LOCAL ILL-POSEDNESS OF THE 1D ZAKHAROV SYSTEM
JUSTIN HOLMER

ABSTRACT. Ginibre-Tsutsumi-Velo (1997) proved local well-posedness for the Za-
kharov system

10w + Au = nu

O*n — An = Alul?

u(z,0) = ug(x)

n(x,0) = ng(z), On(x,0) =ni(z)

u=u(z,t) €C
n=n(x,t) €R
zeRY teR

for any dimension d, in the inhomogeneous Sobolev spaces (u,n) € H*(R%) x H*(R?)
for a range of exponents k, s depending on d. Here we restrict to dimension d = 1
and present a few results establishing local ill-posedness for exponent pairs (k, s)
outside of the well-posedness regime. The techniques employed are rooted in the
work of Bourgain (1993), Birnir-Kenig-Ponce-Svanstedt-Vega (1996), and Christ-
Colliander-Tao (2003) applied to the nonlinear Schrédinger equation.

1. INTRODUCTION

In this paper, we examine the one-dimensional Zakharov system (1D ZS)

i0u + 02u = nu
u=u(z,t) €C
Oin — 0n = 92|ul?
1D ZS n=n(z,t) €R
u(x7 0) = U,0<LL’>
reR, teR
n(x,0) = no(z), dn(x,0) = ny(x)

Local well-posedness in the inhomogeneous Sobolev spaces (u,n) € H*(R) x H*(R)
has been obtained by means of the contraction method in the Bourgain space

2
fullxs, = (// (O (7 + €)™ (e, )\Qdfdr)

by Bourgain-Colliander [BC96] and Ginibre-Tsutsumi-Velo [GTV97].! In the latter
paper, the following result is obtained:
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1Actually, these papers consider, more generally, the system in dimensions d = 2,3 and d > 1,
respectively.
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Theorem 1.1 ([GTV97] Prop. 1.2). 1D ZS s locally well-posed for initial data
(ug,ng,n1) € H* x H® x H*™ provided

k>0 s> —3
—1§s—k<% sSQk—%
Specifically:
(a) Existence. V R > 0, if |Juo|l g + ||nollgs + |71 ]|ms—1 < R, then 3T = T(R)

and a solution (u,n) to 1D ZS on [0,T] such that

ulleo.rp;mx) < clluol|

Inlleqo.rys + 10l ooy < elllvollex)*(Inollzs + lImallzre-1)

and u € X,ibl, where by is given by Table 1.

(b) Uniqueness. This solution is unique among solutions u belonging to C([0,T]; H*)N

S 2
Xk,bl .

(¢) Uniform continuity of the data-to-solution map. For a firzed R > 0, taking
T =T(R) as above, the map (ug,ng,n1) — (u,n,n) as a map from the R-
ball in H* x H® x H* to C([0,T]; H*) x C([0,T); H?) x C([0,T); H:71) is

uniformly continuous.

The region of local well-posedness in this theorem is depicted in Fig. 1. We shall
outline the [GTV97] proof of Theorem 1.1 in §2 since the estimates are needed in the
proof of Theorem 1.2 in §3.

Our goal in this paper is to establish local ill-posedness outside of the well-posedness
strip, in particular near the optimal corner k = 0, s = —%. That is, we consider the
region (1) s > 2k — % (above the strip), and (2) s < —3 (below the strip). In
the first region, the wave data (ng,n;) is somewhat smoother than the Schrédinger
data ug. As a result, the forcing term 9?|u|? of the wave equation, as time evolves,
introduces disturbances that are rougher than the wave data, and the wave solution n
does not retain its higher initial regularity. This is quantified in Theorem 1.2 below.
In the second region, the Schrodinger data wug is somewhat smoother than the wave
data (ng,n1). As a result, the forcing term nu of the Schrédinger equation introduces
disturbances that are rougher than the Schrodinger data, and the Schrodinger solution
u does not retain its higher initial regularity. This is quantified in Theorem 1.3 and
1.4 below. These simplistic explanations are, at least, accurate for £ > 0. For k < 0,
there are possibly multiple simultaneous causes for breakdown, although we find that

our methods still yield information in this setting.

21D ZS can be recast as an integral equation in u alone with W (ng,n;) solving (2.2) appearing
as a coefficient. Then, n can be expressed in terms of u and W(ng,n1), and therefore n need not
enter into the uniqueness claim.
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F1GURE 1. The enclosed gray-shaded strip, which extends infinitely to

the upper-right, gives the set of pairs (k,s) for which well-posedness

has been established by [GTV97] (see Theorem 1.1) for (ug, ng,n1) €

H* x H® x H*~. Solid lines are included in the well-posedness region,

while the dashed line is not. Theorem 1.2 provides an ill-posedness

result of type “norm inflation in n” inside the region bounded by the

horizontal dotted line s = —%, the slanted line s = 2k — %, and the

vertical dotted line k£ = 1. Theorem 1.3 provides an ill-posedness result

of type “phase decoherence in v” along the solid vertical line extending

down from the point (0, —2).
We will draw upon and suitably modify techniques developed by Birnir-Kenig-

Ponce-Svanstedt-Vega [BKP196], Christ-Colliander-Tao [CCT03b], and Bourgain [Bou93],
who addressed ill-posedness issues for the nonlinear Schrodinger equation. For a sur-
vey of ill-posedness results for nonlinear dispersive equations, see Tzvetkov [Tzv04].



4 JUSTIN HOLMER

Our first result demonstrates that the boundary line s < 2k — % in Theorem 1.1 is
sharp.

Theorem 1.2. LetO0< k<1 and s > 2k — % ork <0 and s > —%. There exists
a sequence ¢y € S such that ||on||gr < 1 for all N and the corresponding solution

(uy,nn) to 1D ZS on [0, T]| with initial data (¢n,0,0) satisfies
Inn(t)||ms > ctN*  for0<t<T, N>ct! (1.1)
where o = a(k, s) > 0. The time interval [0, T] here is independent of N.

