P,
the analogous projections onto frequen;:ies ~ M, acting on functions of z; € R? (the ith
coordinate). We take M to be a dyadic frequency range 2¢ > 1. Similarly, we define Pg M
and Pj;, which act on the variable 2. Let

k
k i i/

i=1
To establish Theorem 1.1, it suffices to prove the following theorem.
Theorem 2.1. Under the assumptions of Theorem 1.1, there exists a C (independent of

k,M,N ) such that for each M > 1 there exists Ny (depending on M ) such that for N = Ny,
there holds

k k
(2.2) IPERY By v ™ (Ol gzz , < O
where
(2.3) BN,j,k+17§\];+l) = Treyr |V (75 — Tpa) 7’751\;+1)] :

We first explain how, assuming Theorem 2.1, we can prove Theorem 1.1. Passing to the

weak™ limit 755) — ~®) as N — 0o, we obtain

k
PSR B, jay™ D12 < CF

/

Since this holds uniformly in M, we can send M — oo and, by the monotone convergence
theorem, we obtain

||R(k>ijk+1/7(k+l)||L1TLi’x <Ck

/

which is exactly the Klainerman-Machedon space-time bound (1.5). This completes the
proof Theorem 1.1, assuming Theorem 2.1.

The rest of this paper is devoted to proving Theorem 2.1. Without loss of generality, we
prove estimate (2.2) for £ = 1, that is

U

(2.4) IPEY RV Byl se , < C

for N > No(M). We are going to establish estimate (2.4) for a sufficiently small 7" which
depends on the controlling constant in condition (1.4) and is independent of N and M, then
a bootstrap argument together with condition (1.4) give estimate (2.4) for every finite time
at the price of a larger constant C'.
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We start by rewriting hierarchy (1.2) as

ti
(2.5) Wit = UM, + / UD (b, =tV (b )i
0
N—k [
N UM (tr — tre) BY N (brgr )t
0

with the short-hand notation:

U(k) _ etAxke ztA/
k) (k
O = LS e
1<z<]<k

K
Byt = ZBN,j,k+1VS]\;+1)~

J=1

We omit the 7 in front of the potential term and the interaction term so that we do not need
to keep track of its exact power.

Writing out the kth Duhamel-Born series of 753) by iterating hierarchy (2.5) k times, we
have

to

VD(t) = UD ()P, + / Uty — t5) V2D (bt

0
N—2 [t
I — U (ty — t3)B§3)7§\§) (3)dts
N o
= U2 ()7 / U (ta — t5) BYU (83)7dts

to
AL -
0

N—-2 = @ (e (3).(3)
‘I’T U (tz — tg)BN U (tg — t4)VN ’}/N (t4)dt4dt3
0 0
N-2N-3 [" t
N U (ty — t5)BY / U (ty — t) B (84)dtydts
B 0 0
After k iterations?
(2.6) 753) (t2) = FPW(ty) + PP (t,) + IPM(t,)

4Henceforth, the k’s appearing in our formulas are the coupling level which is distinct from the k in the
statement of Theorem 2.1 (which has been fixed at k = 1).
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where the free part at coupling level k is given by

FP® = U@ ()& +

N+1-1 A A
( + ) / / U (ty —t5)BY - UV (t;, — t;)BY
7j=3 =3

x (U(j)(tj)’yNO) dts- - dt;

the potential part is given by

'M?f

to k
pp® / Uty — t3) Vi 9 (ts)dts +

Jj=3

/ / Dty — t3)BY - UV (t;1 —t;)BY

X (/ U(] (t — tJH)V]Sf]) () ( ]+1)dtj+1) dtg . 'dtj,

0

i)

=3

and the interaction part is given by

N1
p® = ( + )/ / )t — t5)BY ...

~UB () — t00)BY T <7(k+1)(tk+1)> dtg - dtgsr.

By (2.6), to establish (2.4), it suffices to prove

(2.7) ’ PS}WRU)BN,LQFP(’“)‘ <C
= L%Li’x,

(2.8) ‘ Pilj\ZR(l)BN,LQPP(k)‘ <C
= L%Li,x’

(2.9) ’ Pg]\)4R(1)BN,1,2[P(k)‘ <C
= L,}Li’x,

for some C' and a sufficiently small 7" determined by the controlling constant in condition (1.4)

and independent of N and M. We observe that B%) has 25 terms inside so that each summand
of 753) (t2) contains factorially many terms (~ k!). We use the Klainerman-Machedon board

game to combine them and hence reduce the number of terms that need to be treated. Define

In(t)) (I = U (ty — 1) BY - U (t; — t501) BT fUHD),

where t;,, means (t3,...,%;;1), then the Klainerman-Machedon board game implies the

lemma.

Lemma 2.1 (Klainerman-Machedon board game). One can express

to t; )
/0 o /0 In(t) (F9 )t
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as a sum of at most 4= terms of the form

/D JN(E]‘-{-M :um)(f(]Jrl))dE]-i-la

or in other words,

to t; . j
/0 /0 JN(ZjH)(f(JH))dEjH = Z /D JN(szrlaMm)(f(j—i_l))dszrl'

Here D C [0,t5)771, p,,, are a set of maps from {3,...,j+1} to{2,...,j} satisfying u,,(3) = 2
and pu,,,(1) <1 for all l, and

IN( i ) (FITD) = UP(ty — t3) BrosUP (t3 — ta) By, (ya -
U9ty = tj1) By, 41,541 (FUT).

Proof. Lemma 2.1 follows the exact same proof as [37, Theorem 3.4], the Klainerman-

Machedon board game, if one replaces Bjjy1 by By jr+1 and notices that By i1 still

itDg, —itA
CL‘Ze

commutes with e »i whenever ¢ # j. This argument reduces the number of terms

by combining them. §

In the rest of this paper, we establish estimate (2.8) only. The reason is the following. On
the one hand, the proof of estimate (2.8) is exactly the place that relies on the restriction
p € (0,2/3) in this paper. On the other hand, X.C. has already proven estimates (2.7)
and (2.9) as estimates (6.3) and (6.5) in [15] without using any frequency localization. For
completeness, we include a proof of estimates (2.7) and (2.9) in Appendix B. Before we
delve into the proof of estimate (2.8), we remark that the proof of estimates (2.7) and (2.9)
is independent of the coupling level k£ and we will take the coupling level k to be In N for
estimate (2.9).

