BLOW-UP FOR THE 1D NONLINEAR SCHRODINGER
EQUATION WITH POINT NONLINEARITY II:
SUPERCRITICAL BLOW-UP PROFILES

JUSTIN HOLMER AND CHANG LIU

ABSTRACT. We consider the 1D nonlinear Schrédinger equation (NLS) with focus-
ing point nonlinearity,

(0.1) i0t) + 0% + S|Y|P~ 1 = 0,

where § = §(x) is the delta function supported at the origin. In the L? supercritical
setting p > 3, we construct self-similar blow-up solutions belonging to the energy
space LZ° NH L. This is reduced to finding outgoing solutions of a certain stationary
profile equation. All outgoing solutions to the profile equation are obtained by using
parabolic Weber functions and solving the jump condition at = 0 imposed by the
0 term in (0.1). This jump condition is an algebraic condition involving gamma
functions, and existence and uniqueness of solutions is obtained using the interme-
diate value theorem and formulae for the digamma function. We also compute the
form of these outgoing solutions in the slightly supercritical case 0 < p — 3 < 1
using the log Binet formula for the gamma function, and contour deformation and
stationary phase/Laplace method in the integral formulae for the parabolic Weber
functions.

1. INTRODUCTION

We consider the 1D nonlinear Schrodinger equation (NLS) with p-power focusing
point nonlinearity, for p > 1,

(1.1) O + 02 + S|Y[P M =0

where 6 = §(z) is the delta function supported at the origin, and ¥ (x, t) is a complex-
valued wave function for x € R. The equation (1.1) can be interpreted as the free
linear Schrodinger equation

i0) + 0% =0, for x#0

together with the jump conditions at z = 0:'

def

1/}<07t) = w(o_ﬂf) - ¢(0+at)

(1.2)
8x¢(0+7t) - 5551/}(0—, t) = _|¢(07t)|p_1¢(07t)

We define ¢(0—,t) = lim, g 9(z,t) and ¥ (0+,t) = lim,~ o 1(, t).
1
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The equation (1.1) satisfies the scaling property
(1.3) Y(x,t) solves (1.1) = y(z,t) = AYP= DAz, A%t) solves (1.1)

The scale invariant Sobolev space H°¢, meaning the value o = o, for which 9l o
is A-indepdendent, is 0, = 1 — zﬁ’
case p = 3 is L? critical, and we say that p < 3 is L? subcritical and p > 3 is L2

supercritical.

and we say the equation is H?¢ critical. The

We define the mass and energy of a solution ¢ to be
1
M) = llv(@ Olzz,  E@(E) = 5lde(z,0)l7: - o1

By direct calculation, they are conserved, meaning that M (i(t)) and E(¢(t)) are
independent of ¢t whenever they are defined. It follows from the Gagliardo-Nirenberg
inequality

(1.4) [ll7ee < l9llzallvellzs

that if p < 3, then all H' solutions to (1.1) are global. H' blow-up solutions do
exist for p > 3. In this paper, we seek explicit blow-up solutions for p > 3 called
self-similar (since they are, up to a phase modulation, a rescaling of a fixed spatial
profile). It turns out to achieve exact self-similar blow-up solutions as in (1.5), we
have to relax the requirement that our solutions belong to H}, and instead merely
require that they belong to L3° N H;, which we call the energy space, since the two

(0, 1)

terms defining the energy are finite for functions belonging to this space.

Theorem 1.1 (structure of L? supercritical self-similar blow-up solutions). The func-
tion

(1.5) U(a,t) = MOV On(A(t)a)

solves (1.1) with lim; »7, A(t) = 400 if and only if there exists h > 0 and k € R such
that

(1.6) A(t) = \/ﬁ "(0) = o (T*Ti t> +7(0)

and n(z) solves the stationary equation

1
(17) ("i + iho—c)n - ZhAzn — Nez — 5|77|p_17] - 07 Az - 5 + Zaz
This is proved in §2. To better understand (1.7), let us drop the relationship
between o, and p (given by 0. = % — p%l) and just consider the equation for arbitrary

ke€R, h>0,and o € R.
(18) ("i + Zha)ﬁ - ZhAzn Nz — 5|?7’p7177 =0
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Now we turn to a study of when (1.8) has a solution in the energy space. Taking
n(z) = e‘iiﬁhgp(z), then 7(z) solves (1.8) if and only if ¢(z) solves
1

(1.9) (k +iho)p — ., — Zh222(‘0 — S|Pt =0

As discussed in §3, two independent solutions of the eigenvalue problem for the
inverted harmonic well (here A € C is the spectral parameter and has nothing to do
with A(¢) in (1.6))

1
— W,y — ZhQZQw = hAw

are given by w(z,\), w*(z,A) defined by (3.25) with the asymptotic behavior (see
(3.15), (3.16))

( ) w(z) -~ (hl/Qz)iA—%eiihz2e7r>\/4ei7r/8 as z — +00
1.10 , . 4
’UJ*(Z) ~ <h1/2z>7z)\7%efithQew)\/4efz7r/8 as 2z — 400

Thus, the most general solution ¢ to (1.9) is given by

ajw(z) + atw*(z) for z >0
(1.11) o(z) = o
a_w(—z)+ a*w*(—z) for z<0
for \ = —kh~! —io, where the four complex constants o, o, a_, o must be chosen

to satisfy (1.2). We will not address this general problem since we seek a solution ¢
for which n(z) = e"1%**p(z) € L® N H!, which further constrains the problem, as

we now explain. From (1.10),
0:-(e74 w(z, )| = O(l#]~™>7%)

Lo o | as z — +00
[0:(e7 3 w™ (2, A))] = O(J= 71 72)

and hence
1.
le" i w(z, \)|l;n <o <=  ImA>—1
’ Hz>0
1.
e~ 1w (2, N jp <00 <= Im<-—1
z>0
With A\ = —xkh™! —io, we have Im\ = —¢, and since we are interested in the case

when 0 = 0, < %, we must select solutions with no w*(z, \) component.
A solution ¢ to (1.9) is called outgoing if, in (1.11), a* = 0 and o* = 0. Thus

(1.12) o(z) = {a+w(z) for z >0

a_w(—z) forz<0
By the first condition of (1.2), we must have oy = ov_. Hence
p(z) = aw(|z])
for some o € C. The second condition in (1.2) becomes

2w, (0, \) = —|w(0, \)|P" w(0, \)|aP~*
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A solution « exists if and only if

