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ABSTRACT. We consider the 3d cubic focusing nonlinear Schrédinger equation
(NLS) i0;u+ Au+ |u|?u = 0, which appears as a model in condensed matter theory
and plasma physics. We construct a family of axially symmetric solutions, corre-
sponding to an open set in H_ ;  (R3) of initial data, that blow-up in finite time with
singular set a circle in zy plane. Our construction is modeled on Raphaél’s construc-
tion [33] of a family of solutions to the 2d quintic focusing NLS, i0;u+Au+|u|*u = 0,
that blow-up on a circle.

1. INTRODUCTION
Consider, in dimension n > 1, the p-power focusing nonlinear Schrodinger
(1.1) 10+ Au+ |ulPlu = 0.
This equation obeys the scaling symmetry
u(zx,t) solves (1.1) = )\Tzlu(/\x,/\Qt) solves (1.1),

which implies that the homogeneous Sobolev norm H* is scale invariant provided

s = g—p%l. The equation (1.1) also obeys mass, energy, and momentum conservation,
which are respectively defined as
1 1
Mu) = ||lul3:, Elu] = 5||Vu||%2 — m”u“’zﬁl , Plu] = Im/Vu udx .

In the H' subcritical setting (1 < p < 1+ —1-), there exist soliton solutions u(z,t) =
eQ(x), where

(1.2) —Q+AQ+|QP'Q=0.

We take @) to be the unique, radial, positive smooth solution (in R™) of this nonlinear
elliptic equation of minimal mass. For further properties see, for example, [14]-[15]
and references therein.

The local theory in H' (p < 1+-2%5) is known from work of Ginibre-Velo [10]. Local
existence in time extends to the maximal interval (=T, T*), and if T* or T, are finite,
it is said that the corresponding solution blows up in finite time. The existence of blow
up solutions are known and the history goes back to work of Vlasov-Petrishev-Talanov
'71 [40], Zakharov 72 [42] and Glassey '77 [12] who showed that negative energy solu-

tions with finite variance, ||xug||r2 < oo, blow up in finite time. Ogawa-Tsutsumi [31]
1
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extended this result to radial solutions by localizing the variance. Martel [22] showed
that further relaxation to the nonisotropic finite variance or radiality only in some of
the variables guarantees that negative energy solutions blow up in finite time. First
result for nonradial infinite variance (negative energy) solutions blowing up in finite
time was by Glangetas - Merle [11] using a concentration-compactness method (see
also Nawa [30] for a similar result). Positive energy blow up solutions are also known
and go back to [40], [42] (see [38, Theorem 5.1] for the precise statement). Turitsyn
[39] and Kuznetsov et al [20] extended the blow up criteria for finite variance solu-
tions of H' subcritical NLS and, in particular, for the 3d cubic NLS showed that finite
variance solutions blow up in finite time provided they are under the ‘mass-energy’
threshold M [ug] Efug] < ¢(||Q||L2), where @ is the ground state solution of (1.2), and
further assumption on the initial size of the gradient ||Vug||zz > c(Muo), ||@] 12)-
Independently, the same conditions for finite variance as well as for radial data (for
all H' subcritical, L? supercritical NLS) were obtained in [14]. [Similar sufficient
blow up conditions for finite variance or radial data for the H' critical NLS (s = 1 or
p =1+ %) are due to Kenig - Merle [18]; for the situation in the L? critical NLS
(s=0orp=1+2) with H* data refer to Weinstein [41] for the sharp threshold and
Merle [22] for the characterization of minimal mass blow up solutions.] The nonradial
infinite variance solutions of the 3d cubic NLS blow up in finite or infinite time pro-
vided they are under the ‘mass-energy’ threshold having the same condition on the
size of the gradient as discussed above. This was shown using a variance of the rigidity
/concentration-compactness method in [16], thus, extending the result of Glangetas-
Merle to positive energy solutions. Further extensions of sufficient conditions for
finite time blow up were done by Lushnikov [21] and Holmer-Platte-Roudenko [13]
which include blow up solutions above the ‘mass-energy’ threshold and are given via
variance (or its localized version) and its first derivative if the data is not real. It is
also possible to construct solutions which blow up in one time direction and scatter
or approach the soliton solution (up to the symmetries of the equation) in the other
time direction, see [13], [5], [6].

A detailed description of the dynamics of blow-up solutions in the L? critical (p =
1+ %) case has been developed by Merle-Raphael [25, 28, 24, 27, 26, 32]. They show
that blow-up solutions are, to leading order in H'!, described by the profile Qb(t)s
rescaled at rate A(t) ~ (T —t)/log |log(T — t)|)'/?, where b(t) ~ 1/log|log(T — t)|.
Here, @), is a slight modification of () — see notational item N5 in §3 for the details
of the definition in the 2d cubic case.

In the L? supercritical, H' subcritical regime (1+ % <p<l+ ﬁ
large family of blow-up solutions as discussed above, but there are fewer results char-

), one has a

acterizing the dynamical behavior of blow-up solutions — we are only aware of three:
Raphadél [33] (quintic NLS in 2d) and the extension by Raphaél-Szeftel [34] (quin-
tic NLS in all dimensions) and Merle-Raphaél-Szeftel [29] (slighly mass-supercritical
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NLS). In this paper!, we consider the 3d cubic equation (n = 3, p = 3) which is
a physically relevant case in condensed matter and plasma physics. We adapt the
method introduced by Raphaél [33] to give a construction of a family of finite-time
blow-up solutions that blow-up on a circle in the xy plane. Raphaél constructed a
family of finite-time blow-up solutions to the 2d quintic equation (n = 2, p = 5) which
is H'/? critical, that blow-up on a circle. He accomplished this by introducing a radial
symmetry assumption, and at the focal point of blow-up (without loss r = 1), the
equation effectively reduces to the 1d quintic NLS, which is L? critical and for which
there is a well-developed theory characterizing the dynamics of blow-up. We employ
a similar dimensional reduction scheme — starting from the 3d cubic NLS (which is
HY/? critical) we impose an axial symmetry assumption, and construct blow-up so-
lutions with a focal point at (r,z) = (1,0), where the equation in (r,z) coordinates
effectively reduces to the 2d cubic NLS equation, which is L? critical.
Our main result is

Theorem 1.1. Let Q, = Qu(7, 2) be as defined in N5 in §3. There exists an open
set P in HL . (R3), defined precisely in §4, such that the following holds true. Let

uy € P. Then the corresponding solution u(t) to 3d cubic NLS ((1.1) with n = 3,
p = 3) blows-up in finite time 0 < T < oo according to the following dynamics.

(1) Description of the singularity formation. There exists A(t) > 0, r(t) > 0, z(t),
and y(t) € R such that, if we define

1 r=r(t) 2—2()\ ¢
rord )= 375 (S5 )<

then
(1.3) a(t) — u* in L*(R*) ast — T,

1

14 Vu(t 2 < \Y% coret 2 T e
(L4 IV ) S IV - e

and the position of the singular circle converges:

(1.5) r(t)
(1.6) 2(t)

r(T)>0ast—T,
2(T) ast —T.

—
—

1A result similar to the one presented in this paper was simultaneously developed by Zwiers [43],
see remarks at the end of the introduction.
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(2) Estimate on the blow-up speed. We have, ast /T,

(1.7 50~ (e )|)1/2,

log |log(T —t
|
(18) "0~ g o = 1)1
(1.9) v(t) ~ [log(T —t)|log |log(T —t)|.

(3) Structure of the L? remainder u*. For all R > 0 small enough,

1

1.10 -
(1.10) (log [ Tog ])*

/ |u*(r)|* dr dz ~
[r—r(T)|2+|z—2(T)[2< R?

and, in particular, u* ¢ LP for p > 2.
(4) H'? gain of regularity outside the singular circle. For any R > 0,

(1.11) ut € HY2(|r — (T + |z — 2(T)]* > R?).

A key ingredient in exploiting the cylindrical geometry away from the z-axis is
the azially symmetric Gagliardo-Nirenberg inequality, which we prove in §2. This
takes the role of the radial Gagliardo-Nirenberg inequality of Strauss [36] employed
by Raphaél. In §3, we collect most of the notation employed, and in §5, we outline
the structure of the proof of Theorem 1.1. Most of the argument is a lengthy boot-
strap, and in §5, we enumerate the bootstrap input statements (BSI 1-8) and the
corresponding bootstrap output statements (BSO 1-8). As the output statements
are stronger than the input statements, we conclude that all the BSO assertions hold
for the full time interval of existence. The steps involved in deducing BSO 1-8 under
the assumptions BSI 1-8 are outlined in §5, and carried out in detail in §7-21. §21
already proves (1.11) in Theorem 1.1, the H'/? gain of regularity outside the singular
circle. The proof of Theorem 1.1 is completed in §22-24. In §22, we prove the log-log
rate of blow-up (1.7). In §23, we prove the convergence of the position of the singular
circle, (1.5) and (1.6). The proof of the size estimates on the remainder profile, (1.10)
is the same as for Theorem 3 in [26] (we refer the reader to Sections 3, 4, 5 there).
Finally, in §24, we prove the convergence of the remainder in L?, the estimate (1.3).

A similar result to Theorem 1.1 but for a slightly smaller class of initial data was
recently obtained by Zwiers [43] (our H}

axial Class of initial data is replaced by a

smoother version H2 . ). We mention that the methods to prove our main theorem
do not treat the cubic equation in higher dimensions, but it is addressed by Zwiers in
[43, Theorem 1.3]. We think that it should be possible to adapt our method to treat
the H'/? critical (p = 14 4/(n — 1)) case in higher dimensions, proving the existence
of solutions blowing up on a circle (dimension 1 blow-up set), however, dealing with
fractional nonlinearities is a delicate matter. Zwiers’ result treats blow up sets of

codimension 2 in all dimensions; our approach might be able to treat the blow up
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sets of dimension 1 in all dimensions. (In 3 dimensions, of course, codimension 2
equals dimension 1, and thus, the results intersect.)

1.1. Acknowledgements. J.H. is partially supported by a Sloan fellowship and NSF
grant DMS-0901582. S.R. is partially supported by NSF grant DMS-0808081. This
project has started at the MSRI program “Nonlinear Dispersive Equations” in Fall
2005 and both authors are grateful for the support and stimulating workshops during
that program. We thank Ian Zwiers and Fabrice Planchon for remarks on this paper.

2. A GAGLIARDO-NIRENBERG INEQUALITY FOR AXIALLY SYMMETRIC FUNCTIONS

We begin with an axially symmetric Gagliardo-Nirenberg estimate, analogous to
the radial Gagliardo-Nirenberg estimate of Strauss [36]. Consider a function f =
f(z,y,2z) = f(rcosf,rsind, z) = f(r, z), independent of §. We call such a function
axially symmetric.

Lemma 2.1. Suppose that f is axially symmetric. Then for each € > 0,

1
(21) Hf‘|i4(r>e) < El‘f’l%iyz(r>e)vaH%2 (r>e)-

TYz

Proof. The proof is modeled on the classical proof of the Sobolev estimates. We
use the notation V = (0,,9,,0.) (i.e., not (9,,0,)). Note that |f(z,y,2)[rz,, =
1f(r,2)||L2, ., and also note O, f(r, 2) = (0. f)(r, z) cos @ + (0, f)(r, z) sin 0, and thus,
|0, f| < |V f|. Observe that for a fixed r > €, z € R, by the fundamental theorem of

calculus and the Cauchy-Schwarz inequality,

()2 = [f (o0, 2)[2 — | £, 2)[?
+oo
<9 / £, )10, F (=) dr

I —¢

P
<2 [ e alese
2 _/ /
< ZHf(T 7Z)||Lf,dr,(r’>e)||vf(r ) Z)HLz,dr,(r’>e) )
and also,
2 e
|f(r,2)|” < 2/ |f(r 2WO-f (r, )| d2" < | f (r, 2122, IV F(r, ) e, -

By multiplying the above two inequalities, and then integrating against rdrdz, we get

4
[ asartrards < ([ 1069, 0mo 956Dl o )
r>€,z z

+oo
([0 96Dl rar).

=€

Following through with Cauchy-Schwarz in each of the two integrals gives (2.1). O
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As a corollary of (2.1), we have for 1 < p < 3, that

(2:2) 11
This follows by the interpolation estimate (Ho6lder’s inequality)

LA < I I

Before proceeding, we present a simple application of Lemma 2.1.

(r>e) = p Tp—1 ||f||L2yZ(r>e)||Vf|| L(r>e) *

Corollary 2.2. If u is a cylindrically symmetric solution to
10+ Au + |ulPtu =0

for p < 3 in R? that blows-up at finite time T > 0, then blow-up must occur along the
z-axis. Specifically for any fixed € > 0,

(2.3) hmHVuHLz

e 2, (r<e) = +00.

Proof. Fix any € > 0. All L? norms will be with respect to dzdydz. For any t > 0,
by (2.2), we have for u = u(t)

1 1
D+ 1 ||U||I£j+1(r<e) || Hi—;rl (r>¢)

1
éuvuuiz =F+

el ey + EHMI%HWH’?-

< FE+
p+1

Using the inequality a8 < %Ozﬁ + p%lﬁ%, we obtain

C =
el ey + el 727

Vul|?, < 4E
IVullis 4B + =l ey +

Since limy o0 [|Vu(t)|| 12 = 400, we obtain that limy o0 [|u(t)| p+1(r5e) = +00. By
the (standard) Gagliardo-Nirenberg inequality, we obtain (2.3). O

3. NOTATION
Recall that we will impose the axial symmetry assumption, i.e.,
a(r, 0, z) = u(rcosf,rsind, z)

is assumed independent of 6. The equation (1.1) in cylindrical coordinates (r, z),
assuming the axial symmetry, is

1
(3.1) i0yu + ;&u%—@fu%—@?u%— |u|? u = 0.

Denote by Q = Q(r), r = |z|, z € R?, a ground state solution to the 2d nonlinear
elliptic equation (which corresponds to the mass-critical cubic NLS equation in 2d):

—Q+AxQ+|QPQ =0.

We emphasize that () is a two-dimensional object.
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We now enumerate our notational conventions.

N 1. We will adopt the convention that V = (0,,0,,0,) is the full gradient and
A = 92+ 0; + 07 is the full Laplacian. When viewing an axially symmetry function as
a function of r and z, we will write the corresponding operators as V, .y = (0,, 0.) and
A2y = 02+02. Note that under the axial symmetry assumption, A = A, ) +7r719,.
N 2. In the argument, parameters A(t), y(¢), r(t) and z(t) emerge. Rescaled time,
for given by, is
t /
dt 3n
(3.2) S(t) = /0 W + So, Sp = e*bo s

and rescaled position is

We note that the 7 and Z can both be negative, although there is the restriction that
A()T 4+ r(t) > 0. Introduce the full (rescaled) radial variable

R= i+ 22

We have r = A\(¢)7 + r(t). To help avoid confusion between r and 7, we will use the
following notation: given two parameters A(t) and r(t), define

a0 (F) = AT + () Lo rn)z0}-
Often the A(t), () subscript will be dropped.

