THE INITIAL-BOUNDARY VALUE PROBLEM FOR THE
KORTEWEG-DE VRIES EQUATION

JUSTIN HOLMER

ABSTRACT. We prove local well-posedness of the initial-boundary value problem for
the Korteweg-de Vries equation on right half-line, left half-line, and line segment, in
the low regularity setting. This is accomplished by introducing an analytic family
of boundary forcing operators.
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2 JUSTIN HOLMER

1. INTRODUCTION

We shall study the following formulations of the initial-boundary value problem
for the Korteweg-de Vries (KdV) equation. On the right half-line R* = (0, +00), we
consider

O+ O2u +ud,u =0 for (z,t) € (0,4+00) x (0,T)
(1.1) u(0,t) = f(t) for t € (0,7
u(z,0) = ¢(x) for z € (0,+00)

On the left half-line R~ = (—o00,0), we consider

O+ 02u +udyu =0 for (z,t) € (—00,0) x (0,T)

u(0,t) = g1(t) fort € (0,7)
(12) 0,u(0,1) = go(t) for t € (0,7)
u(z,0) = ¢(x) for x € (—00,0)

The presence of one boundary condition in the right half-line problem (1.1) versus two
boundary conditions in the left half-line problem (1.2) can be motivated by uniqueness
calculations for smooth decaying solutions to the linear equation dyu + d3u = 0.
Indeed, for such u and T > 0, we have

(1.3) /;OO (e, T) de = /M w(, 0)? dz

=0 =0

42 /T (u(0,)02u(0,t) — 0,u(0,t)?) dt

=0

and

(1.4) /Ii_oou(x,T)de: /0 u(, 0)2 dz

T=—00

T
9 / (w(0, 1)82u(0, 1) + ,u(0, £)?) dt.

=0
Assuming u(z,0) = 0 for x > 0 and u(0,t) = 0 for 0 < ¢t < T, we can conclude from
(1.3) that u(z,T) = 0 for z > 0. However, the existence of u(x,t) # 0 for z < 0
such that u(z,0) = 0 for z < 0 and u(0,¢) = 0 for 0 < ¢t < T is not precluded by
(1.4). In fact, such nonzero solutions do exist (see §2.1). On the other hand, (1.4)
does show that assuming wu(z,0) = 0 for x < 0, u(0,t) = 0 for 0 < ¢t < T, and
0,u(0,t) =0 for 0 < ¢t < T forces u(x,t) =0 for <0, 0 < ¢t < T. These uniqueness
considerations carry over to the nonlinear equation dyu + 93u + ud,u = 0, at least in
the high regularity setting.
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Given the formulations (1.1) and (1.2), it is natural to consider the following con-
figuration for the line segment 0 < x < L problem:

( Opu+ Pu +udyu =0 for (z,t) € (0,L) x (0,7)
u(0,t) = f(t) for t € (0,7)
(1.5) u(L,t) = g1(t) for t € (0,7)
Opu(L,t) = goft) for t € (0,7)
| u(z,0) = ¢(z) for x € (0, L)

Now we discuss appropriate spaces for the initial and boundary data, again ex-
amining the behavior of solutions to the linear problem on R for motivation. On
R, we define the L%-based inhomogeneous Sobolev spaces H®* = H*(R) by the norm
D] s = ||<§)5$(§)||L§, where (€) = (14 |€]*)Y/2. Let e ' denote the linear homoge-

neous solution group on R, defined by

(1.6) o) = & [ de
3

so that (9,4 )e "% ¢(z) = 0 and e‘taggb(x)‘t:o = ¢(z). The local smoothing inequal-
ities of [KPV91] for the operator (1.6) are

108 %6, =52 < cllg]
16(t)0.e7"% 4| < cfl¢|

which can be deduced directly from the definition (1.6) by a change of variable. These

are sharp in the sense that the Sobolev exponents % and £ cannot be replaced by

higher numbers. In §4, we shall define analogues of the inhomogeneous Sobolev
spaces on the half-line, H*(R*), H*(R™), and on the line segment, H*(0, L). We are
thus motivated to consider initial-boundary data pairs (¢, f) € H*(R*) x H™% (R™)

for (1.1), (¢, 91,92) € H*(R™) x H (R*) x H5(R") for (1.2), and (¢, f, g1, 92) €

s+1

H%(0,L) x H5 (RT) x H5 (R*) x H3(R") for (1.5). From these motivations, we
are inclined to consider this configuration optimal in the scale of L?-based Sobolev

Hs

Lo} H?s

spaces.
Local well-posedness (LWP), i.e. existence, uniqueness, and uniform continuity of

the data-to-solution map, of the initial-value problem (IVP)

@ O+ Pu+udyu=0 for (r,t) ERxR

' u(z,0) = ¢(x) for (z,t) e R

has been studied by a number of authors over the past three decades. For s > %, an a

priori bound can be obtained by the energy method and a solution can be constructed

via the artificial viscosity method. To progress to rougher spaces, it is necessary to

invoke techniques of harmonic analysis to quantitatively capture the dispersion of
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higher frequency waves. For s > %, [KPV91] proved LWP of (1.7) by the contraction
method in a space built out of various space-time norms, using oscillatory integral
and local smoothing estimates. For s > —2, [Bou93] [KPV93] [KPV96] proved LWP
of (1.7) via the contraction method in Bourgain spaces (denoted in the literature as
Xs), which are constructed to delicately analyze the interaction of waves in different
frequency zones. LWP for s = —% is proved in [CCTO03] by using the Miura transform
to convert KAV to mKdV (nonlinearity u?9,u) where the corresponding endpoint
result is known. These authors also prove local ill-posedness of (1.7) for s < —%
in the sense that the data-to-solution map fails to be uniformly continuous. If one
only requires that the data-to-solution map be continuous (C° well-posedness), and
not uniformly continuous, then the regularity requirements can possibly be relaxed
further. Although this has not yet been shown for the KdV equation on the line,
[KT03] have proved, for the KdV equation on the circle T, C° local well-posedness in
H~Y(T), whereas it has been shown by [CCT03] that the data-to-solution map cannot
be uniformly continuous in H*(T) for s < —1.

Our goal in studying (1.1) is to obtain low regularity results. It therefore seems
reasonable to restrict to —% < s < % We shall omit s = % due to difficulties in
formulating the compatibility condition (see below). A Dini integral type compati-
bility condition would probably suffice at this point, although we have decided not
to explore it. We have also decided not to explore the case s = —% or the likely
ill-posedness result for (1.1) and (1.2) when s < —32.

Note that the trace map ¢ — ¢(0) is well-defined on H5(R*) when s > 3. If s > £,
then L > 1 and both ¢(0) and f(0) are well-defined quantities. Since ¢(0) and
f(0) are both meant to represent u(0,0), they must agree. On the other hand, if
s < %, then s — 1 < % and 3 < %, so in (1.2), neither d,u € H*~! nor g, € H3 have a
well-defined trace at 0.

Therefore, we consider (1.1) for —3 < s < 2, s # 1 in the setting

s+1
3

(1.8) ¢ € H'(R"), f e HS (RY), and if § < s <3, ¢(0) = f(0).

We consider (1.2) for —2 < s < 2, s 1 in the setting

(L9 ¢ € H(R), g1 € H'T (RY), g, € H(RY)
' and if 1 < s <2, ¢(0) = 6:1(0)

We consider (1.5) for —2 < s < 2, s # 1 in the setting

s+1

o€ H*(0,L), f e HF (RY), g1 € HF (RY), g € Hi(RY)
and if 1 < s < 2, 6(0) = £(0), (L) = g1(0)

The solutions we construct shall have the following characteristics.

(1.10)
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Definition 1.1. u(z,t) will be called a distributional solution of (1.1), (1.8) [resp.
(1.2), (1.9)] on [0, T if
(a) Well-defined nonlinearity: u belongs to some space X with the property that
u € X = 0,u? is a well-defined distribution.
(b) u(z,t) satisfies the equation (1.1) [resp. (1.2)] in the sense of distributions on
the set (x,t) € (0,400) x (0,T) [resp. (x,t) € (—00,0) x (0,T)].
(c) Space traces: uw € C([0,T]; HE) and in this sense u(-,0) = ¢ in H*(RY) [resp.
u(-,0) = ¢ in H*(R™)/.
(d) Time traces: u € C(Ry; Hsgl (0,7)) and in this sense u(0,-) = f in H'S (0, 7)
[resp. u(0,-) = gy in H5 (0,T)].
(e) Derivative time traces: O,u € C(R,; H5(0,T)) and only for (1.2),(1.9) we
require that in this sense, u(0,-) = gy in H3(0,T).

In our case, X shall be the modified Bourgain space X, N D, with b < L and

2
a>%,where
1/2
Huuxsb—(// £ (r — EY2ae, >|2dsd7) |

lullo, = ( / /Ig <1<T>2a|@(£,7)l2d§dr) "

The space X p, with b > %, is typically employed in the study of the IVP (1.7). For b >
%, the bilinear estimate (Lemma 5.10) holds without the low frequency modification
D, and thus D, is not necessary in the study of the IVP. The introduction of the
Duhamel boundary forcing operator in our study of the IBVP, however, forces us to
take b < %, and then D, must be added in order for Lemma 5.10 to hold.

A definition for (1.5), (1.10) can be given in the obvious manner. We shall next

(1.11)

introduce the concept of mild solution used by [BSZ04].
Definition 1.2. u(xz,t) is a mild solution of (1.1) [resp. (1.2)] on [0,T] if 3 a
sequence {u,} in C([0,T]; H*(RS)) N CY([0,T]; L*(R})) such that

(a) uy(z,t) solves (1.1) in L*(R}) [resp. (1.2) in L*(R;)] for 0 <t < T.

(b) nl_{ff l|wn — UHC(OT} Hs(RE)) — 0 [resp. nlim [un — u”c ([0,T]; Hs(R3)) — 0/.