The form of ill-posedness appearing in Theorem 1.2 is referred to as “norm infla-
tion”. The result is first reduced to the case where k£ > 0 and s is just above the line
s =2k — % In this case, Theorem 1.1 applied with s = 2k — % (the wave initial data
is 0) provides the existence of a solution (uy,ny) on a time interval 7', independent
of N, with uniform-in-N control on ||uyl|| X3, The estimates of [GTV97] will enable
us to show that uy is comparable to ¢ ¢y in a slightly stronger norm than X b
(on this fixed in N time interval) and then Theorem 1.2 follows from the fact that
(1.1) holds with ny = O7'92|uy/|? replaced by 07192|¢/*%: ¢y |2, which can be directly
verified.® The proof is given in §3.

Our second theorem demonstrates lack of uniform continuity of the data-to-solution
map, for any 7' > 0, as a map from the unit ball in H* x H* x H*~! to C([0,T]; H*) x
C([0,T); H®) x C([0,T]; H*™!) for k = 0 and any s < —3. We first show that if one
issue is ignored, we can, in a manner similar to [BKP*96], make use of an explicit
soliton class to demonstrate that for any 7' > 0 there are two waves, close in amplitude
on all of [0, 77, initially of the same phase but that slide completely out of phase by
time T'. This form of ill-posedness is termed “phase decoherence”. The soliton class
for 1D ZS that we use appears in [Guo88| [Wu94]. The “ignored issue” pertains to
low frequencies of ng(x), and can be resolved by invoking the method of [CCT03b] to
construct a “near soliton” class offering more flexibility than the exact explicit soliton
class in the selection of ng(x). This is, however, not straightforward since 1D ZS lacks
scaling and Galilean invariance, which was used to manufacture the solution class in
[CCTO03b).

Theorem 1.3. Suppose k = 0, s < —%. Fix any T > 0 and 6 > 0. Then there
is a pair of Schwartz class initial data tuples (ug, ng,0) and (g, ng,0) giving rise to

solutions (u,n) and (w,n) on [0,T] such that the data is of unit size

[uol[ s lInoll s ~ 1, ol as, [1720][ s ~ 1

and tnitially close
s <0

l|luo — o g+ + [|m0 — 720]

3w =071 f is the solution to Ow = (82 — 82)w = f, w(z,0) = 0, dyw(z,0) = 0.
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but the solutions become well-separated by time T' in the Schrodinger variable
-, t) = 1) g s~ 1.

We expect that this result can be extended to all kK € R and s < —%, although
preliminary efforts were abandoned since the computations became very lengthy and
technical. The proof of Theorem 1.3 appears in §5.

Our final theorem employs a method of Bourgain [Bou93].

Theorem 1.4. For any T > 0, the data-to-solution map, as a map from the unit ball
in H* x H® x H*"! to C([0,T); H*) x C([0,T); H*) x C([0,T); H*™1) fails to be C?
for ke R and s < —%.

This is a weaker form of ill-posedness than the phase decoherence of Theorem
1.3, although it covers the full region below the well-posedness boundary s = —% of
[GTV97]. The proof is given in §6.

Acknowledgments. I would like to thank Jim Colliander for his clear explana-
tion of how to construct counterexamples to bilinear estimates and for other helpful
discussion on this topic. Also, I would like to thank Guixiang Xu for carefully read-
ing §1-3 of the paper and pointing out numerous misprints and an error. Finally, I
would like to thank the anonymous referee for providing several helpful suggestions
for improvement.

2. THE LOCAL THEORY

We outline and review the local well-posedness argument in [GTV97] since the
estimates will be needed in the proofs of Theorem 1.2, 1.4.

Let [U(t)uo] (&) = e " 119(€) and
Vst = [ Ul =)0

denote the Schrodinger group and Duhamel operators, respectively. Define the Schrodinger

Bourgain spaces X ,f:a, Y% by the norms

1/2
Iolg, = ( [ €%+ eylece. i ag ar

lllys = ( JC& ([tr+eiaten dT)Z d5> v

Consider an initial wave data pair (ng,n1). Split ny = niz + nyg into low and high
frequencies?, and set (§) = ”lf—g(f), so that 0,v = nyy. Let

(2.1)

4This decomposition is needed, for otherwise the estimate in Lemma 2.1(b) would have to be
modified to have ||nq||gs in place of ||ny| gs—1 on the right-hand side
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W, (ng,ny)(z,t) = %no(x —t) — —l/ x —t) +%/ nir(y

x+t
/ n1L

(8 £ 02)Wi(no, ma)(2,t) = snyp(x)

W (ng,m)(x,0) = gno(z) F 3v(x) .

By setting n = W (ng,n1) + W_(ng,n1), we obtain a solution to the linear homoge-
neous problem

W_(no,n1)(z,t) = ing(z +t) + sv(z + ) +

N[

so that

{ O'n —9’n =0 t,x eR 22)
n(x,0) = no(x), dn(x,0) =ni(x) n=n(t,z) eR
Let

Wy g f(x,t) = /fx:Fst—s) (2.3)
so that

(0y &+ 0p )Wy xp f(2,t) = Sf(x,t)  Wif(z,00=0  9Wif(z,0) = 3f(z,0).

It follows that if we set n = W_ %z f — W, % f, then we obtain a solution to the
linear inhomogeneous problem

Oin — 0?n = 0,f t,r eR
n(xz,0) =0, gn(z,0)=0 n(z,t) € R

XWi YWi

s, )

Il e = ( // e e P de dT) "’
Izl we = </£<§>23 </T<T:|:f>_1|2(f,7')’ d7>2d§> - ,

Let ¥(t) = 1 on [—1,1] and ¢(t) = 0 outside of [—2,2]. Let ¢r(t) = ¥ (t/T), which
will serve as a time cutoff for the Bourgain space estimates. For clarity, we write
1 (t) = ¢ (t). We can now recast 1D ZS as

i0wu + 0%u = (ny +n_)u reRteER
{(&:I:@ ne = F3 Lo, \u|2+ ingg
where n = n, 4+ n_, which has the integral equation formulation
u(t) = U(t)ug — iU *g [(ny + n_)ul(t)
ne(t) = Wi(t)(no,ny) F Wa x5 (Op|ul*)(t).

