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1. Introduction and main result

We study the initial-value problem for the Zakharov system in two spatial dimensions:
100u 4+ Au = nu,
O'n — An = Alul?,

where u : R**! — C and n : R**! — R, with initial data

(1.1)

(ult:07n|t:0>atn|t:0) = (anno,m)-

This system was introduced by Zakharov [22] as a model for the propagation of Langmuir
waves in a plasma.

We address the question of local well-posedness of (1.1) for large data in low
regularity Sobolev spaces. For k,/ € R we define the space

H" .= O"(R* C) x HY(R*;R) x H'(R*R)
with the natural norm. By Xf}’z we denote the space of all tempered distributions (u,n)
on (0,7) x R? such that

u e C([0,T]; HY(R* C)),

n € C(0, T); H'(R% R)) N C1([0, T); B (R R)).
with the standard norm, see (2.4). For 0 < r < R we also define

Hllg?f,ér = {(uo, no,n1) € H™ : [|(ug, m0, n1)|[ure < R; |luollz2 <7}

as a metric subspace of H**.
Our main result is the local well-posedness of (1.1) in H° 2, which was phrased as
an open problem by Merle [19, p. 58, 1l. 14-15].

1
0,3

Theorem 1.1. For every 0 < r < R and initial data (ug,no,n1) € Hy * and time

1
T < min{(R)?r~2 1}, there exists a subspace Xy C X% 2 and a unique solution

(u,n) € Xg of the Cauchy problem (1.1). The map
0,—% 0,—%

Hy,” — X7 * 1 (uo,n0,n1) = (u,n)

18 locally Lipschitz-continuous.

Remark 1. Note that a-priori the nonlinear system (1.1) is not well-defined for rough
distributions. The precise notion of solution in Theorem 1.1 is explained in Section 3.
The auxiliary space Xy is based on generalized Fourier restriction spaces.

Remark 2. Notice that Theorem 1.1 implies in particular that locally the flow map for
smooth data extends continuously to initial data in H*z. The uniqueness claim in

_1
Theorem 1.1 is restricted to the subspace X1 of X;’ 2 which ensures that (u,n) is the
unique limit of smooth solutions.



On the 2d Zakharov system 3

Local well-posedness of (1.1) in the low-regularity setting has been previously
considered by many authors: Bourgain—Colliander [6] proved local well-posedness in
spaces which comprise the energy space and established global well-posedness in the
energy space under a smallness condition. The local result has been improved later by
Ginibre-Tsutsumi—Velo [12]. Both aforementioned approaches are based on the Fourier
restriction norm method. For previous well-posedness results we refer the reader to the
references in [6, 12]. In [12] Ginibre-Tsutsumi—Velo obtain local well-posedness of (1.1)
in the case of space dimension d = 2 in the space H* x H* x H*~* for (k, () confined to
the strip £ > 0, 2k > ¢ + 1. The optimal corner of this strip occurs at Hz x L2 x H!,
one-half a derivative away from the result in Theorem 1.1.

One motivation for considering the space L? x H~'/2 x H=3/? is the connection to
the cubic nonlinear Schrodinger equation in two spatial dimensions

i0pu + Au + |u|*u = 0. (1.2)
Consider the Zakharov system with wave speed A > 0:

10 + Au = nu,
%8,5271 — An = Aluf”. -

Then formally (1.3) converges to (1.2) as A — oo in the sense that for fixed initial
data uy — u, where (uy,n,) solves (1.3) and u solves (1.2) with the same initial data.
Rigorous results of this type in a high regularity setting were obtained by Schochet—
Weinstein [21], Added—Added [1], Ozawa—Tsutsumi [20], see also the recent work by
Masmoudi-Nakanishi [18] on this issue in 3d.

Local well-posedness in L? of (1.2) was obtained by Cazenave-Weissler [7]. However,

in this version of well-posedness, the time interval of existence depends directly upon the
initial data, not just on the L? norm of the initial data. Indeed, via the pseudoconformal
transformation, it can be shown that a result giving the maximal time of existence in
terms of the L? norm alone is not possible.
Remark 3. Our result gives local well-posedness of (1.3) with a time of existence
depending on the L? norm of ugy, but also on the H~'/2 x H=3/2 norm of the wave
data (ng,m1) as well as the wave speed. Indeed, this claim follows by combining the
rescaling

un(t, ) = (Nt Ax),  r(t,x) = Nv(\*, )
and Theorem 1.1. However, note that the lower bound on the maximal time of existence
obtain by this method tends to zero as the wave speed goes to infinity.
Global well-posedness of (1.1) is known for initial data in the energy space
H' x L? x H™' with ||ug|lz2 < ||Q|| 2, see [6, 13]; see also [10] regarding bounds on
higher order Sobolev norms. Recently, the imposed regularity assumption has been

1 Note that Killip-Tao-Visan [16] have recently obtained global well-posedness for (1.2) if ug € L? is
radial and ||ug|r2 < ||Q|l L2, see (1.4).
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slightly weakened in [11]. Here, @ is the ground state solution for (1.2), i.e. @ is the
unique solution to

—Q+AQ+|QPQ =0, Q >0, Qz) = Q(|z]), Q € S(R?) (1.4)

of minimal L? mass. This gives rise to a blow-up solution of (1.2) by the pseudoconformal
transformation. This idea is exploited in [14], where Glangetas—Merle construct a family
of blow-up solutions for (1.1) of the form

et _ a2 ) Tw
t ( T—t 4(T—t) Pw
ult,z) = e T—¢

w TWw

T—t T—1t
for parameters § € S', T > 0, and w > 1, such that P, € H! is smooth
and radially symmetric, N, € L? is a radially symmetric Schwartz function, and
(P,,N,) — (Q,—Q?% in H' x L? as w — co. In particular, this implies the necessity of

the smallness assumption ||ugl|z2 < ||@]|z2 for any global existence result for (1.1).
We prove Theorem 1.1 by the contraction method in a suitably defined Fourier

(1.5)

restriction norm space, which gives a certain lower bound on the time of existence. By
adapting the argument of Colliander—Holmer—Tzirakis [9] using the L? conservation of
u(t) and iteration, we are able to show that this time can in fact be extended to the
longer lifespan given in Theorem 1.1. In summary, the time of existence we obtain is
based on

(i) sharp multilinear estimates
(ii) the L? conservation law for the Schrodinger part.
Reviewing the solutions (1.5) constructed by Glangetas—Merle we observe that Theorem

1.1 contains the optimal§ lifespan for Schrodinger data with fixed L? norm larger than
the ground state mass.

Theorem 1.2 (follows from [13, 14]). For each r > ||Q||r2 there exists ¢ > 0
such that for every R > T there exists a smooth solution (u,n) with initial datum

(u(0),n(0),0n(0)) € H - 2 which blows up at time T := cR™>
In@l,-3 + 0@, 3 =00 (t—T). (1.6)

[

The absence of the L? norm of u in (1.6) is due to the L? conservation law. We
refer the reader to [13, 14] for further properties of the blow-up solutions such as L?
norm concentration for u. Finally, we state a result which shows the optimality of the
imposed regularity assumptions in Theorem 1.1.

Theorem 1.3. Assume there exists 0 < r < R and T > 0 such that the flow map
ug — u for smooth data extends continuously to a map

k,l k0
Hr,R - XT

§ up to the implicit multiplicative constant
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for some £ — 2k + % >0 orf < —%. Then this map fails to be C? at the origin with
respect to these norms.