3. ESTIMATE OF THE POTENTIAL PART

In this section, we prove estimate (2.8). To be specific, we establish the following theorem.

Theorem 3.1. Under the assumptions of Theorem 1.1, there exists a C (independent of
k, My, N ) such that for each My > 1 there exists Ny (depending on My ) such that for N = Ny,
there holds

where PP is given by (2.7).

<C

172
LTLx,x/

LR By PPV

In this section, we will employ the estimates stated and proved in Section 4. Due to
the technicality of the proof of Theorem 3.1 involving Littlewood-Paley theory, we prove a
simpler 3 € (0, %) version first to illustrate the basic steps in establishing Theorem 3.1. We
then prove Theorem 3.1 in Section 3.2.

>The technique of taking k = In N for estimate (2.9) was first observed by T.Chen and N.Pavlovi¢ [11].
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3.1. The simpler j3 € (0, 2) case.

Theorem 3.2. For 3 € (0,2), we have the estimate

HR“)BN,LQPP(’“) ‘

<C

172
LTLx,x/

for some C and a sufficiently small T determined by the controlling constant in condition
(1.4) and independent of N.

Proof. The proof is divided into four steps. We will reproduce every step for Theorem 3.1
in Section 3.2.

Step I. By Lemma 2.1, we know that

to
pPP® = / Ut —ts)VA(rz)V%)(t?,)dts
0
ko
N+1-1
)
o N
X (Z/DJN(ZJ-,Mm) (/ U9 (t, —tj+1)sz)7%)(tj+1)dtj+1) dtj>
m 0

where Y has at most 477 terms inside.
For the second term, we iterate Lemma 4.2 to prove the following estimate®:

(3.2 HR<1>BN,LQ R (e

_/OT

S / (|RY BN 12U (b — t3) Brog -+ || 2 dtadts...dt ;s
0,17

172
LTnyx,

/ R BN oU® (ty — t3)Byog---dts...dtj
D

dty

L2
x,x/

) 3
< Tz/ | </||R(1>BN71,2U<2>(152—tg)BNg,g...H; dtQ) dts...dt;
0,77~
(Cauchy-Schwarz)
§ CT% / HR(Q)BNQ’;;U(B) (tg - t4>H dtg...dtj+1 (Lemma 42)
0,7~

(Iterate j — 2 times)

1y ; j
< (CT=) ! ||R(J)BN,um(jJrl),jﬂf(jH)”LITLix,

This also helps in proving estimates (2.7) and (2.9)-see Appendix B
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Applying relation (3.2), we have

HR(I)BN,L?PP(]C)‘

172
LTLx,x'

t2
s HR(I)BN’M/ U (ty — t5) V77 (1) dty
0

172
LTLx,x'

) tj . N
RYU"DBy . () (/ U9(t; — tj+1)V]£f])7§\]f)<tj+1)dtj+1)
0

k
+y 4T
j=3

L%Lix,
t2
< HR(l)BN,1,2/ U (ty — t3)Vz§2)7§3 (t3)dts
0 L%“Li !
QYN ~ R ()., )
+> (CT2)?|R9"Y By, ), (/ UD(t; —t0) Vi vx (tj+1)dtj+1) :
= 0 Ll

Inserting a smooth cut-off 6(¢) with 6(¢t) = 1 for t € [-T,T] and 6(t) = 0 for t € [-2T, 27"
into the above estimate, we get

HR(l)Ble’zpp(k) ‘

172
LTLx,x/

to
S HR(DBNJ’?Q(IE)/ U (ty — t3)0(ts) VAP (t3)dts
0

L}LQX’X,
k

+3 (CT32)i?

Jj=3

t; )
RU™By,. 550 ( / UD(t; —t;0)0(t51) VIR (1 j+1>dtj+1)

LlTLin,
Step II. The X, space version of Lemma 4.2, Lemma 4.3, then turns the last step into

HR(l)BN,1,2PP(k) ’

172
LTnyx,

to
< C)0(ts) / U (ty — t3) R (e(tg)ng>7§v (t3)> dt3||X<2>
0

+C Z(CT2)3_2’|9(%>/0 UY(t; — tj11)RY (G(tj+1)vjsj)75€/) (tj+1>> dtj+1||X(1j>
14

J=3

Step III. We then proceed with Lemma 4.1 to get

| RO By 2PP®)

LLL?

< CIRD (Vi) ey +cZ ERD) (0(t5:0) VAR (4550)) o
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Step IV. Now we would like to utilize Lemma 4.6. We first analyse a typical term to demon-
strated the effect of Lemma 4.6. To be specific, we have

IR (8(t)ViP1 R (15) Il oo

C
SV (er = 22)0(t) RO (1) o
_%_A'_

N

¢ /
gl OV (1 = 22)0(t5) [V [V [ Vg 1 (8 o)
-2

C "
I (Vi)™ (1 — 22)0(ts) Vs,

|Va,

2
YR (t3)|

N

C
< Vol 16(t) RO 10g 12

|V,

c .., 1
+ 57 1Vl g2 16(ts) (Var ) (Vi) [Vis

2
7‘([\T) ||L%3 Li !
¢ 2
o IV 100289 Nz, 2,
2
< ISPz, 2,

since ||Vy/Nll s [Vi/Nllz2+, and [[V/N| ¢, are uniformly bounded in N for § € (0,2).
In fact,

VA /Nlgse < NP7V e
58 _

IVA/Nlper < N2V s
58 _

IVN/NI e < N2ZTHIVILgs

where by Sobolev, V' € W25+ implies V € L+ N L and V' € L**.
Using the same idea for all the terms, we end up with

HRU)BN Lo PP® ‘
Y LITLix,
k
1 1 N NG
< CT2H5(2),Y§\2Z)HL§%L3{,X/ +CT2 Y (CT2Y ZJQ"S(j)V%)|’L%Li,X,
7j=3
(5% terms inside V]\(,j))
< CT:C*+CT=Y (CT2Y2CY (Condition (1.4))
j=3

< O < 0.
This concludes the proof of Theorem 3.2. §
3.2. Proof of Theorem 3.1. To make formulas shorter, let us write
R, = PGy RY,

since Pgﬁ&k and R™ are usually bundled together.
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3.2.1. Step I. By (3.1),

2
| R, ByazPP®| R Braa [ Ut~ Vit
0

172 = ‘
Lyly o LLL? ,
X, X!