Define the one-dimensional reduced wave Bourgain spaces as

(2.4)

(2.5)
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Lemma 2.1 (Group estimates).

(a) Schrodinger. ||1/)1(75)U(75)uo||Xl§b1 < |woll g -

(b) 1-d Wave. ||t (£)We(t)(ng, n1)

|
|X:/bi ~

S [Imol

s+ [[na]

Lemma 2.2 (Duhamel estimates). Suppose T < 1.

(a) Schrodinger. If 0 < ¢ < &

27
01|l

If0 < by <3, then [[¢rU g folibl S Té*bl(”f”xlf

Uk fllog.mx S | fllvs-

(b) 1-d Wave. If0 < c < 2,0 < b, b+c < 1, then |[YrWy xg fHwai <

27

1-b—c
T fll s -

0 S bl; bl +Cl S 1, then ||1/)TU *R f”leb <

_1
2

H§71 .

ny;? )-

FO<b< L, then [wrWi sn fllywe S THP(I | gws nyoes).

W *r fllo®sms S Ifllyw=-

Lemma 2.3 ([GTV97] Lemma 4.3/4.5). Let k, s,b,c1,b satisfy
s—k>-1
b+ b, > %

s > —%
b,c1,b1 > }L
s—k>—2¢
Then
Insulls

k>0
b+01>§

v S el ulxg,

Lemma 2.4 ([GTV97] Lemma 4.4/4.6). Let k,s,c,by satisfy

s—QkS—%
C,bl>}1
S—kSZbl—l

Then

]|8x(u1ﬁ2)||xsvf/j:cmy5Wi N ||u1||X,§b1 |’U2||X,§’b1 .

To obtain Theorem 1.1, fix 0 < T < 1, and consider the maps Ag, Aw+

E>0

C+b1>%

s—k<2—1

2

As(u,ng) = Y Uug + YU *g [(ny + n_)ul
Aws(u) = 01 Wa(ng,ny) £ oWy s (9,|ul?) .

For T' = T([[uol| g, [0l m=, [|721]
is obtained in X ,f b, X X&ng satisfying

lull s, < lluol

[l xws S ol

|

ms + |4

me=1 + [[uol[

1
S—k’<§

(2.
(

oo
S~—

ms-1), afixed point (u(t), n+(t)) = (Ag(u,ns), Aw+(u))



8 JUSTIN HOLMER

blzé—e b:%—?)e
s—k=-1 g o
=3 c=;+2€
_ s—k _ 3
e ke 1 bh="35"+1—¢c|b=14—2¢
2 sk _ 1
Cl——2 C_Z+€
_ 3 _ 3
—l<3—k<0 b1—1—2€ —1—26
27 n a=1+e¢ c=1+c¢
_ 3 _ 3 s—k
O<3_k<l bl_Z_QE —2—2—26
B 2 a=1+e c=2E 41+

TABLE 1. Values of by, ¢1, b, ¢ meeting the criteria of Lemmas 2.3, 2.4
for various intervals of s—k. Note that by+c¢; < 1l—eand b+c < 1—¢in
order to capture a factor T° from Lemma 2.2. Also note that by,b > %
and ¢, ¢ < % for all cases except s — k = —1.

by applying Lemmas 2.1, 2.2, 2.3, 2.4 with values for by, ¢q, b, ¢ given by Table 1.
Consider first the case s — k > —1. We note from Table 1 that 0,0 > %, and thus
we have the Sobolev imbeddings

HUHC(Rt;HgIE) 5 ||u||X}§,b1

s lemons)  Insllxns 210
Also,
om(z,t) = 0(ny +n_)(z,t) = 0x(—ny +n_)(z,t) + nip(x)
and thus
H@thC(Rt;H;’l) < ||”i||wai + a1 - (2.11)

Similar estimates apply to differences of solutions.
Consider now the case s —k = —1, where it is necessary to take b; < % We return
to (2.6) and estimate directly using Lemma 2.2 to obtain

lull oty S lluollax + lInsullys

and by Lemma 2.3,

Insullys S lInell xpellullxs,

where by, b are as specified in the Table 1, and the right-hand side is appropriately
bounded by (2.8), (2.9). The bounds in (2.10), (2.11) apply in this case since b > 1.
We further note that we can re-estimate u in X?, in (2.6) to obtain

2

o=t + [[wol ) lwol| ae (2.12)

lullxs < luoller + (linollzs + [lna ]

2
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3. WAVE NORM-INFLATION FOR s > 2k — %

Here we prove Theorem 1.2. In Steps 1-3, the result will be established for 0 <
k< ;1 and s > 2k — % but with s near 2k — % In Steps 4-5, the general case of the
theorem is reduced to the case considered in Steps 1-3.