N 3. The inner product (-,-) will mean 2d real inner product in the 7, Z variables.
N 4. If f = f(7, 2), then define Af = f + (7,2) - (07, 0z) f, the generator for scaling.
Observe that Af = f + RO f.

N 5. For a parameter b, Qy(7, 2) is the 2d localized self-similar profile. Specifically,

following Prop. 8 in [27] which is a refinement of Prop. 1 in [28], given b, n > 0,

define
2

Rb:m\/l—n.

There exist universal constants C' > 0, n* > 0 such that the following holds true. For
all 0 < n < n*, there exists constants €*(n) > 0, b*(n) > 0 going to zero as 7 — 0 such
that for all |b| < b*(n), there exists a unique radial solution @ (i.e., Q) depends only
on R) to

(A5 Qp — Qb+ ibAQ, + Qu|Qs> = 0
)e# >0 for R € [0, R)

p) =0

[ Q(0) — €"(n) < @u(0) < Q(0) +€"(n).

Qu(R
Qu(R
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N 6. For a parameter b, Q,(7, %) = Qu(R) is a truncation of the 2d localized self-
similar profile Q. Specifically, (following Prop. 8 in [27]), given b > 0, n > 0 small,
let Rb_ = /T — R, so that _ﬁib_ < Ry. Let ¢y be a radial smooth cut-off function such
that ¢y(x) = 0 for |z| > Ry and ¢y(x) = 1 for 2| < R, , and everywhere 0 < ¢(z) < 1,
such that

6412 + Ayl — 0 as o] — 0.

Now set o ) )
Qb(R) = Qu(R)u(R) .
Then
(3.3) A5 Qp — Qp + ibAQy + Qp|Qu* = =Ty,
where
(3.4) —Uy = Ay Q + 2V Qy - Vo + Qs (7, 2) - Vi + (5 — 08)Qu| Q)
with the property that for any polynomial P(y) and k£ = 0,1
(3.5) |P(y) @1 < e/,
In terms of Wy(7, %), we define an adjusted ¥y(t, 7, %) as
(3.6) Byt 7.2) = Wy, 72) — — D 5.0, 2)
FA@r(0)(T)
so that Q, solves
(3.7) AgzQy + 28,:@1, — Qp + DAQy + Qb|Qy)* = — Ty,

We also split ), into real and imaginary parts as

Q, =13 +i0.
It is implicitly understood that ¥ and © depend on b (or b(t)), and when we want
to emphasize dependence, ~it will be stated explicitly; this decomposition is done only
for the truncated profile @, (not for (). Similarly, we denote ¥, = Re ¥ + iIm ¥
and ¥, = Re VU + ¢ Im .
N 7. The Q, satisfies the following properties.
QP 1. ((44) in [28]) Uniform closeness to the ground state. For a fixed universal
constant C' > 0,

1e“(@s = Q)lles — 0 as b — 0.

In particular, this implies that ||eCR87’§®||L2(,:75) —0asb—0for 0 <k <3
QP 2. ((45) in [28]) Uniform closeness of the derivative 0,Q, to the ground state.
For a fixed universal constant C' > 0,

HeCR(Bbe + Z&R%?)ch —0asb—0.
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QP 3. (Prop. 2(ii) in [28] and Prop. 1(iii) in [24]) Degeneracy of the energy and
momentum. Specifically,

(3.8) |E(Qp)| < e=MHEM™/IM - gince 2E(Qy) = — Re / AT, Oy,
and

~ ~ -~ ~ ~ b ~ ~
(3.9) Im/V(ﬁg)Qb Qb = 0, Im/(r, Z) . V(ﬁg)@b Qb B —§||R QbH%z

QP 4. The profile Q, has supercritical mass, and more precisely

d 5 12
0< T b20/|Q,,| — do < +o0.
QP 5. Algebraic relations corresponding to Galilean, conformal and scaling invari-
ances:
(3.10) A(RQy) — RQy + ibRAQy + RQy|Qu|* = 205Qy — RT,,
(3.11) A(R*Qy) — R*Qy + ibRPAQ, + R*Qu|Qu]* = 4AQ, — R*T,,
(3.12) A(AQy) — AQy + (AQY)|Qb]* + 2Qu(S(AT) + O(AO))

= 2(Qy — ibAQy — Ty) — ATy, — ibA2Q,,.

The proof of the above identities are similar to Prop. 2(iii) in [28] adapted to the
2d case. For example, to obtain the third equation from scaling invariance, multiply
(3.7) by A% and take argument to be (A7, \Z), then differentiate with respect to A and
evaluate the derivative at A = 1. Note that & |s_1 (AW,(AF, A2)) = 3U,+(F, 2)- V¥, =
2¥, + AV, and thus, we obtain the claimed equation.

N 8. The linear operator close to Qy in (3.7) is M = (M, M_), where (€ = €, + ie,)
2

A 2% ~
M+(€) = —A(;75)61 — ;(9561 + € — (m + 1) |Qb|261 - 22@62,

A 202 ~ 19
M_(G) == —A(f7g)€2 - —3;62 + €9 — ~—2 + 1 |Qb| €y — 22@61.
It [0
N 9. For a given parameter b, the function (,(7, 2) is the 2d linear outgoing radiation.
Specifically, following Lemma 15 in [27], there exist universal constants C' > 0 and
n* > 0 such that for all 0 < n < n*, there exists b*(n) > 0 such that for all 0 < b <
b*(n), the following holds true: There exists a unique radial solution ¢, to

(02 4+ 02)¢y — Cp +ibAG = Uy,

/|(8F782)<b|2dfd5 < +o00,
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where W, is the error in the @, equation above. The number T is defined as the
radiative asymptotic, i.e.,

[p= lim |R]’|G(R).

R—+00
The ((7, 2) and I'y, have the following properties:

ZP 1. Control (and hence, smallness by ZP2) of ¢, in H*

/\Vms)Cb\Q <T,7

ZP 2. Smallness of the radiative asymptotic

3 4 ~ -
V|R| > Rb, 6—(1+C77)7T/b < grb < |R|2|Cb(R)|2 < e_(l_Cn)w/b'

N 10. We will make the spectral assumption made in [25, 28, 27, 24, 26]. We note
that it involves @) and not @Q,. A numerically assisted proof? is given in Fibich-Merle-
Raphaél [9]. Let (see N 4)

AQ=0Q+ (7,2)-VQ, A*Q = AQ + (7, 2) - V(AQ).

Recall that (-, -) denotes the 2d inner product in (7, 2). Consider the two Schrédinger
operators

Ly = -A+3Q[(7, 2) - V),
Ly =-A+Q[(r,2)-VQ],

and the real-valued quadratic form for € = €, + ie; € H':
H(‘Ev 6) = (51617 E1) + (£2627 62) :

Then there exists a universal constant 8; > 0 such that Ve € H!, if the following
orthogonality conditions hold:

(€1,Q) =0, (e1,AQ)=0, (e1,yQ) =0,
(627AQ) = 07 (627A2Q) = 07 (627 VQ) = 07

H(e,e) > 0, </|vey2+/\ey%yl> .

N 11. The ring cutoffs are the following. The tight external cutoff is

then

1 forOSrﬁ%andforrZH
Xo(r) =

13
15 16
0 for w<r< 4.

2The spectral property was proved in 1d and in dimensions 2-4 has a numerically assisted proof.
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The wide external cutoff is

1 forOSrSiandforrzél
0 fors<r<2.

The internal cutoff is

0 for0<r<2andforr>3
Y(r) = . !
r for 5 <r <2

4. DESCRIPTION OF THE SET P OF INITIAL DATA

We now write down the assumptions on the initial data set P. Let P be the set of
axially symmetric ug € H'(R?) of the form

1 -~ — — .
UO(T7 Z) - )\_OQbO (TA—Oroa Z)\—OZO) e’ + aO(Ta Z) )

and define the rescaled error
60(?, 2) = )\oﬁo(Ao(f, 2) + (7"0, zo))e*m ,
with the following controls:

IDA 1. Localization of the singular circle:
lro — 1| < a*, |zo| < a”.
IDA 2. Smallness of by, or closeness of (), to ) on the singular circle:
0<by<ar.

IDA 3. Orthogonality conditions on €g:

(Re g, | R*Sy,) + (Im €g, |R|*Op,) = 0,

(Reeo, (7, 2)Xp,) + (Im €, (7, 2)Op,) =0,
—(Re ey, A*Oy,) + (Im €y, A*Sy,) =0,
—(Re€p, AOy,) + (Im €y, AXy) = 0.

IDA 4. Smallness condition on €g:

~ 6
£(0) = / IV 210l g 0o (F) dFl5 + / eo(F, 5)Pe 1P drdz < T .

(7,2)]<10/bo

IDA 5. Normalization of the energy and localized momentum (recall ¢ from N 11):

)‘§|Eo| + Ao

< T

Im/Vw : VUO 120
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IDA 6. Log-log regime:

0 < Ao < exp <— exp (5;;))

IDA 7. Global L? smallness:
||2~L0||L2 S Oé* .

IDA 8. H'/? smallness outside the singular circle:
X0t g2 < o
IDA 9. Closeness to the 2d ground state mass:
HUOH%Q(dmdydz) < HQH%Q(dFdE) +a”.

IDA 10. Negative energy:

IDA 11. Axial symmetry of wy.
Lemma 4.1. The set P is nonempty.
Proof. This follows as in Remark 3 of Raphaél [33].

5. OUTLINE

Now let u(t) be the solution to NLS with initial data from the above set P, and let
T > 0 be its maximal time of existence (which at this point could be +o00). Because

ug is axially symmetric and the Laplacian is rotationally invariant in the xy plane,

the solution u () will be axially symmetric. Thus, we occasionally write u(r, z,t). The

first step is to obtain a “geometrical description” of the solution. Since we are not

truly in the L? critical setting and cannot appeal to the variational characterization of

(), we need to incorporate this geometrical description into the bootstrap argument.

The lemma that we need, which follows from the implicit function theorem, is:

Lemma 5.1 (cf. Merle-Raphaél [28] Lemma 2, [25] Lemma 1). If for 0 <t < t4,
there exist parameters (A(t),5(t),7(t), 2(t),b(t)) such that ||ét)||m < a. < 1 on

0 <t <ty where

&7, 2) = eTNu(NF + T, M2 + 2) — Qp(7, 2),
then there exist modified parameters (A

€(F,2) = eMMNF + 1, A2 + 2) — Qu(F, 2)
satisfies the following orthogonality conditions (with € = €, + i€3):
ORTH 1. (e, |R|2Eb(t)) + (€, |R|2@b(t)) =0
ORTH 2. (e, (7, 2)3p)) + (€2, (7, 2)Opr)) =0

(t),~(t),r(t), 2(t),b(t)) such that € defined by
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ORTH 3. —(61, A2@b(t)> + (627 AzEb(t)) =0
ORTH 4. —(61, A@b(t)) + (62, AEb(t)) =0 and
Vu(®)]] 2

Ao

+ el + [6()] < 0(a),

where §(ap) — 0 as ag — 0.

Note that the condition ORTH 2 is a vector equation.
We also use the notation

. 1 r—r(t) z—z(t) it

=)= s (S ) <
It is important that we consider, by default, v and @ as 3d objects in the spatial vari-
ables. Thus, when we write ||| 2, we mean ||@(x, y, 2, 1) || L2 (dwdyaz) = |87, 2, 1) || L2(rdraz)-
On the other hand, we consider, by default, Qb(t) and € to be 2d objects in the spatial
variables, and thus, if we were to write ||Qp( || 22, we would just mean ||Qps) (7, 2)|| 22 (ar.a2)-
However, if working with the 7, Z variables and the function Qb(t) and €, we will write
the integrals out to help avoid confusion.

We would like to know that the geometric description holds for 0 <t < 7', and in
addition that properties BSO 1-8 listed below hold for all 0 < ¢ < T'. To show this,
we do a bootstrap argument. By IDA 1-11 and continuity of the flow u(t) in H',
we know that for some ¢; > 0, Lemma 5.1 applies giving (A(¢),(¢),r(t), z(t), b(t))
and e such that ORTH 1-4 hold on 0 < ¢ < ¢; with initial configuration A\(0) = Ao,
etc. Again by the continuity of u(t) (and €(t)) in H' we know that BSI 1-8 hold
on 0 < t < t; by taking t; smaller, if necessary. Now take t; to be the maximal
time for which Lemma 5.1 applies and BSI 1-8 hold on 0 < ¢ < t;. (By the above
reasoning, we must have ¢; > 0.) Under these hypotheses, we show that BSO 1-8
hold on 0 <t < t;. Since these properties are all strictly stronger than those of BSI
1-8, we must have t; =T

We now outline this bootstrap argument. We have the following “bootstrap inputs”
that we enumerate as BSI 1, etc. We assume that all the following properties hold
for times 0 <t < t; < T.

BSI 1. Proximity of r(¢) to 1, or localization of the singular circle
() = 1] < (o)

and proximity of z(¢) to 0
1
[2(1)] < (a7)2 .

BSI 2. Smallness of b(t), or closeness of @, to () on the singular circle

0 < b(t) < (a*)s.
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BSI 3. Control of €(t) error by radiative asymptotic I'y)

~ 3
Et) = / IV 5.20€(F, 2, 8) P tiage) ey dFdZ + / le(7, 2, )2 Bl dFdz < i

5 10
‘R|<W

BSI 4. Control of the scaling parameter A(t) by the radiative asymptotic 'y
N(t)| Eo| < Tiy-

BSI 5. Control of the r-localized momentum by the radiative asymptotic

A(t) < Fz(t).

Im / V- Vu(t) u(t) dedydz

BSI 6. Control of the scaling parameter \(¢) by b(t)
T

0 < A(t) <exp <— exp

10b(t)) ’

BSI 7. Global L? bound on (t)

1

[a(®)]z2 < (7).

BSI 8. Smallness of u(t) outside the singular circle

()l < (@)

Assuming that properties BSI 1-8 hold for 0 < t < t; < T, we prove that the
following “bootstrap outputs,” labeled BSO 1-9 hold.

BSO 1. Proximity of r(¢) to 1, or localization of the singular circle
r(t) =1 < (@)
and proximity of z(t) to 0
2
|2(t)] < (af)3.
BSO 2. Smallness of b(t), or closeness of @, to ) on the singular circle
0 < b(t) < (a*)5.

BSO 3. Control of €(t) error by radiative asymptotic I'yg

- a
E(t) = / V€7, 2, ) tage)riey drdZ + /~| . le(7, 2,0)Pe” M didz < T,
RI<2
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BSO 4. Control of the scaling parameter A(¢) by the radiative asymptotic I'y)
N ()| Bo| < Ty
BSO 5. Control of the r-localized momentum by the radiative asymptotic

<T,

A(t) ‘Im/vw -Vu(t) u(t) dedydz b(t)-

BSO 6. Control of the scaling parameter A(t) by b(t) (which will imply an upper
bound on the blow-up rate)

0 < A(t) <exp (— exp 5b7zt)> :

BSO 7. Global L? bound on (t)
[a(®)]|z> < (a7)5.
BSO 8. H smallness of @(t) outside the singular circle

Ia)all,y < (@)?.