() HET [1n (0, ) — f“;fﬁ?OT) = 0 [resp. nhr+n |lu,(0,-) — 91||Hsﬁ+r0T) =0,
nlirf |02 (0, ) — 92||H3 (0,T) _O/'

[BSZ05] have recently introduced a method for proving uniqueness of mild solutions
for (1.1), (1.8).
Our main result is the following existence statement.

Theorem 1.3. Let —=% <s< —, 37&%.
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(a) Given (¢, f) satisfying (1.8), 3 T > 0 depending only on the norms of ¢, f
in (1.8) and 3 u(x,t) that is both a mild and distributional solution to (1.1),
(1.8) on [0,T].

(b) Given (¢, 91, g2) satisfying (1.9), 3T > 0 depending only on the norms of ¢,
g1, g2 in (1.9) and 3 u(z,t) that is both a mild and distributional solution to
(1.2), (1.9) on [0,T].

(c) Given (¢, f,q1,92) satisfying (1.10), 3 T > 0 depending only on the norms
of &, f, g1, g2 in (1.10) and 3 u(x,t) that is both a mild and distributional
solution to (1.5), (1.10) on [0,T].

In each of the above cases, the data-to-solution map is analytic as a map from the
spaces in (1.8), (1.9), (1.10) to the spaces in Definition 1.1.

The proof of Theorem 1.3 involves the introduction of an analytic family of bound-
ary forcing operators extending the single operator introduced by [CKO02]| (further
comments in §2).

The main new feature of our work is the low regularity requirements for ¢ and f.
Surveys of the literature are given in [BSZ02] [BSZ03] and [CK02]. Here, we briefly
mention some of the more recent contributions. The problem (1.5)(1.10) for s > 0
is treated in [BSZ03] and (1.1) (1.8) for s > 2 in [BSZ02] by a Laplace transform
technique. In a preprint appearing after this paper was submitted, [BSZ06] have
shown LWP of the problem (1.1) for s > —1 with H*(R") in (1.8) replaced by the

weighted space
H*(RT) ={¢ € H'(R") | e”¢(x) € H*(RT) }

for v > 0. They further show LWP of the problem (1.5),(1.10) for s > —1, thus
improving Theorem 1.3(c). In both of these results, the data-to-solution map is ana-
lytic, in contrast to the results of [KT03] mentioned above. A global well-posedness
result for the problem (1.1)(1.8) is obtained by [Fam04] for s > 0. Inverse scattering
techniques have been applied to the problem (1.2) by [Fok02] and the linear analogue
of the problem (1.5) in [FP01] for Schwartz class data.

[ have carried out similar results for the nonlinear Schrédinger equation [Hol05].
Acknowledgements. I would like to thank my Ph.D. advisor Carlos Kenig for
invaluable guidance on this project. I would also like to thank the referee for a
careful reading and helpful suggestions.

2. OVERVIEW

In this section, after giving some needed preliminaries, we introduce the Duhamel
boundary forcing operator of [CK02] and first apply it and a related operator to solve
linear versions of the problems (1.1), (1.2). Then we explain the need for considering a
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more general class of operators to address the nonlinear versions in H* for —% <s< %,
1
S 7é 5-
Since precise numerical coefficients become important, let us set down the conven-
tion

fo) = [ty
Also, define C§°(R*) as those smooth functions on R with Support contained in

[0, +00). Let C§S.(RT) = C°(RT)NCE(R). The tempered dlstrlbutlon is defined
as a locally integrable function for Re o > 0, i.e.

(Fia /) = o

Integration by parts gives, for Re a > 0, that

. ti+k71
2.1 i s
21) T {rm ¥ kJ

for all £ € N. This formula can be used to extend the definition (in the sense of

tOA*l

-1
distributions) of + Ty to all @ € C. In particular, we obtain

e
)|,y
A change of contour calculation shows that
tOt—l - 1.
(2.2) {F?a)} (1) = e 2™%(1 —i0)“
where (7 —40)™“ is the distributional limit. If f € C§°(R™), we define
ta 1
Iaf = * f
(a)
Thus, when Re a > 0,
1 t
Zof(t :—/(t—salf s)ds
0= [ =97
and Zof = f, I, f( fo s)ds, and Z_; f = f'. Also Z,Zs = Zn+p, which follows
from (2.2). For further details on the distribution Fa( see [Friog].

Lemma 2.1. If f € C°(R"), then Z,f € Cg°(RY), for all a € C.

Proof. By (2.1) and integration by parts, it suffices to consider the case Rea > 1. In
this case, it is clear that supp I, f C [0, +00) and it remains only to show that 1, f(?)
is smooth. By a change of variable

Jaf(t)—ﬁ/() 1t — 5) ds.
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Smoothness of I, f(t) follows by the fundamental theorem of calculus, differentiation
under the integral sign, and that 9% f(0) = 0 for all k. O

The Airy function is

Ax) = L /em&eigg de.

27 Je
A(z) is a smooth function with the asymptotic properties
A(x) ~ clx_l/‘le_cﬂg/z(l + O(z73/%)) as * — +00
A(=x) ~ cor™* cos(eaa®? — T) (1 4 O(x—%/*)) as r — 400

for specific ¢1,co > 0 (see e.g. [SS03], p. 328). We shall below need the values of
A(0), A'(0), and fo y) dy, and so we now compute them.

\/g 1
1 L Y3DP(1) 1
A(0 dé¢ = — [ 2Bemdn = 232 =

(0)= 277/ : /n” R 3m 30(3)

by a change of contour calculation, and in the final step, an application of the identity
I['(2)I'(1 — 2) = w/sin7z. Similarly one finds

1 » 1
A0 =5, /gigezg ®="3ray
3

/: / / ey o dg = o / (=€) dg

where H(y) = 0 for y < 0, H (y) = 1 for y > 0 is the Heaviside function. Now (see
[Fri98], p. 101) H(&) = p. V. + mo(§), which inserted above and combined with the

identity (p.v.1/z)7¢) = —msgng yields

+o0o 1
/ A(y) dy = 3
0

2.1. Linear versions. We define the Airy group as

Also,

~

o et o) ag

(2.3) e p(r) = o7 e

so that

e ) (x, t) = or (x X
(2.4) {@wx)[ $(x,t) =0 for (z,t) €R x R

(e ) (z,0) = ¢(x) for z € R
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We now introduce the Duhamel boundary forcing operator of [CK02]. For f €
CP(RT), let

t
£f(at) =3 [ ORI yaf ()
0

(2.5)
. ! X I—Z/Sf(t,) /
=5 [ 4 (=) i
so that
(2 6) (at + ai)ﬁof(x, t) = 350($)I_2/3f<t) for (.7), t) eR xR
' LOf(x,0)=0 for z € R

We begin with the spatial continuity and decay properties of £L°f, 9,L°f, and 92L° f,
for f € Cg°(R™).

Lemma 2.2. Let f € CP(RT). Then for fized 0 <t <1, LOf(x,t) and 0,L°f(x,t)
are continuous in x for all x € R and satisfy the spatial decay bounds

(2.7) L2 f (2, )]+ 10:L° f (2, 1)] < crll fllamsr(a)™ V&> 0.

For fized 0 < t < 1, 92L°f(z,t) is continuous in x for x # 0 and has a step dis-
continuity of size 3Ly5f(t) at x = 0. Also, 92L° f(x,t) satisfies the spatial decay
bounds

(2.8) (02L°f (2, 0)] < cull fllagesa(z)™ Yk =0

Proof. To establish (2.7), it suffices to show that [(€)0F LOF(¢, )]s < il fllme,
Vk>0. Let ¢(&,t) = Otei(t_t')gh(t’) dt’ for some (yet to be prescribed) h € C§°(R™).
We have

t
(2.9) AEo(€, ) = / (£ — )8R d
0
By integration by parts in ¢/,
i(=1)FHE i(—1)kk!
(2.10) Do t) = (gk)—ﬂ/ =80, n(t) dt’+(£k—+)1h(t)
0
Z‘(_1)k+1 o ,
T / e " capOp(t — )RR dt
° s

By (2.9), (2.10) and the time localization, |9f¢(&,t)] < cgllhllg+(€)~*"". Since
LOF(€,t) = ¢(¢3,t) with h = 3T 3f, we have by Lemma 5.3 that [95L0f(€,1)] <
i)l fll e (€) 7573, establishing (2.7). By integration by parts in ¢ in (2.5),

(2.11) O3LOf(x,1) = 300(2)T o3 f(t) — LO(Ouf) (z, 1).
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This, together with the continuity properties of £°(9,f), shows that 92L"f(z,t) is
continuous in x for z # 0 and has a step discontinuity of size 3Z_5/3f(t) at = 0. To
see that 92LYf(x,t) — 0 as * — +oo, we first note that for x < —1, O2L0f(x,t) =
O2LOf(—1,t) — f;lag’ﬁof(y,t) dy. By (2.11) and (2.7), we can send x — —oo and
obtain that 92L£°f(z,t) — ¢, for some constant ¢, as x — —oo. Since 9,L°f(0,t) =
[0 92L°f(y, t) dy, we must have ¢ = 0. We can similarly show that 02£° f(x,t) — 0
as © — 4oo. For z < 0, use 2L%f(x,t) = [* _O3L°f(y,t)dy, and for x > 0,
use 2L0 f(x,t) = — [ 9L f(y,t) dy, together with (2.7) and (2.11) to obtain the
bound (2.8). O

By Lemma 2.2, if f € C5°(R"), then LYf(z,t) is continuous in x on R. Since
A(0) = (3T'(2)) ™", the second representation of L°f(x,t) in (2.5) gives

(2.12) LOf(0,t) = f(t).