Proof. Let 0 < k < 1. Let
A 1
Pna(§) =Nz kX[—N N 3]

— N

QASN,B(@ = Né_kX[N+1,N+1+ ()

~l

[un

Let ¢n = dn.a + énp. Then ||on|| g+ ~ 1. A solution to the integral equation
un(t) = LU () —ior (U * g { (W kg (0pfun |*) = W g (0 [un]*)]-un }(t) (3.1)

provides a solution to 1D ZS with initial data (¢, 0,0) when ny is defined in terms
of uy as

ny = W+ *R (8m|uN|2) —W_ *R (8,,:]uN|2) (32)
By working with the estimates in Lemmas 2.3, 2.4 (taking s = k — 0 — % in the
b3 o for 0 <o <k on
[0, 7], where T = T(||¢n || g+--) (thus independent of N) satisfying

discussion of §2), we obtain a solution uy to (3.1) in X]f_

HUNH(J([O,T};HL“*“) < HUNHX:_G%_QE < llonllmr-e ~ N7 (3.3)
Step 1. We show that

I[(We — W) %5 Ou|Udbn |2 (8) || 1= ~ tN*"3F2)  for N > ¢ (3.4)

That says that (1.1) holds provided uy(t) is replaced by the linear flow U(t)¢y in

(3.2).
To show this, note that in the pairing U(t)¢nU(t)¢n, there are 4 combinations

U(t)pn;U(t)pn i, where j, k € {A, B}. We claim that

(Wi g 0:(UpnaUdn,p)| &, t) ~ i&tN'" e " hy(€) (3.5)

where hy () is the “triangular step function” with peak at £ = —2N — 1 — <, of width
2 and of height +, i.e.

B () = E—(—2N—-1-2) if¢e[-2N—-1—2 2N —-1- 1]
v ¢ if ¢ €[-2N —1— %, —2N — 1]

L
N

Here, the symbol ~ means that the difference between the two quantities has H*
norm of lower order in N. It then follows by taking complex conjugates in (3.5) that

(W sr 0:(UdnUdn a)[ T, €) ~ ifte ™ N2 hy(€) (3.6)
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where hy(€) is the trlangular step function” centered at 2N + 1 + —, of w1dth =
and of height %

h2(£):{€—(2N+1) if€€[2N+12N—|—1+L]

@N+1+2)—¢ HfEERN+1+£,2N+1+ 2]
Hence
Wy %k 0:(Udn, aUbn.5 + UdnpUdna)) (1) |15 ~ tN>~P2) (3.7)

We further claim that the AA and BB interactions for the W, term are of lower
order in N, i.e. specifically,

W, g 0 (Udn ;Udn ) ()|l ge < N*~F2"1 for j— k= Aand j=k =B
(3.8)
Finally, we claim that all of the interactions AA, AB, BA, and BB for the W_ term
are of lower order in N, i.e.

V- 5r 0a(UnjUbn i)l (8) |- < N*=F=2)71 for j k € { A, B} (3.9)
Combining (3.7), (3.8) (3.9) establishes (3.4). We begin by proving (3.5). Note that
U)oxa(e) = N+ [ e gy
£&1€E[-N—% —N]
Ult)pn p(x) = N2~F 626113 (¢,

&€[-N-1—%,—N-1]

after the change of variable & +— —¢&; in the second equation. For the remainder of
the computation, & is restricted to [N — %, —N] and &, is restricted to [-N — 1 —
L —N —1]. By (2.3),

N
W+ *R ax(U¢N,AU¢N,B)(t)

¢
— Nl_%/ / / i(& + 52)61'(1—8)(61%2)e—i(t—S)(ff—ﬁg) dé déy ds
s=0J& J&

= v [ [ e+ e 1, 6,6 desas
& J&
where

t
g&&@gz/ s 62) s -6D) g
citli+&)(61-6&-1) _ q
Z(gl + 52)(51 - 52 — 1)
1

Since §; + & is confined to a -sized interval around —2N — 1 and § — & — 1 is

confined to a %-sized interval around 0, we have that (§ +&)(& — & — 1) is confined
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to a unit-sized interval around 0. By the power series expansion for e*, we have

g(t, &1, 52) ~ t.
Wy xg 0.(UdnaUdn,s) (1) (&, 1)

_ Nl_Qk\/; 5 Z(gl +€2)5(€1 +€2 _5) —it( 51 (t 61 62) d& d€2

USlng that eilt(é.%igg) — efit(gl76271)(514’52)67“(51“”62) ~ eiit(£1+£2) and that g(t’ gla §2) ~
t, we obtain (3.5). (3.8) and (3.9) are proved by a similar computation; we only
present the proof of (3.8) in the case j =k = A. For t € [0,T],

] it —it€
W, 4 0.(Uon aUomn)(0) = | cen g yirts (310)
k3
where

9(1,§) = /A E+£ WUdN A &1, 1) [0 U a] (€2, 2)

T=T1+T2

/A £1+£2 T+ 51)¢NA(§1)1/11(TQ — 52)¢NA( &)

T=T1+T2

In this integral, & and &, are each confined to a % sized interval around — N, forcing

€ to lie in a + sized interval around —2N. The U1 (T + €2) and ¢ (15 — £2) factors
then (essentially) restrict 7, to a unit sized interval around —N? and restrict 7, to a
unit sized interval around N?, so that 7 is forced to lie within a unit sized interval
around 0. Consequently,

g(€.7) {S ¥ I (E7) €[22V = —2N] x [-1,1]

=0 otherwise
On the support of g(&, 7), the factor |7+ &| ~ N. From (3.10),
I[W Rk 02 (Upn,aUdn,a)] ()| 1

1/2
< N1 (/5‘512 [/ lg(T, +£| T} ) < N (2k—3)-1

Step 2. Also, on this time interval [0, 7] independent of N, we claim that
lun = 1 (U ()dwl xs

k+o,by

< llowlPpllén s ~ N2ER (3 11)
where

— 2 if0<k+o<

3.12
if%§k+a< ( )

N

y {0 if0<k+o<

k+o 1 el
- 1 1f§§k3+0<

ot NI
ot N
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Note that 2(k" — k) + o will be < 0 provided ¢ > 0 is not chosen too large. This says

that uy(t) is well-approximated by the linear flow ¢ (t)U(t)¢y in the stronger norm
X7,
We now prove (3.11). From (3.1),

luy — V1 Udn|| < | (W *Rax’UN|2)-UN||X,f+0761 if0<k+o<i
N — %1 Nl xS < ) .
k+o,by ||(Wj: *R 3z|UN|2) . UN||X,§+J’7C1mykS+U if % <k+o< g

for b; as defined above and

L4 ke fo<k+o<
cC1 = 1
1f§§k+0<

N
ojot NI=

Following with Lemma 2.3,

lun = aUdnllxs,,, < IWe sr Daunlxwellunlixg,
where
g ~1 f0<k+o<3i - 1-Mote if0<k+o<i
k+o—1 if%§k+a<g ;11—1—6 if%§k+0<g
By Lemma 2.4,
W Dl ows < [0ubun Pl gws < llunlids
’ ’ 71
where