The bootstrap argument proceeds in the following steps. The nontrivial steps are
detailed in the remaining sections of the paper.

Step 1. Relative sizes of the parameters A(t), 'y, a*. Using BSI 2, BSI 6,
and ZP 2, we have

(5.1) A(t) < Tyl

Step 2. Application of mass conservation. Using BSI 1, BSI 3, BSI 6, and
L? conservation, we obtain BSO 2 and BSO 7. In other words, mass conservation
reinforces the smallness of b(¢) and also the smallness of the L? norm of @. This is
carried out in §7.

Step 3. ¢ interaction energy is dominated by ¢ kinetic energy. That is,
the € energy behaves as if it were L? critical and subground state. We obtain by
splitting the L? term in the energy of € into inner and outer radii, using the axial
Gagliardo-Nirenberg for outer radii and the usual 3d Gagliardo-Nirenberg for inner
radii

(5.2) /| 1*u(F)didz < 6(a /]V 7 2€l*u(F) drdz.

This states that in the e-energy, the interaction energy term is suitably dominated by
the kinetic energy term.
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A useful statement that comes out of this computation is
(5.3) / ' didz < |2 £(t).
R<10/b *

The proof of this statement only uses the 2d Gagliardo-Nirenberg inequality (since
we have the localization R < 10/b) and does not use the H'/? assumption. This is
carried out in §8.

Step 4. Energy conservation of u recast as an ¢ statement. Using BSI 3,
(5.1), BSI 1, BSI 6, BSI 7, BSI 4, BSI 8, energy conservation, and properties of @,
we obtain

2061, %) + 2(e2,0) - / 1V e 20() did3

(5.4)

+3 / Q*e3 drdz + / Q2 drdz| < T} 9"+ 5(a")E(L).
|R|<10/b |R|<10/b

It results from plugging the representation of u in terms of Qb(t) and € into the energy

conservation equation for u. The result is basically

e the energy of Qb(t), which is small and shows up on the right side as the F;(_t)o K

term,

e the energy of ¢, which shows up as the — [ |V z)e|*u(7) diidZ term on the left
(from Step 3, the interaction component of the energy is small and is put on
the right),

e cross terms resulting from |u|* which are linear, quadratic, and cubic in . The
linear terms are kept on the left as 2(er, X) + 2(eg,©). The quadratic terms
are kept on the left as well, while the cubic term is estimated away.

This is carried out in §9.

Step 5. Momentum control assumption (BSI 5) recast as an ¢ statement.
Using BSI 5, (5.1), properties of @Q),, BSI 1, BSI 2, we obtain

(5.5) (e2, Vir)E)| < 8a")E(0)2 + T3,

The term that we keep on the left side comes from the cross term. This is carried out
in §10.

Step 6. Application of the orthogonality conditions. In this step, the orthog-
onality assumptions are used to deduce “laws” for time evolution of the parameters
A(t), b(t), v(t). Using the orthogonality conditions ORTH 1-4, BSI 3, and (5.1), we
obtain the following estimates on the modulation parameters:

A

=4 b’ + |bs| < cE(t) + T,

(5.6) .
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(75, 25)

61 | <el,L+<A2@>>' n < 5(a")E(HY? 4 TIO,

1
1AQ172
where, we recall, L, = —A + 1 — 3Q?. This is carried out in §11.

Step 7. Deduction of BSO 4 from (5.6). Using (5.6), BSI 4, BSI 6, properties of
I'y, IDA 3, we obtain

d
%<)\2€5W/b) < 0’

which, upon integrating in time, gives BSO 4. This is carried out in §12.

Step 8. Deduction of a local virial inequality. Using (5.4), (5.6), (5.7), the
coercivity property, and the spectral property for d = 2, the orthogonality conditions,
we obtain a “local virial inequality”

(5.8) by > 6oE(t) — Ty ",

This is carried out in §13.

Step 9. Lower bound on 6(s) ( = upper bound on blow-up rate) Using
(5.8), (5.6), BSI 4, BSI 6, BSI 2, and IDA 1, IDA 4, we obtain

3T
. >
(5.9) bs) 2 4log s
(5.10) A(s) < v/ Age 3 1oes

which, together imply BSO 6:
(5.9) + (5.10) = BSO 6 < g < b(t) log | log A(t)).

This will later be used to give an upper bound on the blow-up rate. (5.9)—(5.10) are
consequences of a careful integration of (5.8) and an application of the law for the
scaling parameter (5.6). This is carried out in §14.

Step 10. Control on the radius of concentration. Using (5.7), (5.10), IDA 2,
IDA 4, IDA 1, we obtain BSO 1. This is carried out in §15.

Step 11. Momentum conservation implies momentum control estimate
(BSO 5). Using BSI 3, BSI 7, proof of BSO 6, (5.6), BSI 4, BSI 6, IDA 3, we obtain
BSO 5. This is carried out in §16.

Step 12. Refined virial inequality in the radiative regime. Here we prove a
refinement of (5.8) in the radiative regime. Let ¢5(R) =1 for R < 1 and ¢5(R) = 0
for R > 2 be a radial cutoff. With {, = ¢3(R/A)¢, A = €2*/" for some small constant
0<a<1, wedefine € =€ — CN In this step we establish

(5.11) Oufi(s) > B1E(t) + Ty — — / e|2drdz,
01 A<R<2A
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where
fils) = ZHRQbHigZ + % Im/(f» 2) - V¢ ¢+ (€2, AGe) — (€1, Alim)
and
= / IV (5,206 (7, 2, 8) | pingey ooy dPdZ + /|R| (7, 7, )%~ Rl didz.
<o

b(t)
This is carried out in §17.

Step 13. L? dispersion at infinity in space. Let ¢,(R) be a (nonstrlctly) increas-
ing radial cutoff to large radii. Specifically, we require that ¢4(R) = 0 for 0 < R< ;
and q54(}~%) =1 for R > 3, with i < qﬁg(}?) < % for 1 < R < 2. We next prove, via a
flux type computation, an estimate giving control on the term [, <|R<24 |€|? drdz:

L E Fd3 b |2 — 1/? 12
(5.12) 9 (T@/@ <A> el o(7)d d) 100 /A§|R§2A‘ "= 1,7E() = Ty

This is carried out in §18.

Step 14. Lyapunov functional in H'. By combining (5.11) and (5.12), we define
a Lyapunov functional J and show

(5.13) 0, < —cb (Fb +£(t) +/ W) :
A<|R|<24

where J (defined later) can be shown to satisfy

(5.14) T — dob?®| < 6,b*

for some universal constant 0 < §; < 1, and a more refined control
> =Ty~ + EE(s)

5.15 J(s) — fa(b(s - b ¢

(5.15) (5) = ulb(s) {S%_CHCA%(S)

with fy given by

0= (10~ [162) - a5 (50 - [ Gwran)

fi(b) = _HRQbHL2 + = Im/ V¢ Cdidz.

and

dfa
Here, 0 < |

. < +00, and hence, (5.15) refines (5.14). This is carried out in §19.
Step 15. Deduction of control on £(t) and upper bound on b ( = lower
bound on blow-up rate). By integrating (5.13) and applying (5.14), we prove

47
3log s

(5.16) b(s) <
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and

(5.17) / (Cuor +£(0)) do < car”
S0

Using (5.13) and (5.15), we prove BSO 3, the key dispersive control on the remainder
term e. This is carried out in §20.
Step 16. H'/? interior smallness. Using a local smoothing estimate and (5.17),
we prove BSO 8. This is carried out in §21.

This concludes the outline of the bootstrap argument, and we now know that BSO
1-8 hold for all times 0 < ¢t < T". The remainder of the proof of Theorem 1.1 is carried
out in §22-24.

6. THE EQUATION FOR ¢

Recall (3.1) and write

(6.1)
J r—r(t) z—z(t)\ , 1 r—r(t) z—z(t) ,
t - i (t) t) e
o) = 50 (S 5 ) <+ e (S )
In the remainder of this section, ) will always mean Qb(t). Recall
f:r—r(s)’ g:Z—z(s)7
A(s) A(s)
and thus,
~ TS ~A$ ~ ZS ~AS
Gsr——x—rx, 882——)\—2)\.
Direct computation when substituting (6.1) into (3.1) gives

e INi0u = e Nidsu

_ N0y (—5 - r)\—) 0:Q + i (—ﬁ - A—) 0:Q + ib,04Q — 75Q

A A A A A
. .AS . 7"8 ~)\8 . ZS ~AS
+ 1056 — i€ +1 (_X — 7’7) Or€ + i (—X — ZX) 0z€ — 7€

= —1 (% + b) AQ — %(Ts, 2s) - V(5,5 Q + ibs0pQ — 7,Q + (ibAQ — Q)

As ) N .
+ 104 — 1 (K + b) Ae — %(rs, 2s) - Viiz€ — 7s€ + (ibAe — ¢€),

where J(s) = v(s) — s.
Also,
)xge*”A(Tyz)u = A(ﬁg)@ + A(ﬁg)E
and . ) \
Ne ™ Z0u = Z0;Q + “0e.
r 7 7
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Finally the nonlinear term:
NeTMul*u = |Q + ¢[*(Q + €)
= QIQ +2(Re QE)Q + |Q|%e + Qle|* + 2(Re Q¢)

Vv Vv
linear quadratic cubic

= QI Q + (25" + Q)1 + 2506;] +i[(20% + |Q[*)e2 + 25Oe1] + Ri(e) + iRa(e),

€+ |e?e
R

where the quadratic and cubic terms are put into R(e).
Adding up all of the above in (3.1), and taking the real part, we get:

1
(6.2) 0s0,0O + Os€a + M (€) + bAey = (% + b) AO + X(rs, 2s) V50 — 42

A, | )
+ <X + b) Aey + _(Tsa Zs) : V(F,E)EQ — TVs€1

A
—Re W + Ry(e),
where
A 2332
(63) M+(€) = €1 — A(f’g)él — ;87161 - (W + 1) ‘Q|261 - 22662.

Taking the imaginary part, we get

As 1 -
(64) 63852 + 8561 - M,(E) + bAEl = <X -+ b> AY -+ —(T‘s, Zs) : V(ﬁg)z + ’}/5@

A
As 1 -
+ (7 + b) Ael + X(Ts, Zs) : V(f,g)E]_ + Ys€2
+Im ¥ — Ry(e),
where
A 20?2
(65) M_(E) — €3 — A(f7§)€2 - ﬁ&:(—:g - (W + 1) ‘Q|262 - 22@61.

7. BOOTSTRAP STEP 2. APPLICATION OF MASS CONSERVATION

In this section we prove BSO 2 and BSO 7 are consequences of the L? conservation
of u(t) and several other BSI’s. The assumed smallness of b(t), €(t), and A(¢), initial
smallness of @ (at ¢ = 0) combined with L? norm conservation for u(t) reinforces the
smallness of @(t) in L? for 0 < ¢ < ¢; and smallness of b(t) for 0 < ¢ < ¢;.

Recall (6.1) and denote

A(r, 2 ) = 1 €<r—r(t)7,z—z(t)7t) Si(t)
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Substitute (6.1) into the mass conservation law

/]u(r,z,t)\Qrdrdz = ||luo||72
and rescale to obtain

[ /|Qb( (7, 2)|?u(7) didz
(7.1) +2Re / Qv (7, 2)E(F, 2) u(F) didz
—l—/\a(r,z,t)]Qrdrdz.

In the first term, write out u(7) = A7 + (r(¢t) — 1) 4+ 1, which splits the integral into
three pieces. The third piece we keep; the first two we estimate using
[BSI 6 : A < exp(— expm/10b(t)) and BSI 2: b(t) < (a*)¥¥] = X < ()2

and BSI 1: |r(t) — 1] < (a*)'/2. The second term in (7.1) we estimate using Cauchy-
Schwarz and the assumed control on €(t) given by BSI 3, ZP 2, and BSI 2: £(t) <

Fi(/g < (a*)12. Collecting the results, we now have

[ @ Paraz + il = ol + O((a")),
Finally, we use QP3:
d(v*) = a2 HQpr . do=4d(0) >0, d differentiable,

which gives
1@l = QI3 + dot? + O@" sup_|d(o))).

0<o<b?
Since b* < (a*)Y/2, we have
dob(t)2 + (1122, = lluolZ: — Q12 + O((a")/2)
and conclude by IDA 9 to get
dob(t) + [[a(t)72,. < (™)',
which implies BSO 2 and BSO 7.

8. BOOTSTRAP STEP 3. INTERACTION ENERGY < KINETIC ENERGY FOR €

Here we deduce (5.2) (or (3.94) in [33]), which controls |e]* by |Ve[?, and is useful
later on.
By change of variables, we have

[ etttz drdz—v()/v

|G| r drdz + N(t) / || r drdz.

<3 123
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For the first term, we use the (r-localized) 3d Gagliardo-Nirenberg estimate. For
the second term, we use the axially symmetric exterior Gagliardo-Nirenberg estimate
Lemma 2.1. Together, they give the bound

< N()llal? , IVl + X @)llall:

TYz

IVl

xyz, |r|>
{zyz, |r|<i} Irl>a

We then apply BSI 8 (smallness of ||@| /2 for |r| < 1) and BSO 7 (smallness of ||@| .2
globally in r) to get the estimate

< ()N ()| Vaystl 7, -

For axially symmetric functions, we have |9,u|? = |9,u|? 4 |9,ul?, so we may replace
Vay: by V,., then rescale to obtain

< (a*)1/4 ‘V(;7g)€|2,u(7:> drdz

and this is (5.2).

9. BOOTSTRAP STEP 4. ENERGY CONSERVATION

In this step, we prove (5.4) as a consequence of various bootstrap assumptions and
the conservation of energy.
Plug (6.1) into the energy conservation identity

2\°Ey = /\2/|V(,ﬂ7z)u|2rd7’dz - %)\2/|u|4rdrdz.
The result for the first term on the right side is
A2 / 'V royul*rdrdz = / IV (.2 Qo) | 1(7) dirdz
+2Re / V.2 Que) + V(5.2)€ u(i)didz

+ / |V .5)€|” pu(7)didz
=11+12+13.
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For the second term, we obtain
1 2 4 1 =~ 4 ~ ~ 7~ g 2 4 _ ~ ~ 7~
—§A lu|*rdrdz = — 5 Qo) |“ () didz — 2 | | Qo) |” Re(Qur) €) pe(7) drdz
-2 /(Re Qb(t)é)Qu(f) drdz — / |Qb(t)|2|e|2u(f) drdz — quadratic
) / el Re(Oue) () didz  cubic
Ly
—5 €| p(7) dirdz
=I11.1 +11.2 + I1.3 4+ I1.4 4 1.5 + IL.6.