The rest of the paper is organized as follows: In Section 2, we set up the notation
and introduce function spaces which we will use in the sequel. In Section 3 we outline
the standard procedure (cp. [12]) for reducing (1.1) to a first order (in time) system.
Section 4 is devoted to the crucial multilinear estimates which are the main ingredients
in the proof of Theorem 1.1. Section 5 contains estimates for the linear group and
the conclusion of the proof of Theorem 1.1. The counterexamples which lead to the
sharpness result of Theorem 1.3 are constructed in Section 6, along with a proof of
Theorem 1.2 (which is based on the results from [13, 14]). In the Appendix we give an
alternative proof of Proposition 4.4 which keeps the paper self-contained.
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2. Notation and function spaces

We write A < B if there is a harmless constant ¢ > 0 such that A < ¢B. Moreover,
we write A 2> Biff B< A and A~ B iff A < B and A 2 B. Throughout this work
we will denote dyadic numbers 2" for n € N by capital letters, e.g. N =27, L =2! ...

Let ¢ € C§°((—2,2)) be an even, non-negative function with the property ¢ (r) = 1
for |r| < 1. We use it to define a partition of unity in R,

1= =, —v (%) - (%>,N:2”22.
NZNwN hi=v un(n) =v (%) —v (5
Thus supp¢; C [—2,2] and suppyny C [-2N,—N/2] U [N/2,2N] for N > 2. For
f : R? — C we define the dyadic frequency localization operators Py by
Fu(Pnf)(€) = Un([€) Fu f(£)-

For u : R* xR — C we define (Pyu)(z,t) = (Pyu(-,t))(x). We will often write uy = Pyu
for brevity. We denote the space-time Fourier support of Py by the corresponding Gothic
letter

{(6.1) eR* xR [¢] <2},

Pv={(7) eR*xR|N/2< ¢ <2N}.
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Moreover, for dyadic L > 1 we define the modulation localization operators

F(Spu)(r,€) = Yp(1 + [ Fulr,€) (Schrédinger case), (2.1)

FWEu)(r,€) = (1 £ &) Fulr, ) (Wave case), (2.2)
and the corresponding space-time Fourier supports

G = {(&7) eR* xR |7+ [¢]*| <2},

&= {(¢7) ER*xR|L/2< |7+ (]| <2L},
respectively

Wi = {(&7) eR*xR[|r ¢l <2},

W= {(6,7) eR*xR|L/2<|r£[¢]| <2L}.

We also define an equidistant partition of unity in R,

1= "0,  Bi(s)=v(s—3) (Z?/fs— ) :

=/ kez

Finally, for A € N we define an equidistant partition of unity on the unit circle,
A-1
Af Af
=3t s0=5(7) v (7)
J:

We observe that supp (5}4) C @JA, where

o = E(j —2),%(j+2)] U [—w+ %(j —2),—7r+%(j+2) .

Next we introduce the angular frequency localization operators Qf,

Fo(QF N)E) = 571 (0)Fuf (€), where € = [¢](cos b, sinb).
Foru: R*xR — C, (z,t) — u(z,t) we set (QF'u)(z,t) = (Qu(-,t))(2). These operators
localize functions in frequency to the sets

Q% = {(|¢| cos(8),¢]sin(f), 7) e R* xR | 6 € O}

For A € N we can now decompose u : R? x R — C as

A-1
u=2 Qfu
j=0

Next we turn our attention to defining the spaces which play a crucial role in our
analysis. As explained in the introduction, for £,/ € R and T > 0 we define the space
X?’E as the Banach space of all pairs of space-time distributions (u,n)

u € C(0,T]; H*(R% C)),
n € C(0,T); H' (R R)) 0 C'([0, T); H* ™ (R* R)),

endowed with the standard norm defined via

(2.3)

[ (w, ”)HXH = HuH%oo([o,T};H;;) + HnH%OO([O,T};Hﬁ) + Hathioo([oyT];Hﬁfl)‘ (2.4)
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Let o,b € R, 1 < p < oo. In connection to the operator ¢9; + A we define the

Bourgain space X2, ~of all u € §'(R? x R) for which the norm

o,b,p

1
2\ 32
fullys, = { S % (} jLansLPNun;)

N>1 L>1

is finite. Similarly, to the half-wave operators i0; + (V) we associate the Bourgain spaces
X;Zj; of all v € §'(R? x R) for which the norm
2\ 3

ol = | 22N (Z LprWfPNuHiz)

N>1 L>1

is finite. For p = oo we modify the definition as usual:

1
2

vl yws = (ZN%supL%HWLiPNuH%z) :
o,b,00 L>1

N>1

2
lullxs, = (Z N2“supL2”||SLPNu||%2) :
" N>1 L>1

In cases where the Schwartz space S(R? x R) is not dense in X[%j, or X2, .

we redefine the spaces and take the closure of S(R? x R) instead. Therefore, it is enough

respectively,

to prove all estimates in these spaces for Schwartz functions.
Notice that a change of 7+ [£] to 7 £ (£) in (2.2) would lead to equivalent norms.
Finally, we define X" X"E by means of replacing 7 £ |£] in (2.2) by

obp Similar to X -

7] —|€]. X ;’%’p will only be used to describe the regularity for solutions of the full wave
equation in Theorem 1.1.

For a normed space B C S'(R™ x R; C) of space-time distributions we denote by B
the space of complex conjugates with the induced norm.

A calculation shows that X< = X7 By duality,

s,b,p s,b,p*
(X;S:b,p)* = st,fb,p/ ) 25)
(XEIC?;)* = Xzf‘ib’p/ ) (2.6)

for 1 <p< oo, s,beR.
For T' > 0 we define the space B(T') of restrictions of distributions in B to the set
R™ x (0,7") with the induced norm

ul|gry = inf{||u||p : @ € B is an extension of u to R" x R}.
[ullBer)

3. The reduced system

For the Zakharov system there is a standard procedure to factor the wave operator in
order to derive a first order system. In this section we outline the approach described
in [12].
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Suppose that (u,n) is a sufficiently regular solution to (1.1). We define (V) =
(1—A)2 and v = n+i(V)"'8n and obtain the system
i + Au = (Rev)u,
A
10w — (V)v = ———<|ul* — (V) 'Rew.
10w — (Vv <v>|u| (V)""Rewv

Given a solution (u,v) to (3.1) with initial data (ug,vg), we obtain a solution to the

(3.1)

original system (1.1) by setting n = Rewv.

In the following sections we will study the system (3.1) and prove a well-posedness
result for this system since it is slightly more convenient to iterate the reduced system
(3.1) instead of (1.1) for symmetry reasons.

We call a pair of distributions (u,n) a solution to (1.1) if

(u,n + (V) 'on) (3.2)

is a solution of (3.1) in the sense of the integral equation (5.10). The uniqueness class
X7 in the statement of Theorem 1.1 can be chosen as all (u, n) such that u € X(fl (1),
727

ne X% , (T)and dn € XY, , (T), see Section 2 for definitions.

31
272 _77771

We now reformulate the statement of Theorem 1.1 into a similar statement about
the reduced system (3.1).

From the above relation (3.2) between v and n and the definitions it follows that
if v e X" (T) is a solution to (3.1) then we have n = Rev € X", (T); since

2°2° 220
dn = (V)Imw it also follows that d,n € X"; , (T). Conversely, if n € X", , (T) and
227 219
Oin € X%, , (T) then a straightforward computation shows that v € X".*, (T).
219 19

The above considerations allow us to claim the statement of Theorem 1.1 by a
proving a similar statement about the reduced system (3.1) with initial data (ug,vg) €
L? x H™2. Obviously, in the context of (3.1) we adjust the definition of X to
X§%71(T) X XKV;“%J(T).

We finish the section with a simple remark. According to the linear part of the

XW+

sbp SPaces should have been defined with

equation of v in (3.1), the corresponding
the weight 7+ (£) instead of 7+ |£|. However, a direct computation shows that the two
spaces are the same. The reason behind it is that we deal with local theory 7" < 1 and
inhomogeneous norms.

In the sequel of the paper we will restrict our attention to the reduced system (3.1).

4. Multilinear estimates

This section is devoted to the proof of the following Theorem.

