A SOLUTION TO THE FOCUSING 3D NLS THAT BLOWS UP ON
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ABSTRACT. We rigorously construct radial H' solutions to the 3d cubic focusing
NLS equation idy) + Az + 2[p|?1p = 0 that blow-up along a contracting sphere.
With blow-up time set to ¢ = 0, the solutions concentrate on a sphere at radius
~ t1/3 but focus towards this sphere at the faster rate ~ t>/3. Such dynamics were
originally proposed heuristically by Degtyarev-Zakharov-Rudakov [2] in 1975 and
independently later in Holmer-Roudenko [5] in 2007, where it was demonstrated
to be consistent with all conservation laws of this equation. In the latter paper,

it was proposed as a solution that would yield divergence of the L3 norm within

the “wide” radius ~ ||Vu(t)H221/2 but not within the “tight” radius ~ ||Vu(t)| 3,

the second being the rate of contraction of self-similar blow-up solutions observed
numerically and described in detail in Sulem-Sulem [13, Chapter 7].

1. INTRODUCTION
Consider the 3d cubic focusing NLS equation on R3:

(1.1) i) + A+ 2|ap[* = 0,

where 1 = ¢(x,t) € C and x € R, t € R. The initial-value problem posed with
initial-data in H} is locally well-posed and there is a unique solution in C([0,T); H})
on a maximal forward life-span [0,T). If T' < oo, then lim; »7 ||V (t)| 12 = oo.

During their lifespan, the solutions ¢ to (1.1) satisfy mass, energy and momentum
conservation laws.

(1.2) M($(t)) = / (e, 1) P = / o) P = M (i),
(1.3) E((t)) = / (IV(a, ) — (., £)]") dx = E(ty),

(1.4) (1)) = / (FV9 — vV ) dr = P(4y).

The case T' < oo occurs for a large class of initial data (see the discussion in Holmer-
Platte-Roudenko [6]) and in this case we say that the solution blows-up in finite time.
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Numerical results (see Sulem-Sulem [13, Chapter 7]) describe the existence of self-
similar radial blow-up solutions of the form

1 T -
1.5 )~ ——U | <= ) ™8T with \(t) = /2b(T — ¢t
05l = U (5 ) ¢ with X = VAT ),
where U = U(z) is a stationary profile satisfying the nonlinear elliptic equation
(1.6) AU — U +ib(U +y - VU) + 2|U|*U = 0.

Numerics suggest that b > 0 can be selected so that a nontrivial zero-energy solution
U to (1.6) exists. Asymptotics as |z| — oo show that any solution of (1.6) fails
to belong to HY'? (and hence H!). Nevertheless, it is expected that H! blow-up
solutions to (1.1) well-modeled by (1.5) near the origin exist, and the proof remains
an important open problem.

In this paper we consider only radial solutions, thus, P(¢)) = 0. We construct a
family of finite-time blow-up solutions to (1.1) with different dynamics — they focus
toward a sphere, while at the same time the radius of sphere is shrinking. We study
the problem by converting it (via the time-reversal, u(t) — @(t), and time-translation
symmetry of (1.1)) to one with solutions defined on (0, to] for to > 0 that “start” at
to > 0 and blow-up at t = 0 as they evolve backward in time.

Our main result is the following:

Theorem 1.1. For any e € R there exists a radial solution ¢ € C((0,to], H'(R?))
of (1.1) with E(y) = e, which starts at time ty > 0 and, while evolving backwards in
time, blows-up at t =0, and has the following form:

(1.7) P(r,t) = ePOeOr2NG) o(AE)(r — q(t)) + h(r,t), r=|z|,v€ R,
where p(r) = sech(r) and the time-dependent parameters (q,v, A, 8) satisfy

q(t) = ot go = 2"/°3°
A(t) = Mgt ™23 Ao = 2733713
(1.8) o(t) = vt +2/3 vy = 21/3375/6
0(t) = Oot -1/3 0, = 271/3372/3
and
(1.9) ()| 2@y + 2R sy + 2 2] A || 22esy < O

Note that it follows from (1.8) and (1.9) that
IV (O)llr2@sy ~ 727 and |l ()]s ~ 17,
Remarks. 1. Let ¢ be a solution of the nonlinear elliptic equation

(1.10) —p + Ap + 2[p)*p = 0.
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The unique (up to translation) minimal mass H' solution of (1.10) is called the
ground-state. It is smooth, radial, real-valued and positive, and exponentially decay-
ing (see, for example, Tao [11, Apx. B]). Note that 1(x,t) = e’¢(x) is a solution of
(1.1). In one dimension, i.e., d = 1, the ground state of (1.10) is explicit, namely,
@(x) = sech(z). It is this function we use for the profile of the blow-up in (1.7) (and
not the 3d ground state solution of (1.10)).

2. It follows from (1.8) that the solutions given by Theorem 1.1 satisfy ||1|| 2@s) =
ol 2wy = V2. Applying scaling, one then obtains contracting sphere blow up solu-
tions with an arbitrary mass.

3. We do not address in this note the questions of stability of these solutions (the
numerical and heuristical results of [3] indicate that the behavior (1.7), (1.8) should be
stable with respect to radial perturbations). Still, let us mention that the arguments
developed in the proof of Theorem 1.1 can be easily adjusted in order to produce
blow up solutions of the form

W(t)=9S0t)+ f+om(l), t—0,

where S(t) is a solution of (1.1) given by Theorem 1.1, and f is an arbitrarily smooth
radial decaying function vanishing to a sufficiently high order at the origin, very much
in the spirit of [1].

4. A numerical visualization of the blow-up described by Theorem 1.1 is given in
Figure 1, courtesy of R. Platte, Arizona State University.

FIGURE 1. A contracting sphere collapse in the 3d cubic NLS: (a) a con-
centrating layer of the collapsing solution is around r ~ 0.6, (b) the eventual
collapse at the origin. Courtesy of R. Platte, Arizona State University.