In all of these terms except 1.3 and II.6, we can write out u(7) = A7 + r(t) and
“discard” the A7 term by estimation, since A(t) < F;?t). We should thus hereafter in

this section replace p(7) with r(t) for all terms but 1.3 and I1.6. We have the Q)
energy terms:

r(6) NI+ 111) = 2 B(Quy)-

We also have the linear in € terms that we combine, and then substitute the equation
for Qp) to get

r(t)"'(1.2 +11.2) = —2Re / (A5 @by + | Qi > Qoe) Ve dFd2
= —2Re / Qunyédidz — 2bTm / AQyy €did? + 2 Re / Wy 1€ dird?.
The middle term is zero by ORTH 4, and the first term can be rewritten to obtain

r(H) 1124 T12) = —2(3, e1) — 2(6, ) + 2 Re / Uy € dd.

Next, for the quadratic in € terms in II, replace Qb(t) by @ and use the proximity
estimates for Q) to () to control the error

r(t) T AL3 + 11.4) = -3 / Q% did? — /Qzegdfdi + errors.
For the cubic term in II, we estimate as (using that 1/b < 1/))

r(t) LS| < 2 / e1* Qo dd

1/2 ~ 1/2
<2 (/ |e|4dfd2> (/ |e|2|Q|2dfd2) :
R<1/10X
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By 2d Gagliardo-Nirenberg applied to the first term (where ¢ is a smooth cutoff to
R <1/10))

1/2 ~ ) » ~ o
=2 </R§1/10A ’€|2dfd§> </ Vi [(b(R/\)e(R)HQdfdg) (/ |€’2|Q!2dfd§) .

Note that if R < 1/10), then pu(7) ~ 1. The first term above is controlled by some
a* power (using the R restriction to reinsert a p(7) factor) by rescaling back to @ by
BSI 7. The second term is controlled as

1/2
)\/ |e[2dfd2+/ |Ve|? dif dz
|Rl< |Rl< %

1/2
< |||z + / \Ve|?u(7) dif dz
|R|<
<A E)Y2.

For the third term, we use |Qb(t)| < e R/2_ These considerations give
r(t)THILS| < (@)YP (A2 + £(1)).

The quartic term in € in II is controlled by (5.2). We next note that

1
BSI1: |r(t)—1] < (@) = — ~ 1.

r(t)

Collecting all of the above estimates and manipulations, we obtain (5.4).

10. BOOTSTRAP STEP 5. MOMENTUM CONTROL ASSUMPTION RECAST AS AN €
STATEMENT

In this section we prove (5.5). Recall BSI 5:
A(t) ‘Im/vw -Vu(t) u(t) dedydz| < Fg(t).

A basic calculus fact states that for axially symmetric functions f and g,

v(:p,y,z)f ’ v(m,y,z)g - v(r,z)f : V(r,z)g'
Plug in (6.1) into the left side of BSI 5 and change variables (r, z) to (7, Z) to get

A(t) Im/Vw -Vu(t) u(t) dedydz

— 1 [ [(Vee):2) (Ve Qo + ) (722)] (Quy + (7 2) ().
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then using that ¢(r) = (1,0) on the support of Qy), we continue as

= Im 6,:Qb(t) Qb(t) ,u(f) drdz
+2Tm / 0:Qu(ry eu(F) didz
+ Im / Or€ € u(7) drdz
=1+ 1T+ IIL

In term I, we expand out pu(7) = A(¢)7 +r(t) which gives two terms: the first of these
we estimate out and use A(t) < Fg(t), and the second of these is 0 by QP 3. In term
I1, we expand out u(7) to get

(10.1) 11 = 2A(¢) Im / O Qe €7 dF 42 + 20(8)(8:0, 1) — 20()(0:%, €2).

The first of these is estimated away using A(t) < FIQ)( the third term we keep, and

for the second we note

£

Heff/?af@uﬁ~ =0 as b—0

by QP 1, and thus, we can estimate (070, ¢;) by Cauchy-Schwarz. For term III, we
first estimate by Cauchy-Schwarz to get

| < </|3;6|2u(77) dfdi)m (/|e|2,u(f) dmz) "

For the second factor, we convert € back in terms of u:
(7, 2) = M)a(A(t)F +r(t), M) 2 + 2(1), 1)
to obtain
[ et drdz = ..
which is < o?/° by BSO 2. Combining all of the above information, we get
(10.2) r(t)(0:5, &) < 6(a”)E()? + Th .
We finish by using that

1
BSI1: —1| < (a*)V/2 <2
SUL: () =1 < (@) = o5 <

and then (5.5) follows.
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11. BOOTSTRAP STEP 6. APPLICATION OF ORTHOGONALITY CONDITIONS

11.1. Computation of A\;/\ + b. Here we explain how to obtain (5.6).

Multiply the equation for ¢; (6.4) by R*Y and the equation for e, (6.2) by R?© and
add. We study the resulting terms one by one.
Term 1.

(11.1) bs [(abz, %) + (5,0, R?@)} — by Re(8,0p, B203).

Using the QP properties:

R2(8,0, — z&f?Q)HCQ —0asbhb—0

and )
HeR/z(Qb — Q)HC3 —0asb—0

to show that (11.1) ~ b, Re(%iRQQ, R2Q) = 0. More specifically, we can show that
(11.1) is
< |bs|d(b),  where §(b) — 0 as b — 0.
Term 2. Using ORTH 1 condition, we have
(8561, RQE) + (8562, RQ(‘))
(11.2) = 0, [(e1, B2) + (2, B20) | = b, |(e1, B2O,D) + (2, 20,0)
— b, [(61, R2,%) + (e, R2ab@)] ,

which we then estimate as

1/2
< b (/ |e[26Rdfd§> < |bo|E)2.
R<10

Term 3.
(—M_(€) + bAey, R?S) + (M, (¢) + bAey, R*O)
= — (€3, R®) + (e1, R?0)
+ (A e, %) — (Agser, R7O)
+ 3(@:62, R*Y) — 5(8,:61, R?©)
(11.3) s H

20?2 ) - . 202 - .
+ —— + 1) |Q)%e, R22) — <(~— + 1) \Qb|261,R2@)
((\QbP Qs
+ (2X0¢€, R?Y) — (2X0¢,, R?O)

+ b[(Aey, R®Y) + (Aey, R?O)]
=T+ T+ 1II0+1IV+V+ VL
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By integration by parts,

I+ II = —(62, R2Z> + (61, R2@) + (62, A(ﬁg) (R2E>> - (61, A(f}g) (R2@))
Computation gives, for any function f, that A(ﬁg)(ﬁzf) = 4Af + RzA(ﬁg)f. Thus,
using ORTH 4,

I+11 = Im(e, R*(—Qy + AQy)).

Substituting the equation for Q, gives

I+ 11 = Im(e, R*(—ibAQy — Qu|Qs)* — Ty)).
By examining IV+V and rearranging terms,

IV +V = Im(e, R2Q|Qs/?),

and thus,

[+ 11+ 1V 4V = Im(e, R*(—ibAQ, — W)).
In fact, adding VI cancels the middle term:

[+ 11+1IV+V+ VI = —Im(e, R?0,)).

Properties (3.5) and ZP 2 imply

la—c
(11.4) 1P () TP ()| e < Cpl2" ™",

thus, we get

(e, B20y)] < T30 ( /

R<10/b

For I1I, use A < T'}% and p ~ 1 and Cauchy-Schwarz to obtain

_ 1/2
11| < T'}° ( / le|?e " dfd:?:) :
R<10/b

1 _ 1/2
(11.3)] < 77077 ( / |e|2e—Rdfdz) .

R<10/b

) 1/2 L
|e\2e_Rdfd§) =12 e ()12,

Together we have

Term 4.
(11.5) <% + b) [(AX, R*Y) 4 (A©, R?0)]

By integration by parts, for any function f, we have (Af, }N%Qf) =— R2f2, and thus,
the above expression becomes

As -
- (T +b) IRQy 172
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Term 5.

1 - 1 .
(116) (X<TS, 25) : V(ﬁg)g, RQE) + (X(T‘S, ZS) : V(ﬁg)@, R2@)
Each of these two terms, it turns out, is zero. For example,

(0:0, R26) = % / R20,(0%)did>

1

= ——/2f@2 drdz
2

=0,

since it is the integral of an odd function (recall 7 goes from —oo to 4+00).
Term 6.

Term 7.
)\5 ~9 ~9 )\S 1/2
(11.8) Y +b ) [(Aeg, R°O) + (Aeg, R°Y)] < 5y +0|E(t) ",
by Cauchy-Schwarz.
Term 8.
(11.9) <(TS:\ZS) V(75 e€1, R2Z) + <(7"8,)\Zs) V(7,2 €2, RQG)
we estimate by
(75, 2s)| 1/2
——¢ (T
el ey,
similar to Term 7.
Term 9.
(11.10) Fsl(ea, R%) — (e1, R2O)] < |7, € ()",
Term 10.
(11.11) (Im ¥, R?Y) — (Re ¥, R?0©) = Im(,, R?Q,).

It turns out that this term is merely zero (< £(t)), which is shown by substituting
the equation for ¥, in terms of @ into (11.11) and applying the property (3.9), i.e.,

~ ~ A s as b )
Im/(r, Z) V2 Qp QpdrdZ + §||RQb||2L2 =0

and

0,00 100 < T
Term 11.
(11.12) (Ry(€), R*0©) — (Rsy(e), R?Y)
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Recall that Ry (e) and Rs(€) consist of quadratic and cubic terms. A typical quadratic
term has the form

/\eyQ\Qdemg < (/R 10/b|e|26Rdfd2) et B2 )12 < E(2).
<

For the cubic terms, we use Cauchy-Schwarz, (5.3) and properties of Q. A typical

term is
) 1/2 ) 1/2
Jiet@uaraz< ([ petaraz) ([ 1eeiain)
R<10/b
1/2 N 1/2 o
< (/ ]6\4dfd§> (/ IG\QeR) HeJrR/QQbHLoo
R<10/b

< E(b).
Collecting the above estimates on terms (11.1)—(11.12), keeping only (11.5), we obtain
(11.13)
)\S )\S Sy ~S -
T+ b‘ < 3(0)|ba| + E(1)12 ( T+ b‘ + M + |%|) +EWYT 1 ().

11.2. Computation of (7, z5)/A. Multiply the equation for € (6.4) by (7, 2)X and
the equation for € (6.2) by (7,2)© and add. Note we will have now a vectorial
equation and again study each term separately.

Term 1.

(11.14) bs (DS, (7, )8) + (6,0, (7, 2)0)] = by Re(9Qs, (7, 7)Op).

Recall that 9,Qp ~ iRQQ, and HeR/Q(Qb — Q)H03 — 0 as b — 0, hence, we have

b ROy, (7, 2)Q0) = Re(; EQ, (7,2)Q) =0,

or similar to Term 1 in (11.1), ~ |bs| §(b) with §(b) — 0 as b — 0.
Term 2. Using ORTH 2 condition, we have
(3561,(f 2)X) + (9se2, (7, 2)O)
s [(e1, (7, 2)X) + (€2, (7, 2)O)] = bs [(en, (7, 2)DpX) + (€2, (7, 2)5,0)]
= —bs Re(e, (7, 2) Q)
< [bs| 6(b),

(11.15)

since again 9,Q, ~ %RQQ and Re(e, (7, 2)0,Qp) ~ 0
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Term 8.
(—M_(€) + bAey, (7, 2)X) + (M4 (€) + bAes, (T, 2)O)
= —TIm(e, (7,2)Qp) + Im(Ae, (7, 2)Qp) + 2Im(8,,6, (7, 2)Qs)
+ Im(e, (7, 2)|Qu*Qs) + Im(e, (7, 2) ibAQ,)
(11.16) = Im(e, (7, 2) [_Qb + AQy + ’Qb|2©b + ibA@bb

3 A 3
+ 2 Im(67 v(f,i)@b) + ; Im<a7“€7 (fa g)Qb)

=1Im [—(e, (7, 2)Wy) + 2(e, V(f,z)Qb) + 2(37«67 (7, 5)@)}
=1+ II+ III

For term I, we use the estimate (11.4) for ¥, to get

1 (1-Cn)

(e, (7, 2)Wy)] < T3 E(t)/2.

The term II (for example, the first coordinate of the vector with 8,Q;) we write as
2[(e2, 0,%) — (€1,0,0)] + (€2, TAX) — (€1, 7AO)

and note that 9,0 =~ 0 as b — 0, thus, |(e,0,0)] < §(b)E(t)'/?, and the term
(62,0, )| < 8(a*)E(t)Y/? + I'Z, which we estimated as in (10.2). The last two terms
are estimated out by Cauchy-Schwarz and properties QP.

For ITI, use A < I't% and p ~ 1 and Cauchy-Schwarz to obtain |III| < T}0£(t)"/2.
Together we have

1(11.3)] < TZ V)2 4 (5(5) + 5(a")E(1)? + T3+ TIE (1),
Term 4.
(11.17) ( ) +(AO, (7,2)0)] = (% +b> Re(AQy, (7, 2)Qy) =
Term 5.
(% Ts, %)+ VirzD, (7, z)E) + (%(rs,zs) V750, (7, 2)@)
- = e (§002) - VoG (7.0 ) = =52 10l
Term 6.

(11.19) 3100, (7, 2)) — (%, (7, 2)0)] = 0.
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Term 7.
)\s ~ o~ ~ ~ >\s 1/2
(11.20) Y +b | [(Aeg, (7, 2)0) + (Aey, (7, 2)2)] < 3 + bl E()7,
applying ORTH 2 and by Cauchy-Schwarz.
Term 8.
(11.21)
U2 Gnen95) + (L2 Ve 90 ) < Tlggpe
A A A
similar to Term 7.
Term 9.
(11.22) Fsl(e2, (7, 2)8) — (&1, (F, 2)O)] < [F.1E(8)"/2.
Term 10.
(11.23) (Im ¥, (7, 2)%) — (Re W, (7, 2)0) = Im (T, (7, 2)Qy).

Substituting (3.7) for ¥, in terms of Qy, one can see that all terms are zero (integration
by parts or by degeneracy of the momentum QP 3, first property in (3.9)) except for
ﬁlm(aréb, (7,2)Qs) which is bounded by I't* since A < I't® (and localization of Q,
implies o ~ 1 and boundedness of the inner product).

Term 11.

(11.24) (Ri(e), (7,2)0) — (Ra(e), (7, 2)X) < E(1),

in the same fashion as Term 11 in (11.12).

Collecting the above estimates on terms (11.14)—(11.24), keeping only (11.18), we
obtain
(11.25)

2016, 2. < o)+ 00y (

A A

)\S Sy ~S ~ la-
S b‘ Lzl |73|>+5(t)1/2Fg(1 ().