Theorem 4.1. For all 0 < T < 1 and for all functions u,ui,us € X(‘)gil(T) and
ve XM, (T) the following estimates hold true:

27127

Juolls

sz(T) S ||U||X§‘ 5 1(T)||U||XW+ (T)’ (4.1)

12> — 5, ,1

[N
—
o
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lwvllxs @ Sllullxs, @llolxws . @, (4.2)
s 12 712
A
Hﬁ(mu?) T, Slhallxg , @llwllxs @) (4.3)
1

,00

e

2>

We introduce the notation

I(f,91,92) = /f((l — (2)91(1)92(C2)dCrd(y,

where ¢; = (§;,7;), i = 1,2. Using (2.5) and (2.6) and the fact that Fu = Fu(—-), we
can reduce Theorem 4.1 to the following trilinear estimate:

Proposition 4.2. For all v,u;,uy € S(R* x R) it holds

[L(Fo, Fuy, Fug)| S lluallxs | fluallxs vl xwe

5 5 5
Ovﬁvl O,E,l _jvﬁvl

(4.4)

The proof of Proposition 4.2 is given at the end of this section. As building
blocks we provide a number of preliminary estimates first. These are concerned with
functions which are dyadically localized in frequency and modulation. In some cases we
additionally differentiate frequencies by their angular separation.

We start this analysis by recalling the well-known bilinear generalization of the
linear L* Strichartz estimate for the Schrodinger equation due to Bourgain [5, Lemma
111], see (4.5) below. We observe that a similar estimate is true for a Wave-Schrédinger
interaction.

Proposition 4.3 (Bilinear Strichartz estimates).
(i) Let vy, vy € L*(R3?) be dyadically Fourier-localized such that
supp Fv; C Py, NGy,
for Ly, Ly > 1, N1, Ny > 1. Then the following estimate holds:
fovealize () L8 Mol el (45)
(ii) Let u,v € L*(R®) be such that
supp Fu C C' X Rﬂﬁﬂf, supp Fv C By, NSy,

for L,L; > 1, N; > 1 and a cube C C R? of side length d > 1. Then the following
estimate holds:

1
min{d, N1} \2 1 1
ool S (PN L ful ol (10

In particular, if
supp Fu C By N W7, supp Fv C Py, N Sy,
for L,Ly > 1, N, Ny > 1, it follows
1

min{ N, V 2 ;1
[uv 2y S (—{N 1}> L2L3 Jlul 2 fva]| 12 (4.7)
1
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On the left hand side of (4.5), (4.7) and (4.5) we may replace each function with its

complex conjugate.

Proof. As remarked above the estimate (4.5) is provided by [5, Lemma 111], so it remains
to show (4.6) and (4.7). With f = Fu and g = Fu it follows

/ (6. )g(E — &7 — m)dérdm,

1
S Sup B 771 £ 2 llgll 2

2
Lg,T

by the Cauchy-Schwarz inequality, where

E(& 1) ={(&,m) €supp f | (§ — &, 7 —71) €suppg} C R
With [ = min{L, L} and | = max{L, L;} the volume of this set can be estimated as

BN <U-Ha|lr£lal+1E-aPISL& eCle &l ~ N},

by Fubini’s theorem. The latter subset of R? is contained in a cube of side length
m, where m ~ min{d, N1}, so if Ny = 1 the estimate follows. If N; > 2 and the
first component &; ; is fixed, then the second component &; 5 is confined to an interval
of length m, and vice versa. In the subset where |(§ — &;)2| 2 N; we observe that
|0¢, . (T £ |&1| + € — &*)| Z N1, and similarly in the subset where [(§ — & )1| 2 Ny we
observe that |0, , (7 £ |&1] + |€ — &|?)| Z Ni. This shows that

& | |7 £ 6] + |§—61|2| 57,51 €O |E-&]~NMN} S Nl—lzm’

and the claim (4.6) follows. This also implies the claim (4.7) because the dyadic annulus
of radius N is contained in a cube of side length d ~ N. O]

Let Z(&1,&) € [0, 5] denote the (smaller) angle between the lines spanned by &;, & € R?.
For dyadic numbers 64 < A < M we consider the following angular decomposition

R® x R* = {4&,52) < %”} v U {167” < ZL(6,6) < 327”}

A<A<M
o M M A A
= |J a¥xa¥u | UJ afxal (4.8)
0<j1,jo<M~-1 64<A<M 0<j1,jo<A-1
[j1—3d21<16 16<|j1 —3j21<32

Therefore, we consider for each dyadic A € [64, M| slices of angular aperture ~ A™!
with an angular separation of size ~ A™!, and additionally slices which are of angular
aperture less than M ~!. This is a dyadic, angular Whitney type decomposition with
threshold M.

Proposition 4.4 (Transverse high-high interactions, low modulation). Let f, g1, g» € L?
with || fllz2 = [|g1]lz2 = llgellr2 = 1 and

supp (f) Cﬁﬂfﬂ‘BN, supp (gx) CQiﬂ‘BNkF‘IGLk (k=1,2).
where the frequencies N, N1, Ny and modulations L, L1, Ly satisfy
64 <NSNy~Na, Ly, Ly, L SN}
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while the angular localization parameters A and ji, ja satisfy
64 <A <K Ny, 16 < |71 — 2| <32

Then the following estimate holds

A
|I(f791792)| 5 11 <F)

[

(LiL»L)2. (4.9)
The following proof of Proposition 4.4 is based on a quantitative, nonlinear version

of the classical Loomis-Whitney-inequality [17].

Proposition 4.5 (see [2]). Let Cy,Cy, Cs be cubes in R® of diameter 2R > 0. Consider
two paraboloids in R® which are graphs of ¢1, ¢, € CHY within C1,Cy and a cone in
R3 which is a graph of ¢3 € CH' within Cs, such that the homogeneous semi-norms
satisfy [@jlcrn S 1. Moreover, assume that they are transversal in the sense that the
determinant of every triple of unit normals to points on the surfaces within these cubes
is at least of size @ > 0 and suppose that R < 0. Now, for given subsets 31, %9, 33 of
the above surfaces which are contained in the %-shrmked cubes with same center and
for each f € L*(31) and g € L*(3) the restriction of the convolution f * g to Y3 is a
well-defined L*(X3)-function which satisfies

C
ILf * gll2(ms) < ﬁ\|fHL2(zl)||g||L2(22)- (4.10)

This follows from [2, Corollary 1.6]. We also refer the interested reader to the
earlier paper [3] which contains a version of the aforementioned inequality in broader
generality under slightly more restrictive and non-scalable assumptions. To keep the
paper self-contained, we provide an independent proof of Proposition 4.4 in Appendix
A which is based on elementary geometric considerations and orthogonality.

Proof. We abuse notation and replace g by go(—-) and change variables (5 — —(s to
obtain the usual convolution structure. From now on it holds |7, — |&2|?| ~ Ly within the
support of go. We consider only the case supp (f) C 20} since in the case supp (f) C 20}
the same arguments apply.

2

For fixed £, & we change variables ¢; = 7, + |£1]2, ¢2 = 75 — |[&[*. By decomposing

f into ~ L pieces and applying the Cauchy-Schwarz inequality, it suffices to prove

/ 01(60, (60)) 9208, (€2)) (60, (62) + 61 (£2))dE ey

Az -
S Sl o 62 lzzlle o 6% 21171

(4.11)

where f is now supported in ¢ <7 — [£] < ¢+ 1 and ¢F (&) = (§, £[]* + ), k = 1,2,
and the implicit constant is independent of ¢, ¢y, cs.