= 2 z 1) . oy
(1.13) 22 A(N) o —% is real and positive

and in this case, a must satisfy

~ 2w,(0, )\))1/ w=b
w(0, A)]

(1.14) o] = ( T R]

Since (1.9) is invariant under multiplication by e for # € R, the condition (1.13)
uniquely specifies the solution once a choice of phase is given. The most convenient
choice is to take the phase of « to be that of 1/w(0,\), so (1.14) becomes

(2w (0, )\
(1.15) 0“(‘ w<o,A>) (0, %)

Before examining the question of for which A (i.e. which &, o) the condition (1.13)

holds, we can derive some general constraints. We have established that for o < 1,
n(z) is a finite energy solution of (1.8), if and only if ¢(z) = e1%*hy(2) is an outgoing
solution of (1.9). Hence for o < 1, finite energy solutions 7(z) of (1.8) have asymptotic

behavior

N1 N3
(1.16) n(z) ~ co,,\7h|z]”‘ 2, 0.n(z) ~ (sgn z)cu,h\z\”\ 2, as |z| = o0
for certain constants ¢y, c1an, With A = —kh™! — 0.

Theorem 1.2 (Pohozhaev identities). If 0 < 1 and n(z) is a nontrivial finite energy
solution of (1.8), then o > 0 and the following identity holds:

0=(1-0) /_+Oo [m:* = (% - 0) I7(0)[P+!

[ee]

from which we obtain that E(n) =0 when o = o..

This is proved in §4, and constrains the admissible value for o to be 0 < o < 1 (for
outgoing solutions). For a particular choice of h, x, and o, let us denote by ¢p 4.~
the unique nontrivial outgoing solution to (1.9) (if it exists). By scaling we find the
relation

@h,ma(z) = ,ul/(p_l)gpufzh,u*%i,a(:uz) ) H > 0

Hence, by taking u = |x|'/2, we can convert & to +1 while h is converted to |x|'h.
At this point, we appeal to the special function representation of w(z, \) to compute
a formula for A()\) defined in (1.13). We find (see (5.1))

e~m/4V20 (3 — Li))
NESSOY

A(N) =
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FIGURE 1.1.  (left) plot of numerical solution of o(h) versus h™',
(right) plot of numerical solution of logo(h) versus h~! in solid black,
together with h~' — oo asymptotic logo(h) = log2 — 7h™! + log h™!,
from Theorem 1.4, in dashed red, showing good agreement for h= > 1.

Theorem 1.3 (existence and uniqueness of outgoing solutions). Recall A\ = —xkh™! —
io. If Kk =1, then for each 0 < h < oo, there exists a unique 0 < o(h) < 1 such that
A(A) is real and positive, and thus a corresponding outgoing solution Yp 1 sny. On the
other hand, if Kk = —1, then for each h > 0 and 0 < o < 1, A(\) is not real and
positive, and thus there are no outgoing solutions pp _1 ..

Theorem 1.3 is proved in §5. For k = 1, we numerically solved for o(h) using the
MATLAB fzero function. The results are displayed in Figure 1.1, and show that the
h — 0 asymptotic formula o(h) = 2¢~™/"h~1(1 4+ O(h)) given in the next theorem is
already a good approximation at h = 1. Moreover, the numerical solution shows that
o(h™!) is decreasing as a function of h™!, starting from o = % at the limit A= = 0.
Thus we have the numerical finding that 0 < o(h) < % for all A > 0 (as opposed to
just 0 < o(h) < 1) and moreover, that for each 0 < o < 1

3, there exists a unique
0 < h < oo such that o = o(h).

Theorem 1.4 (asymptotic formulae for o(h)). Let k = 1. For all 0 < h < 1, the
unique value o(h) such that A(X) is real and positive (as in Theorem 1.3) is

a(h) =2e7"h=1(1 + O(h))
Forh>>1 (ie. 0<h' < 1),
oh)=3—h""+0(h™?)

This is proved in §6 and numerically confirmed in Fig. 1.1.
Recalling that outgoing solutions ¢ to (1.9) correspond to finite energy (hence zero
energy) solutions 7 to (1.8), we still need to invert the relationship between h and o.
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Indeed, in Theorem 1.1, we are given p > 3, and hence 0 < o, < %, and need to find h
such that o(h) = o.. For p & 3, the first-order approximation is h ~ 7[log 8/(p—3)] .

In the next theorem, for given 0 < h < 1 and o(h) = 2e~"/"h=1(1 4+ O(h)), we
employ contour deformation and stationary phase in the parabolic Weber functions
to better understand the shape of the outgoing solution ¢ (2) = @p1.0(n)(2).

Theorem 1.5 (outgoing profile ¢ asymptotics as h — 0). As h — 0, we have the
eTPansion

21/2(1 — Lp2g2) 1 A aresin(gha) by he(=gh®a®) 2 o 0 91
o(x) ~ P B
cpet™ gt 773 for = > 2h
where ¢, = 2e™/4e=3ih ! =7/ (2h)
This is proved in §7.

Acknowledgments. We thank Catherine Sulem, Galina Perelman, and Maciej Zworski
for discussions about this topic, suggestions, and encouragement. The material in this
paper will be included as part of the PhD thesis of the second author at Brown Uni-
versity. While this work was completed, the first author was supported in part by
NSF grants DMS-1200455, DMS-1500106. The second author was supported in part
by NSF grant DMS-1200455 (PI Justin Holmer).

2. L? SUPERCRITICAL BLOW-UP ANSATZ

In this section we prove Theorem 1.1. Using the scaling property (1.3) as a model,
we examine self-similar solutions of the form

V(a,t) = M) Du(A(t)z, 7(1))
We convert the equation (1.1) into an equation for u(z, 7) by computing

iwt + wx:c + 5\¢’p_1¢

ATt (@')\—2%&@4 + AN (=00 + Nu+ u., + 5|U!p_1u)

where A & 3 +20.. If u(z,7) = €n(z), then (1.1) holds if and only if
d

(2.1) 0= =Xy + iAoz + A)n -+ + Sl

Let (t) = A72%4 and h(t) = A7)\, so that

(2.2) 0= —w(t)n +ih(t)(=oc+ A)n +n.. + 3|0~

Then (t) and h(t) are in fact constant. Indeed, for t; # to, we subtract (2.2) at the
two times to obtain

i(h(ty) = h(t2))(=0c + M)n = (k(t1) — K(t2))n
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which can rewritten as

i(h(t) = h(t2))2f'(2) = (6(tr) = k(E))f(2),  flz) = 2@ D(2)
for which there are no nontrivial solutions compatible with (2.2) at ¢t = ¢;. This forces
k(t1) = k(t2) and h(ty) = h(t2), and hence k(t) = k and h(t) = h are constant and
(2.2) becomes (1.7).