The paper is organized as follows: In §2, we construct (Prop. 2.1) for arbitrary
N € N, an approximate solution ™) satisfying

(1.11) i)™ + A 4 2N 12y N) — TN
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where

2R3 E N ()| 2 ey Sp VD3 0 <t <ty(N),
with implicit constant independent of N. To accomplish this, we set
(1.12) YN (r,t) = e PAUN (p, 1),

where p = A\(r — q) is the recentered and rescaled spatial variable and ¢, v, 6, A are
t-dependent parameters. We then seek to suitably define the parameters and profile
UM We impose the a priori conditions

{ -

/I 1,2 1,/ 2

0= —3v° —svq+ A\,

which achieve convenient simplifications of the equation that arises when (1.12) is
substituted into (1.11), and enable us to solve for v and 6, once ¢ and A\ have been

specified. For additional convenience, we set w = A\71q~2 (effectively replacing A\ by
w) and! y = UM — ¢ (recall ¢(p) = sech p). Then (1.11) will follow from

(1.13) |,(HX + Lq, W)X + Flg,w) + FZ*(X))| < Cpyu VI Belel 0 < p< 1,

where H is the 1D cubic linearized Hamiltonian — H, ¢, F, and F=? are defined
precisely in §2. We then seek a solution to (1.13) by expanding

N N 2N+2
(114) w(t) =Y wt™®, gty =D at®B x(p,t) = > 1" xlp).
k=0 k=0 k=1

Substituting the expansions (1.14) into (1.13), we can organize terms by their order
in t and carry out a recursive construction. The parameter coefficients ¢ and wy, are
selected at each stage to satisfy solvability conditions for yx.i.

In §3, we consider the exact solution 1 with data 1|,—. = 1™ () for any 0 < € <
to(N), and prove (Prop. 3.5) that for N sufficiently large, the comparison estimate

2
(1.15) DIV ) = N )l S VP, e <t < to(N),
k=0

and localization bound (Prop. 3.6)

(1.16) lze ()l ey S t°

hold, independently of 0 < € < t((/V). The estimates (1.15) and (1.16) are proved
using a Lyapunov functional G(h) (see (3.8)), built from energy, mass, and radial
momentum.

Finally, in §4, we complete the proof of Theorem 1.1 using estimates (1.15), (1.16)
and a compactness argument.

n fact, once y is constructed, we take UN) to be a cutoff of ¢ + x.
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This result was announced and described in detail [9] by G. Perelman in the Anal-
ysis seminar at Université de Cergy-Pontoise in December 2011. In February 2012,
Merle, Raphaél, & Szeftel posted a paper [8] on arxiv.org proving a closely related
result. We stress that our result was obtained independently of [8].

1.1. Acknowledgements. J.H. was supported in part by NSF grant DMS-0901582
and a Sloan Research Fellowship (BR-4919). S.R. was supported in part by NSF
grant DMS-1103274. This work was also partially supported by a grant from the
Simons Foundation # 209839 to S.R.

2. CONSTRUCTION OF AN APPROXIMATE SOLUTION

We start with writing a solution to (1.1) as
(2.1) Y(r,t) = e ®Or/2)(¢) UA®t)(r —q(t)),1).
Substituting it into (1.1) and introducing a rescaled coordinate
p=Ar—q)

we obtain that U = U(p, t) solves

(2.2)
1 1 vt g vp 9 (v
ZﬁUt‘FUpp—ﬁ(9/+Z+7+§>U+2’U|U+Z X_X Up
2 N v
= — U,—1—(1 ) U —i———U
oiag (Lt pd) U—isems
Imposing the following two conditions
u(t) = q'(1),
(2.3) )2 V(1) qlt
9’(t)+v<4) +U( )2(]( ) :)\(t)2,
we obtain
1 9 2
(2.4) i3 Ut Uy = U +2|UPU =~ U
q”p \ q/
—iZ (1 :
+2>\3U Z)\g( +p0,)U Z)\(p—l—Aq)

We next denote

(2.5) w=
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and rewrite (2.4) as

2qw
2.6 U+ U, — U+ 2|UPU = —
(2.6) 1q w U+ Upp +2|U| pwg + 1 p
+ 1q”qﬁcung +i(2¢'¢*w? + W'wg) (1 + pd,) U — i K U.
2 P pwq + 1

Define the Pauli matrices by

(01 oo (L0
o1 = 10 a 03 = 0_1

Split U into the localized part ¢(p) = sech p and the external part x(p,t):
(2.7) Ulp,t) = ¢(p) + x(p,1)-

Substituting (2.7) into (2.6) and using the vector notation \ = ( i_i ), we obtain the
following equation for y:
(2.8) HX + g, w)X + Flg,w) + F=*(Y) =0,

where the components of the left-hand side are defined as follows:
e the Hamiltonian corresponding to the linearization of the 1D cubic NLS 0,u +
92u + 2|ul*u = 0 around the soliton u(t, p) = e* sech p:

H= (—(92 + 1) o3 — 40%(p)os — 20%(p)osoy ,

e the linear operator

, 2qw , ¢ Pw?
l ’ — 54 28— o 2/3 2 /4 1 9.) —
(q,w) = —iq w0, pwq+1p03+2(qu + w'wq”) (1 + pd,) o
1
+ §q”q6w3p03,

e the terms independent of x:

Flg,w) = l(q,a))so( 1 ) :

and lastly,
e the higher order terms grouped into

1 X X
(X) elx| ( 1 ) w( e ) x| %
Proposition 2.1. There ezist coefficients (wk)k>0, (Qk)k>0, with qo arbitrary and

wo = 1, and smooth exponentially decaying functions (xr(p))k>1,

(2.9) |9, xk(p)| < Crprs p ER,
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foranyk>1,1>0, and 0 < p < 1, verifying the orthogonality conditions

(2.10) (Re Xk, o) 2y = (Im Xk, @) 2y = 0, VE > 1,
such that the following holds. For any N > 2, if we define

N N
w(t) = w(m(t) def 4 i Zwkt%/?’, q(t) = q(N) (1) def Z qkt(2k+1)/3’
k=1 k=0
2N+2
and  X(p,t) = XM (p,t) N . (p),
k=1

then (2.8) approzimately holds:
(2.11) |08 (HX + 1(q, )T + F(g,w) + FZ(X))| < CrutCN+9/3 el

for 0 <p <1, p>—Lgg't713,0 <t < to(N), with some to(N) > 0 and with Cy,
independent of N.

N N 2N+2
Proof. Wiiting w(t) = Y wit®?, q(t) = 3" qut® 3 x(p.t) = 3 Py, (p),
k=0 k=0 k=1

wp = 1 and substituting this ansatz into the_expression HY + l(q,w);}’_—l— Flq,w) +
FZ%(Y), we get

2N+2
HY + g, w)X + Flg,w) + F2(Y) = Y 3 (Hys — D) + S(1),
(2.12) b=l
S0=- 5 #PBir el (1 )+
k>2N+3
e 2 qw(qup)** ¢ ¢*w?(qup)*
li(gw) = o 0,03 +1 o

, D
Dk:( Dk) D= DY + DV 4+ D
k

D,(co), D,(Cl), D,(f) being contributions of F(q,w) — l1(q,w)¢ ( 1 >, (l(q,w) —l1(q,w))X

and F=2(Y) respectively:

—_
N———
|
|
~

el
~
w
-]l
HIC
—
S—

F(g,w) —li(q,w)p ( )
(Ugw) = hlg.w)X = — > _ 3D (p),

F22(x) = = > "D (p),
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s (3)
D,(;) =( D,( )). Note that all these sums contain only finite number of terms.
The followmg structural properties of Dk will be important for our analysis.
(i) Dependence on q;, w; ;- D,io) depends on ¢;, w;, j < (k—1)/2, and D,(;), i=1,2,
depend on ¢;, w;, 7 < (k—2)/2, and on x,, p < k — 1, only:
DY = D (pi gy ;. < (k= 1)/2),
D = D (pigj, 5,5 < (k= 2)/2xpp Sk — 1), =12
In addition, one has

, _ 1 ,
(2.13) 2D = 2qy(t) 0, — igh(t)as (t) (0 + 2pp,) — 50 BaS)pp,  qolt) = qot'?,

and for k=2[+1,1> 1:
(0,0 0,1
(2.14) Dylky = Dyl + Dy,

(0,0)

where Dé?ﬂ Dé?ﬂ(p, qj,wj,j <1 —1) depends on g;, w;, j <1 —1, only and Dy}

is given by
(2.15)

! (0,0) _
t(2 +1)/3D2 L=

2(qu(t) + qo(t)wi(t))pp — %(qg(t)%'(t) + 6qq () g0 (1)@ (t) + 3qg (£)go (H)wi(t)) pe
—i(q5 (1) g (t) + 3qp () gg (H)au(t) + 200 (t) g () () (@ + 2p¢,) — iqy (E)w () (0 + p,),

C]l(t) — qlt(2l+1)/3a (Ul(t) — (JJlt2l/3.
(ii) Smoothness and decay: if all x;, j < k — 1, verify (2.9), then a similar estimate
holds for Dy:

(216) ]e“'plﬁka(pﬂ < Cl,/.L,k7 pE R,

forany [ > 0 and p < 1.
iii) Parity: if for any j <k —1, v; g Rex; and u; & Im yx; satisfy
j J j J

(2.17) vi(=p) = (=1Yv;(p), uj(=p) = (=1} u;(p),
then one has the same property for G, ' Re Dy, G, = M m Dy, :
(2.18) Gi(=p) = (=1*G (=p), Gy (=p) = (=1)*"'G; (=p).
Our goal now is to show that we can find coefficients qo, q1, - .., qn, w1, ..., wn (Qo
being as in Theorem 1.1 and ¢, arbitrary) and functions xi, . . ., Xan42 satisfying (2.9),

(2.10), (2.17) such that
(2.19) My =Dy, k=1,...,2N +2.



3D NLS CONTRACTING SPHERE BLOW-UP 9

Estimate (2.11) will then follow from (2.12). As we see below, the equations with
k = 5 require some special care, therefore, we will go explicitly through £k =1,...,5
and then we will proceed by induction.

It will be convenient for us to rewrite (2.19) as

(2.20) Lovy=Gf, Louy=G,, k=1,..2N+2,

where Ly = =02+ 1 — 6%, L_ = =02+ 1 — 2¢” are self-adjoint operators in L*(R)
with the spectrum o(L;) = {—3,0} U[1,00), o(L_) = {0} U[1,00). One has

L_p=0, Lip,=0.
For k =1 the equations (2.20) give

(2.21) Liv =G, Lu =G,
with
+ L, - L,
G = 2000pp + S0Py Gr = —30(p +209,),
see (2.13).
Since (Gr, @) r2@r) = —365(¢ + 2pp, ©)12) = 0, the equation L_u; = G; has a

unique solution uy in L? satisfying (u1,¢)r2r) = 0. One can compute it explicitly:

1 loelIZ e

w = —qi(Pp + cop), o=~
6 HQOHL?(R)

The solvability of the equation L v, = G is subjected to the condition

(gfr790p>L2(R) =0,

which gives
21172 gy 1
qO_Aq7:O, A:—:—
’ 36”9%”%2(]1@) 12

Therefore, we find
(2.22) qo = 12/6.
Under this solvability condition, the equation L,v; = G has a unique solution v;

satisfying (v1, p,)r2m®) = 0, which is given by

q
v _§O(f9p(p290) +e1p,), € =-—

(0,(0°9), 0) L2®)
| Pp | L2(R)

Note that v; is an odd and u; is an even function of p, in agreement with (2.17), and
they both satisfy (2.9).
Consider (2.20) with k = 2. We have

(2.23) Livg =Gy, L uy=Gy,
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where G = G5 (p; q0), G5 = G, (p; qo) are smooth exponentially decaying functions of
p, verifying (2.16), (2.18). Since G, is even and G, is odd, the solvability conditions
Gy, 0)2®) = (GF @) 12®) = 0 are satisfied and (2.23) has a unique solution v, us
with vy even and uy odd, verifying (2.9).

Next consider k = 3,4. For k = 3 we have

(2'24) Livs = g;(QO,Ch,wal,XQ), L_usz = g§<Q0,611,w17X17X2)>

with G3 (qo, q1, w1, X1, X2), G5 (q0, @1, w1, X1, X2) verifying (2.16), (2.18). Using (2.14),
(2.15), (2.22), one can write G5, G5 as

G = 2(q1 + qow1)p + 4(2q1 + qown ) + G
(2.25)

B 9 9 -
Gy = —(2q5q1 + gqéwl)(so + 2pp,) — gqéwl(so + ppo) + G5,

where G = Gi (0, X1, X2), G5 = G5 (q0, X1, X2) depend on go, 1, X2 only, and there-
fore, are determined by now.
Using (2.25), one can write the solvability conditions (G5, ¢)r2w) = (G5, ¢,) 12®) =
0 as
41,5112
G llell7z 5_
—T()M + (G5, 9)r2m®) =0,
2(q1 + QOW1)||<Pp||2L2(R) —2(2¢:1 + QOW1)||<P||2L2(R) + (G;, wp)r2@ =0,
which gives,

B 3(G5 . )12

w1 = )
B 11172 gy
2 (QNZ;ra (pP)LQ(R)
q1 = ——qow1 +
5 10”90/1”%2(]1%)

With this choice of wy, g1, (2.24) has a unique solution v, ug verifying (2.9), (2.10)
with v3, uz being of the same parity as G5, G5 : vz is odd and uz is even.
The case k = 4 is similar to that of £ = 2: we have

(226) L+U4 = ng? L,U4 = gz;7

with G, even and G; odd, depending on g, q1, w1, X1, X2, X3 only. Thus, (2.26) has a
unique solution vy, uy with vy even and wuy odd, verifying (2.9).
Consider the case k = 5. We have