It is thus clear that if we set

u(z,t) = e_tagqb(x) +L° <f — €—~8£¢

v=o) ()

then wu(z,t) solves the linear problem
(0, + ) u(z,t) =0 for z #0
u(z,0) = ¢(x) for z € R
u(0,t) = f(t) fort e R
This would suffice, then, to solve the linear analogue of the right half-line problem
(1.1), which has only one boundary condition.
Now we consider the linear analogue of the left half-line problem (1.2), which has

two boundary conditions. Consider, in addition to £°, the second boundary forcing
operator

L7 f(2,t) = 0,LT )3 f (0, 1)
(2.13) A T Ioapf(t)
=3 [ 4 (=) “

t — t/)1/3 (t _ t/)2/3

By Lemma 2.2, if f € C§°(R"), then £7!f(x,t) is continuous in z for all z € R and,
since A'(0) = —(3T'(3)) ™", the second representation of £~ f(z,t) in (2.13) gives

(2.11) LH(0.6) = — £(8).
By (2.6), £7! satisfies
{ (O + VLT f(z,t) = 30(x)T_13f(t) for (z,t) ER xR

L7f(2,0)=0 forr € R
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By Lemma 2.2, 9,L°f(z,t) is continuous in z for all x € R and since A’'(0) =
—(30(3) ",

(2.15) O.LOf(0,8) = —T_1/3f(t).

Again by Lemma 2.2, L7 f(x,t) = 02LZ; 3 f (, t) is continuous in z for z # 0 and
has a step discontinuity of size 37_;,3f(t) at = 0. Since

+o0o
lim 2 (2 t) =~ [ OL(.t)dy
x 0

+f a0 dy by (2.11)

+oo t
3 / Aly) dy / O o3f(t')dt’ by (2.5) and Fubini
Y 0

=0

=T os3f(t)
we have
(2.16) lin O L7 f(w,t) = =2T 13 f (), lin O L7 f (1) = 13 (1)
By (2.12), (2.14), (2.15), (2.16), for yet to be assigned hy and hs, we have
(2.17) LOh1(0,t) + L7 hy(0,1) = hy(t) — ho(t)
(2.18) 15%111/381(5%1 (z,—) + L ho(z, =) (t) = —hy(t) — 2hy(2)
(2.19) %L/gaz(ﬁohl (z,—) + L ho(z, =) (t) = —hy(t) + ha(t)

If we are given g;(t), g2(t), ¢, and set

hl . l 2 —1 g1 — e.agqb =0
hol 3 |-1 —1 T1/3(92 — Ope= % :E:O)

then by letting u(z,t) = e "%2¢(x) + Ly (2,t) + L hy(, 1), we have

(0, + P)u(x,t) =0 for x #0
u(z,0) = ¢(x) forx e R
u(0,t) = ¢1(t) fort e R
lgrol Oyu(z,t) = go(t) fort e R

\

Owing to the degeneracy in the right-hand limits (2.17), (2.19), we see that we can-
not specify both boundary data u(0,t) and derivative boundary data lim, o O,u(z, t)
for the right half-line problem, which is consistent with the uniqueness calculation
(1.3).
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2.2. Nonlinear versions. We define the Duhamel inhomogeneous solution operator
D as

t

(2.20) Dw(m,t):/ e~ %0y (2, ) dt!
0

so that

(2.21) { (0 +0;)Dw(,t) = w(z,t) for (z,t) ER xR

Dw(z,0) =0 forx e R
For the right half-line problem (1.1), let
(2.22) Ayw = e7%¢ — 1D(9,w?) + L%
where
h(t) = f(t) = %],y + 5D(@:?)(0,1)

and observe that if u is such that A, u = u, then u solves (1.1). For the left half-line
problem (1.2), let

(2.23) Aw =e%¢ — LD(9,w?) + L% + L7 Ay

where

[hl(t)} _ { 2 1 } { gl(t) _ e t0} - + %'D(amwQ)(O,t)
h2(t> -1 -1 Il/3(92(') - axef-ang + %amp(ﬁxw2)(07 ))

and observe that if u is such that A_u = u, then u solves (1.2). One approach, then,
to solving (1.1) and (1.2) is to prove that A, A_ (or actually time-truncated versions
of them) are contraction mappings in suitable Banach spaces. As is the case for the
IVP, we need the auxiliary Bourgain space (1.11).

=0

Remark 2.3. In order to prove Lemma 5.8(d), we shall need to take b < % The

D, norm is a low frequency correction for the X, norm that is needed in order for

the bilinear estimates (Lemma 5.10) to hold for b < % This problem is particular to

our treatment of initial-boundary value problems and does not arise in the standard

treatment of the initial-value problem (IVP) using the X, spaces (see [KPV96]). In

treating the IVP, one does not need the Duhamel boundary forcing operators and is
1

thus at liberty to take b > 5, and the bilinear estimate Lemma 5.10 holds in this case

without the low frequency modification D,,.

Consider the space Z consisting of all w such that w € C(Ry; HZ) N C(R,; Ht%) N
XspND, and O,w € C(Ry; Ht%). Suppose we wanted to show that the maps A1 above
are contractions in a ball in Z with radius determined by the norms of the initial and
boundary data. (This was done by [CK02] for A, with s = 0 without the estimates
on J,u in C(Ry; Htg), and their arguments easily extend to —1 < s < 1.) The needed
estimates for such an argument appear below in §5 as Lemma 5.5 for e~ 1% Lemma
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5.6 for D, Lemma 5.8 with A = 0 for £°, and Lemma 5.8 with A\ = —1 for £=!. The
constraints in Lemma 5.8(d) for A = 0 are —% < s <1, and the constraints in Lemma
5.8(d) for A = —1 are —g < s < 0, thus restricting us to —% < s < 0. In order to
achieve the results in the wider range —3 < s < 2, s # £, we next introduce (in §3)
two analytic families of operators £3 and £} such that £5 = £° £i' = £7!. The
solution properties are:

O+ BT t) = 3Ty 10
L) f(z,0)=0
| L2F(0,1) = ™ f(t)
and ) 1
0, + OV LA f(x,t) = 3?6)1—3% £(t)
L) f(x,0) =0
| L2£(0,1) = 2sin(5A + §) f(t)

Due to the support properties of % and %, (0 + 02) L% f(z,t) =0 for z > 0 and
(0 + O3) L2 f(z,t) = 0 for < 0. For any —3 < s < 2, s # 1, we will be able to
address the right half-line problem (1.1) by replacing £° in (2.22) with £2 for suitable
A = A(s) and address the left half-line problem (1.2) by replacing £°, £~ in (2.23)
with £, £22 for suitable A\; # Ay chosen in terms of s.

After the classes £} have been defined and examined in §3, some properties of the
half-line Sobolev spaces Hi(R*), H*(R™) will be given in §4. The needed estimates
for the contraction arguments are given in §5. Finally in §6-8, we prove the local

well-posedness results in Theorem 1.3.

3. THE DUHAMEL BOUNDARY FORCING OPERATOR CLASS

Define, for Re A > 0, and f € C°(R™)

£ f(o.t) = [Es 2T a0 @
(3.1) .
i [ =0 ) dy
and, with % = e”’\%, define
LY flx,t) = e, LAT zjsf) (=, 1) | (2)
(3.2) ) Li(j) ]

- / (y — 2 1LUT s f) (0, 1) dy
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By integration by parts in (3.1), the decay bounds provided by Lemma 2.2, and (2.11),
(A+3)—1
LA f(x,t) = | 5 x BLOf(—,t
) = | fg H L 0| @
LOH3)-1
_ 2T+
(3.3) = 3F()\+ 3) 2. Af()
z <$—y)(A+3)_ 0
- — L (0T t)d

For Re A\ > —3, we may thus take (3.3) as the definition for £* f. By integration by
parts in (3.2), the decay bounds provided by Lemma 2.2, and (2.11),

()\+3)

(/\+3)

(>\+3)

(3.4) = 3L 0

A T (=g y) AL
+ 617r>\/ ( I‘()\y—)l— 3) ,CO(@tIf%f)(y, t) dy

For Re A > —3, we may thus take (3.4) as the definition for £3 f. It is staightforward
from these definitions that, in the sense of distributions

&

Eif(x,t) =

* O Lf (—,t)] ()

A1
(0 + 0D LA f(z,t) = 3F6>Z_%_%f(t)
and o
(&, + 83)£if($ t) = 3FE)\)I %_%f(t)

Lemma 3.1 (Spatial continuity and decay properties for £} f(x,t)). Let f € C°(RY),
and fir t > 0. We have
£ff:8§£01%f, E;lfzc‘?x[,OI%f, Lif=Lf

Also, L2 f(x,t) has a step discontinuity of size 3f(t) at x = 0, otherwise for x # 0,
L2 f(x,t) is continuous in x. For A > —2, L} f(x,t) is continuous in x for allx € R.
For =2 <A< 1,0<t<1, L f(x,t) satisfies the decay bounds

L2 f(2,8)] < cppplx)F V<0, VEk>0
L2 f(z,1)] < enp{z)* Va&>0

For =2 <X <1,0<t<1, L}f(x,1) satisfies the decay bounds
1L f(, )] < cpaplz) " V>0, VEk>0

1L flz, )] < explz) V<0
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Proof. We only prove the bounds for £2 f, since the corresponding results for £ f are
obtained similarly. For x < —2, the result follows by direct estimation in (3.3) using
|£°(0,Z LN < cr.r(y) " (x)~* obtained from (2.7) (since |y| > |z|). Assume
x> 2. Lot ¢ € C®(R) be such that ¢(y) =1 for y < 1 and ¢(y) =0 fory > 32
Then

LA f(x,t) = ;+ ) # ORLOT 5 f (1)
[ (e
+/_w%@_w<g>wgﬂy,m
=1+11

Inl,y < %x, integrate by parts,

1:—/_ 0? {%w (yﬂﬁof A f(y,t) dy

- [ e

o0

)\—l-j 11

+ZC]/ x_Aﬂ vV (%)E()Lgf(y,t)dy

In the first of these terms, since y < 3z, (z —y)** < (§)* 2. In the second term,
1z <y < 3z, and thus we can use the decay of L°Z_,3f(y,t). InII, y > 1, apply
(2.11),

I = /x % [1 - <$)] (300(y)Z. 2/3f( ) — (8tI_2/3f)(y,t))dy

—0o0

- [ s e @) eomamnn

Since y > }Lx, we have by Lemma 2.2,
1L2OT 2s3f)(y, )] < crll fll o () (y) 7F,
which establishes the bound. U
Lemma 3.2 (Values of £ f(z,t) at x = 0). For Re A > —2,
(3.5) L) f(0,1) = 2sin(FA+ 5)f(t)

(3.6) L f(0,t) = ™ f(t)
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In order to prove this, we need to compute the Mellin transform of each side of the
Airy function.