We refine the localization on £ and 7 components by orthogonality methods, see
also Lemma Appendix A.1. Since the support of f in the 7 direction is confined to an
interval of length < Ny, [&|*—€&;]? is localized in a specific interval of length ~ N which
in turn localizes || — |&1] in an interval of size ~ 1. By decomposing the plane into
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annuli of size ~ 1 and using the Cauchy-Schwarz inequality, we reduce (4.11) further

to the additional assumption that the support of g1 o ¢_, and g, o ¢, is an interval of

length ~ 1 < N;A™L. Recalling the additional angular localization, we can assume that

g1,92 and f are each localized in cubes of size N;A~! with respect to the ¢ variables.
We use the parabolic scaling (£, 7) — (N1&, N27) to define

F(&7) = F(INIENET), G(érsh) = gi(Ni& NiTe), k= 1,2,
If we set & = ¢, N, %, equation (4.11) reduces to
[ e tenmone n @) + s

Az ~ . _
< 10 03 gl o 6%zl

(4.12)

where now g, is supported in a cube of size ~ A~ with [£,] ~ 1 and the supports are
separated by ~ A1, f is supported in a neighborhood of size N;? of the surface Ss
parametrized by (&, v¥n, (§)) for ¥y, (&) = % + NLIQ Let us put € = N;? and denote
this neighborhood by S3(¢). The separation of £; and &, above implies also that in the
support of f we have || > A~' > N L.

By density and duality it is enough to consider continuous g, g» and we can further
rewrite the above estimate as

~ ~ 1 1, . ~
91ls, * Galssllz2(sse)) S AZe2 || g1l p2es)l 2]l 22(s0) (4.13)

where S;, © = 1,2 are parametrized by gbci The above localization properties of the
support of g; are inherited by S;, which implies that the maximal diameter of the S,
Sy and S3 is at most R ~ A~!. Obviously, the parametrizations of the paraboloids S}
and S, have C1! semi-norm ~ 1. Concerning S3 we estimate

Viona (€) — Vb, ()] < Nﬂ% - <le=

where we have used that [£], || > N; ! in the base of S3. Therefore, the C! semi-norm
for our parametrization of S5 is < 1.

Finally, we need to analyze the transversality properties of our surfaces. In other
words, we need to determine a uniform lower bound 6 on the size of the determinant d
of the matrix of three unit normal vector fields. Intuitively it is clear that — since the
parabolically rescaled cone is almost flat — this is determined by the minimal angular
separation ~ A~! between the &-supports of ¢; and ¢o. In fact, we will show that
6 > A7 below. In summary, we have R < 6 and we invoke (4.10) to obtain (4.13).

Let us carefully verify the transversality condition # > A~! indicated above: The
determinant of any three unit normals to Sy, Sy, and S3 is given by

2 m G
g o TN

d=| 2% 2 _G
e Gn TN

1 1 Ny

(2¢) (2m) (N1
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which we expand as d = d; + dy + d3, with main contribution

(N1) 2 @
and the error terms
(2 % (%@) G % %B)
dy = — n T, dy= 1 §
ICKND | g — @ KN | 5 — @
The contribution of the last two terms d, and ds is bounded by
G| + |Gl .
|da| + |ds| S [y ISPA

The first determinant d; can be rewritten as

- | N2 (€ 0
(Nu) (2€) 2n) | 2 2 | (1) (2€) (2m) €1 In]

Recalling that |£], |n| ~ 1 (since they are in the support of g, respectively gs), it follows

that &b %% > 1. By the angular separation between S; and Sy we obtain |d;| 2> A™1

and by recalling that A > Nj it follows that |d| > A~ O

In the case where the maximal modulation is high a different bound will be
favourable.

Proposition 4.6 (Transverse high-high interactions, high modulation). Let f, g1, gs €
L2, HfHLQ = ”91”L2 = H92“L2 =1 such that

supp (f) C By N Wy, supp (gx) C Q) NPy, NS, (k=1,2),

with 64 < N < Ny ~ Ny and 64 < A < N;. Moreover, assume that 16 < |j; — jo| < 32.
Then

|](f791,92)| 5

L?L:L2N"2 (&)2 (4.14)

max{L, Ly, L}z \ A
Remark 4. The estimate (4.14) gives a better bound than (4.9) in the case where

2
maX{L, Lla LQ} 2 (%) % (415)

Proof of Proposition 4.6. After a rotation we may assume that j; = 0. Due to the
localization of the wedges we observe that the integral vanishes unless N > N;A™%,
since |€g9 — &12| ~ N1 A~ We consider two cases:

(l) N ~ NlAil
(ii) N> N; AL
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In case (i) we start with the subcase where max{L, L, Ly} = L. From the bilinear
Strichartz estimate for the Schrodinger equation (4.5), using N ~ A7 Ny, we obtain

[1(f, 915 92)| S (LaLa)? ([ fll 22|91l 22| g2l 2

The subcases where max{L, L, Ly} = L; for i = 1,2 follow in the same way by using
(4.7) instead of (4.5).

In Case (ii) we also start with the subcase where max{L, L, Ly} = L. Without
any restriction in generality assume also that L; < Ly. Denoting

X = 12;.‘1 NPy, NG, 1ng‘nN2m6L2

we use Cauchy-Schwarz to estimate
'/f((l - Cz)gl(Cl)gz(Cz)dCldQ S HXf(Ci - C2)HL2Hgl(Cl)gz(Cz)Hm

1
S osup |B(CG)2 1 fllzzllg1ll 22 M| gzl 22
CoePNNATE

where

B(CO) = {Cl | gl S Qﬁ ﬁg‘pl\ﬁ ﬂGLl;Cl _CO € Qg m&BNZ mGLz}'

To bound the size of the set B((y) we observe that for {y = (&, 70) and ¢; = (&1, 71) as
above we must have |§y 1| ~ N and

N
I — &l S L, ’f1,2|§71> 71— 70+ |&1 — & ~ Lo
Since O, , (|&1 > — |& — &|?) = 2&o,1 which has size N, it follows that
Ly Ny
B S Li—— 4.1
|B(&0, 70)| S N A (4.16)

and the conclusion of the Proposition follows.
Let us now assume that max{L, L1, Ly} = Ly; the subcase when max{L, Ly, Ly} =
Lo is similar. Using Cauchy-Schwarz as above we obtain

11(f, 91,92)] S sup CC)IZ N2 g llz2 gl 2,

ClEQﬁ NPn, NS,

where

C(G) ={G |G eQNPr, NG, — (€ Py NWT L.

Setting [ = min{L, Ly} and [ = max{L, L,}, we observe that given &, 7, can only range
in an interval of size < [. On the other hand, for & we have the restrictions
N

€22 §77 T+ &P £16 - & ST
Since ‘852,1(‘€2|2 + ’51 — §2|)| = 2|€271‘ Z N1, we obtain
I N, LL,
< gt _ 7= 4.1
O Sy 5 =5 (4.17)

again concluding the proof of the Proposition. O]
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Next, we consider the case where the frequencies &; and & are almost parallel. This
can be viewed as an almost one-dimensional interaction.

Proposition 4.7 (Parallel high-high interactions). Let f, g1, 92 € L2, || fllzz = |lg1llz2 =
g2|[z2 = 1 such that

supp (f) C By N Wy, supp (gx) C Q) NPy, NS, (k=1,2),
with 1 < N < Ny ~ Ny. Assume that A ~ Ny and |j1 — jo| < 16. Then for all

L,Lq,Ly > 1 we have
1 (N\?
(= 4.18
(%) (4.18)

Proof. After a rotation we may assume that j; = 0. Due to the localization of the
wedges we observe that €2, |£1.2], [€2,2] < 1. This shows that [€11 — &a1| = [€01] ~ N,
€115 |€2,1] ~ Ni. In addition, we must have

1€ = &l £ (|67 = [&]*)| < max{L, L, Ly}
If N <« Nj then the above left hand side must have size NN;. Thus we have established
the following dichotomy:

either N ~ N1 or NN1 § maX{L, Ll, Lg} (419)

5

5
I(f,91,02)| S L{PLP LA

M‘U‘

Then we can use the same argument as in Case (ii) of the proof of Proposition 4.6.
If L = max{Ly, Ly, L} then the bound (4.16) holds, and corresponding to the two
cases in (4.19) we only need to compute

1M 1 2 2 5,1 N
LiLo—"t =L Ly— < L3L3L3—-—
Ty T ke S R Mg
respectively
1M 5 5 1] 5 5 51 1
LiLy——t — [SL6L5— < [SLS[6—
2N A 1Rty S 12GN(NNl)%

both of which are stronger than needed.