(2.27) Livs =G5, L us=0Gy,

with Q; = g;(QO>Q17Q27W17w27X17 ..., Xx4)odd and G5 = G5 (qo, q1, G2, W1, W2, X1s - - - 5 X4)
even.
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It follows from (2.15), (2.22) that

4 ~
G = 2(qa + qow2)pp + 5 (¢2 + 3q0w2) pp + G,
(2.28) k

~ 9 4 5
G5 = =5 (4632 + qow2) (0 + 200,) — SGawa(0 + p,) + s

where Q~§E = Q;E(qg, q1,W1, X1, - - -, X4) are determined by now. Substituting this rep-
resentation into the solvability conditions (G5, ¢)rz2®) = 0, (G5, ¢p)r2® = 0, we
obtain

B 3(G5 . )12

(229) Wy = )
205110172 g

(2.30) _4QOW2||90P||%2(]R) + (G4, ©p)L2@ =0,

which means that one has to have

(2.31) 60(GF 0o 2w = 2(G5 )12

Note that (2.29), (2.30) do not contain go, therefore, it can be chosen arbitrarily
(as soon as we can show that (2.31) holds). To check (2.31), we proceed as follows.
Consider wM () = 1+ wit?3, ¢V (t) = qt'® + qit, XD (p,t) = Sp_, t**x(p). By
our construction, they verify

(2.32)

HRW -+ 1(g D, D) + F(g,w) + F22(E0) = #79B(p) + S(p. 1),

where D = (%), D= —G+ —iG:, and S(p,t) admits the estimate
(2.33) e710LS (p, 1) < Crut®, pER,
for any [ > 0 and p < 1. Define
(2.34) 2w, t) B M OFOT2N (1) (g + X D) M () (r — ¢ (2)), 1),
where A;, vy, ) are given by (2.3), (2.5) with ¢ = ¢/ and w = w. Then z(t) solves
(2.35) ize + Az + 2|22z = Ro(w,t) + Ry(z,t), x€R?
where (by (2.32) and (2.33))
Ro(,t) = —t>3MOTm@O2\3 6 DA () (r — ¢V (1)),
and R, satisfies
(2.36) 1Rl z2rey < 72

Consider the energy E(z(t)) = [(|Vz(z,t)]* — |z(x,t)[*)dx. Tt follows from (2.35),
(2.36), (2.34) that

(2.37) %E(z(t)) —at O3, t—0,
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with
2

2.38 - =
(2.38) P

(4G 2oz — 2065, 9)r2m)) -
On the other hand, using the definition of z(¢), we can write an expansion of F(z(t))
in powers of t/3:

(2.39) E(z(t) = > t"Pa,+ 0(t'?), t—0,

k=—4

with some constants ¢;. Comparing this expansion to (2.37) one gets c_y = -+ =
c_1 =0 and a = 0, which is precisely (2.31).

Verifying the solvability conditions (2.29), (2.30) results in the fact that the system
(2.27) has a unique solution vs, us satisfying (2.9), (2.10) with vs being odd and us
being even.

To finish the proof of Proposition 2.1, we proceed by induction. Suppose we have
solved (2.20) with £ =1,...,2l — 1, [ > 3, and have found ¢;,w;, j <1 —1, and xy,,
p < 2l — 1, verifying (2.9), (2.10), and (2.17). Consider k = 2[,2] + 1. For k = 2] we
have

L+U21 = g;?<qj7wjaj S [ — 17Xp7p S 20 — 1)7

(2.40) B ]
L,Ugl = g2l(qj7wj7j S [ — 17Xp7p S 20 — 1)7

with G being even and G,, being odd, verifying (2.16). Therefore, the equation (2.40)
has a unique solution vy, ug with vy even and ug odd, that satisfies (2.9).
Consider k = 2] + 1. We have

L+U2l+1 = g;ZJrl(ijwjuj S laXp7p S 2[),

(2.41) i |
L—U’Ql-‘rl = g21+1(Qjawj7] S la Xpy P S 2l)7

where Gy, is odd and G, is even. From (2.15), (2.22) one has

4 ~
g2+l+1 =2(q + qowr)pp — g((2l2 — 1= T)q — 3qow) pe + gg?ﬂ
(2.42) 5 .
245

_ 2lq 5
Gori1 = —?((l + 2)q + qowr) (¢ + 2pp,) — TOWI(SO +pop) + Gy 1

where Q~2j§+1 depends only on ¢;,w;,j <1 —1;x,,p < 2l. Using this representation
one can write the solvability conditions (Gy,+, %) r2®) = 0, (G, 1 Pp)r2m) = 0 as

_ golwy
3
2QZ(212 -1 - 6)||<Pp||2L2(R) - 4CIOWZ||SOp||%2(R) + (QSEH, SOP)L?(R) =0,

||90||%2(1R) + (Gar41, P)12®) =0,
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which gives

3<g~27+1, ©)r2(R)
lgollollZe m

1 (gz_z+1790)L2( R) (g~§?+1790p)L2(R)
222 =1 -6) \ lggllepll3om o122 m)

Wy = ;

aq =
After verifying the solvability conditions, one finds vy 1, ug11 as the unique solution
of (2.41) satisfying (2.10). O

Define truncation functions 6; € C°(R) by

1 f
iy ao-{ b I5E gLl

For each N € N, introduce

S=8l~

2N+2

(2.44) UM (p,t) = <90+ >tk 3xk(p)> Bo(pwq).
k=1

Note that

2.4 o

(2.45) supp U < {1l < 5. |-

By construction each approximation U®) solves (see equation (2.4))

1 2
2.46 U+ U — g™ 42 lu™M PRy = - U
(2.46) v )+ +2|UM ag e
Py N W _, )
£ —i=(1 — t
+2/\3U Z)\3( +p8p)U Z)\(p—l—)\q)U + Rn(p,t),

where the remainder Ry is supported in {|p| < 100qw} by (2.43) and (2.45), by (2.11)
for each N € N there exists a time to(N) > 0 such that Ry satisfies the following
bounds

(247)  |FRN(p,t)] < Cre MPIHENTIBE for 0 <t < t(N), k=0,1,2,..,
with the constants p and C} independent of N.

Observe also that from (2.44) (the first term is time-independent ¢), we have by
(2.9) that

(2.48) 05U (p, 1) < Ce Pl for 0 <t <to(N), k=0,1,2,...
For each N € N we set (™) by
(2.49) M (r, 1) = OO\ UM (AE) (r — (1)), t).
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Then ™) solves

(2.50) i)™ + Ap™) 4 2| 12 N) = M) (1. 1),
where
(2.51) HM (1 t) = i Or2)\3R (A (r — q(t)), 1).
By (2.47), it follows that

07 H™ ()| 23y < CRA* N1, oyei |2 es),
and hence,

(2.52) R 0FHN (1) 2gsy < Cpt®VD3 for 0 <t <to(N), k=0,1,2,....