+MH2 e f0<k+o<
— € if%§k+a<

S0 N

c:l—b:{

,_{;11+6 f0<k+o<
17 ) kto 1 el
T+§ 1f§<l€—|—0<

Njon =

ot NI

and k', by are defined above. Note that 4] < % — 2¢. Combining,
lun — 1Udn| xs

k+o,b1

< fuwls, luwlxg,,,,
1

< ||UN||_2><I§, y luny — 01 Udn|lxs,  + ||UN||§(5, y |01 Udn| x5
b b1

k+o,by k+o,by
By (3.3),
< 1 Bulluy — er (U@ onllxg, + 6P ll@nlnse

Since ||¢n || ~ N~E*) provided N is taken large enough and k' < k, (3.11) will
follow.
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Step 3. Here, we establish
[ ()]s > ENT@2) for N > ¢!

f0<k<jand2k—3<s<4k—3 orif ; <k <land2k—3;<s<3k+g.
To show this, we note that by (3.2) and (3.4), it suffices to show that

IWe g Ou(Jun|* — [1Ugn[*)(2))]

s <1
Writing
lun[* = [ Ugn|?
= [uy = $1U¢n[* + 2Re [(uy — ¥1Udn )11 Udn]
we see that it suffices to show that

Wy g Oplun — 1 Un[?](1)|| = < 1

W4 *g Ox(un — 1UdN ) UdN](E)||as < 1 (3.13)
(W % 0x (01U - uy — 01 Udn)|(E) || < 1

We focus on the middle estimate (3.13); the other two are handled similarly. As we
describe in detail below, by requiring s to lie sufficiently close to (but above) 2k — %,
we can assign o > 0 such that

<9 — 1 5f 1
D (k+o)—5 f0<k+o<; (3.14)
<k+o if%§k+a<g
and also
K+ (k+o0) <2k (3.15)

where £’ is given in (3.12). Then proceed to estimate the left-hand side of (3.13) by
Lemma 2.2(b) as

|un — 11U ¢N“X]§+ )
g, 1
By Step 2 and Lemma 2.1(a),

< N on || 2o ~ N2 ) N2t —R)

By (3.15), it follows that the exponent is < 0.
We now provide the details assigning ¢ in terms of & and s. The condition (3.15)
is equivalent to the restriction

k if k<3
c<1q, Lt (3.16)

|01 UonN|| xs

k+o,by

The following assignments meet the criteria (3.16) and (3.14).
e [fO< k< }L,restrict to s such that 2k:—%<s§4k:—%, and set o = k.

o If % < k < 1, then restrict to s such that 2k — % < s < %k —I—% and set
Jzék—i-%.
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Step 4. Suppose 0 < k < 1 and s > 2k — % Let s’ be such that s’ < s and s’ meets
the restrictions outlined in Step 3 with s replaced by s’. Then by Steps 1-3 (with s
replaced by )

s > ||Inn (@) || g > tNS=@k=3)  for N > ¢!

I ()]

so we can take a = ' — (2k — ) in the statement of the theorem.

Step 5. Next, suppose £ < 0 and s > —%. By the reasoning of Step 4, it suffices
to restrict to s < 2. Set 0 < k” < s+ ;, and note that s > 2k” — . Clearly
lun ()| g+ < |lun(t)]| gr, sO we can just appeal to the conclusion of Steps 1-4 applied

with k replaced by k”. O

4. A PRELIMINARY ANALYSIS FOR s < —32

Let f(x) = v/2sech(z), which is the unique positive ground state solution to

—f+ O f+IfPf=0 (4.1)
Let fa(z) = Af(Az) and set

usn(z,t) = "NV NINe/T AN, (2 — 2NT)
TL)HN(I,t) = —|f)\(l’ — 2Nt)|2

From (4.1), it follows that (ux n,nan) solves 1D ZS for all A € R and —% <N < %
This is the exact soliton class appearing in [Guo88| and [Wu94].

Our next goal is to prove Theorem 1.3 demonstrating phase decoherence ill-posedness
fork=0,s < —%. We first, however, settle for a partial result (Proposition 4.1) using
a pair from the above exact explicit soliton class. We include this result since it is
clear and straightforward and exhibits the idea behind the proof of the full result
(Theorem 1.3), which is considerably more technical and appears in the next section.

Define the norm H*(|{| > M) as

A 1/2
o ( /IE B \6!251¢(§)\2d§)

The limitation of the following partial result is the use of H*(|¢| > M) and H*~!([¢] >
M) norms as opposed to the full H* and H*~! norms.

9]

Proposition 4.1. Suppse s < —%. Fiz any T >0, § > 0. Then 3 M(0) sufficiently
large and N(8) < L sufficiently close to % so that if

2
M=M, d=/M+ =
P e 2T
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then the solutions are of unit size on [0,T],

Jux, v (- E)][z2 ~ 1

(4.2)
x5 Co )l mrsei=an ~ 1o 19emag n Co ) [ rs=1g1 ) ~ 1
and are initially close
lung (- 0) = tn, (-, 0)| 2 < 0 (4.3)
[[ma0,n (+ 0) = g v (-, 0) He(jgl>m) <0 (4.4)

10imrg,n (-, 0) — Oimny n (-, O) || o1 (g j>00) < 6

but become fully separated in the u-variable by time T,
[rg, v (5 T) = wr, v (- T[22 ~ 1 (4.5)