L1, L2

+ZZHR<M1BN12/ It ) (f9)

j=3 m

where .
) = / UD (¢, — )V (t01) 1
0

where )" has at most 4’72 terms inside. By Minkowski’s integral inequality,

HRSJ)\413N12/ In (L, ) (F9)dL

172
LTnyx,

T
= / H/ R(gll)wlBN,LzU(?)(tQ —t3)Bnos---dts...dt;
0 D

</
(0,77~

By Cauchy-Schwarz in the ¢5 integration,

dt,

L2
x,x/

Rg])\/llBNJQU(Q) (tg - tg)BN,Zg cee HL2 dtgdtg Ce dtj

=

2 2
<T T: / (/ HR<M1BN,1,2U(2) (to —t3)Bnogs- - HL2 dtQ) dts...dt;
[0,7)7~!
By Lemma 4.4,
< C.T: Z (%)18/ (<1)\4 BrosU®(t; —ty) - H dts...dt;
M, 01!

Moz My
Iterating the previous step (j — 3) times,

<ceryr 5 (i) [ )

Mj_1>>M2>M J

—crh Y (5

Mj_1>->Ma>M

172
Lhr?

1 .
) HR(<]M ,um(j),jf(])

172
LTLx,x/

where the sum is over all My, ..., M;_; dyadic such that M;_y > --- > My > M;.
Hence

HR<M1 BNJ,ZPP<’“>‘

172
LTnyx,

to
< HR(glz)wlBN,m (/ U (ty — t5) VP (t?»)dt3)
0

k Ml—s
(G Y
M, i1

Jj=3 M 12>

172
LTLx,x/

i1 .

172
LTnyx/

x/
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We then insert a smooth cut-off 6(t) with #(t) = 1 for t € [-T,T] and 6(t) = 0 for
t € [—2T,2T]° into the above estimate to get

1) (k)
HR<M1BN,1,2PP ‘L%Li,x/
to
S HR(Q}@BN,LZ@(%) (/ Uty — t3)9(t3)V1\(72)7§3)(t3)dt3>
0 L%Li!x,
k lea
l s .
FLOTY S0 e | B Brao A
X LTL ’
Jj=3 MJ 1=-=>Mq X, X
where the sum is over all Ms, ..., M;_; dyadic such that M;_y > --- > My > M, and
t; ]
fO = / U9 (t; = tj41) (9(tj+1)Vz(v])7§\]r)( ]+1)) dtjir
0
3.2.2. Step II. Using Lemma 4.5, the X, space version of Lemma 4.4, we turn Step I into
R B2 PP®)
H <My L2 LyL2
Ml—s to
> ﬁ 0(t2) (/ UP(t; — t3) (R(2 L0t VP (1 3)) dt3)
Mo> My 2 0 ‘X(12J)r
2
: M, 0)
+y (CTa Y e (G TR
j=3 M;zM;_1>-->M 3+
3.2.3. Step IIl. Lemma 4.1 gives us
| R BraaPP® | <A+B
= L}Li’x,

where

M, ¢
A= 3 g R (iR w)| .

Mo> My _%_‘_

and

k 1—¢
Lo M . N
B=3erty™ 3 R (0t5:0V 0 t00) | o

j=3 M;>M;_1>-->M -5+

3.2.4. Step IV. We focus for a moment on B. Applying Lemmas 3.1 and 3.2, we can carry
out the sum in M, < --- < M;_; at the expense of a factor <%> . Hence

My
k - M 1—2¢
C.T2)2 (—1>
Sery 5 (5

M;>M

B

AN

(gjl)\/fj (0(tj+1>vl\(f])7%) (t]Jrl)) HX(J-)
“1
where the sum is over dyadic M; such that M; > M;. Applying (4.25),

k 1—2¢
1. 9. Ml . lg i j
BEYCr P Y (G1) w02 VNP0 () iz,

. t Jj+1 x,x
Jj=3 M;>M J
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Rearranging terms

k
B S (CT2y 2216t SO9R (ta0) g, vz, MIT2NZT0 S 7 ()

1 xx

j=3 M;>M,

where

Z ()= Z min(Mjl“E, Mj—1+2eN2ﬁi> .

M;>M M;>M
We carry out the sum in M; by dividing into M; < N? (for which min(M;*2¢, M2 N?8) =
M%) and M; > N? (for which min(M; %, M '+2N?P) = M1 N2%) This yields

Z min(]\/[lee,Mfl”fN?B)

J
M;>M;

S E + E (...)
NB>M;>My  M;>M;,M;>NF
< 14-2¢ —1+42e p728
SO M+ > MUEN
NB>M;>1 M;>N?8
B+2e
< NBH2

Hence

k
. j ] —2e N3 B—1+2¢
B S Y (CT2Y0(t40) 8P () 1z pp MNP
3 Jj+1 x,x
J:

k
S MNP N N CTEYT SOND) ez
=3 -
) k
< MITENETRENN(CLTE)IT2PTECT by Condition (1.4)
7=3
< COMI2*N27142% for T small enough.

Therefore, for § < 2/3, there is a C' independent of M; and N s.t. given a M, there is
No(M;) which makes
B < C, for all N > Nj.