Proposition 2.2. Gwen e € R, we can choose qs in the construction in Prop. 2.1
such that the energy of the approzimate solution E()\N)) estimates as

(2.53) IE(M)(t) —e| < CtF 1 for0 <t < to(N).

Proof. The following two estimates are straightforward consequences of (2.50) and
(2.52):

(2.54) ‘ [N ()20 | < Ct75 for 0 <t < to(N),
and
(2.55) iE(@Z)(N))(t)‘ <ON 7T for 0 < t < to(N).

Consider ¢ 2(t)A3(t) E(y™))(t). By construction of ™), it admits an expansion in
positive powers of t!/3 (compare to (2.37), (2.38)):

K(N)

(2.56) g POANPOE@M) () = Y Bt P+ 0(t™), t—0,

where (3, depends on x,, p < k, and on wj, g, j < k/2. More precisely, for k = 21
one has

(2.57) By = 4(0.1[ + (21 + 3)(] ) + ﬁQl, [ >0,
0

with By = BQZ(Xp,p < 2lwj,qj,7 <1 —1) depending on yx,, p < 2[, and on wj, g,
j <1—1, only. From (2.55), (2.56), we deduce fy = --- = 3 = 0 and

IE(WM) () — g7 < Ct5 1 for 0 < t < to(N).

Therefore, if we fix ¢ by requiring %(wQ + 73—5) + By = eqa, then we get (2.53). O
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3. COMPARISON TO EXACT SOLUTION

Let us begin with some notational conventions for this section. We exclusively use
the real inner product

(3.1) (o Uadien = Re [ 4 (a)0() d
R
on L?*(R3) as well as the related 1D version

(1, ¥2) 12(0<r<o0) = Re /0 1 (r) o (r) dr.

Note that
<¢1,¢2>L2(R3) = 47T<7"¢1( ) 7’%( )>L2 (0<r<o0)-
For a (densely defined) functional A : L?(R3) — R, via the inner product (3.1) we

identify A’(+) with a function and A”(¢) with an operator, which is self-adjoint with

respect to (3.1). Let
J == —52
and note that, with respect to the inner product (3.1), J* = —J. Define the Poisson

bracket
{A, B}(y) = (JA' (), B'(v)),
which yields a functional {A, B} : L*(R3) — R.
We find it convenient to state estimates in terms of the time-dependent scaled
Sobolev norms:

k
def ; ;
(3.2) Bl xegay = D93V |2y,
j=0
Most frequently, we use the case k = 1:
def
||h'||X1(]R3 - t2/3||Vh||L2(R3) + ||h||L2(R3)~

By default X! = X*(R?), although we shall have occasion to use the variant X*(0 <
r < 00), which has the expected definition.

We shall frequently need the following radial Sobolev inequality. For any radial
function f,

_ 1/2 1/2 _
(3.3) 1F + Lymgrssllzoomay S Y3V FIl g 1 oty S 67230 F Nl oy

Recall the function ¥™)(¢) defined on 0 < t < to(N) by (2.49). For any 0 < ¢ <
to(IV), let 1(t) be the solution to (1.1) such that

v(e) =™ (e)

(so ¥ depends on € and N but this is suppressed in our notation). Let

h(t) = y(t) — oM (2).
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Each of the Propositions 3.2, 3.3, 3.4, 3.5, and 3.6 in this section references ¢ and
h defined as above. All bounds stated will be valid for 0 < ¢t < #,(V). All implicit
constants (indicated through the notation <) will be independent of ¢ and N.

Note that (1.1) can be written as

while (2.50) can be written as
(3.5) Oy ™) = JE () + HI,

where H™) is defined in (2.51) and satisfies (2.52).
Recalling (2.43), define the radial localized momentum

2
_ r=a\\' 4
(3.6) mwamR(m(q))¢awm
Define the functional
2 |
(3.7) W) = (14 53 ) M@~ 35 P+ 55 (W)
N , <~ <~
o(1) O(t?/3) O(t4/3)

where M (v), P,(v), and E(¢) are the mass, localized radial momentum, and energy
functionals defined in (1.2), (3.6), and (1.3). Define the Lyapunov functional

(3.8) G(h) < W () — W (™) — (W' (™), h.

The statement and proof of the following Lemma are based on Holmer-Lin [4,
Lemma 5.1].

Lemma 3.1. For G(h) as defined in (3.8), we have
(3.9)  9G(h) ={B,W}(¥) —{BW}He™) = {BWY@™N), h) - & + &,

where
& WO H™ ) + (W (0N, JE () = B (6N) = JE" (),

&y is the result of the time derivative landing on any of the parameters in W, and

HWM) s as in (3.5).

Explicitly,
(310) &= (AT - LA PRME) ~ MEY) — (), )

+ (=N = 200N (P (¢) — Py(™)) = (Py(™), b))
— A2NE(@W) — E@WN) — (E' (™), h)).
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Proof. We write expressions for the time derivatives of each term in (3.8), dropping
the terms that lead to (3.10). First, from (3.4),

OW (v) = (W'(¥), o)

(3.11) = (W'(), JE'(¥)).

Next, from (3.5),
W (W)

(W' (™), 0 ™)

(3.12) <W/<¢(N))7JE/(¢(N)) —l—H(N)).

Finally, from (3.4) and (3.5),
(W' (™), by = (W (o™ By + (W (™), ap — b ™y
(3.13) = W' (") (JE' ") + HN), h)
+ (W' (M), JE () — JE' (™) — HM),

Taking (3.11) minus (3.12) minus (3.13), and noting the cancelation of (W’ (")), H)
n (3.12) and (3.13), we obtain

(3.14) O,G(h) = (W'(y), JE'(¥)) — (W' (v ™), JE (™))
— (W (@Y (JE' (™) + HN)), by
— (W' (@"N), JE' () — JE' (™)),
Since
{E,W}) = (JE (1), W' (),

we compute
(3.15)  ({B,WY@™),h) = (JE"@™)h, W' (™)) + (JE' (™), W (™) h).
Now, (3.9) follows from (3.14) and (3.15). O

Recall the definition of the X* norm in (3.2). By processing the terms in Lemma
3.1, we obtain the following upper bound on 0,G:

Proposition 3.2. Let G(h) be defined as in (3.8) and supposé® ||h||x1 < 1. Then
(3.16) 0. G S M 3 + tIHEH ™.

This bound is valid for € <t < to(N), and the implicit constants are independent of
€ and N.