Proof. We will select M = M (§) sufficiently large later. Take 0 < N < % sufficiently
close to 1 so that (1 — 2N)"2M'/? = 1. Then since N ~ 1 we have v1 —4N? ~
(1 —2N)'2 and noting that A\; = M and (1 — 2N)Y2M'/2 =1 gives

() ()

lure, v (-, 0) = wr, v (-, 0)[|z2 = (1 — 2N)*/2

(€ .

f(f)—ﬂ@
2

Take M sufficiently large so that A; /A, is sufficiently close to 1 in order to make the

above expression < 0. Thus (4.3) is established. Next, we establish (4.4). By the
change of variable £ — A&

2
Le

2
LE

||n)\2,N(" O) - n>\1,N('> 0)| %{5(|§\2M)
— )\ 3+2s & 2 A<&) _ 2
a5 e

Since s < —% we have A*%* < 1 and the above difference is made < § by again taking
M sufficiently large. Also

2
€% dg

[0im75,5 (5 0) — 9y, v (+ 0)] ?{s—l(sz)
S /\2 -~ 5)\ ? S§—
v [ (52 - e e as
[€1=1 11 2
(Here, the notation ' indicates the derivative). Since s < —32 we have A}t < 1

and the above difference is made < § by again taking M sufficiently large. The
statements (4.2) are proved by similar change of variable calculations. The need for
the restrictions to |{| > M in (4.4) is clear from these calculations. In fact, one can
show that for s < —%, we have [[nyn(-,0)||gs ~ A as A — +oo due to the [¢] < A
frequency contribution.
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Now we establish (4.5). The key observation here is that while Ay — Ay is very
small (as M — 400), A2 — A2 is of fixed size 7/(2T) and thus e7*3~*) = i is purely
imaginary. Now

lua (-, T) = ur (-, Tz = Ilua( T)Z2 + [l (- T)I72 — QRG/UQ(LT)M(:E,T) dx

x

but the last term on the right-hand side is

—2ReeTMA) (1 — AN?) / Ao f Moz) A f(Mz) dz =0

T

which, combined with (4.2) gives (4.5). O

5. SCHRODINGER PHASE DECOHERENCE FOR § < —%

Here, we remove the shortcoming of Proposition 4.1 (high frequency truncated
norms H*(|¢] > M), H*'(|¢] > M) used instead of H*, H*~') and prove Theorem
1.3. The soliton class employed in the proof of Proposition 4.1 involved assigning

n(z,t) = =N f[*(AMz - 2tN))

t) = =M|fH)TE/N) e 2NE. Replace |f|? in the definition of n by g
)= (/1)) xe>1(€) (i-e. the restriction to frequencies > 1) and set

iz, t) = =Ng(A(z — 2tN))

and thus n(¢,
defined by g(

Then

n(, )llas + |0n(-, )] gs— <1, as A — 400
Unfortunately, (u,7) is no longer a solution to 1D ZS. We shall thus adapt the method
of Christ-Colliander-Tao [CCT03b] to construct a “near soliton” class that grants
more flexibility in the selection of the wave initial data. The method procedes by

solving a “small dispersion approximation” to the equation, and by introducing scal-

ing and phase translation parameters, building the “near soliton” class. The main new
obstacle, in comparison to the work of [CCT03b] applied to the nonlinear Schrédinger
equation, is that 1D ZS does not possess scaling nor the Galilean (phase shift) iden-
tity. We thus need to carry out the small dispersion approximation for a modified
Zakharov system with the property that when scaling and phase shift operations are
performed, the modified Zakharov system is converted into the true Zakharov system.

Consider fixed initial data (ng, ug) (to be defined later).

Step 1. The solution to the small dispersion approximation

10w = no(z)v

with v(z,0) = up(z) is

—itng(x)

v(z,t) =e uo(z)
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Step 2. For parameters A > 1, 0 < v < 1, —% <N < %, consider the initial-value

(A\v,N) (A\v,N)

problem for the modified Zakharov system u = u , Ny =Ny

( I
10U + VQ(?gu = % [no <x + Mt) + ng (:L‘ — Mt)] U
+ (ny +n_)u
X
(1+2N)v
L u(z,0) = up(x), ni(z,0) =0

On_ — dyn_ = 3(1 — 2N) 0, |ul?

If £ > 1 and (implicit constants here depend on ||ug|| g+ and ||ng|| g+ )
T < |Inv|, AZ>vP (5.2)

then, on [0, T], we have the two estimates

lull oo m S y1/? (5.3)
1 —4N?
P < .
Inal s S 7 (5.4

To show this, note first that

tp S
n+:—%(1+2N)/ Oy ul? (:E—s,t—u—)ds
0 +

tp— g
n_:%(1—2N)/ O |ul? <x+s,t——) ds
0 H—

where p, = v(1 —2N)/X and pu_ = v(1 +2N)/\, and thus for & > 1,

(1 —4N2)wT
Il s < = ulli (55)

By the energy method applied to (5.1), we have
105 u(T)I72 — 195u(0)]1Z:

T o T o
= —Rez’/ /8;?[710()1@] 8’;uda:dt—2Rei/ /8§[niu] OFu dxdt
0 T 0 T
=I1+1I

Term I will be addressed via the Gronwall inequality, while in estimating Il we will
produce a small coefficient.