11.3. Computation of b;. Multiply the equation for €; (6.4) by —A© and the equa-
tion for € (6.2) by AY and add.
Term 1.

(11.26) b, [(0,0, AX) — (8,2, AO)] = by Im(0,Qp, AQy).

Recalling that 8,Q, ~ iRzQ and AQy = Qp + RORQy, we estimate (11.26) as

L 1 1 [ - _ _
b 10100 AQ) ~ IR QU+ [ BQORG) = bl 1R QU e
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Term 2. Using ORTH 4 condition, we have

(Os€2, AX) — (0461, AO)
= 0s [(€2, AX) + (€1, AO)] + b, [(€1, ADyY) — (€2, AD,O)]
= —b, Im(e, A9y Qs)
< b5 E()'72,

(11.27)

by Cauchy-Schwarz and using properties of Q, (e.g., see (95) in [28]).
Term 3.
(M (€) + bAeg, AX) + (M_(€) — bAey, AO)

= RG(E, AQb) - RG(AE, AQb> - 2 Re(&"e’ AQb)

(11.28) — Re(e, |Qu?AQ, + 2|Qs| (BAX + OAO))

+ b[(Aeg, AY) — (Aey, AO)]
=1+ +1I+1IV+V.

For term TII, use A < T'}°, localization of Qy, thus, u ~ 1, and Cauchy-Schwarz to
obtain [III| < T°£(¢)/2. For term IV we use ORTH 4 to obtain

IV = b[((7, 2) - Vey, AS) — ((7, 3) - Ver, AO)] = Re <—i b((7,3) - Ve, AQb)> .
For terms I, IT and IV we use QP 5 scaling invariance property (3.12):
I+114 IV = — Re(e, 2(Qp — ibAQ, — Uy) — AW, — ibA2Q,).

Terms with ¥, we estimate by (11.4), terms with ib we combine with the term IV

above and estimate using BSI 2 (smallness of b), Cauchy-Schwarz and localization
5(1-Cn)

properties of @y, thus, Terms 3 is bounded by FE( E()V2
Term 4.
As
(11.29) (7 4 b) (AO, AT) — (AR, AO)] = 0.
Term 5.
1 1
(X(rw Zs) : V(F,Z)@a AE) - <X<Ts> Zs) : V(F,Z)Zv A@)
11.30 1 ~ ~
( ) = Im (X(Ts, 2g) - V(F,Z)QbaAQb) =0,

by the degeneracy of the momentum QP 3.
Term 6.

(11.31) —%5[(3,A%) + (8, A0)] = —3, Re(Qp, AQ) = 0.
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Term 7.
(11.32)
)\s /\s A /\s 1/2
ST b | [(Aeg, AX) — (Aey, AO)| = ~ 1 b | Im(Ae, AQ,) < ~ 1 bl £(t)/~,
by Cauchy-Schwarz and closeness of Q, to Q and properties of Q (asin Term 2above).
Term 8.
((7”5,—)\25) . V(ﬁg)Eg, AZ) — (@ : V(;’g)el, A@)
— (1) (72 22)
— Im( S -sz)e,A@b) < BEe ()
Term 9.
(11.34) —As[(e1, AZ) + (€2, AO)] < |74 ()2
Term 10.
(11.35) (Re W, AY) 4+ (Im ¥, AO®) = Re(¥;, AQy),

which is estimated by 6(a*), since |¥,, AQ,| < e~/ see Lemma 4 in [28].
Term 11.
(11.36) (R1(€), AO) — (Ra(e), AX) < (1),

estimating quadratic and cubic in € terms similar to Term 11 in (11.12).
Collecting the above estimates on terms (11.26)—(11.36), keeping only (11.26), we
obtain

(11.37)
b |RQIZ: < £(6)2 (

)\8 Sy ~S ~ l -
N +b‘ G ; I + |b5|) e Lg).

11.4. Computation of §,. Multiply the equation for ¢; (6.4) by A?© and the equa-
tion for €5 (6.2) by —A?Y and add.
Term 1.

(11.38) bs [(Bp, A%O) — (0,0, A%%)] = —bs Im(0,Qp, A*Qp) < 5(a”)
by the properties of Q (see the last estimate in Lemma 4 in [28]).
Term 2. Using ORTH 3 condition, we have
(0561, A’O) — (0462, A*Y)
= 0, [(61, A?O) — (e, AQZ)] — by [(61,/\281)@) — (€9, AQ&,E)}
= —bs Im(e, A28b@b)
< |bs| ()2

by the estimate |(€, P(R) A= 0,Qu(R)| < E(t)V2, 0 < m < 2, from Lemma 4 in [28].

(11.39)
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Term 3.
(—M_(€) + bAey, A’©) — (M, (€) + bAez, A*Y)
= — (e, A’%) — (e2,A70)
+ (A )€1, AY) + (Ag z)€2, A?O)
+ i(@;el, A%Y) + é(@;eg, A?O)
(11.40) m u

+ (207 + [Qufez A%0) + (252 + |Qof)er, A7)

+ (22@62, AQE) + (22@61, A2@)

+ b[(AEQ, AQE) - (Aél, AQG)]
=I+IO+II+IV+V+ VL

For terms III and VI we use the smallness of A and b, localization of Qb and
Cauchy-Schwarz to estimate them by T';° £(¢)'/2.

In terms I, II, IV and V we collect separately terms containing €; and €;. Recall
the closeness of @, to @) and that @ is real, thus, for example, 0,0 ~ 0 as b — 0
(recall QP 1), and hence, the terms containing 09,0 will be on the order of §(b) - these
are the terms containing 5. The terms with €; produce

(€1, —A22 + A(A2Qy) + A?2(|Qu|? + 252) + 280A%0) = (e, L (A%Q)) + 4(b),
where Ly = —A + 1 — 3Q?, by property QP 1.

Term 4.
)\5 2 2
(7 + b) (AT, A20) — (AO, A2))]
(11.41) ) (% + b) (A, (7, 2) - V(AO))
As
<|3 +b‘ 5(0),

again by QP 1, closeness of Qp to Q (e.g., the terms such as 9,0 ~ 0 as b — 0).
Term 5.

(11.42) (%(rs,zs) : v(mz,ﬂ@) . (%(rs,zs) : v(m@,/\?z> < K“’—f”(sa)),

by QP 1 similar to Term 4.
Term 6.

(11.43) Bs[(3,A75) + (0,A°0)] = % (|AQI7> + (b)),

by integration by parts and closeness of Q) to Q.
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Term 7.

As 2 2 As 1/2
(11.44) Y +b ) [(Aer, A°O) — (Aeg, A7) < 5N + b E(t)",
by Cauchy-Schwarz and properties of Qy.
Term 8.
(11.45) <(TS’>\ZS) 'V(F’z)GI’AQ(a) - ((Ts’)\%) 'V(f,é)@aAQZ) < ’(TS;\ZS>|5(75)1/2,
similar to Term 7.
Term 9.
(11.46) Fs[(e2, A20) + (e1, A2%)] < || E()V2.
Term 10.
(11.47) (Im ¥y, A%0) + (Re ¥y, A%Y) = Re(Fy, A%Q;) < 5(a*).
Term 11.
(11.48) —(Ry(e), A*Y) — (Ry(e), A*©) < £(1),

in the same fashion as Term 11 in (11.12).

Collecting the above estimates on terms (11.38)—(11.48), keeping only (11.43) and
the estimate for (11.40), we obtain
1

S (e, Lo (A2
= g o o °0)

< £(1)"? (|bs\ .

(11.49)
O ety

)\S Sy ~S ~ L

We finish this section by observing that solving the system of equations (11.13)-

(11.25)-(11.37)-(11.49) for parameters (b, 3= + b, (Tsfs),’ys) gives (5.6) and (5.7).

12. BOOTSTRAP STEP 7. DEDUCTION OF BSO 4 FrROM (5.6)

From BSI 3: £(t) < I’i(/:;, we deduce from (5.6) the estimate

>\s 1/2
~ + b‘ + [bs| < Ty

Direct computation gives

d A, 5rb
el )\2 5m/by _ 2)\2 5r/b [ 7's s
A € N o

(12.1) = 2%/t (A— +b—b— 5753) :

A 2b2
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Using that

>\5 1/2
] ni

and (from ZP 2)

1/2
5mhs b(t) - —m/4b
202 | T b(t)? ’

we get that (12.1) implies

%()\2€5ﬂ/b> < _)\2b657r/b <0

and, integrating in s, we get
)\2 (t)657r/b(t) < )\2(0)65ﬂ/b(0).
Since ZP 2: e 57/(4b(t) < Dypy < e 3m/(4b(1) we have

A (t)| Eo|

S < A Bl < 2 (0)| e < (0| BTy < 1
b

b(t)
®)

by IDA 5, which gives BSO 4.

13. BOOTSTRAP STEP 8. THE LOCAL VIRIAL INEQUALITY

Multiply the €; equation (6.2) by —A©, multiply the e, equation by AY, and add.
We analyze the resulting terms one at a time.

I =b[(—9,%, AO) + (8,0, AY)].

Since, for b small, 9,Qp ~ %Q, we have 3,2 ~ 0 and 0,0 ~ RTQQ, and thus, the
above is essentially

Q. AQ) = ~b] R

by integration by parts.
The next term is

I = —(3ye1, AO) + (Dse2, AT)
= 0y[— (€1, AO) + (€2, AD)] + by[— (€1, AD,O) — (€2, ADD)]

which, by ORTH 4 is
= by[— (€1, ADyO) — (€2, AO,X)] < |bs|E(1)Y2.

We continue, following the proof of [27, Lemma 8] or [28, Prop. 3]. Several terms
come from (M_(€), A®) + (M, (¢), AX) by taking adjoints using QP 5.
Terms requiring special attention in our case are:
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(1) The local linear and quadratic in € terms

—2(€1,2) — 2(€2,0) — 3/@26% - /Q%%.

These are related to the nonlocal quadratic-in-€ term [ |V; ze|?u(7) dr dz, but
with favorable sign, via energy conservation (5.4). There remain quadratic
terms

[r@aad [r@aos

that are combined with [ |V; ze|>1u(7) dF dZ to form H (e, €), to which the spec-
tral hypothesis can be applied. The H (¢, €) term is nonlocal, and the spectral
hypothesis can only be applied locally, so this term is addressed with cutoffs
as in Raphael [33].

(2) Terms in which %&6 and %&Qb are paired with Qb. These are easily estimated
due to the A factor and the localization to the singular ring.

(3) —(e1,Re(AV)) — (€2, Im(AW¥)). These terms are local and thus treated as in
[27].

14. BOOTSTRAP STEP 9. LOWER BOUND ON b(s)

Using (5.8) (the local virial inequality), we obtain

d, sx 3T 3m/ab
E(e%) = —Ee bs

3T 4. -
< =€ M) — 1)
3T ar/ap1-C
S h
<1

by ZP 2 in the last step. We now integrate this to obtain

637r/4b(s) < 637T/4b(50) +s5—58)=35

by the definition of sy in (3.2). Thus, (5.9) follows. Now from the scaling law®

__7T _ 5
<T)/? <e ™o <20

A
As g o
‘AJF 9

—_

4

—b b
9

> —

IN

S_

V>
O

O b~
&

_— —

>| >

3The constant g is not very important, since e® /z > 1 for large x; it is chosen for convenience of
calculations, e.g., in [33] it is chosen to be % .
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Integrating this in s and inserting (5.9), we get

—1 > 1 :
og A(s) > —log A(so) +/SO SIOngU
But
/ do Z/ IOgU_Qlda: s S |
s logo s (ogo) logs log s
and thus,
™ s S0
—log A\(s) > —log A — — :
0g A(s) 2 —log Also) + 3 <logs logso)

By IDA 6: 0 < Ay < exp(—exp8m/9by) and the definition of so: s9 = >4 we get
Ao = A(so) > 5% and thus,

1 TS T S
—1 e p—— | ——1 - —
0g A(s) = 2 0g Als0) + 3log s + ( 0g A(s) 3 log so)

and since sg > 1 (or by < 1), the term in parentheses is positive and we have

e

1
14.1 —logA(s) > —=log A .
(14.1) 08 \(5) > — loB Aso) + 70—

Exponentiating this equation gives (5.10). Now we show how (5.9) and (5.10) imply
BSO 6. Recall (5.9) and (5.10) and that

BSO 6 <= g < b(t) log | log A(t)).
Subtract log s from both sides of (14.1) to get
—log(sA(s)) = —logs — log A(s)

—logs — = log)\(so) + I 0

3logs
Since A(sg) < 1, we have —3log A(so) > 0, and hence,
TS
-1 A - —1
0g(sA(s)) 2 3 log s Og8_3110gs

Taking the log, we obtain

log(—log(sA(s))) > log— + log ( i ) 1logs

3.1 log s 2
By (5.9),
(14.2) log(— log(sA(s))) > 82’22).

Since s > 1 and sA(s) < 1, we have —log A(s) > —log(sA(s)), and BSO 6 follows.
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15. BOOTSTRAP STEP 10. CONTROL ON THE RADIUS OF CONCENTRATION
The inequality (5.7) implies

(s, 25)

e S(a)EMMY2 4T, < 1.

Thus,

r(s) —ro| < /S Irs(o)| do

S0

g/s)\(a)da

S0

Foo T _o
S A/ Aoe_glogo' do-

2
<a’,

where we applied (5.10). It similarly follows that
|2(s) — 20| < ™.
16. BOOTSTRAP STEP 11. MOMENTUM CONSERVATION IMPLIES BSO 5

Recall that the function ¢ (x,y, z) is an axially symmetric cutoff in r only, and is
independent of z. Also recall the convention that the default (no subscript) notation
is for zyz space, i.e., A = 0% + 5’; + 92, V = (0,,0,,0,), and [(---) will mean
J(-++)dzdydz. Also note that (for axially symmetric u) we have |Vul* = |V, ul*.
Pair the NLS equation with %Al/}ﬂ + Vv - Vu, integrate and take the real part to
obtain

Im/atu(gwu + V1 - Vi)
= Re/Au(%A@/)u + V) - Va)
+ Re/ lufu(3Aya + Vi - Va)
that we write as I = II + III. We first note that by integration by parts, we have
1
Also, by integration by parts:
1 1
1.1 = —Z/A2¢ |u|2+§/A¢ |Vul?,
We convert the second term in II.1 to cylindrical coordinates to get

1 1 1
1.1 = —Z/AQQ/J |u|? 4 5/83@& \Vul*rdrdz + 5/&@/} |Vul2drdz.
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Since 0,1 = 0, we calculate by switching to (r,2) coordinates and integrating by
parts in this setting:

1 1
1.2 = 5 /831/}(|3,,u|2 — |0.ul|?)rdrdz — 5 /8r¢|v(m)u]2drdz.

Adding these, we get
1
= /A% ful? + /8f¢ O.ul?.