This completes the treatment of term B for § < 2/3. Term A is treated similarly (without
the need to appeal to Lemmas 3.1, 3.2 below). Whence we have completed the proof of
Theorem 3.1 and thence Theorem 2.1.

Lemma 3.1.

(10g2 )
2 H= (J —3)! ’

Mi<Ma<--<Mj_9<Mj_1
where the sum is in My, ..., M;_o over dyads, such that My < My < Mz < --- < M;_5 <
M.

Jj—1-



PROOF OF THE KLAINERMAN-MACHEDON CONJECTURE WITH HIGH g 17

Proof. This is equivalent to

1) < (ij—l — 1 —f—j—?))jfg
2 - (j—3)! ’
11 i< <t 9<ij 1 ’
where the sum is taken over integers is,...,%_9 such that i1 < iy < -+ <79 <4;_;. We

use the estimate (for p > 0, £ > 0)
iu + 0P < (gt 17
i=0 N ptl

which just follows by estimating the sum by an integral.
First, carry out the sum in iy from i; to i3 to obtain

i3

- ¥ (Z)s ¥ -
11 <ig<-<i51 \i2=11 11 <i3<<ij g

Next, carry out the sum in i3 from i; to iq4,

< ) <§:(z’3—z‘1+1))

11 <ig <o <ij 1 \i3=i1

< > (uilugﬂ))

11<i4<<g5-1 \1i3=0

(i — 1 + 2)?
< —_—
< 2T
11504 <<ij51
Continue in this manner to obtain the claimed bound. g
Lemma 3.2. For each o > 0 (possibly large) and each € > 0 (arbitrarily small), there exists
t > 0 (independent of M ) sufficiently small such that
ti(alog M + 5)7
j!

Proof. We use the following fact: for each ¢ > 0 (arbitrarily small) there exists ¢ > 0

< M*

Vi>1, VM, we have

sufficiently small such that
1 x

(3.3) Va>0, t“(——i—l) <e?
x

To apply this fact to prove the lemma, use Stirling’s formula to obtain

J \J , i\ 7

t(alogi\4+j) < (ety <alogM+]>
J: J

Define x in terms of j by the formula j = a(log M)z. Then

[ (2) T
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Applying (3.3),
S ecralogM — MO«

4. THE X, NORMS AND A FEW STRICHARTZ ESTIMATES

Define the norm

2
oy = [+ 16 - gy

We will use the case b = %—l— of the following lemma.

@(k) (T7 £k7 é;g)

9 1/2
dr dg,, dé;)

Lemma 4.1. Let £ <b <1 and 0(t) be a smooth cutoff. Then

(4.1) ‘P@XA%ﬂ“@—sMW%ﬁds

< 1%
o~ 151

Proof. The estimate reduces to the space-independent estimate

(4.2) ewfmww

< 1
o N HhHHiFI’ for 5 < b<1
Indeed, taking h(t) = hq,q (1) = U® (—1)8%) (t, &, x},), applying the estimate (4.2) for fixed
X, X, and then applying the Likx;c norm to both sides, yields (4.1). Now we prove estimate
(4.2). Let P<; and Ps; denote Littlewood-Paley projections onto frequencies |7] < 1 and
7| 2 1 respectively. Decompose h = P<ih + Ps1h and use that [j Psih(t') = 1 [(sgn(t —
t') + sgn(t')) P>1h(t") dt’ to obtain the decomposition

e@fuww:mw+%w+mw

where

H,(t) = 30(t)[sgn «P>1h(t) dt’
+oo
Hj(t) = 0(t) / sgn(t')Ps1h(t") dt'.
We begin by addressing term H;. By Sobolev embedding (recall % < b<1)and the LP — LP

boundedness of the Hilbert transform for 1 < p < oo,
[Hllmy < [[Hillzz + [[0:H

HLf/(B—Qb) .
Using that ||P<ih|pe < HhHth—l, we thus conclude
[y < (10112 + 101 27200 + [107]] 2ra—20) [ all o1 -
Next we address the term H,. By the fractional Leibniz rule,

12|y S KDY 0|zl sgn +Poi ]| e + 0] e [[(De)” (sgn # Porh) | 2 -
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However,
Isgn+Porhlree ST~ A(T) 1oy S 1A gt -
On the other hand,
(D) sgn#Porhllz S (T (m) " Az S 1Al
Consequently,
sl S (1(D0)°01] 2 + 10| ge) 1Al o -

For term Hj, we have

+o0
Il < W8l | [ sen(®)Poahie)

(e o]

L
However, the second term is handled via Parseval’s identity
/ san(t') Por h(t') dt’ — / () dr,
# - [7|>1
from which the appropriate bounds follow again by Cauchy-Schwarz. Collecting our esti-
mates for Hy, Hs, and Hj3, we have

0(t) /0 Cht) ar

< Collll .
HY

where
Co =10l 2 + 10Nl 2r3-200 + [I{De)°0l| 2 + [|0]] ;2/6-20) + (16| 5=
t t
|

4.1. Various Forms of Collapsing Estimates.

Lemma 4.2. There is a C independent of j,k, and N such that, (for f*V(xp 1, Xps1)
independent of t)

”R(k)BN,j,k+lU(k+l) (t)f(k-i-l < C HVHLl ”R(k+1)f(k+l

l l
B2, B

Proof. One can find this estimate as estimate (A.18) in [11] or a special case of Theorem 7
of [15]. For more estimates of this type, see [35, 28, 12, 14, 3, 27]. &

We have the following consequence of Lemma 4.2.