T
1] < fnoll / a2
0
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Term II is decomposed as

IT = —Rei Z caﬁ/ /8ani6ﬂu8kudxdt—2Rez/ /0kniu8’“udxdt

a+06=k

a<lk—1
=11, + 11,
From (5.5),
L[ < THniHL%OHf._luuH%%ng’g
2\, 2
< L (5.6

while for II,, we integrate by parts (here ~ means up to terms bounded similarly to

(5.6))
T —
I, =2 Re’i/ /Qlﬁlni Op[u OFu] dxdt

/ /8k "ng 05N (iud?u — iud*u) dudt

/ /8k "y 0810, |ul? dadt

z/ak Yy (T) OF u|(T )dmdt—i——/ /8t(9k "y OF Yu|? dedt
v

= Iy + 1o
From (5.5), we have

(1 —4N%HT

| < Kl

From (5.1), 0¥ 'Oy = Fpadfng F sue(1 £ 2N)0F|ul?, so

Iy = / /8k Yng OFul*dxdt

(1 AN?)T?
— 1l < T

All together, (using L? conservation as well),

T
(T 17 < HuOH?{HHnoHHk/O (@) 1775 dt + €llullzze e

with
(A —ANYT (T 1 1
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where the last inequality follows from the assumptions (5.2). By the Gronwall in-
equality,

ol < 0T (gl -+ A2 ull e ) (5.7)
Provided we have
\~L/2 < e_HnOHHkTHU/OHI_{%“ (5.8)
we obtain, from (5.7) and a continuity in time argument, the bound

el Ze g < 20T g 3 (5.9)

Now, the assumptions (5.2) imply (5.7); and (5.9) implies (5.3) by the first of the
assumptions in (5.2).

Step 3. With u = u*™) as defined in Step 2, v as defined in Step 1, and (5.2)
satisfied, we claim that

Ju— U||L°T°H§ Sv

where the implicit constant depends on ||ug|| zx+2 and [[ng|| e+
For this, we appeal to the result of Step 2 at the level of k£ + 2 derivatives, and then
apply the energy method to the difference v — v in H*:

107 (u = )(T) 7

T
= —2Rei? / /8§+2u OF(u —v) dadt
0 T
T
-2 Rei/ /85 {no (m + wt) u— no(x)v} OF(u — v) dzdt
0 T

—2Rei/T/8f[niu]mdxdt
=I1+1II+ HIO ’
Direct estimates using (5.3), (5.4) give
1 < T2l e i + 31192 (1 = )1 Zge 2
< T+ 105w — )l
By (5.3) and (5.4),

T < T2l + 2105 — )
_ cl—aN??T?
- ANy

+ 11105 (u = )z 12
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By rewriting

(2 Y

iu(li}\QN)t
= [ Oxno(x + s)ds| u+ no(z)(u —v)
0

term II can be estimated as

v(l+2N)T?
) < P2 sl — vl

T
g [ = o) Ol

Combining, and applying the Gronwall inequality, we have

1+2N)*T1* 1 —4N?)277?
v( ) LT3 ( ) ]

A2 Ay

The result follows from the assumptions (5.2).

Step 4. For —% <N < %, set

w(z, t) = A(1 — AN?)Y2eimN =N O N) (N (2 — 24N, A2t)
ny (z,t) = X0 (A (z — 2tN), A%t)
Then (u,n) solves 1D ZS, with
n(z,t) = ny(z,t) + n_(z,t) + IXNno(Av(z + 1) + 2Xno(Av(z — t))

and initial data u(x,0) = Mug(Avzx), n(z,0) = N2no(Avz), On(x,0) = 0.
Consider 0 < v < 1 and A > 1. Since [[u™*N)(z,1)||12 = |Jug]| 2 for all £, we have
by change of variable

e = ol S €|

)\1/2(1 _ 4N2)1/2
lu(z, )]z = 7 luoll 2

Also, if ng(¢) = 0 for |§] <1 and Av > 1, then another change of variable gives
In(z,0)|

If s < —% and A and v satisfy

e < ATPL3 g

Hz

= )
s 3

i-s
A>v e with @ = max (2— 5) (5.10)

then [[n(z,0)[n: < [Inollm--
Step 5. Fix M > 1 and 0 < v < 1, to be chosen momentarily. In terms of M
and v, define the following quantities: Let T = | Inv|/M?, and set

[T
M=M I=,/—+ M?
1 ) 2 2T+
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We note that
TR — (5.11)

is purely imaginary. Note further that

A
22— T +1—1, asv — 0, independently of M (5.12)
M 2| Inv|

Take N sufficiently close to % so that

(1—2N)M

Take ug(z) € S(R) such that ug(x) =1 for —1 < z < 1, and ng(z) to be the smooth
function given on the Fourier side as

~1 (5.13)

0 if ¢ <2

A 7T .

no(€) =§ 5 H2=[f <4
0 if|¢f =4

so that in fact

cos3xsinx
o) = S

Now consider the solutions u*t*™) and u2*N) of the modified Zakharov system
given at the beginning of Step 2, both in terms of the data uy(z) and ng(z). Define,
as in Step 4, the 1D ZS solution (uy,n:) in terms of u®1*N) and (uy,ny) in terms of

A2,v,N

ul ). By the comments at the end of Step 4,

Joag . £}z = 1
Iy (e, )l + 1104, (2, 0)]

where, in order to meet condition (5.10), we need M = M (v) > v~*. By a change of
variable and (5.13),

H;71 S 1

A

%u(’\w’m ()\2_:1:7 /\§t> — u()‘l’”’N)(x, )\%t)
1

ua(a ) — wn (D)l 2 = \
L2

By (5.12) and the fact that [|u**™) (z,t)[|r2 = |luo||r2 for all ¢ and uniformly in all
the parameters, we can take v = v(§) > 0 sufficiently small so that

ug (2, t) =y (z,1)| 2 = [|u®> N (@, A2t) — uP M) (2, A2)]|| 12 + O(0)

By the results of Step 1 and 3, again taking v = v/(9) sufficiently small, if 0 < ¢ <
|Inv|/M?, then

lus(,8) = wi (.t 2 = ("D — Dyug(a)|| 2 + O(6) (5.14)
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Here, the first condition of (5.2) is met, since the T appearing there is our A3t ~
At < |Inw|. We see trivally from (5.14) that

[ua(z,0) — ur(2,0)]|22 <6
But by (5.11) and (5.14) and the choice of uy(z) and ny(z),
Juz (2, T) — ur(, T)l g, 12 = O(1)

We further note that
| In 1/|

T =

<|lnvjp* —0 as v — 0

and therefore we can accomodate an arbitrarily small preselected time, T as in the
statement of the theorem.