Since —1(A7%); = h and A7'(T}) = 0, we integrate to obtain A~2(¢) = 2h(T} — ¢).
Since we want to approach the blow-up time 7, from below (¢ < T), we have that
h > 0 and the first equation in (1.6) holds. Combining this with x = /\*Q‘Cil—z gives

dr K
N =
at T (T — 1)

and integrating gives the second equation in (1.6).

3. PARABOLIC CYLINDER FUNCTIONS

The following material is drawn in part from Slavyanov [S1a96], pp. 21-31. Consider
the Weber equation?

(3.1) Y+ W+ d =12y =0
Any solution to (3.1) is called a parabolic cylinder function or Weber-Hermite func-

tion. One solution to (3.1) is v(z) = D,(z), defined for Rer < 0 by the integral

formula®
1.2

e 1% e 1,42
3.2 D,(z) = Hemzt vl dt
(32 O =t [ et

The function D,(z) can be extended analytically to all v € C, but for now we do

not need formulae for Rerv > 0. The fact that (3.2) is a solution to (3.1) can be
verified by direct computation of the second derivative of (3.2) (differentiation under

the integral sign and integration by parts). We calculate

L[ e 25Ty R
33) DO = [ e P _ v
I'(=v) Jo T(—v) r(5Y)
1 o0 1,2 27%7%1—‘(—2 + l) ﬁ2%+%
BA) DU =gy [ = R e
L'(—v) Jo ['(—v) F(_i)
For both formulae we have used the duplication formula
2V—1 .
P = "G+

N3

2This equation appears as (1) in §8.1 of p. 116 of the Bateman Manuscript Project, Higher
Transcendental Functions, Volume II. It is also written in [Sla96] as (3.1) on p. 22.

3This appears as item (3) in §8.3 of p. 119 of the Bateman Manuscript Project, Higher Transcen-
dental Functions, Volume II. It also appears as (3.2) on p. 22 of [Sla96].
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The formula (3.2) applies for Rerv < 0, but for one remark, we do need to know
the solution D,(z) to (3.1) at v = 0. From the formulae (3.3) and (3.4), we obtain
Dy(0) = 1 and D{(0) = 0. It is straightforward by direct computation to confirm
that v(z) = e*°/* is the unique solution to (3.1) satisfying these initial conditions,
so we conclude that Dy(z) = e /4,

It is straightforward to verify that since v;(z) = D,(z) solves (3.1), so do the two
functions y2(2) = D,(—%) and y3(z) = D_,_1(iz). Let

(0) (0) ov/2 o(—v—1)/2
Y2 V3 r(:5%) L(%5%)
O - |: :| - ﬁ v % 2 . Zl/ 2
%(0) 2(0) e
The Wronskian is given by
—uT s
W(’73,’}/2) =det C = — o > )
P9I TEHT(-5)
To simplify this, we use the standard gamma function identity
™
3.5 )1 —-z) =
(35) (= 2) =
Taking z = 12 in (3.5), we obtain
l—v _1+v s s
r( 2 )T 2 :sinﬂ(l_—”) T cos
2 2
Taking z = 2£% in (3.5), we have
24+ v v m s
r IN'—-=)= =—
() sin(%5%)  sin
Substituting, we obtain?
(3.6) W (~s,72) = —icos % + sin % = —je'm™/?

Thus, for all v € C, W(vs,73) # 0 and { 72,73 } is a basis for the space of solutions
to (3.1). It follows that there exist «, § such that

71(2) = ara(2) + Bs(2)
The constants «, 3 are found by taking z = 0 to obtain the system

—1 1
o] _ o [nO)] _ . i | TS T TEID)
B 71(0) 2

- I(=5r(EY)
Using the Gamma function identities as before, we simplify to

_io—imr)2

O(:| . —imv/2 e ]
= 1€ \/g
|:6 [ - I'(—v)

4This Wronskian formula agrees with the + case of (3.13) of [S1a96] on p. 24.
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Hence we have®

(3.7) D,(z) =e™D,(—2) +e D_V 1(i2)

For real v and z, we can take the complex conjugate to obtain

pimv1)/2 _V 2m
I'(=v)
However, (3.8) remains valid for all v, z € C by analytic continuation.
Consider now the scalar Schrodinger operator with inverted harmonic potential.
Two solutions to the second-order ODE

(3.8) D,(z) =e™D,(—z) + D_, 1(—iz)

3.9 — 0% — 1% =
(3.9) LU~ g

are given by

(3.10) v(z) = Di/\_%(e_”/‘lac)
3.11 v (z) =D ., (™
(3.11) (#) = Dy

The fact that v(z) and v*(z) solve (3.9) is verified by using the fact that D,(z) is a
solution to (3.1).

In this section, we record some properties of v(x) and v*(x). In particular, we
obtain the asymptotics of v(z) and v*(z) as  — Fo00, the values of v(0), v*(0), v'(0),
(v*)'(0), and the Wronskians Wv(z),v(—x)] and Wv(z), v*(z)].

Substituting (3.2) into (3.10) with v = i\ — 1, we obtain the integral formula

2

(3.12) v(x) = F(%l:_l) /00 e_%th_(%) —A=3 gt | ImA\ > —%
Substituting (3.2) into (3.11) with v = —i\ — 5, we obtain the integral formula
(3.13) v*(x) = Ll /OO e—%*e‘(%)” A bar, Tm < o

LA +3) Jo 2

Now we evaluate the asymptotics of v(x) given by (3.12) as # — +oo. Taking
s = e~ "/*zt (which amount to a contour change that is valid for # > 0), we obtain

.T)\_Ee‘l 7r)\/467,'7r/8

I(—iA+ 1) v+()

(3.14) v(x) =

where

oo 2 _i 1
vy(z) = e e s N ds
0

00 0 is2
_/ e Se —iA— d8+/ (6_23"2 . 1) —s —1)\—7 ds
0 0

This agrees with Slavyanov [S1a96] equation (3.14) on p. 24
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- 1
— D(—id+ 1)+ vea (@)