2This is part of the bootstrap hypothesis. In fact, the argument ultimately yields the much
stronger estimate ||h||x1 < #2V/3.
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Proof. To apply Lemma 3.1, we need to bound &, &, and to compute the Poisson
bracket {E, W}.
Computation yields (here, 0, is short for 6,((r — q)/q)),

E'(¢) = —2A¢ — 4|y ¢
= 2070 — 470 — 4P,
and, for convenience, taking a = 9,(6%) + 2r~10%, we have
(3.18) Pr() = —i(2070, + o).
First, we address £&. We have

(3.17)

1
(3.19) W (™)) = 2(1+ Zqﬂx?) PN — i A2 (2020, + arp™)
om0
+ A2 (=289 M) — 4N Pp0),
O(t4/3)

By (3.19) and (3.3), we obtain
W W )|ze < 1™ [lx S 1.

However, this ignores the fact that the leading order term in 1Y) is the push-forward
of ¢(p) = sech p, which leads to a vanishing term in (3.19). Thus, we in fact have

(3.20) W/ (™)l 2 S 12,
We have
(3.21) E' () — E'(y™M) — E" ("N h = pNp? + b3

(ignoring complex conjugates). In the pairing (W'(yp™), JE'(v)) — JE' (™)) —
JE"(p™)h), each term will have a factor of V) which localizes to r ~ ¢1/3,
By (3.21), (3.3), and (3.20), it follows that

(W(@™), JE () = JE' () = JE" ()R]
(3.22) S AW @2 ([0 e [[B - Lrss [z 1Bl 22 + 1 - 1yoprsal[Foe 1Rl 22)
St
From (3.19), we find that W”(¢)V)) is an operator of the form
(3.23) W (™M) = O(1) + O(t**) (0, + o) + O *)(A + (v™M)?).

In the expression, (W”(™)YHW) h) the presence of the function H™) gives local-
ization to r ~ t'/3, and hence, (3.3) is applicable. It follows from (3.23) and (3.3)
that

(3.24) (W () HS W) S HD bl S ¢ IR+ tIH ™.
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Combining (3.22) and (3.24), we obtain the bound
(3.25) (€1 S IR + I H ™ |50

Next, we compute the bound on &. Working with (3.10), we obtain
(3.26) (& S IR

Next, we compute the Poisson bracket {E,W}. However, since {E, E} = 0 and
{E,M} = 0, we have {E, W} = —&{E,P,}. Substituting (3.17) and (3.18) and

performing numerous integrations by parts, we obtain
(EP)W) =Re [(-)E )P do

— 87 Re /OO (=020 — 2r ' 9,0p — 20020 (2620, + anp) 12 dr

=0

[ J

= 87/ |0,10]2 (0,(07r%) — 460%r + ar?) dr
r=0 o t71/3;2rert1/3
+ 87r/ ||t (—0,(037%) + 2ar?) dr
r=0 h

~~
~t=1/3r2 1
r

~tl/3

4 8 /oo [ P? (—%&(arz) 4+ 0,(ra)) dr.
=0

T . 7

~~
—1,2
~t T 1r~t1/3

From this, it is apparent that the quadratic (in h) part of {E, P, }(¢) satisfies

A2 I{E, P} () = {E, Py @™) = ({B, P} (™), h)|
SPIVRL: + P A7 + IR Z

SR
This furnishes a bound on the main term in (3.9), while £, and & have been bounded
above in (3.25) and (3.26). Thus, the bound (3.16) follows from Lemma 3.1. O
We next write the remainder h as the push-forward of a function f:
(3.27) h(r,t) = e@®e®Or/2 )\ (1) SO (r = q(1)), t)
and recalling that p = A\(r — ¢), define f; as the truncation
(3.28) filpt) o, (ﬁ) 32 (24 q) fput).

Note that due to the support of 6; (which restricts |p| < t7'/%), we have that
N2(p/A+q) ~ 1.
Let

So=1p, &=-0,0, S=¢+pdp, & =ipp,
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where ¢(p) = sech p, and, recalling that J = —%i and J~! = 2i, define

(3.29) K (207 12 oocpeno)-
Define the projection operator
(3.30) Pfi=—ra(f1) o+ ro(f1) & — k1 f1) & + ka(f1) &1

The following proposition establishes the coercivity of the functional G(h).

Proposition 3.3. Let G(h) be defined as in (3.8), and suppose that ||h||x1 < t¥/3.
Then

3
(3.31) 1hl5: S G(R) + Y Il
1=0

where kj, 7 =0,1,2,3, are defined in (3.29). This bound is valid for e <t < to(N).
The implicit constant is independent of € and N.

Proof. From (3.8),
(3.32) G(h) = (W"(™)h, h) + &,
where & takes the form
£, = O(#3) / POVRE L O / W
Hence,
& S PN ool Lycgrssll o[BI + 821 74
SN Bl + 2V R(Z2 ]l 22

(3:33) < IRl% + 2R
1

where in the second line we have applied (3.3) in the first term and used the 3D
Gagliardo-Nirenberg inequality (since there is no spatial localization to r ~ t1/3 in
this term). From (3.7), we have that W"(¢¥)) is the operator

1
W (™M) = 2 (1 + ZU2’\_2> + 2ivA 2620,
+207H(=07 — 20710, — Al PP — 2(pM))0),

where C is the operator of complex conjugation. For convenience, let

e 1 :
BY o (1 + ZLUQ/\_2> + 2ivA 2070,

+2A7%(=07 — 4lp™ P — 2(p™M)%C)
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and
Do <1 + izﬂx?) — 2A7202,
Then using that 97 r = rd? + 29,, we obtain
(3.34) (W (@b, h) sy = (B(rh), 1h) 120<r<o0)-

Let 0y = (1 — 62)Y/2 so that h = 6?h + 62h. Substituting this decomposition into the
right side of (3.34), we get
(3.35)

<W//(¢(N))h> h>L2(R3) = <B(T91h)7 r91h>L2(0<r<oo) + <D(7‘92h), r92h>L2(0<r<oo) + &y,

where
2

Ex=")_ (2A((2(8,0,)0,(0;rh), Th) + ((920,)r0;1,7h)))
j=1
arises from the commutator of 9? and ;. These terms are lower order, however, since

an r-derivative on h “costs” t~2/3 in the definition of the X! norm, whereas 9, landing

on 0; gives only the penalty of t~/3. Specifically,

(3.36) £ S P0G < oAl
By (3.35) and (3.36),
(3.37)  G(h) = (B(ro1h), 101h) r20reo) + (D(10h), 05h) 12(0crcoe) + E3 + Es.
Define the operator
AT (1402 + 4¢? + 20%C).
Substituting (3.27), (3.28), we obtain
(B(ro1h), r01h) 120<r<c0) = (Af1, 1) £2(—c0<p<oo)-

Recalling (3.30), it is a classical fact (see for example [7, §4]) that there exists § > 0
such that