Lemma 3.3 (Mellin transform of the Airy function). If 0 < Re A < i, then

s 3

+oo
(3.7) /0 T A(=z) do = ET(AND(—2XA + 1) cos(ZEN - T)
If Re A > 0, then

%)\) cos(ZA + %)

W=

(3.8) /O h e A(z) do = LT (AT

Note that although F(% —
these positions.

%A) has poles at A = 1,4,7,---, cos(5\ + ) vanishes at

Proof. We shall only carry out the computation leading to (3.7), since the one for
(3.8) is similar. Owing to the decay of the Airy function A(—z) < c(x)~*/* for
x > 0, the given expression is defined as an absolutely convergent integral. In the

calculation, we assume that A is real and 0 < A < i, and by analyticity, this suffices

to establish (3.7). Let Ai(v) = & [ eiei€® d¢, so that A(x) = 2Re Ai(x). Let

27
Aie(z) = 5= ;;%O ¢'7¢ei€’ e~ d¢. Then, by dominated convergence and Fubini
+oo
(3.9) / oA () dx
0
+oo
= lim lim e A () dr
€l0 410 2=0
1 [T o oo ;
(3.10) = lim lim — / e’ 6_55/ e 0% dy dE.
el0 810 27 Je—g 2=0
By a change of contour,
+oo
(3.11) / A le e dy = 72N, 6/€)
=0
where T(\, 2) = [75 1 "Le*¢~" dr. By dominated convergence,
+o00o
lim A leT0%e Iy = €A (M)
410 =0

Since (3.11) is bounded independently of 4 > 0, we have by dominated convergence

1 - too
(3.10) = —F()\)e_l)‘i lim 62636_655_)\ d¢
2T €l0 £=0

Change variable n = £ and change contour, this becomes

1 2nNi mio_, oo V3 :1y..1/3 2_X
—TI'(A\)e” "5 es lim e e TR 5 TS dr
o6 €l0 0
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Finally, dominated convergence yields

2wt mi

+oo
/ A (—x)de = Le T3 es DA
0

3)

Using A(z) = 2Re A;(z), we obtain (3.7) O

1
61 3

Now we return to the proof of Lemma 3.2.

Proof of Lemma 8.2. From (3.3),

0 2\ A2
3.12) 0.0 = [ (00T N dy
and from (3.4),
(3.13) L} f(0 t)—em/mﬂzo(az fy,t)d
| S A O R

By complex differentiation under the integral sign, (3.12) demonstrates that £ f(0,t)
is analytic in A for Re A > —2. We shall only compute (3.5) for 0 < A < 1, A real. By
analyticity, the result will extend to the full range Re A > —2. For the computation
in the range 0 < A < §, we use the representation (3.1) in place of (3.12) to give

o= [ S

By the decay for A(—y), y > 0, we can apply Fubini to the above equation after
inserting (2.5) and then apply (3.7) to obtain
LAf0,1) = 20 (=52 +5) T (5GA+3) cos (FA = §) Tia2(Za_2f)(8)

T
Using the identities I'(2)['(1—2) = ———, cos v = sin(§—x), and sin 2z = 2 cos rsin z,
sinmz

cos (32— 5)

N §)1§A+§(h)(t)

= 2sin (FA+§) Zone2 (a2 (D)

L2 f(0,t) =

giving (3.5). By complex differentiation under the integral sign, (3.13) demonstrates
that fi(¢,\) is analytic in A for Re A > —3. We shall only compute (3.6) for 0 < A,
A real. By analyticity, the result will extend to the full range Re A > —3. For the
computation in the range 0 < A, we use the representation (3.2) in place of (3.13) to
give

+oo , A—1

A _ imA Yy 0
£ =™ [Ty

By the decay of A(y), y > 0, we can apply Fubini to obtain
LYf0,8) = 5:T(5 = $A) cos(FA + )™ Tuy 2 (T_sy 2 f)(1)
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Using the same identities as above, we obtain (3.6). O

4. NOTATIONS AND SOME FUNCTION SPACE PROPERTIES

We use the notation H* to mean H*(R) (and not H*(R') or H§(R")). The trace
operator ¢ — ¢(0) is defined for ¢ € H*(R) when s > 3. For s > 0, define ¢ € H*(R™)
if 3 ¢ € H*(R) such that ¢(z) = ¢(x) for z > 0; in this case we set || s mty =
inf; 6] i+ ()~ For s € R, define ¢ € Hg(R*) if, when ¢(x) is extended to ¢(x) on R by
setting ¢(z) = 0 for 2 < 0, then ¢ € H*(R); in this case we set ||¢] Hy(R+) = 6] 25 -
For s < 0, define H*(R") as the dual space to H,*(R"), and define H§(R™) as the
dual space to H™*(R™"). A definition for H*(0, L) can be given analogous to that for
H*(R™).

Define ¢ € C§°(RY) if ¢ € C*°(R) with supp ¢ C [0,400) (so that, in particular,
¢ and all of its derivatives vanish at 0), and Cg%(R") as those members of C5°(R™)
with compact support. We remark that C5%(R™) is dense in Hg(R™) for all s € R.

Lemma 4.1 ([CK02] Lemma 2.8). If 0 < a < i, then ||6h|gs < c||h] g and
10| - < c||h]|g-a, where ¢ = c(a, ).

Lemma 4.2 ([JK95] Lemma 3.5). If =1 < a < 3, then ||X(0+00) fllme < | fllue,
where ¢ = c(a).

Lemma 4.3 ([CK02] Prop. 2.4, [JK95] Lemma 3.7, 3.8). If 3 < a < 3, then
HE(RY) ={f € H*(R") | f(0) = 0}.

IFL<a<2andf e R with £(0) = 0, then (oo gy < ellf oy
where ¢ = c(a).

Lemma 4.4 ([CK02], Lemma 5.1). Ifse R and0<b<1,0< a <1 then

10)w(z, D)l x, sop. < clwlix,,
where ¢ = ¢(0).

Lemma 4.5 ([CK02] Cor. 2.1, Prop. 2.2). For a > 0, Hy“(R") is a complex inter-
polation scale. For a > 0, H}(R™) is a complex interpolation scale.

5. ESTIMATES

5.1. Estimates for the Riemann-Liouville fractional integral. In this section,

a—1
we shall use the notation J,f = t;(—a) « f for f € C3°(R) (no restriction on support of
f to [0,+00)). This is in distinction to the definition of Z,,, where we are convolving
with a function f supported in [0, +00).
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Lemma 5.1. Let o« € C. If uy € CP(R) and ps € C°(R) such that us =1 on a
neighborhood of (—oo, b, where b = sup{ t|t € supp p1 }, then u1 Jopoh = pr Joh. If
w2 € Cg°(R) and py € C°(R) such that 1y = 1 on a neighborhood of [a,+00), where
a=1inf{t|t € supp us }, then py Jopoh = Topoh

Proof. The first identity is clear from the integral definition if Re @ > 0. If Re o < 0,
let £ € N be such that —k < Re o« < —k +1 so that J, = (9fja+k. Let U be an open
set such that

supp g1 C (—00,b] CU C {t|pa(t) =1}
Then V t € U, Josxh = Jurrpioh, which implies that V ¢ € (—00,b], OF Toirxh =
OF Jorrpioh, which implies that V ¢ € R, p10F Josrxh = 1108 Josrproh. The second
claim is clear by the integral definition if Re @ > 0. If Re a < 0, let k£ € N be such
that —k < Re a < —k + 1 so that J, = J..x0F. Since supp & ps C [a,+00) C
{t|pu(t) =1}, we have

11T (0] 112) (O 1) = Tair (0 12) (0, 1)
and thus pi1 Jo i k0F poh = JoixOF ioh. U

Lemma 5.2. For v € R, s € R, ||Jiyh|

H5(R) S COSh(%’ﬂ"}/)”h| H*(R)

Proof. From (1.11), we have
A ex eIl if £ > 0
(i) ©= em2Mem il i ¢ <

(f)’ < 2cosh(3m7). O

~

and thus

xi'\/—l
+
(F(iw) )

Lemma 5.3. If 0 < Re a < +o0 and s € R, then

(5.1) IZ_ahllmeey < ce2™ || yoso s

(5:2) Tkl sy < ce2™ Al gosace)

Proof. (5.2) is immediate from (2.2). (5.1) then follows from (5.2) by Lemma 2.1 and
a density argument. O

Lemma 5.4. If0 < Re a < +o0, s € R, u,pus € C5°(R)
(5.3) ol g ery < cez™ 2|l
(5.4) |uTapah]

H3™*(R) ¢ = c(p)

om) < ce?™ |k

Hs—(R) c= C(,LL, M2)

where ¢ = c(u, p2).
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Proof. We first explain how (5.3) follows from (5.4). Given p, let b = sup{t|t €
supp p }. Take ps € C5°(R), pg = 1 on [0,b]. Then, when restricting to h € C3°(R™),
we have uZ,h = pJapzh. By Lemma 2.1 and a density argument, we obtain (5.3).
Now we prove (5.4). We first need the special case s = 0.