The two terms in III are easily manipulated (using integration by parts for the second
one in the zyz variables):

1
7 — —z/M’ .
Pulling it all together, we have

2o Im/w-vua: —;l/AQw yu\2+/a§¢ \arqu—i/Aw .

Thus, using the axial exterior Gagliardo-Nirenberg inequality (Lemma 2.1) to control
the 4th power term, we obtain

) Im/w-vua

1
< 2 <ce—
< Vel i < exagy

where in the last step we used the decomposition (6.1) and the estimate ||Ve||2 <1
furnished by Lemma 5.1. Since we explicitly chose the origin of the rescaled time as

so = e3™/*0 | we have
/t dr /Sd <
= o=35—50<s.
0 )\2<T> S0

We have, V¢ € [0,t;), that

(161)  A() ‘Im/V¢~Vu(t) a(t)‘ <A@ ’Im/Vz/quo | + eA(B)s(t).
From (14.2) it follows that?
(16.2) Vs € [so,s1), sA(s) < F;?s).
Next, we have
As  6mb
6m/by _ 6m/b [ 78 s
Os(Ae”™?) = e < 3 72 )
A 6mh
— 6m/b [ 7}s _ sy 67 /b
e <)\ +b 72 > Abe”™/7.
By (5.6), BSI 3, we have |A,/A+b|+b,| < T}/, Also, ZP 2 implies that 1/b ~ In(T; })),

and thus, [67b,/b?| < F;(/f). This shows that the first term is dominated by the second

4The power of I' on the right side can be 5 or higher.
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in the above display, i.e., that ds(Ae®™/*) < —2AbeS™/® < 0, and thus, for all s > s,

we have \(s)e%/*(9) < Aef™/%. Using that I', ) ~ €™/*® (again a consequence of ZP

2), we obtain

ABT0

Im/V@b - Vg

< )\(t)eﬁﬂ/b(t)

Im/V¢ : VUO Ug

< )\0 667T/b0

Im/Vw : V'LLO ﬂg

67 /bo 10
<e L'y,

by IDA 5. Now since ZP 2 implies F;g ~ e~ 107/t e have that the above is < 1, or

Inserting (16.3) and (16.2) into (16.1), we get

A(t) ‘Im / Vi - Vu(t) u(t)' < Ty

17. BOOTSTRAP STEP 12. REFINED VIRIAL INEQUALITY IN THE RADIATIVE
REGIME

The goal of this section is to prove (5.11). This is the “radiative virial estimate”
which will later be combined with (5.12) to obtain (5.13), which is a refinement (using
the Lyapunov functional J in place of b?) to the virial estimate (5.8). Once again,
the spectral property is a key ingredient. The idea in (5.11), (5.12), (5.13) is that
instead of modeling the solution as Qp+ €, where Q) is supported inside radius R < %,
we model the solution as Q, + (, + ¢, where ¢ corrects the solution in the “radiative”
region % < R < e ™" There is still plenty of distance between the radiative region
% < R < e ™" and the radius %, which corresponds to a unit-sized distance from the
blow-up core in the original scale.

It amounts to taking the inner product of the € equation with suitable directions
built on Q, + . These computations are carried out in Lemma 6 of [24]. First, we
proceed along the lines of Step 14 in the proof of Lemma 6 in [24]. Since the function
fi(s) is supported in B(0,2A), far inside the % width in R, all interaction estimates
are two dimensional — the factor p(7) can be inserted up to possible correction terms
with a A coefficient, which can easily be estimated using (5.1) (A < T'}{%). The result
is (as at the beginning of Step 4 in the proof of Lemma 6 in [24], equation (4.18)),
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the bound

asfl > H(a g) - (gla L+A2Q) (glu AQ) - C’)‘2-E'0

1
IAQ][7
+ (€1, AFre) + (€2, AFim) = (Groy AFre) = (Giamy AFimn)
—5(a”)(E(s) + N Ep|) — TpH=.

By the spectral property, we have

1

HE9 ~ 1Rl

(&1, L A%Q) (61, AQ) > 6,€ — CN2Ey — 8,1,
We also have

24 1/2 24
1
(e1, AFy) + (€2, AF)| < CT}/? (/ |ey2) 552rb+5—/ l€]?
A 2 JA

A flux-type computation (see the (4.20) and its proof in [24])
= (Grer AFe) = (Gany AFi) > T

Combining these elements gives (5.11).

18. BOOTSTRAP STEP 13. L? DISPERSION AT INFINITY IN SPACE

In this step, we prove (5.12). This gives us control of [, _~_,, |€[* in terms of the
s-derivative of the 3d L? norm of € outside the radiative region. Since this involves
estimating € on the whole space, the factor u(7) is crucial, and we fully write out this

step. With
o ( ’%) — (;<t_>§1(<?>’ i(t_ﬁ((tt))) |
we write

d
47T£ / Ga|ul? rdrdz

= —47T/V<b4~(8ta,8tﬁ)\u|2rdrdz+ A Im/ Voy - Vu)urdrdz,

S

z— z(t)
ABNE)

() (2 2

Using that = L we compute

where «a(t) = X(;)—t and 3 = = 5
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We have
2®/m<)\wmwm
- %Im/<w4-v€>€u<f>dfds+3/%2 Vou (2) e uti) ara
L (%m%)w»m( ) lel?u7) i dz
- o [ 22 o (D) ieuti) ar i

Using that A,/A = —b,/b* and (5.6), we obtain that

b 5
1I1| < 4—0/|V;75¢4(R/A)|e|2u(f)dfd2.
Using ((5.7) = [(rs,25)|/A < 1), we obtain
IV] < Allillz,, < T2

Term I is estimated via Cauchy-Schwarz and basic interpolation

1< g [ IVouR/A) ePu(ydraz + 17 [ (9eu(r)dr dz.

For Term II, we use that

(7, %) Y ((f,z)) . T for A<|(72)] <24
A 0 otherwise

and the fact that u(7) ~ 1 for |(7, Z)| ~ A to obtain
b 9 1 oo
> le|*dr dz |
30 Ja<iz)1<24

finishing the proof of (5.12).

19. BOOTSTRAP STEP 14. LYAPUNOV FUNCTIONAL IN H!

In this section, we exhibit the Lyapunov function J ~ b* and prove the upper
bound on 0y given in (5.13). This is obtained by combining (5.11) (virial identity for
dynamics in the soliton core) and (5.12) (dispersion relation in the radiative regime)
and the L? conservation (a global quantity that links the two).
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Let
/IQb!2 /Q2+2 €1, %) + 2(e2, 0)
L Ja-o (2 puc e
b oo (C2) eeuara:
(51 N
~ %00 (bf1 / f1 dv+b(62,A§re) — (eleCim)> :
where

~ b =
Fit) = 7IsQuls + 51 [ (7.2 VC .

The argument follows the proof of Prop. 4 in [24]. Multiply (5.11) by 4,6/800 and
sum with (5.12) to obtain

(19.1)
800 °

b 2 1~ 7~ C(S]_b 2 Q/Q/ 2 ~ ~ 7~
di d Ty~ — N2Ey—T i d7 dz.
—800 "+ 300 A§R§2A|€| T Vel nlr) drdz

2 ePuti) draz) + 2o

The last term on the right side is estimated as

ry/? / IV 5 2y€l2u(7) dif dZ < T3/ <P;‘C”+ / |v(f,g)a2u(f)dfdz>
<t e / IV (5.2)€| 2 u(F) dF dz.

Using that
fi(s) = fi(s) + (€2, AGe) — (€1, AGim) ,

we also rewrite the second term on the left side as

b0:f1 = 95(bf1) — bs fi
= 0s(bf1) = bfi = bs[(e2, Alre) — (€1, Alim)]

(bf1 / 71 (0) dv + blea, Awe) — (el,Agm>)
- bs[<€2a ACre) - (617 ACIIH)]
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Formula (19.1) becomes, using the bound on |b,| in (5.6),

1 R o oo
0, <ﬁ [ oiCplebutr) araz

(19.2) + 8?% [bf1 / fi()dv + b(ey, Alse) — (61,A€:im)] )

> % («‘Xs) +/:A |e|2) + fgggrb
The conservation of L? norm, written in terms of € and Q) is
/\ey2u(f)dfdz+/|c}b|2u(f) dfdz+2Re/e@u(f)dfdz:/\UOP,
which we rewrite as
[ttty araz +0) (1 - [ 102 +21e(e, Q)

_ / luo|? — r(t) /Q2 — 2ARe(e, 7Qy).

(19.3)

Then write
/ bu(R) AP () drdz = / e2u(i)draz — / (1= Ga(RIA|ePu(F) dids

and obtain by taking d; of (19.3),
0. (- [ Rl u) vz )
— —a (/|Qb|2 /Q2+2(617E) —2(62,@))

vo. (5 [ oRaIeu ai:)

(@) -

The last two terms are easily estimate with (5.6) and (5.7). Inserting into (19.2), we
obtain (5.13).

We next show the two estimates (5.14) and (5.15) for J.

We first show (5.14). We have [|Qy|2, — || Q|22 = (do+0(1))b?, and now we estimate
the rest of the terms in the definition of J. By Cauchy-Schwarz,

(e1,2) + (e2,0)| < / le[2e Rdrdz < T}/ < b.



46 JUSTIN HOLMER AND SVETLANA ROUDENKO

Next, we have

/ (1 — pa(R/A))|e|*u(F)dFdz < SR, |i|*dadydz.
|2—=()| 274
The set {(z,y,2)||r —r(t)] S AA, |z — 2(t)] < AA} has a volume ~ (AA)? in R3.
Therefore, by Holder, the above is bounded by

1/2

(A4)

Then in the L* we widen the spatial restriction to r > % and apply the axial

Gagliardo-Nirenberg (Lemma 2.1) and the definition of A to obtain

1/2
AAnaHmnvaupm( |V(;,g)6|2,u(f)dfd§) <b

We claim that |fi(b)| < b. Indeed, we first note that }leRQbH%Q
that ¢ = ¢3(R/A)(, we have

< b. Also, recalling

~

‘Im / ROxC (drdz

~ 1 -
g/ R|0x(]| |§|dfd2+—/ R|C|*dF d?
R<A A Jr<a
~ 1 ~ ~ o
< VRC AVl + 5 IRC [ R dras

< TLA(D, “MY2 4Ty < b,

which establishes that [f;(b)] < b. It is similarly straightforward to show that

’fob fl (v) dv‘ < b. Finally, the local terms (e, A(;e) and (eq, Aém) are estimated
by Cauchy-Schwarz and the ZP 1-2 properties, and shown to be < b. This concludes
the proof of (5.14).

For the proof of (5.15), see the proof of Prop. 5 in [24], which uses the conservation
of energy.

20. BOOTSTRAP STEP 15. CONTROL ON £(t) AND UPPER BOUND ON b(s)

Next, we prove (5.16). Using that (5.14) implies ‘@ / d7° - b_1’ < 1, we have

1 St [dy 1 I _
— T2 > = —bpt) >t
erxp<4 j)”erXp(6b )NFb.

Thus, by (5.13) (note that —Js > 0)

B, exp ("jf\/g) ~ T F,) exp (ff\/@ 2ozl
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Integrating from sy to s, we obtain

ex 5—7T do —ex 5—7T dy >s—Ss
PV 76 PV TG ) =77

Since exp <%’H / jc(lgo)) > e/ > 54, we conclude that

ex 5—7T do >s
and (5.16) follows.

Next, we obtain (5.17). Divide (5.13) by J'/2 and use (5.14) ( J ~ b%) to obtain
Ty + E(t) < —CT 27,

Integrate from sy to s to obtain

/ (Coio) +E(0)) do S T?(s0) — T2(s) S blso) S @,
S0
where in the last step we applied IDA 2.

Finally, we prove BSO 3. Let s € [sp,s1) (recall that we are carrying out the
bootstrap argument on 0 < t < t1, and s; = s(t1)). If bs(s) < 0, then BSO 3 at s
follows immediately from (5.8) at s (the local virial identity, bs > 0p&(s) — F;(_S )C")

If bs(s) > 0, let sy € [sg, ) be the smallest time such that for all o € (s2,s), we
have bs(0) > 0. Then b(s2) < b(s) and either sy = sg or bs(s2) = 0. In either case, we
claim

(20.1) E(s2) ST .

If s9 = so, then (20.1) is just IDA 4. If bs(s2) = 0, then (20.1) just follows from the

local virial identity (5.8) at so. From the second of the two estimates in (5.15) and
also (20.1), we have

J(s2) = falbls2)) Ty .
By the first of the two estimates in (5.15), the fact that J is (nonstrictly) decreasing,
and the above estimate, we have

1
12(b(5) + #E(s) < T () + T3S
< J(s2) + Fi(f)
< fa(b(s2)) + Fg(/i) + FZ(/sﬁ)

Combining this estimate with

dfa

0 < 22l

< +oo and b(sg) <b(s) = fa(b(s2)) < fa(b(s))
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and
b(s2) < b(s) = Tsn) < Tos)
yields

Fab(s)) + £ () < Folb(s)) + 2055,
Canceling f>(b(s)) yields BSO 3.

21. BOOTSTRAP STEP 16. H'/? INTERIOR SMALLNESS.

21.1. Preliminaries. We consider two fractional derivative operators in our analysis:
Ds_ and D: . The operator D:, acts directly on a function f(r’,z") defined in R?

Tyz*
and returns a function of (r, z) € R*:

_ «/Tz_l(Pz +C2)S/2f27

where F; is the Fourier transform on R? and we adopt the practice of writing the dual
variables of (r,2) as (p,(). The operator D;, . acts on a function f(z',y’,2") defined
on R? and returns a function of (x y,2) on R3

:tyz - (5 + 77 +< )S/Qf'

where we adopt the practice of writing the dual variables of (x,y,z) as (£,7,().
Now if f(x,y, z) is an axially symmetric function on R3, then D;, . f(x,y, z) is axially
symmetric and can thus be viewed as a function of (r, z) € R xR and, when extended
to an even function in r, it can be viewed as a function on R?. In this case, we can

write
2 | ~2\s/2
a:yz*H (p +C)/H7
where H is a zero-order Hankel transform® (p. 341 of Bracewell [2]) in r and a Fourier
transform in z:

—+oo oo

Hi(0.0) = | Jolrp)e™ % f(r, 2)r dr dz
z=—o00 Jr=0

and the zero-order Bessel function on R is:

JO(W) — L/ eiwsinede

27 O0=—m

(which extends Jy(w) as an even function in w, and thus Hf(p,¢) is even in p.)® We
note that

H™F(r, 2) / / o(rp)e™ F(p,¢)pdpdC.
p=

®We will not bother with constant factors (such as (27)~!) in the definitions of the Fourier and
Hankel transforms, as they are irrelevant in the analysis.