Lemma 4.3. There is a C independent of j, k, and N such that (for o™V (¢, X} 11, Xpp1)
dependent on t)

HR(k)BN,j,kHOé(kH) HLfLi ) < CHR(]"’H)Oé(kH) ”X(lk“)
: 1+

Proof. Let
fr(k+1)(xk+17X;<;+1) = FtHT(U(k+1)(_t)O‘(k+1)(tvXk-i-laX;H-l))

where F, ., denotes the Fourier transform in ¢ — 7. Then

a(kﬂ)(t,XkH,X;cH) - /eitTU(Hl)(t)f(k+1)(xk+1vX;chl) dr

T
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By Minkowski’s inequality

U

||R(k)BN,j7k+1a(k+1)HLgLix < /||R(k)BN,j,k+1U(k+1)(t)f(kﬂ)”L?Lixf dr

By Lemma 4.2,
< [IRED D, ar
For any b > %, we write 1 = <7’>_b<7'>7;7 and apply Cauchy-Schwarz in 7 to obtain
< ()P REDFED| = RS
|
Lemma 4.4. For each € > 0, there is a C. independent of My, j, k, and N such that
| RS P Brsenn U @) F 5D a2

U

M 1—¢

< Ca ||V||L1 Z (M k > HR(k-i—l)ng\}_klilf(k—i—l)‘
Myy1>M k+1

k+1=ME

2
Lx,x’

where the sum on the right is in My 1, over dyads such that My, = M. In particular, we
have Lemma 4.2 back if we carry out the sum and let My — oo.

Proof. 1t suffices to take k£ = 1 and prove

~ M 1—¢
|R® Pes, B o ROV U@ gz, < CVIL Y (—) 1P2L sz,
1 2

M,
My>Mn

where the sum is over dyadic My such that My > M;. For convenience, we take only “half”
of the operator By, 12: For a®(t, 2y, 29, 2, 25), define

(BN,1,205(2))<t7x17x/1) déf/ VN(Z‘l - 56'2)(1(2)(157%1737271'/17%2) dxsy

2

Note that
(R(1)§N71’2(R(2))*1U(2) (t)f@))A(T, &1, €1)

W6+ 616 75 o
— 5... (2) o . d d
//%( e aene/ O 6 — 666, 8) d dg;

where
5(-) = 8(1 + 16, — & — & + 1617 — 1€ — 16

Divide this integration into two pieces:

- //|s2|§5’2<' ) dada s //lgsm(' )i

In the first term, decompose the &, integration into dyadic intervals, and in the second term,
decompose the £, integration into dyadic intervals:

= Z // Py (- ) dEy dgy + Z // Py (-+-) déy dél
Ma>0, 7 Y 1E2IS16 My>ny 7 Y 1621<I€, ]
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. . . . . . 1 1/ 2
Observe that, in the first integration, we can insert for free the projection PZz, Pz, P2y,
. . . . 1 1/ 2/
and in the second integration, we can insert Pz, P2y P2y,

S / / Pl Pos P2 PR (- ) déy de
1€2]<1€5]

Ma>My
Mo> M, Y 7 1€21<I€2]
Then for each piece, we proceed as in Klainerman-Machedon [37], performing Cauchy-
Schwarz with respect to measures supported on hypersurfaces and applying the L72-£1 ¢ Dorm
to both sides of the resulting inequality.” In this manner, it suffices to prove the following

estimates, uniform in 7/ = 7 — |¢}|*:

|£1|2 ) (M1>2(15)
4.3 o O , 5 A6y d&y < Ce | — ,
(4:3) //MM?» e e el M,

[€2|< Mo
(recall that || < My < M,) and also

|§1|2 / (Ml > 2(1—¢)
w 5 déydéy < C. (= .
(4.4) //%awMz’( e el M,

|€5|< M2

In both (4.3) and (4.4),
() = 8(7 + 16 — & — &f° + |67 — &4

By rescaling &, — My, and &, — My&,, (4.3) and (4.4) reduce to, respectively, the following.
(4.5)

° 315 21—
for |§,| < 1, 7€) def // / &, < . ’£1| !
|£22|IZI2 =& — 52‘2 ’52‘2 |52‘
(4.6)
/ / e ‘51’2 .
for |£,| < 1, (7, df// / d, d¢) < C’|§1| o
|§§2||N<12 52 - 52|2 |f2|2 |§2|2

To be precise, the & in estimates (4.5) and (4.6) is & /M, in estimates (4.3) and (4.4). We
shall obtain the upper bound [£;]?log |£;|7! for both (4.5), (4.6).
First, we prove (4.6). Begin by carrying out the &, integral to obtain

10! 1 HI(T/7£17€2)
I =-|& ) s @
(T ;gl) 2|£1| /;<|§2|<2 |€1 _ §2||€2|2 52

where H'(7/,&,,&,) is defined as follows. Let P’ be the truncated plane defined by
P/(T/7£17€2) = {5/2 € RS | (5/2 - )\OJ) W= 07 |€/2| S 2}

where

51 52 T+ ‘51 —52’2+‘52’2

w = A=

[, =&l 28, — &,

"Notice that HY//J\VHLOO < Vallp: = IV dee. Vy is a dummy factor.




22 XUWEN CHEN AND JUSTIN HOLMER

Now let

(4.7 6t = | do(82)

2 2
€heP!(T,61.8) |§1 — &9 — f/2| |§l2|

where the integral is computed with respect to the surface measure on P’.

Since |€; — &,] ~ 1, |&,| ~ 1, we have the following reduction

(6 < 6 / H(r',,6,) dé,

1<g,0<2

We now evaluate H'(7',&,,&,). Introduce polar coordinates (p,f) on the plane P’ with
respect to the “center” Aw, and note that

€1 — & — fl2|2 = |[€; — &alw — 5,2‘2
= [(J& = &l = Nw = (& — w)|?

(4.8) = (l&1 = &l = A + €5 — Ml
= (’f1 - §2| - >‘)2 + P2
— a4
where
|51’2 —28, -6 — 1
e — ] — )=
colhm 20 &
Also,
(4.9) 1€51° = [(6 — Aw) + A = [&h = Mo + X7 = p* + X2
Using (4.8) and (4.9) in (4.7),
Vo vy 2mp dp
H (7— 7§17€2) _/0' (p2 +a2)(p2 + )\2)

The restriction to 0 < p < V4 — A\? arises from the fact that the plane P’ must sit within
the ball |&,| < 2. In particular, H'(7,£,,&,) = 0 if |A\| > 2 since then the plane P’ is located
entirely outside the ball |&,| < 2. Since |\| < 2, we have |a| < 3 and |7/] < 10.