Claim. If k € Zsg, then ||pTwpah|| 2@y < c||h|| g-+®), where ¢ = (g, p2).

To prove this claim, consider k € N. If g € C§°(R) with ||g||zz < 1, then

| Tepizhllz2 = F<k) sup [(t) [ (= 9" a(s)hs) st

400
F(lk) sup [ 1(s)pa(s) [ 0t =) g(e) de s

1 oo _
Bl at) [ uie = 9 1g(0) s
( ) t=s Hk(ds)
< d|[hl[g-+lgll 2
The case k = 0 is trivial, concluding the proof of the claim.
To prove (5.4), we first take « = k € Z>o, s =m € Z, h € C{°(R).
Case 1. m > 0.
i Tipahllm < |nTepahlliz + D 149 T jpizh]| 2
=0
=+ Y ol grmes=s) < cllhll gm—s
=0

by appealing to the claim or Lemma 5.3.
Case 2. m < 0. Let u3 =1 on supp u, uz € Cg°(R™).

uTkpoh = p0; " Tp—mpreh = p0; " 3 Tp—mpr2h
and therefore

| T p2h|| 5 < ||t Tie—mptzh|| 2

and we conclude by applying the claim.

Next, we extend to a = k—+i~ for k,v € R, as follows. Let u3 = 1 on a neighborhood
of (—o0,b], where b = sup{¢|t € supp p}, and let py = 1 on a neighborhood of
la,+00), where a = inf{ ¢ |t € supp ps }, so that usus € C5°(R). By Lemma 5.1,

pTktiybeh = Ty pspiaTipah
By Lemma 5.2,
|11 Tk sinpiahl [ mm < ¢ cosh(3m) || paptaTptzh| prm

which is bounded as above. We can now apply interpolation to complete the proof. [
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5.2. Estimates for the group. The operator e % was defined above in (2.3) sat-
isfying (2.4).
Lemma 5.5. Let s € R. Then

(a) (Space traces) [e”%¢(x)||c(yms) < ||l
b) (Time t O(t)eto: < .
(b) (Time traces) ||0(t)e ¢<x”hﬂR$JQ§1)__CH¢|H

)
(c¢) (Derivative time traces) ||9(t)8xe’ta3¢(x)||C(RE;H§) < c||¢]
)

(d) (Bourgain space estimate) If0 < b < 1 and0 < o < 1, then ||8(t)e "% p(z)|
cl|0]] ]|

Proof. (a),(d) follow from the definition (2.3) and (b),(c) appear in [KPV91]. O

HS.

XopNDo <
s, where ¢ is independent of 6.

5.3. Estimates for the Duhamel inhomogeneous solution operator. The op-
erator D was defined above in (2.20) satisfying (2.21).

Let
1/2
v = ([[ et e npagar)

Lemma 5.6. Let s € R. Then
(a) (Space traces) If 0 < b < 1, then

lu

10(t)Dw (2, t) oz < cljwl

Xs,—b'
(b) (Time traces) If 0 < b < 3, then
16(t)Dw(z,1)

o
C(Rq;H, 3 )

- cllwlx, _, if —1<s<1
| elllwllx, _, + [[wlly, _,) for any s

If s < %, then ||0(t)Dw(z, )| st1 has the same bound.
C(RaiHy * (R))

(¢) (Derivative time traces) If 0 < b < 3, then

160D, )l g 45,
< cllwlx, _, fo<s< %
| elllwlix, _, + l[wlly, _,) for any s

If s < 5, then ||9(t)8wa(a:,t)||C(Rx;HO%(R:)) has the same bound.
(d) (Bourgain space estimate) If0 < b < 1 and o < 1-b, then ||0(t)Dw(z,t)|

cl[w]

X, pNDa S

Xs,—b :

Remark 5.7. The need for the Yy, (time-adapted) Bourgain space arises here in

Lemma 5.6(b)(c) in order the cover the full interval —3 < s < 3 (s # 1). It is,



22 JUSTIN HOLMER

however, only an intermediate device since the bilinear estimate in Lemma 5.10(b)
enables us to avoid carrying out the contraction argument in Yy ,,.

Proof. (d) is Lemma 5.4 in [CKO02] (although Y} has a different definition from ours)
and (a) is a standard estimate (see the techniques of Lemmas 5.4, 5.5 in [CK02]). (b)
is Lemma 5.5 in [CK02] and the proof of (c¢) is modelled on the proof of Lemma 5.5
in [CK02). 0

5.4. Estimates for the Duhamel boundary forcing operator class. The oper-
ators £} were defined above in (2.5) solving (2.6), (2.12).

Lemma 5.8. Let s € R. Then

a) (Space traces) If s —2 < A < s+ 2, XN < L andsupp f C [0,1], then
2 2 2
||£ f(l' t)HC Ry;HS) <C||f|| s+1

Hy® (RY)

(b) (Time traces) If —2 < XA < 1, then
lo@Lf (ol ep S CHfH

(RasHy 7 (R)) R*)

(c) (Derivative time traces) If —1 < A < 2, then

10()0.L3 f ()] <cllfl s

C(Re H§ ®H) — Hy S (Rf)

a < =220 and

(d) (Bourgain space estimate) If s =1 < A < s+ 3, A < £, a < ==

0<b< 3z, then [|6(t)C2 f(x,1)]x

smea — (R+)

Remark 5.9. The restrictions on s, A in Lemma 5.8(&) (d) are the primary purpose
for introducing the analytic families £ and not simply using L° for the right half-
line problem and L°, L1 for the left half-line problem. Note that by the assumption
A<s+1 5, we have *= )‘H >1 5, and thus we may take % <a< Si;‘”, which is needed
in order to meet the hypotheses of the bilinear estimates in Lemma 5.10.

Proof. We restrict to £ for notational convenience. Also, we assume in the proof
that f € C3°(R™). The estimates, of course, extend by density. To prove (a), we use
(7 denoting the Fourier transform in z alone)

@6 =607 [ T p@ar
0

By the change of variable n = ¢3 and the support properties of I_%_

t
/ ei(tft/)nz'_
0

(X(—oonyZ_a_2 f) ) dn

2
_%f(t/) dt/ dT]

,4,2 28
lolf < | w10’
= [k

Wl
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notingthat)\<%:>—§)\—§ands—§ <)\<S—|—%:>—1 < —%—%—1—% < 1. By
%-%), Lemma 4.2 (to remove the time cutoff

2 ) we obtain the estimate in (a).

Lemma 4.1 (to replace |n|=% 3 by ()~
factor x(—sos)), and Lemma 5.3 (to estimate Z_x

3
To prove (b), we first note that the change of variable ' — t — ¢’ shows that

t t
(I—82)% / e~ R dt' = / e =% — 92)*% h(t) dt’

—0o0

and thus (b) is equivalent to

H / (¢ j0) / t e (T L () dt de

< [ fllzz
L3

c,o\y
w\m

— 00

Using that x(—ccs) = %sgn (t—t') + %

[este—ioy [ oo @y pwar i
13

—0o0

_ ltT iz (T - ZO)%_‘_%(f — Z.O>_)‘ o
i /T [lﬁ%l /T—§3>ee g T—& dé] J(r)dr

i /s e (€ — i0) / R (T, L) d de

[e.9]

w\y
OJ\NJ

w\y
w\l\‘)

=I1+1I
We can rewrite II as

11:/6“5( _
3

The substitution n = &3 and (2.2) gives

Il = / etnet ' (i — i0) 5
n

2 f)TEN(E —i0) e dg

>

AL
3

2 A —2/3
S 1* —i0) "y f () dn
which is clearly L? — L? bounded. In addressing term I, it suffices to show that

iae (T — i0)3+3(¢ — i0) ™
e
[r—g3]>¢ T—&

(5.5) 161lI(I)1

dg
is bounded independently of 7. Changing variable ¢ — 71/3¢, and using that
(713 —i0) ™ = 72 (7 + 67 + 7 (e + g

we get

- - - -2

- 1/3 01§+ —|—Cgf_ / - 1/3 615_ +02§+

5.5) = v, el I6F L TS g . Tt tag 215 T TRt
(5.5) X>0/€€ 1—¢3 £+ Xr<o Ee 1—¢8
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The treatment of both integrals is similar, so we will only consider the first of the

two. Let ¢(§) = 1 near £ = 1, and 0 outside | Then this term breaks into

2’5]

-2 -2
Cl/ezx71/3§¢(€)§+ d§-+/ei$71/3§(1 _¢(5))(le+ +62£f )dg _ Ia+1b
§ §

1-¢ 1-¢3

The integrand in term I, is an L' function (provided A > —2), so |Term I,| < ¢. Term

I, is
. /emmg VOGN 1
¢ 1+E6+621—¢
This becomes convolution of a Schwartz class function with a phase shifted sgn x
function, which is bounded on L?, completing the proof of (b).
Part (c) of the theorem is a corollary of (b) and the fact that 9,£} = L2, 5.
To prove (d), first note that by (2.2)

it ez‘tgd .
e = - [ =5 f(r)dr

Let ¢(1) € C*°(R) such that ¢(7) = 1 for |7| < 1 and ¢(7) = 0 for |7]| > 2. Set

|y

+

win

(1 —10)3

itr it NP
(6.t = (€ =i0)> [ C—gitr — &= i) i) ar

itT

aa(6,0) = (€~ 10 [ 51— v(r = €)r - )} ) ar
6“53 A2 4
iaalé ) = (€ =0 [ (= v(r = )r — )3 ) ar

so that £ f = uy + ug1 + ugs. For —1 < A < 1, both (€ —i0), (7 —i0)3*5 are
square integrable functions and thus

(5.6) oz, <c [ 171 ( / %ds) F(r) dr

Slnce—1<)\<— Wehave—1<————<0and
|§| % 22_2 —2+42b —22_242s
(57) < 63 2 20 d& | ’ 3 3 77) d77 S C<7—> 5808
This is obtained by separately con&dermg the cases In| < 1 |7| << |n|, and |n| << |7],
and using that s — 1 < A < s+% implies —1 < 2 — % — = < 0. Combining (2.2) and