(3.38) Ollfr = PAllZem < (A(L = Ph), (fi = Pf1)) r2wy-

As a projection operator, P satisfies P2 = P and P* = P (adjoint with respect to
the (-,-) inner product defined by (3.1)). Hence,

11 = PhillZe@ = 1 f1ll72@) — 1P fill72m)-

Also,
3

IAP full oy + 1P fill 2y S k51

k=0
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Applying this to (3.38), we obtain
3
Ol fill 22wy < (Afr, f1)Tem + Z |52
=0
Substituting back (3.27), (3.28), we obtain

3
(3.39) STkl (0crene) < (B(roih), (r1h)) r2ocrese) + 3 15[,
j=0

Directly from the definition of B, using integration by parts, we get
(3.40) 210 (rO1A) 12 (0crcony S (B(ro1h), (rbih)) 2 0<r<oo) + 701N 2 (0<r<o0)-

The inequalities (3.39) and (3.40) together yield
3

(3.41) 3|01 51 (0reocy < (B(ro1h), (r1h)) 12(0<rcoe) + D |51

j=0
Directly from the definition of D via integration by parts,
(3.42) 5||r92h|’§(1(0<r<oo) < (D(rb2h), (re?h)>L2(0<r<oo)'
Summing (3.41) and (3.42), we obtain
(343)  0(|lrOrhl%: (0<rcoo) + IP02hlXr (0 <oc))

3
S (B(roih), (7’91h)>L2(0<r<oo) + (D(r02h), (TQQh)>L2(O<r<oo) + Z ”fj|2-

J=0

Combining (3.37) and (3.43), we obtain

3
(344) (b3 0creoe) T IT0l%1 0crcoe) S G(R) + D 15 — & — Eu.

J=0

Again, by the fact that commutators are of lower order, we have

(3.45) 51701711 %1 (0<reone) F 1702001 %1 (0<ren)) = Ol I% 1 g3y + &,
where
(3.46) €5 S 3R] %

Combining (3.44) and (3.45), and making use of error estimates (3.33), (3.36), and

(3.46), we obtain (3.31).

We now come back to our original substitution (2.1) and the equation (2.2) for

U (i.e., to our solution before the conditions (2.3) were enforced) and the equation

(3.49) for U™, Consider a four parameter (A1, 61, g1, v1)-family of profiles:
(3.47) oM (A1, qu, 00, 01,7, 1) & CEOXNH UM (A1) (r — (1)), 1)
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with
O(r,t) =0(t) + 01 + (v(t) + v1)r/2, S\(t) =MA(t), qt)=qt)+aq.

Here, the parameters A\, ¢q, 61, and v; are assumed time-independent, and recall that
the (time-dependent) parameters 6(t), A(t), ¢(t), v(t) satisfy conditions (2.3). For the
sake of brevity, we write p = A(r—§), © = v+wv1, and UN) | which stands for U™ (p, ¢).
Let

(348) FN (1) = i0,6™) + Ap™) + 2|6 26,

Using the definition (3.47), the above is equivalent to
~ ~ . ] ~2
FM(r,8) = e©00X(1) (iU + 32080 ) + 2™ 260 (9 + 5+ UZ) o)
et (YTT(N) | =3277(N) L (X ~ I AN
+ i et )<)\U( )+ BTN £ X A(r — §) — AU >)

. 223 o
ERRCIC) — UéN) 4+ — M),
P+ Aq p+ A

Recalling (2.46), multiplying it by A* and substituting into the second and third terms
in the above, we obtain
(3.49)

FM(r ¢) = eOCD33(1) [2 (i - i) U™ + (1 - l) U™ 4Ly
A\

v v
i ——— — U™ 4
()\(p+>\cj) A<p+Aq)>
where 7 = 0 + 92 /4 4+ 0G/2 and p = \(r — §).
Define

Mo (7”, t) = 891 ¢(N)

>
A=1,01=q1=v1=0

m(r,t) = < 0y, o™

1
A(t)
m(r,t) = 9y, 0™

>\1=1791=Q1=U1=0’

(3.50)

>
A=1,01=q1=v1=0

n3(r, t) = (2A(t) By, — q()N(E) Dp, )p™) i

1=1,01=q1=v1=0

Solving for i9,¢™ in (3.48) and using (3.49) (and commutation of derivatives), we
obtain

(3.51) 0o = E" (™M )yno + HW,



24 JUSTIN HOLMER, GALINA PERELMAN, AND SVETLANA ROUDENKO

N N _
(3.52) IO () = E" (™) + Z§>\ Yoo + Ox (t72/%),
(3.53) i04(m2) = E" (™)) — 20X 30 + Ox (t7),
(3.54) iXO; (A ') = E" (M ns — 2002 + Ox (t71).
Proposition 3.4. Suppose that ||h|x1 < t2/3. There exists o; satisfying
(3.55) [ — 5] S 2| Al xe
so that
(3.56) D0l S RN + (1H™ | x1,
(3.57) A0 St ool + 22 |Al|xs + [H|xa,
(3.58) IADA oo St ao| + [Pl xr + [H | x1,
(3.59) NN Lo| S B o |+t Rk + ([ H™Y | x0

These bounds are valid for e <t < ty(N), and the implicit constants are independent
of € and N.

Proof. Let
u(r) < 0u((r = q)fq)A~H*r !
(note that p(r) = O(1)) and also let
=,(r,t) o /L(r)eieeivr/2/\§j(/\(r —q)).
Recall n;, j =0,1,2,3, from (3.50) and observe that
(3.60) ;= nj + Opzeo) ('),

where the error term results from ¢ being replaced by U®™) (see (2.44)). A change of
variables calculation gives

Ky = 5(f1s T &) 12 (noocpeoo) = 5 (I T TIE ) r2(ms).
Define
(361) Uj = %(h, J_lnj>L2(]R3)'
then by (3.60) k; — o; satisfies the bound (3.55). Then
ata-() = %(ath’a J_1770> + %<h'7 J_latn0>'
Substituting (3.71) and (3.51), we obtain
Oy = LT(E" (WM h + 4™ |h)? + 20 MR 4 2|h|h) — HN, T np)
+ 3 (h, JTHIE" (@ )ng + HM)).
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Since J* = —J and E" (™) is self-adjoint with respect to (-,-), we have the can-
celation (JE" (NN, J o) + (h, JVJE"(¥v™))ne) = 0. Estimating the remaining
terms, we obtain (3.56). Similarly, using the estimates (3.52) - (3.54), we obtain the
rest of (3.57)-(3.59). O

Proposition 3.5. For a sufficiently large N, independent of 0 < € < to(N), we have
(3.62) |hllxr < t2V3 e <t <to(N).