On the other hand if L; = max{L, Ly, Ly} then (4.17) holds, and we conclude as
above taking into account the two cases in (4.19). The case Ly = max{L, Ly, Lo} is
similar. O

The next proposition covers the case of high-low interactions.

Proposition 4.8 (high-low interactions). Let f, g1, g2 € L? be functions with ||f||z2 =
lg1llzz = |lgallz2 = 1 such that

supp (f) C Pv NW7, supp (gx) C By, N6, (k=1,2),
with 1 < Ny < Ny or 1 < Ny < Ny. Then, for all L, Ly, Ly > 1 we have
1
Ny Ny)s©
min{ L 2} (4.20)

2 5

5
’[<f7 glag2)| S L112L212L12N7

N

N Ny
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Proof. Assume first that N; < N,. Then, the integral vanishes unless Ny ~ N and
max{L, L, Lo} Z [|&1]* — & £ 16 — &|l 2 N5 (4.21)

We consider three cases:
Case 1: L = max{L, Ly, Ly}. Then by the bilinear Strichartz estimate (4.5) we
have

1
R 1 1 /N2
1(f.91.92)] S Izl F 2 Fgalloe S Li L3 (ﬂ

Then the claim follows due to (4.21).

Case 2: Ly = max{L, L1, Ly}. Since g; is localized in frequency in a cube of size Ny,
by orthogonality the estimate reduces to the case when f and gy are frequency localized
in cubes of size N;. Then we use bilinear L? estimate (4.6) with d = N; to obtain

1
1 N7\ 2
I(f, 91,00 < gl |l F - fF gl e < LELZ (VD

and conclude again using (4.21).
Case 8: Ly = max{L, Ly, Ly}. On one hand, by (4.7) we obtain the bound

_ 1 1
I(f.91,92)] S Ng2ll2 | FfF e S L2L7

which implies (4.20) if additionally L; < N7 holds.
On the other hand, by Young’s inequality we have

1
[1(f 915 92)| < Nlgellz2ll fllzzellgnllzire S L2 Na

which, combined with (4.21), suffices in the elliptic regime L; > N7
The case N7 > N, follows by the same arguments. Il

Finally, we deal with the case where the wave frequency is very small.

Proposition 4.9 (Very small wave frequency). Let f, g1, g2 € L? with ||f||zz = |lg1llz2 =
llg2||lzz = 1 such that

supp (f) C Py NWE, supp(gr) C Py, NG, (k=1,2),
and assume that N < 1. Then,

1 1
1(f,91,90)| S LIL LS. (4.22)

Proof. Depending on which of L, L;, Ly is maximal we apply the bilinear Strichartz
refinements (4.5) or (4.7) and the result follows. O

We are ready to provide a proof of our main trilinear estimate (4.4).



On the 2d Zakharov system 17

Proof of Proposition 4.2. By definition of the norms it is enough to consider functions
with non-negative Fourier transform. We dyadically decompose

U; = Z SLZ-PN,L-uia vV = Z W[:/‘:PNU-

N;,Li>1 N,L>1
Setting gz‘LiVNi = FSp,Pyu; and fHN = FWFEPyv, we observe
I(Fv, Fuy, Fug) = Z Z ](fLN’gf/l,Nl,gZLzJ\@).

N,Ni,No>1 L,L1,Lo>1
Case 1: high-high-low interactions, i.e. Ny ~ Ny 2> N > 210,
We fix M = 27*N; and use the decomposition (4.8) to write

LN _Li,Ni Lo N: L,N _Li,N1,M,j1  L2,N2,M,j
I(f7 7gl1 17922 2): Z ‘[<f 7911 ! ]17922 : ]2)

0<j1,jo<M—1
l71—d2l<16

LN _Li,N1,Aj La,N2,A,j
+ Z Z ](f, 7911 1 317922 2 Jz)

64<A<M 0<ji,ja<A—1
16<|j1 — | <32

L;,N;,A,j; L;,N;
WheI‘e gz (ZEA TRV L - gz 754V4

Schwarz to obtain

Qs We apply Proposition 4.7 to the first term and use Cauchy-

LN L7N7M7' L7N7M7'
Z [(f R 7911 1 ]17922 2 ]2)

0<j1,jo<M-1
|71 —32|<16

1
(LLyLy)® [ N\7 Li,N1 M Lo, N2, M, j
S— A [l T S e 11 7l

0<j1,jo<M—1
l71—d2l<16

1

(LLLy)tz [ N \#

< S () I gt el g
1

Concerning the second term, we split the sum with respect to A into two parts

according to the quantity

1
N\ 2
o= 2*4 min { (Wl) Nl maX{L, Ll; L2}7%’ Nl} .
For the part where 64 < A < o we apply Proposition 4.4 and obtain
Siim 3 D TN g gt

64<A<q 0<j1.dp<A-1
16<|j1 —Jjp| <32

1

LLiLs\? Az LNy A Lo.No.A.i
5( ) T SR S PR R PN R

N
1 6a<A<a N7 0<jiig<a-1
16< 51 — 72| <32

Then, we use Cauchy-Schwarz with respect to 71, jo

1

1
LI Ly ? Az
55 (F52) I ela el e S S
1 64§A§aN12
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N
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due to the property of the dyadic sum Y ¢, 4, Az < a3

For the part where a < A < N; we use_P;oposition 4.6 and obtain
Sm T Y IR A g
a<A<M 0<ji,ja<A-1

792 )
162 (51 ~7z|<32
11
o LELRLZ| 5N 5 N
~ max{Ly, Ly, L}2 N2

L1,N1,A,51
D g1 2|
a<A<M Az

0<j1,j2<A-1

< (LLyLy) TN~

MM—A

[NIES

gL2,N2, J2||L2
16< 51 2| <32
As above, we use Cauchy-Schwarz with respect to ji, jo and obtain
1
L2L2L2HfLNHLzllgL“Nl|\L2!|9L2’N2HL2 3 NP
maX{Ll,Lg,L}2N2 ey A3
1
(LLlL2)E N L1,N Lo, N:
SN N LF5 2l el ge™ ™ M|

1
because of > ., A72 S

2 .

Case 2: very small wave frequency, i.e. N < 1. In this case, either N; ~ Ny or
N, Ny, Ny < 1 and we apply Proposition 4.9 and arrive at the bound (4.22)

Case 3 high-low interactions, i.e. N3 < Ny or N3 > Ny. We apply Proposition
4.8 and obtain the bound (4.20)

To summarize, we obtain in any case the weakest of all three bounds, namely
L1,Ni _La,N
I(f 7911 17922 2)

(LL1L2)12 m1n{N N1 N2}6 HfLNHL

~ g el
N1 N2 N1 N§

95> 12

which we dyadically sum with respect to L, L, Ly > 1. Then, we use that for non-
vanishing contributions we must have N < Ny

Ny or Ny SN ~ Nyor Ny < N and
the prefactor enables us to control the sum by the corresponding dyadic ¢?>-norms

O
5. Linear estimates and the proof of Theorem 1.1

Before we prove Theorem 1.1 we present some linear estimates which are well-known at
least in the case of standard Bourgain spaces, see e.g. [12, Section 2]
We define the 1d inhomogeneous Besov norms

lgllgs, = LPlPrglle, Ngllpy = sup L[| Pyl ze.
: 1 : L>1

For 0 < T' < 1 we define a smooth cutoff function for the interval [0, T'] as ¢z (t)
and we define the Fourier localization operator Pep-1

= ¥(t/T)

> 1<p<p—1 Pr, cp. Section 2
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Lemma 5.1. Let 0 < b < 1. For all g € S(R) and T € (0, 1] we have
lgvrllsy, ~ T~ Per-1(g¥r) 2 + > LU PL(gvr)|lce (5.1)

L>T-1!

where the implicit constants are independent of T and g.