Moreover, we have the crude estimate

+o0 2
lvga(2)| < /0 %e*sslmk’% ds = %x’zF(Im)\ + g)

Thus we have®
I(Im A+ 3)

3.15 ~ i/\—% ii:CQ wA/4 im/8 1
(3.15) v(x) ~ T 2ed™ ™ e +—F(—z’)\+%)

0(95_2)) as ¥ — +00
uniformly in A. In the case where A = —h™! —io with0 < h < 1 and 0 < 0 < %, we
have |D(—iX + 3)| & Th7e™™ " and thus T(Im A + 3)/T(—i\ + §) ~ h=7¢™/?" from
which it follows that we need x > h27e™ ") in order for (3.15) to apply. A more
precise result is given in Lemma 7.1 below, showing that the leading order term in
(3.15) is valid even for x > 2n~1/2,

A similar calculation applied to v*(x) given by (3.13) yields

[(—ImA+3)

* —ix—1 —Lix? —im
(3.16) v*(z) ~ a2 aiT TN Apmin/8 (1—1— Dir+ D)

O(m_2)) as r — +0oo

uniformly in A.
Now we evaluate the asymptotics of v(x) given by (3.12) as * — —oo. By (3.8),

Ver

(3.17) v(z) = —ie” ™ v(—x) + F(T_i_%)e_?em/%*(—x)
By (3.7) with v = —i\ — %, —v—1=i\— %, 2= etz iz = —e "%z, we obtain
. V2
(3.18) v*(x) = ie” ™ (—x) + e‘i’“e_é’”\mT:%)v(—x)
We can use (3.17), (3.15), (3.16) to obtain’
v(z) ~— z'e%ie_%(—x)i)‘_%e%m2
(3.19) o™  m oLl _1ga AT —00
t o ere () reT
F(—ZA + 5)

Although these asymptotics were derived under the constraint that —% <ImA\ < %,
they continue to all A € C by analytic continuation.
We also note that

(3.20) 0(0) = Dy (0) =

6This agrees with the result in the table on p. 29, top entry, in [Sla96].
"This agrees with the second row of the table on p. 29 of [S1a96]. Here we take z = e3™/4z
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—in iy /25
(3:21) YO =D, 4O = R TR
VT2 2
3.22 N =D . 0) =Y~ -~
( ) v ( ) —1)\—%( ) F(% +%7/)\)
‘ ‘ 9—3iMg
323 *\/ O — ’LTI'/4D/ ) L 0 — ’L7T/4ﬁ

We conclude with some Wronskians. First
efiﬂ'/4ﬂ_ iA+1

[(3 — 3N — 3iN)
Using the identity \/m2'"%T'(2z) = T'(2)'(z + 3) with z =

_e‘”/“\/ﬂ
EsnY)

Wiv(z),v(—x)] = 20'(0)v(0) = —

% — %i)\, this simplifies to

Wio(z), v(=2)] =

Now consider
Wo(e), v (2)] = ¢ "AW(D, (2), Dy (i)
= e "MWID_,1(=iz), D, (=2)] = e Wy, 7]
where z = e"™/1z and v = i\ — 1. Substituting (3.6), we obtain
(3.24) Wv(x),v*(x)] = ie™/?

Now that we have laid out the basic properties of the fundamental solutions v(z, \)
and v*(x, \) of (3.9), we consider the scaled Hamiltonian, and associated eigenvalue
problem

—0%w — }LhQIQw = hA\w
Two solutions are given by

(3.25) w(z, \) = v(h*?z,\), w*(z,\) = v*(h%z, \)

The basic properties of w(x, \) and w*(z, \) are easily deduced from the corresponding
properties for v(x, \) and v*(z, \) given above.

4. OUTGOING SOLUTIONS AND THE POHOZHAEV IDENTITIES

In this section, we prove Theorem 1.2, that is, we derive the Pohozhaev identities
for finite energy solutions n(z) of (1.7), for o < 1, and deduce some consequences. By
the analysis given in §1, any such 7(z) has the |z| — oo asymptotics given by (1.16)
with A = —kh™! —io. The profile equation (1.8) is equivalent to

(4.1) (k +iho)n —ihAn —n.,, =0  for z #0
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together with the juncture conditions at z = 0 given by
1(0) = n(0—) = n(0+)
nz(0+) - Uz(O—) = _|77(0>|p—1,'7(0>

Also since n(z) = aw(|z|, A), for some a, where w is smooth across z = 0, we calculate

(4.2)

n.(2) = aw'(|z]) sgn 2
N.-(2) = aw”(]z]) + 20w’ (0)(z)
N.22(2) = aw”(|2]) sgn z + 2aw’(0)d'(2)

which shows that the left-hand and right-hand limits for all derivatives exist and in

particular

7:-(0) € .. (0-) = 7.-(04)

Recall that we also derived the asymptotics (1.16). These properties are used to
derive the Pohozhaev identities below.
Pair (4.1) with 7, and integrate over —R < z < R to obtain

R R R
(4.3) <n+M®/'MF—M/ Nm—/)mmZO
—R R R

Take the real part of (4.3), using that —Ren..7 = —30%|n|* + |n.|?, applying the
fundamental theorem of calculus on (0, R) and (—R,0),

R R R
0:m/|W+hM/’mm+/rmF
—R —R —R

— 5 0]+ R0} (04) — o/ (0-)

Using (4.2) across z = 0,

R 2 R R 2 1 21 R +1
o:m/‘M|+Mm/‘mm+/‘mg——&umkﬂ—mmw
—R —R —R 2

R
o— R 00 o— . .
By (1.16), [&zmﬂ L Oan(R*2), [T 2 = [72° ]2 + O p(R?~2). This gives

R R 400
(4.4) o=ﬁ/‘MF+Mm/ mw+/"|mf—mmWH+oMGW*>
—R —R

—00

Take the imaginary part of (4.3), using that Im(n,7), = Im(7,.7) and Re An7 =
1(z[n[?)., to obtain

R 1 R R
o=ha/ mf—gﬁ/‘i@w5—hn/ 0.(1.7)
—R —-R -R
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Applying the fundamental theorem on (—R,0) and (0, R), we obtain

0= o [ 1ol = 5h (o) = T 1) + (. 0+) = 0.(0-))770)
By (4.2),

R
1 R _
0=ho [ fuf? = 5h (o] " - o)
-R

R
By (1.16), 0.7 ~ Conciin|z[* 2 sgn z, so — [Im nzﬁ] = O, 1(R*7?). Additionally
R