%Note that if we wanted to write the domain of r-integration in the definition of H as (—oo, +00),
assuming f(r, z) is even in r, we would need to put |r| in the integrand in place of .
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If a function h(x,y, 2) is axially symmetric and the support of h is contained in
0 <d <r <5t then we will say that h is shell supported. We note that for a
shell supported function h, [|h|| e, ~ ||k[[zz, . Unfortunately, if h is shell-supported,
then fractional derivatives D h are no longer shell-supported. To deal with this, and
handle the conversion from D}, to D3, ., we use the following standard microlocal fact,
which is a consequence of the pseudodifferential calculus (see Stein [35], Chapter VI,
§2, Theorem 1 on p. 234 and §3, Theorem 2 on p. 237; see also Evans-Zworski [8]).

Lemma 21.1 (disjoint smoothing). Suppose that dist(supp,supps) > 0 and
s,a > 0. Then for h(r,z) we have

”¢1 Djz I/JQ
and for h(z,y, z) we have

41 D3, o hllag,. Ssa ll$2h]22

zyz

rz SJS,a H¢2h||L%z7

s

Next, we address the matter of converting from Dy, to Dy, ..

sition (Bracewell [1])

We need the compo-

FoH ™ = A,
where A is the Abel transform (see p. 351 of Bracewell [2])

Y P I, Q) /
Af(p,¢) = /p (0 — p)2(p + p)\/ dp

(which is the identity in ().

Lemma 21.2 (fractional derivative conversion). For any 0 < s < 2, the composition

1/2D3 D=8 —1/2

a:yz

is bounded as an operator L?, — L?_.

We remark that scaling requires that the weights in any such estimate be r® on the

left and = on the right for some a € R. We only need a = % in our analysis and

have not explored the possible validity of other values of «.

Proof. Note that the composition under consideration is
U= rl/QF—l(pQ + §2)S/2A((pl)2 + 52)_8/27'{_17“_1/2 ]

Note that (r + i0)Y/2F~! = f‘lﬁpI;/QWhere I is the fractional integral operator
I°f(p) = f;j}(p’ —p)* ' f(p') dp. This, together with the fact that 7" is an L2, —

L?, unitary map, and the fact that p'/2Hr~1/2
reduce to proving the L2 — L2 boundedness of

U = 0,1,"((¢)* + )2 A((p")? + ¢*) 2 (0") V2.

: 2 2
is an L;, — L. unitary map, we
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: 1/2
We obtain U f = 0,1,""h, where

A L V0 N (VD SR S A VAXS) y
e = /pp (0= 20+ )+

By Fubini’s theorem, we obtain

p//:+oo

Uf(p,¢) =0, K(p,p")f(p",C)dp",

p'=p
where

/ 1!

Koy = [ ! (wf+e>“( o )Wdﬁ
= (p/ _ p)1/2(p// _ p/)1/2 (p//)2 + CZ p// + p/

By changing the variables twice, first p’ — p’ 4+ p and then p/ = o(p"” — p), we have

"o ! 1 (0',0” + (1 — U)p)2 + CQ 5/2 PH 1/2
K(pap ) - /UZO 0’1/2(1 — g)1/2 ( (p//)Q + (2 ) ((1 + U)PH T (1 — U)P) do.

Thus,

“+o00

Uf(p,¢) = —K(p,p)f(p,CH/ 9,K (p, ") f(p",¢)dp".

p''=p
We have K(p,p) = 271/2 fglzo 0 12(1 — 0)"Y2do < oo. For the second term, we
change variable p” = pu to obtain

—+00

(21.1) UF(p.0) = ~ef(p. O+ [ p(@I) . i) o O s

pn=1
But we have pd, K (p, ppr) = (1, ¢/p), where

1

I ) = /01:0 01/2(11—0)1/2 (WH 21211)2)2%\2)5 ((1 +0)5+ 1 —a>2 T A) do

and

(op+(1—-0))(l—0) 1 -0
T A) = T3 = Ji(, \) + T, V).
(12, A) 3(au+(1—g))2+)\2 2(1+o)u+ (1—o) 11, A) 2(1; A)
Denote by Ij the result of substituting J into the expression for /. Since |Jo(u, A)| <
(u+1)71, we have

1Lk, M) S

If s <2, we have

' ~-1/2 1/2 s(op+ (1 —0))
i ] < /UOU Fa-o (12 + X235 ((op+ (1 —0))2 4+ A2)i3 do

1 _ o \1/2
1
s (1=o) do
1 oo 7P (opu+ (1= )1

IN
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By separately considering the regions 0 < o < % and % <o <1, we obtain

1 1/2 do
I AN < =
1 (s M| S +/G:0 o2 (op+ 1)

1
n=p
<1y / S —
o Sy nVEm 1)

1 if s >1
w 2
< Qlosler) e g1
~Y l,b 2
S : 1
1 if0<s <y

Applying the Lf, norm to (21.1) and using Minkowski’s integral inequality, we bound
by

—+00

105, Ollzz S 1FCOlza + ( /

Following through with the Lg norm, we complete the proof. 0

(e ) 1 Ol

=1

The following were established by Strichartz [37], Keel-Tao [17] and Kenig-Ponce-
Vega [19]. We say that (¢, p) is 2d admissible if % + % =1land 2 < p < 0.

Lemma 21.3 (2d Strichartz estimates and local smoothing). Suppose that h(r, z,t)
satisfies

Zath + Arzh =4d.
Then for 2d admissible pairs (q1,p1) and (g, p2),

gl a5 »
1l o s S oz, + { L |
I{Dr2)""*gll 22, if suppg compact,
where ho(r,z) = ho(r, z,0) is the initial data. In the case of the last bound supp g
should be contained in a fixed compact set for all t.

We say that (¢, p) is 3d admissible if % + % = % and 2 <p<6.7

Lemma 21.4 (3d Strichartz estimates and local smoothing). Suppose that f(z,y, z,1)
solves

Then for 3d admissible pairs (qi,p1) and (g2, p2), we have

g, < Wiy, + |
L1 PL ol + Lo
t Lzyz ~ Tyz ||<Dwyz>71/2gHL§Ll2

TYz

if supp g compact,

"We thank Fabrice Planchon for pointing out that, although the endpoint case (¢1,71) = (2,6)
is available for the local smoothing estimate, it does not follow from the Christ-Kiselev lemma. We
will avoid the use of the endpoint in our analysis.
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where fo(x,y,2) = f(x,y, z,0) is the initial data. In the case of the last bound supp g
should be contained in a fixed compact set for all t.

The local smoothing estimates in the above lemmas are established in the homo-
geneous case by [19] Theorem 4.1 on p. 54. The inhomogeneous version as stated
above then follows from the Christ-Kiselev [3] lemma.

Finally, we record some Gagliardo-Nirenberg embeddings for shell-supported func-
tions.

Lemma 21.5 (embeddings). Suppose that q(r,z) = q(z,y,2) is axially symmetric
and shell-supported. Then

1/2 1/2
(21.2) lallzses,. S a2 s I1Valls,
1/2 3/2
(21.3) ID32laP s e S Nall2 s, 1415,

Proof. First we prove (21.2). We have the 2d Gagliardo-Nirenberg estimate

1/2 1/2
lallzs. < gl 11V rall 12 -

Since g and V,..q are shell supported and |V,.q| < \nyzq|, we obtain

1/2 1/2
lalles,. S lalls I Vay-alls -

Integrating in time, we obtain (21.2). Next we prove (21.3). We begin by noting

1221 2,

Tyz

|<Di£,]q|2 D:}:£|Q|2>my2|
(lg1, Dlgl?)uy-
(|91, RV |q[*)ay-
(

g1, R(Re gV q)) 2y

where R is the vector Riesz transform. Using the boundedness of the Riesz transform

on L3/2 we obtain

1D5 2PN, < llallZs, I R(ReqVa)

TYz Fyz Syz ”L

< llalize, I Vallrz

3/2

zyz "

By the 2d Gagliardo-Nirenberg estimate ||g||zs, < Hq|]1/3||vrqui/237 the fact that ¢

and V,.q are shell-supported, and |V,.q| < [Vy,.q|, we obtain

1/2 3/2
D32 1al ez, S Nalls I Vayeall7s -

TYz

Integrating in ¢, we obtain (21.3). O
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21.2. Outline and notation. Effectively, we would like to restrict to outside the
singular circle and reduce matters to the local theory, which is set in H'/2.
Let
. {0 for R <

R P—
Xa(R) 1 for R>

NS IVURITNITE

and set x1(r, 2) = X1 (((r — 1) 4 2%)"/2). This is a cutoff to outside the singular circle,
and we call the support of y; the external region. Let

and let x;(r,z) = X;(((r — 1)? + 2%)1/2) for j = 1,2. Note that ya(r,z) is 1 on the
support of x1(1 — x1) and x3(r, z) is 1 on the support of xa(r, z). We will call the
support of xs the tight singular periphery and the support of x3 the wide singular
periphery. Let v = xy1u, w = xou and ¢ = x3u.

Our goal is to obtain the estimate BSO 8, i.e.,

(21.4) IDY20 poepa . < (a)P%.

Yz Tyz —
This will be a multistep process — estimates on ¢ (Step A) obtained from BSI 3 will
imply estimates on w (Step B), which will imply estimates on v (Step C).

21.3. Step A. Estimates on q. Recall ¢ = x3u, i.e., u restricted to the wide singular
periphery. Control on ¢ is inherited from the local virial arguments in the previous
sections. Specifically, mass conservation, (5.17), and BSI 3 imply (by rescaling) that

(21.5) lgllzseorz,. < lluollzz IVallzzrz,. < (o)™

Tyz yz ! zyz N

We also obtain an upper bound on ¢;. Indeed, from (5.10),

S1 —+o0
(216) tl = / )\2(8) ds 5 O)\Q/ 6_(7r/3)(8/10g8) < a*.
S0 2

It will be understood that ¢ is always confined to [0, ;) below (when writing Lg°,
etc.)

21.4. Step B. Estimates on w. Recall w = xsu, i.e., u restricted to the tight
singular periphery. We use the control on u in the larger wide singular periphery
obtained above in Step A to provide control in a stronger norm on the smaller tight
singular periphery. Since w is supported away from r = 0 and away from r = oo, it
effectively solves a 2d NLS equation. This effective 2d equation can be analyzed using
the (locally-in-time) stronger 2d Strichartz estimates as well as the 2d Gagliardo-
Nirenberg estimates.
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Specifically, the goal of this subsection is to obtain, using (21.5), the following
bounds on w:

(21.7) {Days) Pl gz, < ()

xyz N7
for all 2d admissible (g, p).
The function Dglg?/ﬁw = D}Cﬁ)@u is still axially symmetric but unfortunately (due
the nonlocality of Dglc{,z) no longer shell supported. By Lemma 21.1, we have that

(1 —x3) Di{é X2u is infinitely smoothing, and thus,
11 = x3) D wllegns,. S lhwllzpers

TYZz Tyz N Zyz"

Hence, to establish (21.7), it suffices to prove, for p = x3 Dglcl/,i w, the estimates

(21.8) Ipllzore,. < lpollez,. + (a)'?
and
(21.9) lwllzgerz,. < llwollzz,. + (@)

The equation (21.7) will then follow from IDA 7 and IDA 8.
We begin with (21.8). Note that p is axially symmetric and shell supported. More-
over, it solves an equation of the form

i+ Aep=> G
J

where the inhomogeneities can be put into the forms
Gl = X3 D;{; X2 (Zat + Arz)u
Gy = 13 D,!? Yru

TYZ

Gs = V,. 103 D2y u.

Yz

For each type of term G, the functions 1y and 13 are axial cutoff functions with
support in 3 < ((r—1)?+22)Y/2 < 3 and 1 < ((r — 1)% 4 2%)"/2 < I, respectively.
For term (3, we substitute the equation (i0; + A,.)u = —r~'0,u — |u|*u and then
reexpress the term involving r~10,u to be of the type G5 and G3. At this point, the

inhomogeneities take the form
Gy = x3 D32 X2 |ul*u
Gy = 3 Di{ﬁ You
Gs =V, s D1/2 Yy u.

ryz

By Lemma 21.3,
(21.10)  pllsgzer. S Ipollez. + IGll jass s + 1Gallcyce, + (D) *Gsll iz,

t rz t rz

since (G3 has compact support in r and z.



CIRCLE BLOW-UP SOLUTIONS TO 3D NLS 55

Since G is shell supported, the rz norm converts to an zyz norm. The fractional
Leibniz rule and the identity you|u|* = wlqg|* allow us to bound as follows:

(@111) G pangays < IDY2wllegis, oy, + lwllzers, D210 s

Since w is shell-supported, we can apply the 2d Sobolev embedding

||w||L;>°L4 ~ ||w||L;>OL;éZ

TYZ
(21.12) S IDMPwl| ez,
S lxaDYPw| peerz, + 1(1 = x3) Dy wl| pere, -
We note that we have

X3D¥2w = X3D¥2D_1/2D1/2w

TYZ TYZ

_ (Xgr_l/Q)(r1/2D¥2D_1/27"_1/2)(r1/2D1/2w).