Proof. On the one hand we have

2

S DPger)ll <2 >0 L] Peror (gl

1<LLT1 1<L<T-1
ST Per-1(g¥r) || 2,
and on the other hand

T Pepi(gor)le < T llgvorllee < llgrll =2, S lg¥rlps

LI-26 ~~

where we have used the embedding Bg1 C L% in the last step. ]

In the following, let X, ,(T") denote either X2,

(T) or XV£(T).

$,b,p

Proposition 5.2. Let s,be R, 0 < b < % There exists a constant C' > 0 such that for
all T € (0,1] the estimate

1_
11X cry < CT(Ifllx, y ym) (5.2)

holds for all f € Xs7%71(T). Moreover, the embedding XS7%71(T) C C([0,T); H?) 1s
continuous, i.e. there exists a constant C > 0 such that for all T € (0, 1] it holds

e < Cllfllx ) (5.3)

Nl

sup || f(2)]
0<t<T

forall f € X, 1,(T).

1
IRl
Proof. We show (5.2) first. By the definition of the restriction norm it suffices to prove
1
| Frlx, < CTH N fllx,,

for all f € S(R™ x R). After conjugating f with the linear group the claim is reduced
to the estimate

lgvrlsg, < CTH gl
for g € S(R). Then, with g7 = g(-T") we use (5.1) and obtain
lgvrllsy, ST I Peri(g¥r) ez + D LNIPelgior)|e

L>T-1!

ST L) Pu(gr) re

L>1
1
ST ([lgrell e + lgr?ll 1)

1
2
2,1
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by rescaling. Obviously,
lgr¥lle < llgrllz= < llgll s
B3,
and by the 1d Sobolev Multiplication Theorem
lortly < lorllys +llorlee < Nl y

21

The second claim, including formula (5.3), follows from the continuous embedding

B:, C C(R;R). 0
For f € S(R? x R) and ¢ € R let
T = e s (54)
0
TVT(f)(t) = /t e =9V £(5)ds. (5.5)
0

The following Proposition corresponds to [12, Lemma 2.1].

Proposition 5.3. Let s € R. There exists C' > 0 such that for all 0 < T < 1 and
¢ € H® the estimates

1€6lxs, @ < Clldlm, (56)
5,5,

||e—it<v>¢HXWl+1(T) S CHle Hs, (57)

are true, and moreover for sufficiently smooth f the estimates

IZ°(Nllxs, @ <CT=Nfllxs @y (5.8)
$,5,1 8= 19,00

IZ%* (Dllxows @y < CTEN ws (5.9)
5,9, LR R

are true. Therefore, T° and I"* can be extended to continuous linear operators on
these spaces, which satisfy the same bounds.

Proof. We use the notation as in Proposition 5.2 above.

First, (5.6) and (5.7) are proved as in [12, equation (2.19)] upon replacing the
Sobolev space Ht% by the Besov space Bi 1

Second, by choosing appropriate extensions and conjugating with the linear group,
the estimates (5.8) and (5.9) easily reduce to the estimate

1
[orZ(g)ll 3 < CT=]|gll
2,00

| s,
for all g € S(R), T € (0, 1], where Z(g) = fotg(t’)dt'. With gr(t) = g(T't) we calculate
(Wrl(9))(Tt) = T (t)1(gr)(t).
Now, (5.1) and rescaling yields
lvrZ(g) < CT|[YI(gr)l 4 -

[
2
32,1 Bz,l
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From estimate [12, formula (2.24)] with 7' = 1 and trivial embeddings we deduce
|1vI(gr) <Cllgrll s

||B% B 12 °
2,1
Finally, rescaling shows that

2,00

_ 11
lgrll -5 <CT22||gl| s

Byod Byl
for all 0 < T < 1, which concludes the proof. n
Definition 5.4. We call (u,v) € X¥, (T) x X"V (T) a solution of (3.1) with initial
727

7 1
s' 5.1
data (ug,ve) € H® x H¥, if it solves

U(t) . eitAuo i IS(QRG (U)U)(t)
< v(t) ) N ( e—it<V>fUO ) (IW+(—%IU|2 . %Rev)(t} ) (5.10)
for all ¢ € [0, 7.

Now we are ready to proceed with the proof of our main result.

Proof of Theorem 1.1. Let R = [[ugl|z2 + [[vo][ , 3. Since the time of existence claimed
in Theorem 1.1 is smaller than 1 it is enough to discuss only the case 1 < R.
The estimates (5.8) and (4.1), (4.2) yield
1 _
IZ5@Re Wullxs, 1) S TH(luvlls o+ ullxs . )
' 9 77ﬁ900 '

2

12>
1
STHlullxs, llvlows, o

)1 — 5,151

e

and (5.2) implies

1
IZ5(2Re (0)u)llxs, oy S THlullxs, ollelons . (5.11)
O,E,l 0,§,1 77@,1
In a similar manner, using (4.3), we estimate
A A
IV (oo ul?) ST | oful®
(V) XY/%":%’I(T) (V) Xﬁ"gﬁﬁm(T)
= 2
ST ||u||x(i%’1(T)
and obtain
wi Do 1
T (o lul™) S Tillmllxs, lluallxs, ). (5.12)
"o,
—3%

Additionally we obtain
1T () Rew)llyws .y S 1K) Rewllpaqom i

2201

(5.13)

1

< ik
ST, .

y STEollyws
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which easily follows from (5.9). The analoguos estimates for differences can be shown
by the same arguments. Using these nonlinear estimates and the linear estimates in
Proposition 5.3, a standard iteration argument constructs a unique solution

(1) € Bys | 0. Clluallie) x Byowg (0. Cluol )
for (5.10), provided that '~ R~*. In addition, one can show local Lipschitz continuity
of the induced map (ug, vo) — (u,v).

Next we seek to boost the time of existence based on the technique described in
[9]. This is possible due to the L? norm conservation for u and to the fact that the
nonlinearity for v depends only on u. We claim that the time of existence can be
improved to T ~ min{R2||uo|| 7, 1}.

Without restricting the generality of the argument we can assume that HUOHH,% >
|uo|| 2. Then by the above argument we are able to construct solutions on the time
interval § ~ [jvo|| ™%,

H™ 2

On the other hand, using (5.10), (5.12), (5.13) and that e~ is unitary we obtain

1
L{H, * ([0,0]xR?)

1 2
190 oy S 1700y + OO ulls )+ o]

1
< Jvolly 3 oy + €O ol + ]l

Hh (R2 Lo Hy 2 ([0,0]xR2)

This allows us to keep reiterating the problem on intervals [j6, (j+1)d] for j = 0,1,...,m
until we double the size of the wave data, i.e. up to the first time when [lv(to)|, 1 =
2||UO||H’% (after this time the value of 0 has to be adjusted). After m iterations we
obtain

1 2
v IILOOH } (omalxE )_Hvo||H_§(R2)+Cm54IIUoHLz+m5\|v!|L§OHI_%([O7m5]XR2)-

A direct computation gives m ~ min (HUOHH,%(S_I/‘lHuOHZf, 6~1) and this improves the
time of existence for solutions to

B
CRluol7

Therefore we are able to improve the life-span of solution to a time T ~

mo ~ min ( R™*1) ~ min (R?||uo| 3, 1).

min (R~2||ug||;7, 1) which implies the claim in Theorem 1.1.