R
from (1.16), we have [(2)[* ~ leonnl*l2 7 (1 + O(2), so —3h[sn(=)] " =
—hl|coan*R* 4+ O(R*~2). Hence

R
(45) 0= O'/ ‘7’]|2 — |CO,/\,h’2R20 + O)\yh(RQUiz)
—-R

Taking R sufficiently large, we see from (4.5) that ¢ > 0 for a nontrivial solution.
Next multiply (4.1) by A7, and take the real part to obtain
£ Re(nAn) — ho Tm(nA7) — Re(n.Af) =0, 2 #0
Substituting the identities
RelyA7] = 50-(<ln )

1 1
Re[nzzAﬁ] = B Re(nﬂ?)z - |772|2 + §(Z|772’2)z

we obtain
K 2 1 _ 1 2 — 2
0. §Z!77\ —5 Re(n.7n) — 5Z!nz! — ho Im(nA7n) + |n.|* =0

Summing the integral over —R < z < 0 and the integral over 0 < z < R, and using
the fundamental theorem on each integral, we obtain

R R
— hoIm / nAn
R R

_ 5ol = LRe(n.) — Lo 2
R ) 1
[+ 5 Re(a(04) = m.0-))a(0)

R
By (1.16), 1.7 ~ Coxncianlz|* ?sgn z, so [Re(nzﬁ)} = Oy n(R*~%). Addition-
“R

R
ally from (1.16), we have z|n,|? ~ |c1anl?|2[*%(sgn 2), so |:Z|77z|2:| = O\n(R¥72).
R

. _
Also, 2[l? = leon?[=2 (s 2) (1+0(=)), 50 [2fnl?] = 2leqan 2B +Ox ()
Substituting yields
R

R
1
@6) 0= rleoss'B ~ ot [ unq [ = )+ 0GR
-R -R
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From (4.4), we obtain

R R
(4.7) lim R /{/ In|* — hlm/ nAn) =0

From (4.5), we obtain

R
18 lim R~ 2= ’
(1) dm B [ = el
From (4.6), we obtain
R
(4.9) Rlim R_2"h01m/ nAn = klcoan|
— 400 R

By (4.8), we find that o > 0. This combined with (4.9) gives that

R
lim R Im / nAn >0
-R

R—+o00

This combined with (4.7) gives that x > 0.
Plugging (4.5) into (4.6), we obtain

R R “+o00 1
(410) 0= ro / inl? — ho Im / DR + / 112 = (O™ + O (R)
—-R —R —00

Taking (4.10) and subtracting o times (4.4) and sending R — 0o, we obtain

0=(=0) [Tk (3-0) moP*
=5 [k mort = (5= 2 157 [

— -4, then note that E(n) = 0.

Substituting,

Ifa:ac:%

5. EXISTENCE AND UNIQUENESS OF PROFILES

In this section, we prove Theorem 1.3. From the definition of A()) given in (1.13),
and the definition of w in terms of v given in (3.25),
—v'(0, \)
v(0,\)
where A = —kh ! —io, with k € {—1,1}. From Theorem 1.2, we know that 0 < o < 1.
Substituting the explicit formulae given in (3.20) and (3.21), we obtain

e~ mAV20 (3 — Li))
ety

AN E

(5.1) AN =
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Substituting A = —xkh™! —io,

A = VR = g0+ gink Y
~ D(; - 30+ 3ikh™Y)
e TVA—g = 50+ yirhT )= — 50 + gikh ™)

['(3 — 30 + 3ikh™)
e~ ™42(=1 — o+ Likh )D(=1 — Lo + Likh)D(3 — Lo — Likh7Y)
IT(3 — 30+ 3ikh™1)]?

A()) is real and positive if and only if B(\) is real and positive, where
B & AN)T(5 = 30 + 3ikh™h)|?
(5.2) V2

= e’”/‘l(—i — 30+ 2ikh D (=% — S0+ Likh ™ )[(3 — 20 — $ikh™")

For 0 = 0, we would use

(5.3) —2I(—2)T(z2) =

™

sinmz

with z = 2—1ikh ™! to simplify the expression for B()). Although o # 0, it is expected

to be exponentially small in i as h — 0, so we still use (5.3) with z = 14+ 10 — Lich ™
to obtain

(-1 — 1o+ Likh (-1 — o+ Lich™")

= —zI'(—2)

5.4 - T
(54 (sinmz)I'(z)

sinm(t 4 3o — $ikh)0(3 + 30 — Likh L)

Now

. - L ir/a Lier lent Cimjd 1
sm7r(}1—|—la—lmh 1>:_Z§(€1w/462ww62ﬁh T _ e z7r/46 siom

efénh_lw)

%e‘i“/4e%i"”e”/2h(1 +ie e /M) if k= 41
%e”“e‘éi”e”/%(l —ieTe /) if g = —1
Substituting into (5.4),
(=1 — 1o+ Likh (-1 — Lo+ Likn™")
oeim/4e=3iomo=/2h

(1+ ie—i”“e—”/h)F(i + %a — %ih—l)

ifk=+1

271_672'#/46%7;(7#6777/211

. _ if k=-1
(1-— ielaﬂe*”/h)F(% + %0 + %Zh*l)
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Substituting into (5.2),

2 é'LO’W —m/2h T° 1 _ 1 1 ih—1
i (‘i %U %Z ) if k=41
B()\) 1 + e~ 2‘”6 m/h F(Z —+ 50’ §Zh_1)
| —2miesiomen/2h I(;— %0 + % hl)
- 1 oy fk=-1
1 —idetome=m/h T(; + 50 + 3ih™1)
Combining with (5.2), we have
(5.5)
e~ siome—m/2h (L _ 1 Lip-1
e G maih™)
A()\) \/§ 1 + Ze_w”e_”/h F(l_l + 50’ §Zh 1)
= |F(Z—11 _ %O"l‘ %i,{h—l)|2 —27’('26220# —7/2h F(zll %O—‘i‘% ih~ 1) '
— 1 T it k=-1
1 —idetome=m/h T(; + 50 + 3ih™1)
Thus we have two expressions for A(\) given by (5.1) and (5.5). Now let

(5.6) Flo,h™) < Imlog A(N)

In either case k = %1, there exists an outgoing solution ¢ if and only if f(o,h™!) €
27Z. From (5.6) and (5.1), we have