(5.6) gives the appropriate bound for HU2,1HXS,I,' To address the term wuq o, we first
note that uyo(z,t) = 8(t)e "% ¢(x), where

59 bo = [FH g

= f)r)dr

w\m
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Taking h =7 »_»f (so that h € C§°(R™) by Lemma 2.1), we claim that

_2
3

(5.9) / 5(7)% dr — / Wr)B(r — €8 dr

where g € S ( ) This follows from the fact that supp h C [0,400) as follows: Let
Gi(r) = = w . Then

g1(t) = %sgn t— ﬁ /sgn(t — S)QZJ(S) ds

Let o € C*°(R) be such that a(t) =1 for t > 0 and «(t) = —1 for t < —1, and set
galt) = falt) = & [ sen(t — 9)i(s)ds

To show that go € S(R), note that by the definition and the fact that ¥ € S, we have
g2 € C®(R). If t > 0, then since 5= [ (1) dr = ¢(0) = 1, we have

gz(t):§—ﬁ/ssgn(t—s ds——/ D(s

If t < —1, then likewise we have

gg(t):—%—ﬂ sgn(t—s ds——/ w

which provide the decay at co estimates for g, and all of its derivatives, establishing
that go € S(R). Since ¢1(t) = go(t) for t > 0 and h € C§*(R™") we have

/ e =T =) g e g () = 2 (€

T—&

— omign(e®) = / h(r)(r — €) dr

T

where 3(7) = —ga(—7), and 5 € S(R) since go € S(R), thus establishing (5.9). To
complete the treatment of us o, it suffices to show, by Lemma 5.5(d), that ||¢||gs <
cl[fll =1 By (5.8), (5.9), Cauchy-Schwarz and the fact that |3(7 —&)| < e(r =)~

forN>>O,
2
Hss/< &)e|" ”(/67—53 Il <>|dT) ¢

“2X (V28 0 B\ —2N+2 B ()2 dr
g/T(/gm (€% (r — &) dg)r\ )P

After the change of variable n = &3, the inner integral becomes (A < % == —% - %
_1)

1]

>
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This latter estimate can be obtained by considering cases |n| < 1, |n| < 1|7|, and
In| > 3|7| (using =1 < A —s = —2% — 24 22 < (). By the power series expansion

for =)y (x,t) = S %Qk(t)e’taggbk(x), where 0,(t) = i*t*0(t) and

au(e) = (= i0) [ (r =)l = )Ty T r

T

By Lemma 5.5 (d), it suffices to show that ||¢y|

s < c||fHH% Note that

2
25| ¢ —2A 34314
o flerners ([ tgear)
< 2s —2>\d) B3 F(1)12d
[ e a) 3 iiiopar

The substitution = &3 on the inner integral provides the needed bound. 0

[ren

5.5. Bilinear estimates.
Lemma 5.10.  (a) For s> —3, 3b=0b(s) < 3 such that V o >}, we have
(5.10) |0 (uv)|

(b) For —3 <s<3,3b=0b(s) < 1 such thatV a > 3, we have

Xs,fb S CHU’ Xs,mea HU‘ X.s,mea

(5.11) 102 (wo)lly, -, < ellullx, ynpallvllx, yaa

Remark 5.11. The purpose of introducing the D, low frequency correction factor is
to validate the bilinear estimates above for b < % Recall that the need to take b < %
arose in Lemma 5.8(d).

We shall prove Lemma 5.10 by the calculus techniques of [KPV96]. We begin with
some elementary integral estimates.

Lemma 5.12. ]f% <b< %, then
+oo dz c
5.12 <
(5:12) /_oo &=z =37 = {a— gy

Proof. By translation, it suffices to prove the inequality for § = 0. One then treats the
cases |a| < 1 and |a| > 1 separately, and for the latter case, uses (r — a)~2(z)=% <

|z — | 7%|2|7?* and scaling. O
The following is [KPV96] Lemma 2.3 (2.11) with 2b — 3 = 1 — [ verbatim.

Lemma 5.13. Ifb < %, then

dx c(1+p)>*
(513) L e = s

)2
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Proof of Lemma 5.10 (a). We begin by addressing —% <s< —%. The proof is mod-
elled on the proof for b > = glven by [KPV96]. Essentially, we only need to replace
one of the calculus estlmates ([KPV96] Lemma 2.3 (2.8)) in that paper with a suitable

version for b < (Lemma 5.12). Let p = —s. It suffices to prove

|§1d( f, £1>p§1<5>7—1) (€2)°92(&2, T2)
5.14 < c||d|| 2 2 2
(5.14) // e e e < cldliallon 12

for d > 0, g1 >0, g > O, where * indicates integration over &, &, &, subject to
the constraint & = & + &, and over 7, 7, 79, subject to the constraint 7 = 7 + 7,
and where (3;(§;, 1) = (17 — f?)b + Xje;1<1(75)®. By symmetry, it suffices to consider
the case | — &| < |1 — &|. We address (5.14) in pieces by the Cauchy-Schwarz
method of [KPV96]. We shall assume that |£;| > 1 and |&] > 1, since otherwise, the
bound (5.14) reduces to the case p = 0, which has already been established in [CK02].

Case 1. If |1y — &3| < |1y — &| < |7 — &3, then we shall show

5 £2P£2ﬂ 12

To prove this, we note that

(5.16) 7= +366 = (1 — &)+ (1 — &)
By lemma 5.12 with o = & and 3 = & +7— &3+ 3££,&,, we get that (5.15) is bounded

by
€] (€1)% (€)% 2
(e (/5 (= 6+ 36,6y d&)

By (5.16), |£&&| < |7 — €|, Substituting |£,&| < |7 — &€3|¢]7! into the above gives
that it is bounded by

lﬂkwf—éﬁfb( dé; )”2
(5:17) BL /5 T

Let u = 7— &3+ 3££,&,, so that, by (5.16), we have |u| < 2|7 —&3|. The corresponding
differential is

cdu
d =
R e
Substituting into (5.17), we obtain that (5.17) is bounded by

\ai%r—ﬁv%(/i du )W
(&) uj<2pr—es) (W) u — (1 — 163)[1/2

By Lemma 5.13, this is controlled by
(1 — £3)pr1-3

()% i(r — jeny
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This expression is bounded, provided b > 1 3P +

Case 2. |1 — &) < |m =&, |7 — & < |7'1 §1| In this case, we shall prove the
bound
E*2 1666 > i
1 déd <
0% e L @ e g i) =
Since
(5.19) (m—&)+(n—&)— (1 &) =34&

we have, by Lemma 5.12 with a = &3, 3 = & + (1 — &) — 366, &, that (5.18) is
bounded by

1 (€)2*]€€16) )“
(5:20) e (/5 (- & e g1

We address (5.20) in cases. Cases 2A and 2B differ only in the bound used for (£)2~%°,
while Case 2C is treated somewhat differently.

Case 2A. |&| ~ |¢| or |&1] << |€]|. Here, we use (€)%~ < (&)2%.

Case 2B. |¢] << |&] and [|71| >> 1|&|? or |71| << 1|&[*]. Here, we use (£)*~% < 1.
Cases 2A and 2B. In the setting of Case 2A, let g(&) = (£)'7%, and in the setting
of Case 2B, let g(&) = 1. Since by (5.19), [€£,.&| < |m1 — &, (5.20) is bounded by

B dé 1/2
(5.21) g(&)(m = &) (/g (n— 8- 3§§1§2>4b—1>
Set u =1 — & — 36£,&. Then

du = 36 (& — 2)d€ = cléa|"|u — (r — 36))|"/2de
which, upon substituting in (5.21), gives that it is bounded by

g(&)(m — &)yr=b / du "
ISEe ul<atr—gg) (W)~ u — (1 — 3€9)[1/2

By Lemma 5.13, this is controlled by

g(&){n — &)+
74— 1
In Case 2A, g(&) = (&)'7%, and (5.22) becomes
(n — &)
()2~ {m — 3€)1
which is bounded provided b > $p + 5. In Case 2B, g(&) = 1, and (5.22) becomes
(n — &)

€@7itn - e

(5.22)
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which is bounded (under the restrictions of Case 2B) provided b > % p+ }1.
Case 2C. [¢] << |&] and || ~ $|&]®. Here, we return to (5.20) and use that

|T1| ~ %|51|3 and 3|§§1§2| S i’fl‘g 1mphes <7'1 —5? —3§§1§2> ~ <§1>3. SU_bStltU_tlng into
(5.20), we find that it is bounded by

1/2 .
e ([ o) < et

which is bounded provided b > p + &

We have completed the proof for —% <s< —%, and we shall now extend this result
to all s > —2 by interpolation. From the above, we have (5.10) for s = —2 and some
b < % As a consequence,

102 (uv)llx, _,
< 18 (uo)lix g -, +10:[(Gw)vlllx_g , + 10:[u(@0)]lx 4 ,
< (lullx_ 000 + 10stullx 5 apa)([[Vllx_5 jap0 + 1020]1x ¢ nn.)

< llullx, yooallvlix, oo,

thus establishing (5.10) for s = 2. Now we can interpolate between the cases s = —32
and s = 2 to obtain (5.10) for —3 < s < 2. Similarly, we can extend (5.10) to all

3
S>_4_l' ]

Proof of Lemma 5.10(b). First we address the range —% < s < —%. Let p = —
Note that by the X, bilinear estimate Lemma 5.10(a), it suffices to prove the lemma
under the assumption |7| < %|§|3 Constant multiples are routinely omitted from the
calculation.