Proof. This will be proved by a bootstrap argument invoking the estimates obtained
in Props. 3.2, 3.3, and 3.4. Recall that

(3.63) |HM| 1 < tEN-D/3,
We make the following bootstrap assumption:
(3.64) V0 <t<ty(N), Al x: < 22N/3,

Assumption (3.64) will be validated provided we can show, using Propositions
3.2, 3.3, and 3.4, that (3.64) reinforces itself — specifically that (3.62) holds as a
consequence.

By (3.64), (3.63) inserted into (3.16)
10,G(R)| < ¢HN/3-1

Integrating, we obtain

(3.65) G(h) = G(h(t)) — G(h(e)) < %#N/?’.
By (3.64), (3.63), inserted into (3.56),
Bho0| < 1CN-D/3,
Integrating over [e, t] using that o;(e) = 0, we obtain
(3.66) |og| < tENF2/3,
By (3.64), (3.63), (3.66) inserted into (3.57) and (3.58), we obtain
IANTLOAay | StENTDB L NG Loy S BN,
Integrating, we obtain
(3.67) o] SOV o] <

Inserting (3.64), (3.63), (3.67) into (3.59), we obtain
NN o] S tBNI/3,

Integrating, we obtain

1
(3.68) 5| < NtQN/?’.
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By (3.55), k; can be replaced by ¢; in (3.31). By (3.65), (3.66), (3.67), (3.68) inserted
into (3.31),
1
BIIZ, < 44N/
and hence, (3.62) holds by taking N sufficiently large.
U

In order to construct the solution advertised in Theorem 1.1, we will carry out a
compactness argument. For this compactness argument, we need higher regularity
(H?) control and tighter localization:

Proposition 3.6. For N taken large enough so that Prop. 3.5 holds, we have the
further bounds

(3.69) 3| V2R sy St
and
(3.70) 2 (t)| 2 ey S t1°

for e <t <to(N), with implicit constants independent of N and 0 < € < ty(N).
Proof. Recall
(3.71) Oh = J(E" (Wb + 8| h)? 4+ 4pMh2 + 4|hh) — HY,
where
JE" (™) = +i(A + 4[p™? 4 2(p™N)%C)

and C denotes the operator of complex conjugation. We have available H! control of
h and thus seek a “higher-order energy estimate”. Applying 9; (j = 1,2, 3) to (3.71),
we obtain

(3.72) 0,0;h = JE"("N;h + A(R) + B(h, d;h) — 9;H™),

where A(h) contains terms of the form ¢y - 9;1n - h (up to complex conjugation) and
B(h, 9;h) denotes terms that contain one power of 9;h or ;h and at least one power
of h. Thus 0;h, modulo error terms, satisfies at the linear level the same equation
satisfied by h itself. Let

RTINS
Then by (3.5) and (3.72),
(3.73) O = JE (WM™ + JE"(p™)0;h + A(h) + B(h,0;h) + H™ — 9, H™).
Note the expansion

(3.74) JE'()) = JE' (@™ + 0;h) = JE' (YN + JE"(p™N)0;h + JF,
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where
def 7

F B() - ™) — B"™)o;h
= 4p™|9h? + 20 (9;h)? + 2|9;h|20;h.
Using the expansion (3.74), the equation (3.73) becomes
(3.75) Oyp = JE' () + D — JF,

where

D % A(h) + B(h,0;h) + H™) — 9;H™)|

We now use the fynctional G that appeared in Lemma 3.1 and Prop. 3.2, 3.3, where
we replace ¥ by 1. Specifically, in place of (3.8) we take

def -

G(95h) = W (W) = W(@R™) — (W' (™), 0;h).

A slightly modified version of Lemma 3.1 follows, in which (3.75) is applied in place
of (3.4), and the following identity is obtained in place of (3.9)

afG(@Jh) = {Ev W}(Q;) - {E7 W}(¢(N)) - <{E’ W}/(¢(N))7 ajh> - 81 + 827
where
& = W'(WN)H™N, 9;h) — (W' () = W' (™), D — JF)
+ (W' (™), JF)

and & is the same as in (3.10), but with ¢ replaced by . The proof of Prop. 3.2
modifies accordingly, to yield in place of (3.16)

4N _3

(3.76) 0:G(O;h)| S ORI +t
Indeed, & is estimated using |[|[W'(yp™)|z2 < /3, and
1P|l + 8211, sV Fl| 2 S 72050 %
IDIlz2 + 21,015V Dl 12 S 72 Rl xr + 2R xa|05h]
By an argument following the proof of Prop. 3.3,

3
(3.77) 10;h11% S G(O5h) + ) IRl
i=0
where 7; = (9;h, 3 J7'E;) and Z; is given in (3.60). The equations (3.76) and (3.77)
can be combined to yield (3.69).

Next, we will establish (3.70). The pseudoconformal conservation law (see Strauss
(10, p. 13]) is

1 .
318) 0 (Sl + V)0 — 2l ) = 200l
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By energy conservation,

(3.79) 191170 @sy = VO[T 2@ey — (W) St
By (2.53), E(¢)) = E(¥™)(€)) ~ 1 (independently of ¢), and hence, (3.79) yields
9] o sy S 7172
Applying this to (3.78), we obtain
H(CL’ + 2itV)¢||L2(R3) < H (:)3 + 2itV)¢(N) |t:e||L2(R3) + /3,
By the localization of ) to |x| ~ /3, we have
(2 + 20t V)™M ()] 2 ~ 17,
from which (3.70) follows. O

4. PROOF OF THEOREM 1.1

Fix N sufficiently large so that Propositions 3.5 and 3.6 are applicable. Let ty =
to(N). For any sequence ¢; — 0, let 1, be the solution to (1.1) as described at the
beginning of §3 with € = ¢;. By Proposition 3.5 and 3.6, we have

195 (t0) | x2q@s) + 2|z (ko) [l 22 S 1
with implicit constant independent of j. By the Rellich compactness theorem, we can
pass to a subsequence such that () — 1o in X'(R?). Let ¢ be the solution to
(1.1) with ¥(ty) = 1. By Proposition 3.5
(4.1) sup 95 (8) = U0 (0)[| x1 sy < 272,

€ <t<to

By continuous dependence on initial conditions in the Cauchy problem, for each fixed
0 < t < tg, we have ¥;(t) — ¥(t) in H'(R?) as j — oco. Hence, we can send j — oo
in (4.1) to obtain

sup ||io(t) — v ()| x1msy < 2V3,

0<t<to
This yields the bound on the first two terms in (1.9). To deduce the bound on the
third term in (1.9), we follow the argument in the proof of Proposition 3.6 utilizing

the pseudoconformal conservation law.
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