(5.7) flo,h™") = —im +ImlogT'(2 — Lo+ Likh™") —Imlog (3 — 3o + Likh™")
From (5.6) and (5.5), we have
(5.8)
( —lom —Imlog(1 + ie~"me~™/")
+Imlogl(3 — 30 — 3ih™) — Imlog (3 + 30 — 3ih™') if Kk = +1
flo.h™h) =

—2 + lor — Imlog(1 — ie"™e~™/")

\—{—ImlogF(Z—ia—l—gzh Y —Imlog(3 4+ 20+ 3ih™!) ifk=—1

Let us comment on the branches of the logarithm in (5.7) and (5.8). The terms
involving logI'(z) for certain z are defined as follows. By the Weierstrass prod-
uct representation, ['(z) is analytic on C\{0,—1,—2,...} and nonvanishing, with
poles at 0,—1,—2,.... We thus restrict logI'(z) to the simply connected domain
C\ (negative real axis), and fix it to be the analytic continuation that results from
assigning log I'(1) = 0. If we restrict to 0 < o < 3, then each input value z of log T'(z)
appearing in (5.7) and (5.8) belongs to C\ (negative real axis), allowing for h=! = 0.
In the case 3 < o < 1, we restrict to ™' > 0 but can still assign values to logT'(z)
for h=' = 0 for each input z in (5.7) and (5.8) by taking the limit A~' \, 0. In
(5.8), there is an additional term with a logarithm. Since |ie™"e~™/?| < 1, we have
Re(1 +£ie~"e~™/") > 0, and the function log(1 +ie~**"e~™/") is taken as the branch
of log(w) such that logw is real for w real.
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Lemma 5.1. For 0 < o <1, h > 0, k = 1, we have =5 < f(0,h7") < 0 and
0< f(L,hY) <7 forall0 < h™! < 0o, and 8, f(o,h™') > 0 for all 0 < o < 1 and
0 < h™! < oo. Hence for each 0 < h™! < oo, there exists a unique 0 < o(h) < 1 such

that f(o(h),h™') = 0 and there are no solutions to f(o,h™1) = 27n for n # 0.

Proof. From (5.8), we have f(0,h™') = —Imlog(1 + ie”™/"), from which it readily
follows that —% < f(0,h™") < 0.
We now turn to evaluating f(1,h~!). Consider the formula

logT(§ + 30 — lz'h_l) =log((=2 + 10— Lin (-3 + 1o — Lin™"))
(5.9) =log(—2 4+ 30 — $ih™') +log (=3 + 1o — Lin™)

)
in the simply connected domaln (0, h™") € R? excluding (—o0, 3) x {0}, but we must

(
specify the branch of log(—3 + O’ Lih~'). If we consider the point (o, A7) = (,0),
then the left side is logF( + cr sih™') = logI'(2) = logl = 0, and on the
right side, logF(—— + 0’ — zh Y = logI'(1) = 0, so we need to take 10g(—§1 +
%a — %ih’l) =logl = O (as opposed to other integer multiples of 27i). Hence the
branch of log(—% + %a — %z’hil) in the above formula has imaginary part ranging
from —m to +7 (note that —% + %0 — %z’hil on the specified domain takes values in
C\ (negative reals)).

Evaluating (5.9) at o = 1 gives
log(2 — Lin™") =log(—1 — 1ih™") + log I'(—% —
Substituting into (5.8) gives
f(1,h7") = —1r — Imlog(1 — ie”™") — Im log(—1 — Lin™)
Now
—3m < Imlog(1 — ie”™M) <0, —m <log(—% — 3ih™") < —im

so 0 < f(1,h™!) < 7 as claimed.
Next, we prove that 9, f(o,h™') > 0. From (5.7),

0o f(o,h™") = 3Im (=(2 — 3o + 5ih™") + 9(§ — 30 + 5ih™"))
=3 Im(¥(2) —9(z +3))
where 1 is the digamma function and we take z = ;11 — %0 + %ih_l. By taking the log

(5.10)

derivative of the Weierstrass product formula for the gamma function, we obtain

@w(z):—wé(%“—zik)

1 _+oo 1 1 1l 1
Vi) — it ) = (_z+k+z+§+kz)__§Z(z+k:)(z+§+k:)
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For z = x + 1y, we obtain
li y(2x + 1 + 2k)
2~ (z+k)(w+ 5+ k) — v + [y(22 + 5 + 2k))?

(i (2) — (z + 3)) =

L1 — 1p-1
1~ 30 and y = 5h". Hence

yz+142k) =1 1—-0+2k) >0
for all 0 < h™! < oo and 0 < o < 1. Consequently, from (5.10), we obtain
Oy f(o,h™1) > 0, as claimed. O

Lemma 5.2. For 0 < o <1, h >0, kK = —1, we have =5 < f(0,h7") < 0 and
=< f(LAY) < =2 for all0 < h™! < o0, and O, f(o,h™) <0 forall0 <o <1
and 0 < h™' < co. Hence there are no solutions to f(o,h™') € 2nZ for 0 < o < 1

and 0 < h™! < 0o.

I D P _
50 + 3ih™", sox =

In our case z = }1

Proof. The proof is analogous to the proof of Lemma 5.1 and will be omitted. U

6. ASYMPTOTIC CALCULATION OF o (h)
In this section we prove Theorem 1.4, starting with the case 0 < h < 1. We use
log(1 +ie~ ™™y = je= e/ 4 O (e 2/
(6.1) = ie”™" 4 O(e” ™M) £ O(ge™™/M)
and we also use the expansion
Lemma 6.1.

logI'(z + o) —log'(z) = olog z — 30(1 — o)z~ + O(o]z]|7?)

We will prove this lemma below. Let z = § — 10 — 2ih™! = —1ih (1 + 2ih —ioh).

Then 2! = 2ih + O(h?) and
ologz = olog[(—i)(Ah™")(1 + Lih — ioh))
= o(—4mi+log(3h™") + log(1 + $ih — ioh))

= —inoi+ olog(3h™") + sioh — io®h 4+ O(ch?)