We consider the three cases: (A) [A| < I (which implies |a| > 1), (B) || < 1 (which
implies [A| > 1), and (C) [A| > 1 and |a|] > 1. Case (C) is the easiest since clearly

|H/(TI7 él? 52)' < C.
Let us consider case (B). Then

2 \/5
pdp dv V2
1]/(7—761752) 5 /0 p2+a2 = /O V+a2 = log (1 + —a2

P
2

log 1—1-\/—2_ g,
l€21<2 @

Substituting back into I,

[/(7'/751) S |§1’2/
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Since |a| < V3, it follows that®
V2
l05(1+ ¥2) <+ [1og o]

< e+ [log|(|6,]* — 26, - & — )|

1 /
— e+ [log2 - (6~ 36+ 57 )
1 /
— e+ lloglés - (& = 56 + 570
o e slar (14 [ sl (6 - 56+ gl des)
161 ISt Bl 1 27 951 2|§1|2 2

7"51

Denoting by B(u, ) the ball of center o and radius r, the substitution &, — &, + %51 — R

3

vields, with = 3&, — e,

I,(Tlafl) S |§1‘2 (1 + /B( . ’10g|f1 ‘52Hd52)
s

< 117 (10g|§1|_1 ‘1”/3( . |10g|éﬁ - &y dfz)
1,

By rotating coordinates so that é = (1,0,0), and letting y’ denote the corresponding rota-
tion of p,

r) stk (sl + [ ol i )
w,

where (&,); denotes the first coordinate of the vector &,. Since |7'| < 10, it follows that
1] < 1€,]71 and we finally obtain

I,(T/a §) S |€1|2 log |§1|_1

as claimed, completing Case (B).
Case (A) is similar except that we begin with the bound

2
H(r 6,.6) < /

p=0 p2 + )‘2

2mpdp

This completes the proof of (4.6).

Next, we prove (4.5). In the integral defining I(7/, &), we have the restriction § < |&)| < 2
and |&,| < 2. Note that if 3 < |, < 2, then the argument above that provided the bound
for I'(7',&,) applies. Hence it suffices to restrict to |&,| < 1, from which it follows that
€1 — & — &l ~ L

Begin by carrying out the &, integral to obtain

1 H(1',61,6,)
4.10 I(r' &) = S1& TRETRIPRE
(4.10) (7,61 = 5l /w €1 = &lE, P2

8The first step is simply: if > § > 0, then log(1 + z) < logx + log(1 + £). The second step uses that
|€1 — &5] ~ 1, which follows since |&;] < 1 and [&5] ~ 1.

dg,
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where H(7',£,,&,) is defined as follows. Let P be the truncated plane defined by

P ,6) = { R [ (=) w =0, 3 < || <2)

where
&G -& \— T+ € = &P+ &)
NEE 2§ — &l

, do(€})
H(\6,,6)) =
(761, €2) /ggep(ff,gl,@ € — & — 6L

where the integral is computed with respect to the surface measure on P. Since [£;—&,—&,| ~
1 and [&] ~ 1, we obtain H(7',&;,&,) < C. Substituting into (4.10), we obtain

d§
I / < 2 2
(T 761) ~ |§1| /|§2|§}1 |§1 - 52H52|2

dé, dé,
< e 2 L B S B
< [l </|§2§2§1 €1 — &all€a)? " /2|,51|§g2|§}1 €1 — fz“fz’z)

In the first integral, we change variables £, = |£,|n, and in the second integral, we use the
bound [£; — &,|7! < 2|&,|7! to obtain

dn dg _
<16 / &—2+/ = | Sl logléy ™
m<z iy —nllnlP?  Jare<ieal<t 1€l

This completes the proof of (4.5). B

Now let

Lemma 4.5. For each € > 0, there is a C. independent of My, j, k, and N such that

M
(k k (k+1
IR k)P<]\)/[kBN7jvk+1a(k+1)||L?Li’ < C. Z (Mk+1) HR k+1)P< +k+)1a k+1)”

x®)
My 12 i+

where the sum on the right is in My.1, over dyads such that My, > M.

Proof. The proof is exactly the same as deducing Lemma 4.3 from Lemma 4.2. We include
the proof for completeness. Let

fr(kH) (Xht1, X;chl) = ‘EO—)T(U(k+1) (—t)a(kH) (t, Xp1, X2+1))

where F;_,, denotes the Fourier transform in ¢ — 7. Then

Oz(k+1)(t,Xk;+17X;€+1) - /GitTU(Hl)(t)f(k+1)(xk+1’X;c+1) dr

By Minkowski’s inequality
(k (k
IR® P Brjasna®™ PVl ap / IS P Brjen U (@) f 5D 2 dr

By Lemma 4.4,

SCaZ(

My 112My

(k+1)
) RSP 6 ar
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For any b > 5, we write 1 = b<7’ and apply Cauchy-Schwarz in 7 to obtain

< Ce

T,x,x,

k+1
) [P REFDPESD prs)

Mk+1

Mk+1>Mk < Mk+1 )

4.2. A Strichartz Estimate for PP",

(k+1)Pé]§\J4rk1le (k+1)

(k) *
X
1+

Lemma 4.6. Assume v (t,x;;x},) satisfies the symmetric condition (1.1). Let

(4.11) ﬁ(k)(t,xk;xz) =V(x; — xj)v(k)(t,xk; X))
Then we have the estimates:
(4.12) I8¢ HX<k> N \!Vl\Lg+H(Vmi><ij>7(k)|\Lngz,,

1+ 5 :
(4.13) 1690 < IVl ez,

14 ,
1

(4.14) 189 S IV 1V 3 lzze

S1s :