6. THE SCHRODINGER FLOW MAP IS NOT C? FOR s < —%

In this section, we give the proof of Theorem 1.4. For fixed H* data (ug, ng,n1), to

be specified later, and a parameter v € R, consider initial data (u|t:0, n‘tzo, 8tn‘t:0) =
(yuo, Yno,yn1) and corresponding 1D ZS solutions (u,n) = (u,,n,). Clearly
2
ul _y=0, | =0, dul _ =0, n| _ =0, 9n| ;=0 (6.1)

The solution, written in integral equation form, is:
a(t) = U(t)(yup) — i / Ut — ) [(un)(¢)] dt’

n(t) = W(t)(yno,yn1) + /8|u| (x £s,t—s)ds
from which it follows that

Oyu(t) = U(t)ug — z'/ot Ut —t)[(Oyun + uwdn)(t')] dt’

(6.2)
t
dyn(t) = W(t)(no,n1) + 1 / 0p (0 u i + udyu)(z + 5, — 5)ds
0
By (6.1),
8714720 = Uuy, 87”’7:0 = W(ng,n1) (6.3)
By applying 0, to (6.2) and again appealing to (6.1), we get
8187147:0 = 0,Uuy, 8781n|7=0 = 0, W (no,n1) (6.4)

By applying 0, to (6.2), we obtain

t
Qu(t) = —i / Ut —t)[(O3un + 20,udyn + udn)(t')] di’
0

t
On(t) = j:/o 0p (03w + 2|0yu) + u%)(x +s,t—s)ds
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from which we find, together with (6.3)(6.4), that

aiu‘vzo(t) = —2@/0 Ut — ) [Uuo(t') W (ng,ni)(t)] dt’

t
6§n|7:0(t) = j:/o O.|U () uol*(z F s, — 5) ds

Let X = Hf x H® x H* 'Y = H* x H*. Fixt >0, and let F : X — Y be
the solution map F'(ug,ng,n1) = (u(t),n(t)). Let G : R — X be given by G(vy) =
(yug, yno,yn1). Let H(vy) = F o G(v) so that H : R — Y. Then (here L(A;B)
denotes a linear map A — B)

DH(v) = DF(G(v)) e DG(7)
—_—— Y =
L(R;Y) L(X;Y) L(R;X)
Also
D*H(v) = D*F(G(y)) o(DG(7), DG(7)) + DF(G(7)) o D*G(v)
—_——— N —— —_——— ——
B(XxX;Y) LR;X) L(R;X) L(X;Y) B(RxR;X)
and since D*G(y) =0

D*H(y)(au, a) = D*F(G(y))((aruo, arng, anny), (aguio, agno, any))
Hence
D?*F(0)((ug, g, n1), (ug, ng,n1)) = D*H(0)(1,1) = (83u‘7:0(t),8,2yn|7:0(t))

We now note how to prescribe an appropriate sequence (un,, ny0,nn,1) (indexed by
N) to show that D*F(0) € B(X x X;Y) is not a bounded (continuous) bilinear map
in the two cases (1) s < —3 and (2) s > 2k — 1.

o If s < —%,
N 1
ino(§) = N2 kX[—N—%,—N} (€)

nno(§) = N%_SX[QN—1,2N—1+%](§) + N%_SX[—2N+1—%,—2N+1] (&)
and ny 1 = 0, then (un,, 7y, N 1) is a sequence such that ||(un,o, o, nn1)||x ~
1 but
03] o ()l = c(t) N2
We note that the second term in the definition of 7y (€) is included solely to
make ng(x) real.
° If3>2k3—% and we set

ino(§) = Né_k(X[—N—%,—N] (&) + Xvr1n411441(E))

andnyo =0, ny1 = 0, then (uy o, nn o, ny1) is asequence such that ||(uy o, ny o, nn1)||x ~
1 but

~I

[02n]_y@lle > ()N
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The second was considered in §3 as part of the proof of Theorem 1.2, and thus
reproduces a weaker version of that result. We now carry out a proof of the first case
to establish Theorem 1.4. Since

[02u]  (O]TE) = / e [ o (YW (no, 0) ()] TE) dt’ (6.5)

v=0

we need to examine

[Uun ot )W (nn, 0) ()] 16) = / e STy 0(&1) cos(t (€ — &))no(€ — &) d&

&1

= (e_”,N2 cos(t'(2N — 1)) + O(t'))/g Uno(&1)nno(€ — &) déy

by the support properties of uy o and ny . Directly evaluating the convolution gives
_ (efit’(Nfl)Q + efit’(N2+2N71) + O(t/))lekfsg(é»)

where (&) = ¢1(£) + ¢g2(&) consists of two triangular step functions, each of height
1/N and width 2/N, centered at N — 1 and —3N + 1, respectively. Specifically,

91(5)2{%_|€_(N_1)| if |6 — (N —1)] < &

0 otherwise

g2(£>:{%_|§_(_3]\7+1)| if |€—(_3N_|_1)| S%

0 otherwise

We have by the support properties of ¢;(£) and g2(§), and (6.5)
RO
v=0

t
_ +N1_k_sg1(§)/ e—i(t—t’)(]\/—l)2(e—z‘t’(N—l)2+e—it’(N2+2N—1))dt/
0

[02u

v

t
+ Nl—k—sgz(g)/ e—i(t—t’)(—3N+1)2(e—it’(N—1)2 + e—it’(N2+2N—1))dt/
0

+ NP9 O(#?)

Evaluating each component separately gives

[02u|  (B]TE) = N5 =g (£)e W=D 4 N'F=2g(&)(O(t?) + O(N 7))

S
v=0

Thus, provided t is chosen small and N sufficiently large, the first term is pointwise

dominant, giving

_1_g
103l _o (@)l = tN "2

completing the proof.
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