Then a standard argument also establishes the uniqueness of solutions in X (f (T
127

X" L(T) and the Lipschitz dependence with respect to the initial data.

2722
6. Counterexamples

We first show that the time of existence provided in Theorem 1.1 is optimal up to the
multiplicative constant.
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Proof of Theorem 1.2. Fix r > ||@Q||z2. There exists w > 1 such that the Glangetas—
Merle [14, 13] solution P, see (1.5), satisfies ||P,||zz < r. We fix such w > 1 and
calculate for the corresponding solution (1.5)

w2 = | Pollzz <,
and

_1
In(®)l -y + 10m(E)] - ~ T =172,

Theorem 1.2 follows. O

Next, we show that our multilinear estimates in Theorem 4.1 are sharp. We follow
the approach which has been pioneered by Bourgain [4] to show non-smoothness of the
flow map. We also refer the reader to [15] where related counterexamples in the 1d case
have been constructed.

In order to avoid unnecessary technicalities, we write X ,f » to denote X ,f po and X, Z[Zi
to denote X %f and provide counterexamples for this scale of norms. We remark that
the arguments remain valid for any choice of 1 < p < oo instead of 2. The reason is
that the norms X ,f pp for distinct p are equivalent up to logarithms of the size of the
modulation (same for X ,32?;), but our counterexamples will always involve powers of the
modulation.

Moreover, in Proposition 6.1 we restrict the exposition to the case of the X,Zf;f
space, i.e. the sharpness of (4.2); the case X,%*, i.e. the sharpness of (4.1), follows by
the same argument up to obvious modifications.

Proposition 6.1. The inequality

vl s

)

< loll s el

—b/ ~Y

15 false in either of the following two situations:
(1) if { < —%, for any V', by, and by,
(it) if ¢ = —5 and V' + by + by < 2.
This follows from applying Lemma 6.3 with 0 = —1 to establish the first claim,
and any o such that —1 < ¢ < 0 to establish the second claim.

Proposition 6.2. The inequality

&

(ww)

e S llullxg, lwllxg,
0,—b
1s false in either of the following two situations:
(i) if £ — 2k + % > 0 for any V', by, and b,
(it) if C =2k +1=0andt/ +b +by <3
This follows from applying Lemma 6.4 with ¢ = —1 to establish the first claim,
and any o such that —1 < ¢ < 0 to establish the second claim.
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Lemma 6.3. For each N > 1, there exist vy and uy such that

lovunllxs

o > N1+ [F (¥ +b1+b2)]
TowllxTunllxg,, ™

for all k.0 € R and b',by,by > 0, and any —1 < o < 0, with the implicit constant
independent of all of k,€,b',by,by,0, and N.

Proof. Denote £ = (&,&) (i.e. & now denotes the jth component of £). Let v = xp,
where E is the rectangle centered at (£1,&,7) = (2N + 1,0,—2N — 1) and width
N7 x N2(+0) 5 N1+ 5o that on E, we have |7 + [¢]| < N'™°. Let 4 = xp, where F
is the rectangle centered at (£1,&;,7) = (=N, 0, —N?) and width N7 x N3(+0) 5 Nito,
so that on F, we have |7 + |¢[2| < N*7. Then v > N25%y¢, where G is a rectangle
centered at (€,&,7) = (N + 1,0, —(N + 1)?) and width N° x N2(+9) x N1+o_ Note
that on G, we have |7 + [£]*] < N'*7. Then

loullys |, 2 N33 NEN-0HW g 1o

— N%-ﬁ-gaNkN—(l—I—a)b’N%(%—I—ga) ,

and
||U||X%+ f, NfN(H—cr)lnHXEHL2 — NEN(1+a)b1N%(g+gg) 7
;b1
||U||X,§b S ]\ff’f]\f(lJrcr)bzHXF”L2 — NENO+ob p5(3+30) 7
)
which proves the claim. -

Lemma 6.4. For each N > 1, there exists uy and wy such that

A _
| V) (un i) HXZVJJ > N2kt (140) 3= (4 +bo)]

lunllxs, llonlixs,

for all k,0 € R, any b/',b;,by > 0, and any —1 < o < 0, with the implicit constant
independent of all of k, €,V ,by,by, 0, and N.

Proof. Let iy = xg, where E is the rectangle centered at (£;,&,7) = (N + 1,0, —(N +
1)2) with width N7 x N20+9) x N+ o that on E, the quantity |7 + [£[2] < N1
Let wy = xp, where F is the rectangle centered at (£1,&,7) = (—=N,0, —N?) with
width N7 x N20+9) x N9 5o that on F, the quantity |7 + |[£[2] < N2, Then
UNTN e N%Jrg‘fxg, where G is the rectangle centered at (2N + 1,0, —2N — 1) and
width N7 x N2(+9) 5 N1+ g6 that on @, the quantity |7 + |¢]| < N, Thus,

o

2 NERNEIN O g
V)

W+
Xy

— N33 N (o) A5 (5+50) :

and

Y

luwllxs, S NNOE|p] e = NENOER N3G+
b1
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lwwllys, < NFNOFb2| |yl = NENOHb N3 (5H50)
192

which proves the claim. O]
5

12
seen by an indirect argument: If it was possible to choose smaller b’s, we would be

Remark 5. Alternatively, the optimality of our choice of by = by = b3 = can be

able to improve the time of existence by the iterative argument given in Section 5
above and would obtain a contradiction to the blow-up of the Glangetas—Merle solutions
constructed in [13, 14].

The following proposition is based on a variant of the example from the proof of
Proposition 6.1 and contains a slightly stronger conclusion.

Proposition 6.5. Fiz 0 < T < 1. For all N > T~" there exists uy € HF and vy € H
such that

t
/ it—t)A (eit’AuNRe (efit’(v),UN>) dat’
0

where the constant is independent of N.

S Nunllagllowlag

~Y

sup 7
Hif N£+§

|t|<T

Y

Proof. Set uy := xa, where A is the rectangle where & = (&1, &) satisfies

~N-N'<§EL-N+N1and —1<6 <1,

such that [Juy| gs ~ N¥~2. Similarly, define vy := x5 + x_g for the rectangle B where

2N +1-2N"'1<&§<2N+1+2N"!" and —2<& <2

Note that vy is real-valued and ||vy||ge ~ N =3, We observe that

unon(§) 2 N7, (6.1)
whenever £ = (&1, &) satisfies

N+1-N'<ESKN+TI+NDand —1<6 <1 (6.2)

We write 2Re (e~ Vuy) = (e7* V) 4 (V). For € satisfying (6.2) and N™! < [t| <
T it holds

t
F, </ it—t)A <€it’AuN(e—it’<V) i eit’(V))vN> dt’> (5)‘
0

t
_ ’// eit’(|£\2—|n|2)(e—it’<§—n> + M Aty (n)on (€ — 77)6“7’ > [t Nt
0

by (6.1) and because the first phase factor [£|> — |n|* — (¢ — ) is bounded whenever
n € A and (6.2) holds for &, whereas the second phase factor [£]? — |n|> + (£ — n) is of
size N in this region.

Integrating over this region (6.2) gives

t
‘/ it=t)A (eit’AuNRe <e—it’<V>UN>> dt’
0

which implies the claim. O]

> [t| N3,
HE
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The following proposition is based on a variant of the example from the proof of
Proposition 6.2.

Proposition 6.6. Fiz 0 <T < 1. For all N > 1 there exists uy € HF such that

i) A (wn, Sma—
etV _— (ezl uNe“'AuN> dt’
/0 (V)

where the constant is independent of N.