1
1

Also,
—1o(1—0)z7" = —io(1 — o)h+ O(ch?)
Plugging into Lemma 6.1, we obtain

logT(3 — 30 — 2ih™") —log (3 + 20 — Lin ™)

(6.2) = —olog(sh™") + Lino + Lioh + O(oh?)
Substituting the asymptotic expansions (6.1), (6.2) (valid for 0 < ¢ < 1) into (5.8),
we obtain

flo,h™) = 1oh — e ™"+ O(e7>/") + O(ch?)
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Note that the “big O” notation means that there exists C' > 0 such that for every
O<o<1,

(6.3) Joh(1—Ch)—e ™M1+ Ce™™") < f(o) < 1oh(1+Ch) — e ™"(1—Ce ™M)
If 0 < o0 <2h~te™™"(1 — Ch), then we have from (6.3) that

f(o) < ioh(1+4Ch) — e ™M1 — Ce™h)
< (1 =Ch)(A + Ch)e ™" — e=™/M(1 — Ce™™/M)
= (=C*n? 4 Ce™/M)em /"
<0

If 2hLe="/"(1 4+ 2Ch) < 0 < 1, then we have from (6.3) that
f(o) > 1oh(1 — Ch) — e ™M1+ Ce™™™)
> (14 2Ch)(1 — Ch)e ™" — ™" (1 4 Ce™™/M)
> (14 Ch —20%h* — Ce™/h)e=m/h
>0

Hence the unique solution to f(o,h™') = 0 lies in the interval
2hte ™M1 — Ch)e ™" < o < 27 'e ™/"(1 4 2Ch)
Proof of Lemma 6.1. Recall the Binet’s log Gamma formula

arctan(tz 1)
e2mt 1

+o0
(6.4) logT(2) = (2 — 3)log z — z + L In(27) + 2/ dt
0

By the mean-value theorem (using that |(arctan z)’| < 1) we obtain
1 1

zZ+4+o0 z

to

arctan(t(z + o)~ ') — arctan tz"H <t _
[arctan(t(z + o)) (t=7)l < <t

and hence

[t D et ) g <oy [T
0 0

627rt -1 e27rt -1

it follows that
logI'(z 4+ o) — logI'(2)
=(z+0—1)log(z+0) — (z— 1)logz — o + O(o|2|?)
=(z—31+0)loglz(1+027")] = (2 — ) logz — 0 + O(o|2|?)
(6.5) =ologz+ (z—3+0)log(l+027")— 0+ O(c|z|7?)
Now also

(z—2+0)log(l+oz)=(2—L40)(0z7" = 10?272+ O(c%27?))
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(6.6) =0—30(l—o0)z""
Substituting (6.6) into (6.5), we obtain the claimed expansion. O

Now we return to compute the amplitude of the outgoing solution ¢ at x = 0.

Recall
(2R2A(N))V/ =D

v(0)

p(a) = av(h'Plz]),  a=

with
—m 3 1 1.7 —
A = YO _ VTG — 5o+ 5ihT)

v(0) [(;— 0+ ik

We have chosen o = 2¢~™/"h~1(1 + O(h)) precisely so that A > 0, and thus AY/(®~1)
is well-defined. From http://d1lmf.nist.gov/5.11#E14, we have

['(z+a) b _
SEED)  aby Oz
['(z+0b) F(1+0(T)
Taking z = Jih™ ', a=2 — 10, b=1 — 1o, we obtain

A=hr"2(140(h))

hence

21011 + O(h)
(6.7) a= 2(0)
Hence

p(0) = aw(0) = 2/@7V(1 4 O(h))
To compute that asymptotic behavior of ¢(x) as |z| — oo, we need to compute «
and hence v(0). In §3, we show that

V22

T(2— 1))

v(0)

With A = —ih L 10, this becomes
)
\/_ﬂ.e—%ih_l log22—%+%o

I3 — 10+ 3ih1)

v(0)

Using asymptotic expansion in (6.4), we obtain that as h — 0, 0 ~ 2h~te™™/",

F(%Z-hfl + % _ %U) ~ (Qﬂ_)1/2271/4€7Ti/8h71/467ﬁei%h‘llog(%h‘l)efi%h_l

and hence
— —i _l.p-1 -1 1,31
’U(O) ~ 9 1/26 7rz/8h1/4e7r/4he 5th™!'logh eth

From (6.7) it follows that

(6.8) o~ 21/(p71)21/2em‘/8h71/4677r/4h€%ih_1 log h—lef%ih—l
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2ia

F1GURE 7.1. Depiction of the curves v, from 0 to +oo along the pos-
itive real axis, 7, from 0 to 2ia? along the positive imaginary axis,
and 73, the curve in the first quadrant following the curve z = r(6)e®,
where 7(0) =  csc.

Finally, we compute o(h) in the case h > 1 (i.e. 0 < h™! < 1) and obtain the
formula presented in the second part of Theorem 1.4. Taking z = 7 —
obtain from (5.1) that

411 %U—F %ihfl, we
e‘”“ﬂF(% + 2)
I'(2)

In the case h™! — 0, we must have o0 — %, for otherwise if 0 — oy # %, then

I'(3+2) = I'(3 — 109) and ['(z) = T'( — 400), both of which are real (and finite).
Hence the right side of (6.9) cannot converge to a real and positive value. Given that
o — 1 as h™' — 0, we have that = — 0. Hence we reexpress the denominator of (6.9)

as 27 1T'(1 + 2) to obtain

(6.9) AN =

e*”/‘l\/izf(% + 2)

(6.10) A(N) =

I'(1+z)
Since I'(3 +2) = I'(3) = y/mand T'(1+z) — I'(1) = 1, we conclude that arg(z) — =,
i.e. Re(z) ~ Im(z) as h~' — 0. This implies ; — 30 ~ sh™', or o =~ 5 —h™! as
h™t =0

7. FORM OF OUTGOING PROFILES AS h — 0

In this section, we prove Theorem 1.5. This follows from the calculation of « in
(6.8) and the following lemma.
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a?=2.0

y=a’cot+ 8

0.2 0.4 0.6 0.8 1.0 1.2 14 1.6

FIGURE 7.2. Graphs of f,(f) = a*cot§+6 on 0 < 6 < 5 for a® = 2.0,
1.0, and 0.5. For each o, we have f(Z) = Z and f(0) ~ a0~ as 6 \, 0.
For ae > 1, f(#) is decreasing on the whole interval, but for 0 < a < 1,
f(0) achieves a minimum in the middle at 6, = arcsin @ with value

f(6o) = a1 — a? + arcsin a.

Lemma 7.1 (x — 400 asymptotics of v(z)). For A\ = —h™! —io, 0 < h < 1, and

o~ 2hte ™" defining o o %hl/zx, as h — 0, we have the expansion

( ) {(1 _ a>—1/4€—h*1[arcsinoc—&-oc(l—az)l/?} fO’I” T < 2h_1/2
v\ =~

1,02 -1, 1 _
eat @ =i o) for x> 2n=1/?