Step 1. Tt |&] > 1, [&] > 1, | = &] < |1 — &, |1 — €] < 1000|7 — &3], and
7| < &[€[%, then the expression

!a &[] 12
(5:23) £)30 (/51 /1 (1 — &) (rp — £5)% dTl d&)

is bounded.
Proof. Applying Lemma 5.12, using 7o — & = (7 — &3) — (1, — &) + 3¢6,&,, we get
that (5.23) is bounded by

€] < €122 >”2
[CHGE /g F— e+ 3eg) BT
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[m— &
€]

Sl ! v
o2 G (L roerseaa )
Set

Using that ||| < , this is controlled by

u=T1-8+3¢6(5 - &)
so that 3§(& — 26)? = u — (7 — 3€°), and thus
ValElI26 = €] = [¢] P — (r = 3"

Also, du = 3£(§ — 2&;) d&;. Tt follows from the hypotheses of this step that the range
of integration is a subset of |u| < |7 — £3|. With this substitution, we see that (5.24)
is bounded by

m*ﬂr—év(/ du >U2
P \Juieioms (T2l — (7 — TE)[72

By Lemma 5.13, this is controlled by
€| — el — €)'
@™ {ry e — 1€
If |7| < £|€]*, then this reduces to
€30 (€)% (€)*"
(€)2(€)/
and the exponent 2p — 90 + 3 < 0 provided b > %p + %

Step 2. If [&] > 1, [ > 1, | —&5| < [m—=&F, [T—&°| <
then

&7 £P|&]% 12
(5:25) 7lil(// %J|h’5>dwﬂ

is bounded.
Proof. Since |7| < |€[3, we have

To05 |7t — 611, and |7] < g€,

1 1 .
B < <T>2b_%’ and thus (5.25) is bounded by

sp 5 5% V2
(| it

Carrying out the 7 1ntegra1 and applymg Lemma 5.12, we see that this is controlled
by

(31 ( (i1 )”2
520 moar (Lo asma e
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Case 1. 3[€&&| < 3|m — &5
Since |7 — &3] << |r — & and |7] < §[€[*, we have |£]* << |r — &), giving

(m—& =366+ &%) ~ (n— &)
and thus (5.26) is bounded by

&1l (\wmwd)”
oS AV AN G

Using that [££,&| < |m1 — &, this is controlled by

3|p 2- 2/)

Carrying out the & integral over the region |§| < |7'1 — &|1/3 gives

‘512_2’) 3\1-2
/£ e de < (- )

and thus (5.27) is bounded by

(et
which is bounded provided b> 2
Case 2. 3|€61&] > 3m — &
In this case, |¢] < 5|& | Indeed, if [&;] < 10[¢], then 3|£&&| < 33016 < §|m — &

Let u =7 — & —3& (£ — &)E+ &3, du = 38 (=26 + &) + 362 Now 3[¢[* < 35161
and 3[€;(—2¢ + &) > 2|&]?, and thus 3|¢]? << 3|&(2€ — &1)|. We see that (5.26) is

bounded by
&1l ( S 16217131 (6 — 2€) + 3¢* J )1/2
l@w< - e«

(1 —&7)° T — & — 36616 + E3)E (& — 2¢
Using |&] ~ [&1], and [&1(&; — 28)| ~ |&1]?, this is controlled by

1/2
Jalt =
d
(11 fi))>b </|u|§T1—€:f’| (u)te=t u)

Im — &
ISTk

1/2
&> = & / du
&1 PPN — )0\ Sjuj<im—ez) (W)

Carrying out the u integral, this is bounded by

ISR
r - &proe

Using that |¢] <

, this is controlled by
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which is bounded provided b > % — % p.

Now we address the range 5 3 < 5 < 3. It suffices to show
/ |f‘ S/Sd f T) Ql(fl;ﬁ) @2(52772)

(r=8)"  (n =)&) (2= &)N&)°

for d > 0, g1 > 0, go > 0, where x indicates integration over &, &, &, subject to the

constraint £ = & + &, and over 7, 1, Ty, subject to the constraint 7 = 7 + 75, under

the assumption |7| >> [£]?, since, for s > 0 in the region |7| < 2|£]?, |0, (uv)|ly, _, <
c||0x(u)| x, _,- We shall show

|€’ 5/3 ( déldTl )1/2
(5:28) 7_53 /5 / (- P E - aEr)

Since 7 — & + 36616 = (1o — &) + (11 — &), by Lemma 5.12, we have that (5.28) is
bounded by

gib 1 1 1/2
62 60 ([ e e T )

Case 1. |&| << |&] or |&] << |&1]. In this case, 3[€&1&| << [€]?, which combined
with |[® << ||, implies (T — & + 3££&,) ~ (7). Thus

o= (| ki)

o7 (i)

Provided s > 2 and b > §s + ¢, (5.30) is bounded.
Case 2. |&] ~ |&].
Case 2A. 3|€& & ~ |7| or 3|€€1&| >> |7|. Then we ignore (1 — &3 + 36£,&)% ! in

(5.29) and bound as:
2s /2
[ARTERIRY
d
< 6 (€)% (&) 51)

Using that (1) < ¢(€)(&1)(&2), (€) < (&) + (&2), and (&1) ~ (&2), this is controlled by

1 1/2
([ gs)

Thus, we need 2s + 6b — 2 > 1, which is automatically satisfied if s > % and b > 0.
Case 2B. 3|££1&| << |7]. Here, we just follow the method of Case 1.

Thus we have estimate (5.11) for —% <5< —3,and % < s < 3. The result in the
full range —% < s < 3 follows by interpolation. O

< cl|d||z2]|g1]|z2]| 92

(5.30)

IN
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6. THE LEFT HALF-LINE PROBLEM

We now carry out the proof of Theorem 1.3(b). We first return to the linearized
version of (1.2). Consider —1 < Ay, A2 < 1, hy, hy € Cg°(RT), and let

u(x,t) = L2hy (2, 1) + L22hy(2, 1)
By Lemma 3.1, u(x,t) is continuous in x at x = 0 and by Lemma 3.2,
u(0,t) = 2sin(FA; + §)ha(t) + 2sin(FA2 + §)ha(t)
By the definition (3.1),
Opu(z,t) = £i1’11,1/3h1 (x,t) + Eirlf,l/ghg(a:, t)
By Lemma 3.1, d,u(x,t) is continuous in x at x = 0 and by Lemma 3.2,
D,u(0, 1) = 2sin(TA; — )y (1) + 2sin(ZAs — Z)ha(t)

Combining,

Lo o) =2 [ T8 et B ]

6
By basic trigonometric identities, this 2 x 2 matrix has determinant /3 sin T(A2— A1)
which is # 0 provided \; — Ay # 3n for n € Z. Thus, for any —1 < A\j, Ay < 1, with
A1 # Ao, if we are given ¢ (t), g2(t) and we set

ﬁ§3]=A{LiZLJ

- L { sin(F — ) —sin(3Ao+ §)
2/3sin[Z(\o — Ap)] [—sin(FA —§)  sin(5A + F)

then u(z,t) solves

3

where

A

Ou+Pu=0 forx<0
u(z,0) =0
u(0,t) = g1(t)
Oou(0,1) = ga(t)
If we take —1 < Ay, Ag < 1, Ay # Xy, and set
Aw(z,t) = 0(t)e % ¢(x) — 10(t)DO,w?(w,t) + O(t) L2 hy (2, t) + O(t) L2 ho (2, 1)
where

{m@q_n4{ 91(8) — O()e 1], + L0(H)DOLA(0, 1)
h2 (t) B 9(15)1'1/3(92 - ea:cei.aggﬂxzo + %eaxpﬁxUP(O? ))(t)
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Then (9, + 02)Aw(z,t) = —30,w*(x,t) for x < 0, 0 <t < 1, in the sense of distribu-
tions. We have
||hl||H + 2l s
(RF) Hy? (RY)

(6.1) < cllgi(t) — 0(t)e % bl mo + 10() DO W (0,1)|| six

Hy® (RY)

-

+cl|0(t)Z1/3(g2 — 08Ie_'ag¢|$:0 + %0@2?(%102(0, N s+

Hy3 (RY)

By Lemma 5.5(b), [|g1(t) —0(t)e ™" ¢, “oll s < cllgll o +elldllas. =3 <5 <3,

st1
then &5 < =+ < 1, and Lemma 4.2 shows that gi(t) — 0(t)e 2 ¢|,—0 € Hy® (R))
with comparable norm. If % < s < %, then % % < % and by the compatibility

condition, g;(t) — H(t)e_tagqﬁlgg:o has a well-defined value of 0 at ¢ = 0. By Lemma

st1
4.3, g1(t) — 0(t)e %2 | ,—g also belongs to Hy,® (Rf) with comparable norm. The
conclusion then, is that if —=2 < 5 < —, SF# 5 1 then

3
g1 (t) — O(t)e" % |, 0|| S+1 R+ < C||91||H%; +

By Lemmas 5.6(b), 5.10,
2
10(t) DI, w=(0,t) Hng

PRl
)

t

w H2Xs’bﬁDa

By Lemma 5.5(c), ||gg(t)—6’(t)8$e_t63¢]$ 0| 5/3 < || gal| oz +cl| || as - If—§ < s < §

then £ < 3 and by Lemma 4.2, g5(t) — 0(t)0, e 2|0 € HY*(RT) with comparable

norm. By Lemma 5.4,

_ —03
16(8)T /392 = 00ee™ % luco)ll 22

< dlgll =5 +cllla

By Lemmas 5.4, 5.6(c), 5.10,
10(t)Z1/3(00, D0, w*(0, ) (M) =2, < clwllX, .,

Ho® (R) —

Combining the above estimates with (6.1), we obtain

ms + cllwlk, b,

s+ clld

(62) Wl s+ lhall s < el s+ oo

By Lemmas 5.5(a), 5.6(a), 5.8(a), 5.10, and (6.2)

[Aw(@, D)llomemy < cllglln: + cllgll = + cllgall 5 + clwllx, b,

provided b(s) <b < (Where b(s) is specified by Lemma 5.10), s — 2 < Ay < s + 3,
s—2 <X <s+3, a> 3. Inthe sense of C(Ry; HS), w(z,0) = ¢(z). By Lemmas
5.5 (b), 5.6(b), 5.8(b), 5.10, and (6.2)

Aw(a, o),

<
Rt 5 ) clio!

ep +cllgall 5 + cllwll

Hs +C||gl||H Xs,mea
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provided b(s) < b < i. In the sense of C’(]Rx;Ht%), Aw(0,t) = g1(t) for 0 < ¢ < 1.
By Lemmas 5.5(c), 5.6(c), 5.8(c), 5.10, and (6.2)

10 Aw(z, 1)]]

iy S clldllas + ellgalegs + clgall s + elwlie, o,

provided b(s) < b < 1, and in the sense of C'(Ry; Hf/?’), O, w(0,t) = go(t) for 0 <t < 1.