> N uy |
H

sup
t|<T

Proof. Set iy := xp, + Xp,, Where D; is the rectangle where £ = (&, &) satisfies
N+1-N'1T<ESNA+1+N' and —1<6 <1,
and D, is the rectangle where
—N-2N?2<&E<—N+2N 1 and —2<6 <2
Then, |Jux||z ~ N¥"2. We observe that
unun(§) 2 N7 (6.3)
whenever & = (&, &) satisfies

IN4+1-N'1<EK2N+14 N1 and —1<6 <1 (6.4)
Therefore, for such £ and |t| < 1 it holds

t : ! A sq ! A
i(t—t")(V) it A it A /
‘Fz (/0 e _(V> (e une uN> dt> (f)’
t
~ el / /eit’(<£>n2+|£n|2)@<n)ﬁ(£ _ )dndt!
0

by (6.3), |¢| ~ N and because the phase factor (£) — |n|* + |£ —n|? is bounded whenever
(6.4) holds. Integrating over this region (6.4) gives
t A -
‘ / p—it=)(V) 2 (eitAuNeitAuN> dt’
0
and the claim follows. O

A

> [t|N"z
H

(V)

Finally, we indicate how we use Propositions 6.5 and 6.6 to prove Theorem 1.3.

Proof of Theorem 1.3. Proposition 6.5 shows that for ¢ < —% the first component of the
directional (Fréchet) derivative of second order of the flow map to the reduced system
(3.1) at 0 with respect to the direction (ug,vo) = (uy,vy) is unbounded.

Proposition 6.6 shows that for ¢ —2k+% > () the second component of the directional
derivative of second order of the flow map to the reduced system (3.1) at 0 with respect
to the direction (ug, v9) = (un,0) is unbounded.

If the flow map to the original system (1.1) were C? then we could conclude that
the flow map for the reduced system is C? by the arguments in Section 3. But this
contradicts to the assertions above. O]
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+2 direction

£2 in Case 1

+1 direction

&2 in Case 2

Figure A1l. After rotation, the two possible positions of &5 in the proof of Prop. 4.4,
labeled as Case 1 and Case 2.

Appendix A. Alternative proof of Proposition 4.4

Here we present an alternate proof of Proposition 4.4 that does not make use of the
restriction theorem from [2]. The main source of technique for the proof that follows is
Colliander—Delort-Kenig—Staffilani [8].

Proof. We abuse notation and replace g by g2(—-) and change variables (5 — —(; to
obtain the usual convolution structure. From now on it holds |7 — |&[*| ~ Lo within
the support of gs.

By the change of variables 71 = —[&]? + ¢, 7o = |&]* + ¢2 and by applying the
Cauchy-Schwarz inequality with respect to ¢; and ¢y it suffices to consider the trilinear
expression

T(G1,e15 92,00, f) = /gl,q (£1)G2.0, (&) f (€1 + &0, |&)? — |&1)7 + ¢1 + c2)dE1dEs
where gi ., (€) = gr(&, (—1)*€]* + ¢) for k = 1,2 and f is localized in the region
|7 — |€]| < L, and prove that

AL/2[1/2
|T(gl 01792027f)| 5 N
El k) Nl

We exploit the geometry of the problem in order to better localize the interacting

g1l g2.all 21l e (A1)

elements. Taking into account the angular localization and separation of &; and & which
is ~ A~! and their size localization, it follows that after a rotation we may assume that
&1 >0, &2 >0 with &1 ~ Ny and &9 ~ N1 AL and that either Case 1 or Case 2
below holds (see Figure Al).

Case 1. &1 <0, &0 > 0 with [&1] ~ Ny and [&5] ~ Ny AL

Case 2. {91 > 0, &30 < 0 with [&1] ~ Ny and [&5] ~ Ny AL
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A

support of &1

E=8&+&

support of £ — &2

&1

support of &1 support of £ — &

E=¢&1+¢&

Figure A2. Depiction of Case 1 (top) and Case 2 (bottom). &; is supported in
an annular ring D; of thickness L/N; and & is supported in an annular ring Do of
thickness L/N;p. For fixed £ = & + &2, & is confined to D; and also to & — Dy. These
two sets have thickness L/N; but also meet at an angle A~1, and thus ;1 is confined
to an interval of size L/N; and &; 2 is confined to an interval of size LA/Ny

In addition we consider the following two cases separately, Case A: L > N and Case B:
L <N.

Case A. Suppose that L > N. Since |1 — |€|| < L, we have that |&[* — [£|? is confined
to an interval of size L, and thus |£;]| —[£;| is confined to an interval of size L /N;. By the
“orthogonality” Lemma Appendix A.1 below, and Cauchy-Schwarz, we might as well
assume that |&;] and |&;| are confined to fixed intervals of size L/N;. Note that in the
two cases outlined above, we have (see Fig. A2)

Case Al. &0+ &aa ~ N1A™  and if € = & + & is fixed, then & ; is contained in an
interval of size LN, '

Case A2. &1+ &1 ~ Ny and if £ = & + &y is fixed, then &; 5 is contained in an interval
of size LAN| .

Let p =& + &, v=—|&> + &7+ 1+ ¢, and in Case 1 let o = & 1, but in Case 2
let 0 = & 2. Denote by J the Jacobian determinant. We have

1,1 1,2 S21 S22

1 1 0 1 0

J = p 0 1 0 1
v =261 —2&12 281 28>

* * 0 0
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and thus
) 2|&2.2 + &1 0 in Case 1 N, A! in Case 1
B 21&21 + &1.1] in Case 2 N, in Case 2

So, |J| is essentially constant over the region of integration, and can be removed from
the integration. We obtain

T(gl,cqu,cm .f) = /91,01 (§1>92,cz (fg)f(,u, V)|J|_1 d,u dv do S ‘J’_1/2[1[2

where

1/2
Il = (/ |J|_1|gl,cl (51)92,02(52)|2du dv dO') = ||gl’cl||L§1 ||92,cz||L§2
V0

and
= (/W|f(u,y)|2 ([ ) d,udy)m |

The measure of the support of o, for fixed y = & + &, in Case 1 is LN; ' and in Case
2 is LAN;!. Thus, we obtain (A.1).

Case B. Now suppose that L < N. Let {E;} be a partition of [0, 4+00) into intervals of
length L. Then the left side of (A.1) becomes

Z/gl(fl)gz(fz)f(fl + &a, ) xg; (161 + &al) d€y dEs.

For a fixed j, we have that || is localized to an interval of length L, and since |7—[¢]| < L,
we obtain that |&;|2 —]&;|? is localized to an interval of size L, from which it follows that
|&2| — |&1] is localized to an interval of length L/N;. We can now follow the argument of
Case A to obtain the bound

AL/21/2
T (G1e1 92,00, I S N, Z l91(€)92(E2)x e, (161 + 2l 2 £ (S, T)xe, (1€D) 22, -

Applying Cauchy-Schwarz with respect to j we complete the proof of (A.1). O

Lemma Appendix A.1. Suppose N; 21,1 < A< Ny, k < N and that z,y > 0

~

satisfy
1
k<a? =y <k+NAT, o N <y <N

Decompose [3N1,4N1] into a sequence of intervals {I;} each of length A~'. Then there
is a mapping j — k(j) such that
yel; = x€ Iiy—100U - Ulrg)t100 -

Moreover, as j ranges over the full set of intervals, k(j) hits a particular element no
more than 100 times.
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Proof. We take I; = [A7'(j — 3),A7*(j + 3))] (so j ranges from AN;/4 to 4AN;).
Suppose that y € I;. Then |y — A~'j| < A™!, and therefore

k—4ANA Y <a? — A2 < k44N, A7,

which implies that

(A722 4 k —ANJA D V2 <2 < (A722 + 4+ AN, A7) 7Y2

The length of this interval is

SN, A1 < 4
(A=22 + k — AN;A-1)=12 4 (A=252 + k + AN, A-1)-1/2 ~ .

Also, as we increment from j to j 4 1, the left endpoint of the interval advances by an

amount
: 2A j : > A_l ’
(A 22 4 k— AN, A )12 4 (A 22 £ kAN, A1) 12
and the claim follows. ]
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