Proof. Recall we restrict to > 0. As x = 2h~/? is the classical turning point, it
is convenient to use the parameter o % 1h*2z, which has the property that @ = 1
exactly when x = 2h~1/2.

By definition, we have

1.2

ea’™ o 1,20 (1=
71 = —3t (\/ﬁ
(7.1) o(z) F(ih—1—0+%)/0 3

)i gint-o-3 gy
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14} .

1.2} .

1.0l y=xV 1—x? + arcsin(z) |

0.6 | .
0.4 .

0.2 .

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 7.3. Graph of S(z) = zv/1 — 22 + arcsin .

for o < % By changing variables ¢t — h~'z~'t, we obtain
(7.2)

v() =€ii12(hfv)ih_l+aér(~h i : + 1)/ R Rl ) L
mn—- —o 35 0

By rotating contour forward by e™/*, we obtain

1:..2 — 1 —7/(4h) ,—iow/4 7i/8
(7.3) v(z) = ei® (hg) o3 E € © gl h )
F(Z‘hfl — 0+ %) ’

where

g(a, hil) déf/ efh_l(%ia_thnLtfilogt)tfaf% dt
0

Note that the application of Cauchy’s theorem required to deduce (7.3) from (7.2) is
straightforward since the functions in the exponential have negative real part. Thus
one can use the standard wedge contour, and we will not further elaborate on this
calculation. Taking

pa(z) = —tia %" — z 4 ilog 2
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then
(7.4) gla,h™') = / P75 gy
et

where 7, denotes the positive real axis, oriented from 0 to +o0o0. We would like to
rotate forward the contour 7, in (7.4) from the positive real axis to the positive

imaginary axis, although this requires moving through a region where —%ia*222 has

positive real part. Taking z = re’?, we have

Repa(z) = sa *r*sin20 — rcos — 6

(7.5) Imp,(z) = —ta *r? cos 20 — rsin 6 + logr
Using the identity sin 26 = 2sin § cos # and completing the square, we have

Repa(z) = }1072 sin @ cos O(r — 2a” csc0)* — £, (6)

where
fa(0) ©2coth+0
This suggests to deform along the contour r» = 2a? csc 6, denoted s, to link up with
the segment 3 of the positive imaginary axis from 0 to +2ia?, as in Fig. 7.1. Cauchy’s
theorem implies
gla,h™) = ga(a, h™") + gs(a, h™)
where
gi(a,h ™) = / e O P
Vi
First we shall examine gy(c, h~1). We parameterize the contour v, as z = 7(6)e®,
with r(#) = 20” cscf from § = % to 6 = 0, and have

dz = (r'(0) 4 ir(0))e”dd = 202 csc? 0db
Thus

/2
gaa, k1) = _(2a2)§—0/ e a0 gih a0 i +3)0 (sin 6)72 df
0

where
Ve (0) L pa(r(ﬁ)eia)

Fig. 7.2 shows a plot of fo(6). For each o, we have f,(5) = 5 and f(0) ~ a?0~" as

6\, 0. For a > 1, f(#) is decreasing on the whole interval, but for 0 < a < 1, f(0)
achieves a minimum in the middle at 6, = arcsin o with value

(7.6) Falfo) = a(1 — a®)/2 4 arcsin £/(0) = 202 cos g

«

sin® 6,
Use of the double angle identity cos26 = 1 — 2sin*# and (7.5) gives
(7.7) Va(0) = —2a” csc® § + log csc  — o + log(2a”)
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We also find that when a < 1, with 6y = arcsin «, that v/ (6p) = 0 and

20
(78) volfo) =~ —o” +log(20), V(B) = ~207 T
sin” Ay
Hence
0 . .
f;t/<00) - ZVg(QO) = 20{2 COS4 60 (COS 60 - ZSln 90) = 2(1 j— a2)1/2a7261(§*arC81na)
sin® 0,

We now invoke stationary phase/Laplace method to obtain
(7.9) ga(a, h ™) = —(2@2)%_Ue’fl(—fa(90)+iVa(60))ei("+%)90 (sin 00)‘7—%](04, hh
where

I(o,h™Y) = / o S 0000000 g

= (2m)2[h7 1 (£2(8) — iva(60))] "/
Substituting 6y = arcsin 6y and (7.6), (7.7), (7.8) into (7.9), (7.10), we obtain

92<OC, h_l) s _23/27T1/26i7r/4h1/2€ih_1(—%—a2+log(2a))eio arcsin a

(7.10)

_ 1_ . _p—1 _a2)1/2 :
. X (1 _a2) 1/4Oé2 %e h™a(l—a?)!/?+arcsin a]

which is the dominant contribution for o < 1.
Next, consider v3. We parameterize it as z = s, where s goes from s = 0 to
s = 2a%. Then
pa(is) = i@a(s) - %ﬂ'
where

[N
-+

Pa(s) = a7 ?s® — s+ logs

Then 2
2
gs(a, h™1) = 6”/(%)6”"/26“/4/ ot ea(s) g=0—5 g
0

Since ¢/, (s) = %LOé_ZS — 1+ 57!, we find that when o > 1, there is a stationary point
in the interval 0 < s < 20?2 at

2
so=2%*(1-V1l—-a )= — =
’ ( ) 14++v1—a?

and

¢'(s0) = —3VI—a (14 vVI—a?)
For o > 1, this takes the asymptotic form

so=1+0(a7?),  ¢(s0)=-1+0(a7?),  ¢"(s0) =-1+0(a?)
By stationary phase

202
1 1 o1 _o—1 101, 1 RY
/ e ea(s) == 1 s o nl0) g z/em PL(s0)(s-50)% g
0
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_ €ih71¢a(50)8807%h_1/2(—QOIOC(S()))1/2(27T)1/26_m/4

and hence

. Lol
go(, 1) A (2m)1 26 GG e o0l T U (gt ()2

In the case where a > h~'/2, we can use the asymptotic forms to simplify

[ADFT04]

[BCRYY]

[Fib15]
[Fra85]

[KL95]

[LPSS8S)]

[MRO3]

[MROA]

[MRO5a]

[MRO5b)]

[MROG6]

[MRS10]

[Per01]

gg(a, h—l) ~ (27r)1/26—7r/(2h)e—ih*1h—1/2
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