Proof. 1t suffices to prove Lemma 4.6 for £ = 2. Since we will need to deal with Fourier
transforms in only selected coordinates, we introduce the following notation: Fy denotes
Fourier transform in ¢, F; denotes Fourier transform in x;, and F}» denotes Fourier transform
in z}. Fourier transforms in multiple coordinates will denoted as combined subscripts —
for example, Fo1r = FyF1 denotes the Fourier transform in ¢ and .° Let T denote the
translation operator

(T f) (@1, 22) = fla1 + @2, 22)
Suppressing the x}, z, dependence, we have

(4.15) (FTB) (. £1,&) = (FuB?)(t, &, 6, — &)

Also

(4.16) e 2 (FR TP (¢, £, &,) = Fi[(FaTBP)(t, o1 — 2t€,,€5)] (1)
Now

(f0125(2))(7 — &P + 261 - 65, 60,6 — &)
= (ForaTBD) (7 — € + 261 - €5, 61, 6) by (4.15)
(4.17) = Foleel e 2t (F,T ) (t,€4,65)] ()
= Fo[e"F B [(FT B (¢, 21 — 2t€,,6,)](6)](7) by (4.16)
= Fou [ (FT BN (t w1 — 2485, 85)] (7, €))

9We are going to apply the endpoint Strichartz estimate on the non-transformed coordinates. We do not
know currently the origin of such an technique. The only other place we know about it is [13, Lemma 6].
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By changing variables &, — &, — &; and then changing 7+ 7 — |&,]? + 2£, - &,, we obtain

182
“1s

= 187 (7 €1, 60 €L, ) + 16117 + 16l — €1 — 1662752

TE1628] €Y

18P (r — |62 + 26, - 65,61, & — €1, €4, EN T + 216,17 — €L — |ELD | 1

TE1€980€)

Applying the the dual Strichartz (see (4.19) below), the above is bounded by

S IF [(FusB) 6~ 6+ 26 - 0606 — )] ), s
o T TTL gl ol

Utilizing (4.17), the above is equal to
= [[(FTB2)(t, 21 — 2165, &)l

2r2 78t 1o
Lilg, Ly Ly

Change variable in z7 — z1 + 2t£, to obtain

= [(FTB) (21, &) , |

Now note that from (4.11), we have

(FTBD)(t,21,&,) = V(1) (FTy ) (t, 21, &)
It follows that

(2)
|(FT8 >(t’x1’62)”L$L§2L§1+Li'z/
172

— HV(Q;l) (”(fQT’Y@))(t, X1, 52)”[/2’195’2)

L§L§2L§1+
(118) < VI g- T @) 0,0 131, 1,
172

< HV’|Lg+H(F2T’Y(2))(t,331,52)HL2L2 , L3
2

t 5296’130

and continue with Sobolev, Plancherel, etc. We also need to remark that we split ) into the

piece where |£;] > |£,] and the piece where || > |£;|. The above represents the treatment

of the case [¢;| < |&,|. This proves estimate (4.12). Using Hélder exponents (34,2, £+) and

(24,3, £+) in (4.18) yields estimates (4.13) and (4.14).
It remains to prove the following dual Strichartz estimate (here ¢ (¢, z1, 2, z5), note that

the xo coordinate is missing):

(419) T +2lal — 16l - 1ef) 60w &6 Ol , S 0]

T i 2 %-+ 2
e16l€l L2,

The estimate (4.19) is dual to the equivalent estimate

S+ 216" = 161 = 166276 (7,6, €0, &) a2

al, el ey

=

(4.20) ||‘7(2)||L§L2;L2,
*1
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To prove (4.20), we prove

2
@2) ol iz, S N2l — 6 6RO (66 sz
172 2
The estimate (4.20) follows from the interpolation of (4.21) and the trivial equality
oz, , = 67 + 216 = 165 ~ 164700, 1,60 Elszas
T2 2

Thus proving (4.19) is reduced to proving (4.21), which we do now. Let
(4.22) O, (01,74, 22) € F[UN (20U (=)U (=)0 (1, 21,7, )] (7)
Then note ¢, is independent of ¢ and

o@D (t, xy, 2, 2}) = /e"”Ul(Qt)Ull(t)U2/(t)¢T(a:1,$’1,$’2)d7
Thus

t-w
1 To 172

o lazas, 2, , S [ U7 U OV @200, (01,5555 i, 2, , o

5/||U1(2t)¢7(951,x,17$,2)||L?L21L§/1/ dr
.

172
S [ 10 @00, (w1555 iz, s,

Now apply Keel-Tao [33] endpoint Strichartz estimate to obtain
S [10rwn et ailes oz, dr

< “ > +¢ (x17x17x2)||L2L2 o

T179

It follows from (4.22) that
= |l(7 +21&, 1 — 14 — 1&*) 26D (7, €1, €1, &)l .2

e1€)8)
which completes the proof of (4.21). 1
Corollary 4.1. Let
B (3, x5) = NPV (NP (5 — 5) )y ™ (8, %0, %3)
Then for N > 1, we have

545
(4.23) [V, ij\ﬁ(k)HXw; SNV ) (Ve )y 2z,
and

(4.24) RIS e LT ST P

X1y
k)

Consequently, (R(S P(MR )

(4.25) ||R<§ | o) < N2P~1min(M?2, N2%)||S®) Y M2z

§+

27
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Proof. Estimate (4.23) follows by applying either (4.12), (4.13), or (4.14) according to
whether two derivatives, no derivatives, or one derivative, respectively, lands on N3~V (N#(z;—
).

Estimate (4.24) follows by applying (4.12).

Finally, (4.25) follows from (4.23) and (4.24), as follows. Let

Q= H |vwe|

1<e<k
L

Then
k
1RG5y < MIQBY
2 2

The @ operator passes directly onto v*), and one applies (4.24) to obtain
k 15_
(4.26) IRE 8PN g S N2 M2 SPY D

7§+

/

On the other hand,

1

IRE8Y 0y < 1Q1Val [Vay | B2l
-5+ -5+

2
The Q) operator passes directly on v*), and one applies (4.23) to obtain
k 55
(4.27) IRE 8% yoy S NSO D e

/

Combining (4.26) and (4.27), we obtain (4.25). &

5. CONCLUSION

In this paper, we have established a positive answer to Conjecture 1 by Klainerman and
Machedon [37] in 2008 for § € (0,2/3). This is the first progress in proving Conjecture 1 for
self-interaction (5 > 1/3). Moreover, our main theorem (Theorem 1.1) has already fulfilled
the original intent of [37], namely, simplifying the uniqueness argument of [23] which deals
with 8 € (0,3/5). Conjecture 1 for 5 € [2/3,1] is still open.