TYz Tyz

By Lemma 21.2 and the support properties of x3,

IxsD}Pwllzserz. S P DY2wl peera. = | Dy w|| pge 2

L~ TYz TYZz Tyz

Spllegerz,. + (1 = x3) DY 2w poer2

Tyz zyz

Applying Lemma 21.1 to the second of these terms,

(21.13) IxsDrlwllpeorz. S Pllesere, . + llwl pserz

rz MY TYz Tyz '

On the other hand, by Lemma 21.1,
(21.14) 11 = x3) Dy 2wl ez, S Ilwllpera,
Combining (21.12), (21.13), and (21.14),

(21.15) lwllpgers,, S Ipllzsezz,. + lwllzeers,,
Returning to (21.11), writing D;éiw = Xnglgé,iw +(1-— X@Di{,ﬁw, we have

HD;éinLfL%yz Spllzaza,, + 111 = X3) Dyl x2ull L s, -

Applying Lemma 21.1 to the second of these terms, we obtain

(21.16) 1Dy 2wl pars - S Ipllpsrs, . + llwllpe 2

Yz zyz M tHryz Yz

Combining (21.11), (21.15), (21.16), (21.2), (21.3), and (21.5), we obtain

(21.17) Gl jarspars S (@) (Ipllzszs, . + Ipllpeera, + lwllzser2,.)-
+ TYz

TYz

Since G5 is shell-supported, we convert the rz integration to xyz integration and
appeal to (21.5) to obtain

(21.18) 1Gallziza, S tallallogerz,. + 02| Vayoallzzrs,, S (@)

TYz Tyz N
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Finally, for G5 we take ¢, to be a smooth function that is 1 on the support of ¢,
and 3 but 0 near » = 0. Then decompose
(21.19)
” <Drz>_1/2G3||L§L$z 5 H <D7’2>1/2 @Z)S Di«ﬁ ¢2 UHLEL%Z
S aD} s DY bl p2pe. + [[(1 = ¢a) D23 Dy 4boq| 2rs.
+ ||¢3Di£¢2q”L§L$z-

By Lemma 21.1

(1 = 44) D23 DY 2baq| r2re. S s DY 2aql r2rz, ~ s Dyl 2abaql| p2ra

Yz

(21.20) S ﬂmHQHL?Lzyz +IVallrzrz, .
5 (a*)l/Q.
Note that
VD Dy g = (Yar™ ) (r 2D 2 Dy P 2) (02D s Dyytabaq),
and thus,
||77ZJ4D¥2¢3D915£¢2QHL§L%Z S ||T1/2D;:362¢3D3157/sz2qnL%L,%z = ||D;;g/;z¢3Dalc£Q/’QQ||Lngyz-
By the fractional Leibniz rule
1/2 .
(21.21) ||¢4Di£2w3D;}g//i¢2qHL§ng S t1/ ||€I||L$Lgyz + ||V€I||L§Lgyz S (a )1/2-
Now
(21.22)
1/2 *
s DY 2 gl 212, ~ H%Diﬁ%QHLngyz <t/ lallzerz,. + IVallrzrz,, S (o )2,

Collecting (21.19), (21.20), (21.21), (21.22),

(21.23) (D) 2Gsll a2, S ()2

rz NN

Combine (21.10), (21.17), (21.18), and (21.23) to obtain (with conversion of some
xyz-norms on p and w back to rz norms)

Ipllcer. S (@) 2lpllers, + Ipliprs, + llwllers.) + ()12,

t - rz

from which it follows that (21.8) holds once (21.9) is available.
Next we prove (21.9). Note that w is axially symmetric and shell supported. More-
over, it solves an equation of the form

iow + Aw =Y G,
J
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where the inhomogeneities can be put into the forms

G = X2 (i0; + Arz)u

Ga =1ru

Gz =V, ru.
For each type of term G, the function 1, is an axial cutoff function with support in
1< ((r—=1)%+2%)"2 < 3. For term Gy, we substitute the equation (i0; + A,,)u =

—r~'9,u — |u|*u and then reexpress the term involving r~1d,u to be of the type Gy
and G3. At this point, the inhomogeneities take the form

G1 = x2 \u|2u
Gy =1au
G3 = Vrz wZ u.
By Lemma 21.3,
(1200 ol S luollz, + 16 s + Gl + 1Gsl,.

For Gy, we use that g is shell-supported and apply (21.2) to obtain

3/2 3/2
1Gull s s S Nlaligass,. S Nall7s 1Vallr, S (@)

For the remaining inhomogeneities, we argue as follows:

1Gollara, + 1Gsllira, S tallallogerz,. + 02 Vall2rs,. S (@)

Tyz Tyz N

Collecting, we obtain (21.9).

21.5. Step C. Control on v. We use the control on u in the tight singular periphery
to obtain control on w in the external region. In this region, u solves a genuinely 3d
NLS equation, and we thus need to work with the 3d Strichartz estimates, which are,
locally-in-time, weaker than the 2d Strichartz estimates. Also, we must only use the
3d Gagliardo-Nirenberg estimates.

Specifically, we use (21.5) and (21.7) to prove

(21.25) HDl/zUHL‘gLP S HDI/QUOHLiyz + ()2,

TYZ Tyz TYZ

Via IDA 8, we obtain (21.4).
The equation for v is
1000 + Agyov + |00 = Z Fj,
where
Fy = Ylulu
Fy=vu
Fy =9 Vu,
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where in each term Fj, the function 1 is supported in the intersection of the supports
of x1 and 1 — ;. Recall that y, and y3 are 1 on this set. By Lemma 21.4,

||D1/2UHL2LP S ||D1/2Uo||L2

xyz wyz ~ Yz Tyz + ||D21:£ |’U|2U||Lt10/7L;2/27 + ||Dalng/;z'F1||Lf/5L‘;{l3z

+||D9153/,§F2HL§L2 + || F3l[ 22

TYz thzyz"

Note that for Fj, we have used the local smoothing property, and the fact that Fj is
compactly supported.
For Fy, we use that F| = w|w|?, the fractional Leibniz rule, and estimate as

||D%§F1||L§/SL%§ S HDiﬁwHLngyz||w||%g°Lgyz < ()

by (21.15) and (21.7). For F», we estimate as

1D Bollzizz,. S tall{Day2) 2wl ppers,, S (@)

TYz

by (21.7). For F3, we estimate as

T

p S lallzzre,. + 1Vallzzrs

1F3 )l 2.2
<t Ndllzgerz,. + Vall 2z

Yz zTYz
< <&*)1/2.

Y

We also estimate, using the fractional Leibniz rule, and the 3d Sobolev embedding,

1D (wlP)| o rosr < D20l ross pros [0l 7

S D20l s sy | D202, o

Collecting, we have

||D1/QU||L§L” S HDI/QUO“L?

TYz Tyz N TYz TYz

+ ||Dig/,§v||L;0/3L;g/zs DY

2 *\1/2
«
L?th;/zn + ( ) y

which yields (21.25).
This completes the proof of BSO 1-8.

22. FINITE TIME BLOW-UP AND LOG-LOG SPEED

In this section, we deduce the finite-time blow-up and log-log speed. Specifically we
deduce (22.6), (22.7), and (22.8) below. The convergence (1.7) claimed in Theorem
1.1 is a refined version of (22.6) that can be obtained by following the techniques of
[24, Prop. 6].

From the above bootstrap argument, we conclude that ¢; = 7', and hence, by (21.6),
T < a* < co. From the local theory in H!, we have that ||u(t)| g / +oc ast /' T.
By BSO 3 and the fact that [|[Vu(t)| 2 < A71(||Qullz2 + E(t)), we conclude that

(22.1) At) —0 as t—T.
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Also, since [Ag/A] < 1 on [sg,s1) (see BSO 2 and (5.6), recall s; corresponds to
t; = T), integrating from sq to s, we obtain

|log A(s)| < s —sp+ |log A(so)] -

By (22.1) A(s) — 0 as s — s1, thus, the above line implies s; = +o0.
We now claim that for ¢t close enough to 7', A satisfies the differential inequality

1
(22.2) c < —(Nlog|log M) < C
for some universal constant C' > 0. To establish (22.2), we first show that
1
(22.3) ol <blog|log A\l < C.

To prove (22.3), observe that the lower bound is equivalent to BSO 6. For the upper
bound, first note that (5.9) and (5.16) give

1
224 b(s) ~ .
(22.) O~ s
Moreover, (5.6) gives
As
22.5 —— ~b.
(225) :

Integrating (22.5) and using (22.4), we obtain

—log \(s) + log A(sg) ~ /S b(o)do

S0

/s do
s l0g o

> / 10g0—21 o
s (10g0)

S So

- logs logsg

Recall that sy = €340 > 1 and 0 < A < 1 by BSI 6. These imply log A(sy) < 0,
log A(s) < 0, s9/log sp > 0. Consequently,

S
1 < —— +1 :
08 A($)] < oo+ |Tog A(s)

Taking the log of both sides, and taking s > sy > 1 such that s/logs > |log A(so)],
gives

log |log A(s)| < (log s — loglog s) ~ logs ~

1
b(s)’
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which gives the upper bound in (22.3). Now we proceed to justify (22.2) using (22.3).
Since A < 1, we have

g A
5 (A log[log Al) = A (log | log |>( i |1og/\|(log]10g/\|)2)

As
= T(log\log)\\).

By (22.3) and (22.5), we obtain (22.2). Integrating (22.2) from ¢ up to the blow-up
time 7' (where A\(T") = 0), we obtain

N (t) log [ log A(t)| ~ (T —t).

This implies

T 1/2
(22.6) A) ~ (1og|log(T—t)|> '

From the relationship between A(t) and ¢ given by (22.6), the relationship between
b(s) and s given by (22.4), and the relationship between b and A given by (22.3), we
obtain the relationship between s and t as

(22.7) |log(T —t)|** <'s S |log(T —t)|**  for some ay <

and the relationship between b and ¢ as

1

22.8 b~ .
(228) log [log(T — )

The proof of the exact convergence in (22.6) and (22.8) follows [24, Prop. 6]. This
proves (1.7), (1.8) and (1.9).

23. CONVERGENCE OF THE LOCATION OF THE SINGULAR CIRCLE

In this section, we just note that parameters r(t) and z(t) converge. Indeed, by
(5.7), we have |rg|/\ <1 and |zs|/\ < 1. Hence, for 0 < t; < ty < T, we have

t2 to 1 to
|r(t2)—r(t1)|§/ |rt|dt:/ 1 dtg/ d
t1 t1 A t1 A

By the estimates obtained on A(¢) above, this implies that r(t) is Cauchy as ¢t — 7.
Similarly, we obtain that z(t) converges as t — T. BSO 1 (which we proved in
Bootstrap Step 10) then implies that |r(T) — 1| < (a*)?3. This proves (1.5) and
(1.6).

T's

A
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24. L? CONVERGENCE OF THE REMAINDER

In this section, we will establish the existence of u* € L*(R?) such that @ — u* in
L*(R?). This will prove (1.3) in Theorem 1.1.
First, we observe that there exists u* € LZ_(R*\{0}) such that for each R > 0,

loc

(24.1) lim |(t) — u*|* dodydz = 0.
LS Jlr(8)—r(T) |2 +|2(t) —=(T)|2>R?

This is essentially a consequence of the fact that, as in Bootstrap Step 16, we can
carry out the local well-posedness theory in H'/? in this external region. This local
theory gives a continuity of the flow (in this external region) right up to time 7.

Having established that (24.1) holds, we note that it follows from (24.1) that for
each R > 0,

‘T_T(T)‘2+|Z—Z(T)‘22R2 TZ

and thus, in fact u* € L*(R?). We next upgrade (24.1) and show that in fact
(24.2) a(t) — u* in L*(R?)

(not just in L2 (R*\{0})). The following estimate is, in the 3d case, a straightforward

loc
consequence of the Hardy inequality. But in 2d, it is a little more subtle and requires

a logarithmic correction:

Lemma 24.1. Suppose that ¢(z,y) is a function on R Then for any D > 1, we

have (with r = \/x? + y?),

H¢H%gy(7«gD) S DQ(W)H%gy(rg) + (log D)Hvd)H%gy(TSD)) :

Proof. We follow [24, Apx. C] for the reader’s convenience. Represent ¢ in polar
variables as ¢(r,0). Let ¢(r,n) denote the Fourier series representation in the 6-
variable, i.e.,

(24.3) o(r,n) = /e‘ineqﬁ(r, 0) db.
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The first step is to obtain (24.4), the bound for nonzero frequencies. By the Plancherel
theorem,

/9 16(r,6) — 3(r, 0)? d6
= 3 3 m) P

ne”
n#0

=" 0ol n)?
nez
n#0

<> " (Do (r,n)?

27
< [ lowotr ) as.
0

=0

Integrating in rdr from r = 0 to r = D, we obtain the desired bound for nonzero
angular frequencies:

(24.4) | (r,0) — o(r, 0|z, <p) S VOllz2, <D -

The next step is to obtain (24.7), the bound for zero angular frequencies. By the
mean-value theorem for integrals, there exists rg € [%, 1] such that

1
O(r0,0) = 2 / S0

By Cauchy-Schwarz

R 2 o ) 1/2
|p(10,0)] < E (/1/2 |o(r, 0)] dr) )

By the definition of ¢(rg,0) from (24.3) with n = 0 and Cauchy-Schwarz,

o< ([ e orar)”.

2

1 27 1/
@45) B0l S ([ [ o) Sl e

By the fundamental theorem of calculus,

Combining we obtain

Qg( 0) — é(rm 0) = /S:rasé(s,()) ds.

=70
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Inserting the definition of ¢(s,0),
QB(T‘ 7”0; / /9 050(s,0)dOds.
By Cauchy-Schwarz,
(24.6)

R s=D 1/2 s=D 2m 1/2
16(r,0) — p(ro,0)| < (/ / |0s0(s,0) |23d«9ds> (/ / sldsde)
6 s=ro 0=0

S (log D)1/2||V¢||Lgy(r§D)-
Combining (24.5) and (24.6) gives
[6(r,0)1 S 6ll12, (r<ty + (log D)1Vl 2, (r<) -
Integrating against rdrdf,
@L7) 16,0z, emy S D? (191133, ety + (Qog D)V, ) )
Combining (24.4) and (24.7), we obtain the claimed bound. O

Now we return to proving (24.2). It follows easily from (24.1) that a(t) — u*
weakly in L?(IR3). Thus, to establish (24.2), it suffices to establish

*|2

Let R(t) = e®/*®\(t) for some constant 0 < a < 1, so that R(t) \, 0 ast / T just a
little slower that A(t). We first claim that

(24.9) |@(t)|*dxdydz — 0.

/7“7“(25)|2+|ZZ(t)2§1‘3(t)2
We now prove (24.9). By rescaling and applying Lemma 24.1,

/ |(t) Pdrdydz
[r—r@®)P+]z—2()P<R(t)?

_ / (7, 2)Pu(F)drd3
f?_;’_g?SeQa/b(t)

< / (7, 2)did3
52+22§e2a/b(t)

1
< e/t < / le(7, 2)|2dFdz + - / IVe(7, 2)|2dfd2)
72422<1 b F2452<e2a/b(t)

o2a/b(t)

<
~ b

E(t) — 0.
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Let ¢(r, z) = 1 when 72 + 22 > 1 but ¢(r,z) = 0 for r? + z* < 1. It remains to prove
that
. r—r(t) z—2z(t)\ -, .\ / 2
lim , u(t)|*dxdydz = | |u*|*dzdydz.
tiy [0 (" S i dsdyds = [ sy
To prove this, it suffices to show that

eu10) | o (S gl - fo (S S )

(Note that here we have replaced @ by wu; this is acceptable, since the contribution
from @, is negligible in this region of space.) To prove this, let, for ¢ fixed,

o(r) = /¢ (r ;2(7;()7), : ;%(Zt(;)) lu(7)[dzdydz.

Then observe

(rr, 2r)

=R

2
‘/V¢('a')|u|2d$dydz+%Im/V(zﬁ(-,-)-Vuuda:dydz.
By (5.7), |(r5, 27)| < A7%, and by BSO 3, ||Vul|z2 ~ A7H(1 + O(T*/?)) ~ A~L. Hence,

X !
) .
9IS o 2

Note that by (22.6),
T T 1/2
/ dr 5/ (log\log(T—r)\) i
t A() t T—71
1
1/21 1 1/2 1 d
o [ o (1 ) 0
= 2(T — t)"*(log | log(T — t)|)*"/*.

The rate of b(¢) in (22.8) implies that e/*® ~ |log(T — t)|¢ for some C' > 0. Hence,

1 1 (7 odr log | log(T — t)]
T) = o(t)| < - < .
o) = vl S Zarw A<t>/t A7) ~ Tlog(T =B

But by (24.1),

== o ()

yielding (24.10), and hence, (24.2) is established. This finishes the proof of Theorem
1.1.
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