By Lemma 5.5(d), 5.6(d), 5.8(d), 5.10, and (6.2), we have
[ Aw]

2
Xs,mea

XepnDa < Cldllas + cllgrll e + cllgall s + cllw]

provideds—lg)\l<3+%,s—1§)\2<3+%, )\1<%, )\2<%,0z§5_)‘T1+2,
a < =222 h(s)<b< i andl<a<1-0b.

: . 3 3 1 1
Collectively, the restrictions are —3 < s < 5, s # 3, b(s) < b < 3,

63) s—1< AN <s+3 —l<i<i
6.3
S—lﬁ)\2<8+% —1<)\2<%
l<ag =2
(6.4) 3 <a< et
a<l-90
Sinces<%:>3—1<%ands>—%:>s—l—% > —i, and thus we can find

A1 # A2 meeting the restriction (6.3). (Note that for s < —31, we cannot use A = 0,

the operator used in [CK02]). The conditions \; < s+ 3, A < s+ 3 imply that

&31” > %, HTQH > %, and thus we can meet the requirements expressed in (6.3).
Define a space Z by the norm

lollz = lollcwon + lwl, o+ 100l e+ lollx, o,

C(Ry;H,

x4y

By the above estimates

[Awllz < cllgllm: + cllgll, =1 +cllgall 5 + cllwllZ

3

Now
Awy (z,t) — Aws(x,t)
= — 10(t)D3, (w1 — ws)(wy + wa)(w, ) + O(t) LM Iy (, 1)
+0(t)L22hy(x, 1)
where

[hl(t)} _ 14 [ 0(t)DO, (wy — wy)(wy + wy)(0,1)
ho(t) 0(t)Z1/3(00, DO (w1 — wa) (w1 + w2)(0,-))(1)

2
By similar arguments, we can show

[Awy = Awslls < e([fwnl|z + [[wall 2) (lwr = w2l|z)
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By taking ||¢]|
point (Au=u) in Z.

we+ | gull = +1g2ll 5 < 0 for 6 > 0 suitably small, we obtain a fixed

Theorem 1.3(b) follows by the standard scaling argument. Suppose we are given
data &, g1, and g of arbitrary size for the problem (1.2), and we seek a solution a.
For 0 < A < 1 (to be selected in a moment) set ¢(x) = A2¢(z), g1(t) = NG (1),
ga(t) = A3Ga(A\3t). Take X sufficiently small so that

9|

w4 gl + Dol s
3 s 7 1 s ~ 3 S| =
A2 (A8l + A2 T Gall e+ A2 ()1 Gall 5
<5

By the above argument, there is a solution u(z,t) on 0 < ¢ < 1. Then u(x,t) =
A 2u(A "1z, A731) is the desired solution on 0 < ¢ < A3,

7. THE RIGHT HALF-LINE PROBLEM

Now we prove Theorem 1.3(a). Suppose —1 < A < 1 and we are given f € C°(R™T).
Let u(w,t) = e”™ L% f(z,t). Then by Lemma 3.1, u(x,t) is continuous in z at x = 0
and by Lemma 3.2, u(0,t) = f(t). Then u(z,t) solves

O+ O2u =0
u(z,0) =0
u(0,1) = f(t)

Therefore, to address the nonlinear problem (1.2) with given data f and ¢, take
—1 < A< 1 and set

Aw(z,t) = 0(t)e % (x) — L0(t)DIw? (x,t) + O(t) LY h(w, 1)
where
h(t) = e ™ f(8) = B(t)e " Bloo + $0() DD, (0, )]
Then
(0, + %) Aw(a, t) = —lﬁwa(w, .

By Lemma. 5.5(0), /(1) = 00)e ™ Focl 252 < el s +elloln 13 <5<

then 15 < 1 < I and Lemma 4.2 shows that f(t) — 0(t)e ~10; |, € Hy T with
3 5

comparable norm. If l < s < 3, then 1 < Sgl < 2 and by the compatibility

condition, f(t) — 0(t)e _1583¢|m 0, has a well- deﬁned value of 0 at t = 0. By Lemma

4.3, f(t) — O(t)e 2 ¢|,—p € H = (R™) with comparable norm. The conclusion, then,
isthatif—%<s<— sF 5 1 then

£ (t) = 0(t)e " Bluzoll o5 1 gy S Il e
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By Lemma 5.6(b), 5.10,

16D (O, )| =g < el|wll3
0

®H) X pMDq
Combining, we obtain

(7.1)

me + cllwlk, b,

ey Sl oo+ el

We then proceed in the manner of §6 to complete the proof of Theorem 1.3(a).

8. THE LINE SEGMENT PROBLEM

We now turn to the line segment problem (1.5). By the standard scaling argument,
it suffices to show that 3 > 0 and 3 L; >> 0 such that for any L > L, and data f,

g1, 92, gb satisfying

17152 gy + 002t gy + 102l 5y + 1)

me0,L) <0

we can solve (1.5) with 7" = 1. By the techniques employed in the previous two
sections, it suffices to show that for all boundary data f, g1, go, there exists u solving
the linear problem

O+ 02u =0 for (z,t) € (0,L) x (0,1)

u(0,t) = f(t) for t € (0,1)
(8.1) uw(L,t) = gi(t) fort e (0,1)

Ou(L,t) = go(t) fort e (0,1)

| w(z,0)=0 for z € (0, L)
such that
- lalltmens + o2 + 100l s, + el s,
<yt gy + et e + 1l e
Let
ﬁlhl(l', = Eilhl(x — L, t)

t)
ﬁghg(l', t) = EiQhQ(LC — L,t)
ﬁghg(l', t) = Ei\f’hg(%, t)

By Lemma 3.2 and the estimates in §5, solving (8.1), (8.2) amounts to showing that
the matrix equation

(8-3) (91,11/392, f)T = (EL + KL)(hla ha, hs)T
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has a bounded inverse, where

2sin(ZA1+5)  2sin(FA2 + §) 0
EL = ZSiH(ﬂ—)\l — %) QSiIl(%/\Q - %) 0 y

El ‘a: 0 LZ |$*0 em)\S
0 0 Ls| _,
Kp=10 0 Z{,(d, 53)\ -
0 0 0
The matrix operator E, is invertible with inverse
i sin(”)\Q - %) —sin(ZAs + %) 0 i
\/_sm( — 3A1) \/gsin(lgr)\g — 3A1)
E;t=1] — sm( - %) sin(3A1 + §)
\/gsin( — %)\ ) \/gsin(g)\g — %)\1)
i Al Ag 67”’)‘3_
where
4 V3e ™ sin(ZA; — ) | V3e ™ sin (TN, — ) |
T sin(Bh - IA) Laloeo = sin(ZAg — ZA) ks
and
—/3Be ™ sgin(ZN\, + = 3e ™A gin(Z N\, + T
Ay = \/_e - Sm(;’ . G)EQ‘ _ -I—\/_e. ﬂsm(37r2 6>£1} _
Sln(‘>\2 — 5A1) 2=0 sm(—)\g - —)\1) =0

s+1
Since Ll} H .y (RT) — HOg (RT), 52‘ :H, 3 (RT) — H, s (RT) are bounded
uniformly as L — +o0, the norm of E; ! is unlformly bounded as L — +oo. (8.3)
becomes

(8.4) E; (91, Tyage, f)T = (I + B Ki)(ha, hoy hy) "
and we see that it suffices to show that (I + E;'K}) is invertible. We claim that

st1
Ky : [H y (RY)]? — [Hy® (RM)]? is bounded with norm — 0 as L — +o00. To show
this, we need a refinement of Lemma 5.8(b).

Lemma 8.1. For -2 <A <1 andx >0
1o L3 Az, )]
where ¢(z) — 0 as x — +o0.

Proof. L% f(z,t) = L% (x,t) for > 0 by a uniqueness calculation. By (2.5),
! 0(2(t B t/)) T / /
O(t)LOh(x, ) = B(t) /O A ( = /3> T ysh(t) dt

/ O [ t;fg)A( i _i,>1/3>]9(4t’)11/3h(t’)dt’

< c(x) =41

(Rﬂ Hy? (RT)
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Since A(x) decay rapidly as  — +o0, we have

= - 20 5) v

so that LOh(x,t) = 0(t)H * (0(4-)Z1/3h)(t). By the asymptotic properties of A(x) as
T — +00,

|H = < [Hlzx < sup(la* Ala)| + [ A'()]) — 0 as @ — +oo

xzz

and we have

1C0n(, )|, e50 < N H [l 04O TapshlE)]] o5 < eIl o

3

with ¢(z) — 0 as . — +00. O

s+1

From the lemma, L3, : H,?
s+l s41

H,®> (RT) — H,® (R") are bounded with norm — 0 as L — +oco. Thus K :

s+1

s+l
[Hy® (RT)]® — [Hy® (R)]? enjoys the same property and (I + E; ' K) has bounded
(uniformly in L as a — +00) inverse in (8.4).

s+
3
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