APPENDIX A. THE TOPOLOGY ON THE DENSITY MATRICES

In this appendix, we define a topology T,.,q on the density matrices as was previously
done in [20, 21, 22, 23, 24, 25, 35, 9, 14, 15]

Denote the spaces of compact operators and trace class operators on L? (R3k) as K and
L, respectively. Then (Kp) = L}. By the fact that K is separable, we select a dense
countable subset {Ji(k)}i>1 C K in the unit ball of Ky (so ||Jz-(k)\|Op < 1 where |[|-[|,, is the
operator norm). For v 3% ¢ £1 we then define a metric dj, on L}, by

dp(7®,70) = "2
=1

Tr Jz’(k) (,y(k) _ &(k))‘ _

A uniformly bounded sequence 75’;’ € L; converges to k) ¢ L; with respect to the weak*

topology if and only if
lim i (vy, 7)) = 0.
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For fixed T' > 0, let C'([0,7],L}) be the space of functions of ¢ € [0,T] with values in L}
which are continuous with respect to the metric dy. On C ([0,T],L}), we define the metric

~

di(v" (), 39 () = sup di(v® (), 5 (1))

te[0,7)

We can then define a topology T,.q on the space @>1C ([0,7],L}) by the product of
topologies generated by the metrics dj, on C ([0,T],L}) .

APPENDIX B. PROOF OF ESTIMATES (2.7) AND (2.9)

Proof of Estimate (2.7). Utilizing Lemma 2.1 and estimate (3.2) to the free part of 75\2,), we
obtain

PU RO By 1, FPY (1) ’

L;Li,x,
< HRU)BN,LQFP(’“)(@) -
< COT: R(Q)VS\?,)O +ZZ ‘R( Ble/JN(EjaMm)(U(J)( )7N0)dt
X, X j=3 m L%Li,x/
) |
< or3|[rn, Py ety 2HRJ DBy a1 U |
x/ j=3 m T
< CT3 ||RP4) p +CZ43 2072y | RDA,

X,X ,x/

Via condition (1.4), we can choose a T small enough such that the series in the above estimate
converge. Whence, we have shown estimate (2.7). B

Proof of Estimate (2.9). We proceed like the proof of estimate (2.7) and end up with

HR(I)BNJQ]P(IC)’

PURY B 21 P

172
LTLx,x’

172
LTnyx,

ROBy, / In (s 1) (V5 ()t 1
D

> c(crz)H!

We then investigate

172
LTLx,x/

R

BN,u,,L(k+1),k+1’Y§\I/€H) (tes1)

172
L3 L xosd!

+1)‘

(k) (k
HR By i, (k+1) k417 N iz
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Set p1,,(k + 1) = 1 for simplicity and look at By, ;,,, we have

2
/‘R(k)BIlV,l,kﬂ”Yg\’fCH)(t) dxkdxﬁc

2
/
dxpdx;,

N /‘R(k)/vN<x1_$k+1)7%€+1)(t7><k,$k+1;x2,Ik+1)d$k+1

2

k
< C/ ‘/V](T(II — Tpt1) (H Ve, | ) (H ’V ) N (X T X, T )| dxpds
=2
2
+C/ ‘/VN T —$k+1)R(k)’Y§\’;+1)(tan7$k+1;X27$k+1)d5€k+1 dxdx;,
= C(I+11I).
We estimate [ and I as following:
1
N 2
— /‘/V](,(xl — Tpi1) (H ‘ij > (H ‘V ) (k+1) (t, Xp, Ty 1; X, Thop1)dTpr 1| dXpdx),
=2

< /dxkdxz </ |V](f($1 - $k+1>|2 d$k+1)
k k
/|(H\ij\ (H\ )
j=2 =1

2

) kH)(t,Xk,karl;X;mIkH) dxpy1 | (Cauchy-Schwarz)

2

k
< N5ﬁ||V’||ig/ / (H‘V%> (H‘V > (k+1) (b, Xp, Thot1; X, Thr1)| dxpar | dxpdx),
=2
< CN° HV’Hig/kadx;i
k k 2
X / (Vi) <V%+1> (HW%O <H’V“’“7 ) Y (X, T X W) | dgada
=2 j=1
(Trace Theorem)
< CNE),B HVIH Hs(kJrl v (k+1) HLooLQ
and

2

/‘/VN($1 — zp41)R* )’YSI\;H)(@Xk,$k+1;X§g,$k+1)dc’Ek+1 dxdx;,

< CON3 V|3, HS(kJrl)fY(kJrl)HE%OL2 / (Same method as 1),

where V € W28+ implies that V' € H! by Sobolev. Accordingly,

2
] BBl 0] i < O8IV [0

T “x,x’!
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Thence
| PR By 1T P

172
LTLx,x/

N

1.7
Z ccrz)st HR(k)BN,um(kH),Hﬂg\];H)(tk+1)‘

LlTL2x’x,
_ 1. 58 2
< AloeTT (0N2 IV HS“C“WUHUHL;@L;/)
< C |V (T2)2N% C*. (Condition (1.4))
As in [11, 15], take the coupling level k = In N, we have
< C|V g (T3 NNENe

172
LTnyx/

| PR By 1T P

Selecting T" such that
T < e~ (8+20).

ensures that
(T%)IHNN%NC < 17

and thence
| PLRY By, 21P)|

&

172
LTLx,x/

where C'is independent of N and M. Whence, we have finished the proof of estimate (2.9). 1
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