Post-critically finite cubic polynomials

Jacqueline Anderson, Michelle Manes*, and Bella Tobin

NSF and University of Hawai‘i at Manoa
mmanes@math.hawaii.edu
http://math.hawaii.edu/~mmanes

Joint Mathematics Meetings, Special Session on Arithmetic Dynamics

17 January, 2020



http://math.hawaii.edu/~mmanes

Context
000000

Definitions

@ Let K be a number field.

@ f ¢ K(x) is a rational function (morphism of P1).

@ Conjugacy class: [f] = {¢pofop': ¢ € PGLy(K)}.
@ Crit(f) = {critical points of f} = {a € P': f'(a) = 0}.
@ Orbit of a point a € P! = {f"(a): n > 0}.

Definition

f is post-critically finite (PCF) if every element of Crit(f) has
finite forward orbit.
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Ingram, 2011

Theorem

The set of conjugacy classes of post-critically finite polynomials
of degree d with coefficients of algebraic degree at most B is a
finite and effectively computable set.

Application

If f(z) = 2% + Az + B has coefficients in Q and is post-critically
finite, then

(A.B) € {(—3,0), (-2,0) , (-i, 2) ,
(—j,—i) .(0,0), <2,o) ,(3,0)}.
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Ingram, 2011

Theorem

The set of conjugacy classes of post-critically finite polynomials
of degree d with coefficients of algebraic degree at most B is a
finite and effectively computable set.

Application

If f(z) = 2% + Az + B has coefficients in Q and is post-critically
finite, then

(A.B) € {(—3,0), (-2,0) , (-2, 2) ,

K}{E(0,0), (20) ,(3,0)} .
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Missing some cubic PCF polynomials

Problem: Monic centered form f(z) = z® + Az + B does not
preserve field of definition.
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Motivation

Can we use Ingram’s techniques and a different normal form to
find all PCF cubic polynomials defined over Q (up to conjugacy
over Q)?
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Motivation

Can we use Ingram’s techniques and a different normal form to
find all PCF cubic polynomials defined over Q (up to conjugacy
over Q)?

Spoiler: Yes.

TS >




Context
00000e0

Strategy

@ Find normal forms that respect the field of definition.

© For a map to be PCF, it must be post-critically bounded in
each absolute value. Find archimedean and p-adic bounds
on the coefficients for maps in the normal forms to be
post-critically bounded.

© Use the bounds in @ to create a finite search space of
possibly PCF maps.

© For each map in the finite search space, test if it is PCF or
not.
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All cubic PCF polynomials

There are exactly fifteen Q conjugacy classes of cubic PCF
polynomials defined over Q:

’
1 £ 2 —22+1 (3) 7223+322+§

(4) —2z8432 (5) fz3+gz271 (6) 228 —32% 41

3 2 1 3 32 3,9

(7) 2z° -3z + - 8 z2—--z 9) —-8z°+-z

2 2 2
1

(10) _423+esz2_E (11) 4z3—622+g (12) 3z3—gz2+1
3 1 3 1 3 7
1 — B2 14) —-ZB4+2z42 (15) — - —z4~
(13) -z +32 (14) —zz+52+2 (19 —52 - 32+3
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All cubic PCF polynomials

There are exactly fifteen Q conjugacy classes of cubic PCF
polynomials defined over Q:

’
(1) 28 2 —22+1 (3) 7223+322+§
(4) —272°+32° (5) 7z3+22271 (6) 228 —32% 41
M 2P-32+y @ P-oF @ -3+ 2z

1
(10) _4z3+ez2_é (11) 423—622+g (12) 3z3—gz2+1

3 1
(13) fz3+gzzf1 (14) 7723+§z+2 (15) — 22— z4 -
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Strategy

@ Find normal forms that respect the field of definition.

© For a map to be PCF, it must be post-critically bounded in
each absolute value. Find archimedean and p-adic bounds
on the coefficients for maps in the normal forms to be
post-critically bounded.

© Use the bounds in @ to create a finite search space of
possibly PCF maps.

© For each map in the finite search space, test if it is PCF or
not.
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Let K be a number field, and let f(z) € K[z] be a cubic
polynomial. Possibilities:

@ There is exactly one critical point, v € K.

© There are two distinct critical points: v1 # 72, and they are
both K-rational.

© There are two distinct critical points v4 # o with
K(v1) = K(72) a quadratic extension of K.

Case @ fis unicritical.
Cases @ and O : f is bicritical.
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Unicritical polynomials

Theorem

Let f(z) € K[z] be a degree d unicritical polynomial. Then

either f(2) is K-conjugate to z9, or f is conjugate to a unique
polynomial of the form

az?+1eK[z.
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Rational critical points

Dynamical Belyi polynomials
Degree d. Fixed critical points at 0 and 1.
d — k = ramification index of 0.

1 K . K (—1) K\ ;
Bak(z) = (,d/_Ho(dD) x kZ(cf-M(i)x'

i=1

Proposition

Let g € K|[z] be a bicritical polynomial of degree d > 3 with
Crit(g) = {71,172} € K. There exists an element ¢ € PGL>(K)
such that g® = aBgy k + ¢ for some k € N and some a, ¢ € K.
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Bicritical polynomials

Field of definition preserved
Let

f(z) = 243 — 3527 so Crit(f) = {i\@}

Moving the two critical points to 0 and 1 gives the polynomial

9(z) =228 —322 + 1.

Both polynomials — one with rational critical points and one
with irrational critical points — are defined over Q.
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Bicritical polynomials

Field of definition not preserved

Let

f(z) = —243 + % +2, so Crit(f) = {+v2}.

Moving the two critical points to 0 and 1 gives the polynomial
1

= 27234322 .
9(2) 7
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Irrational critical points

Irrational critical points
Degree d. Fixed point at 0. Critical points at ++/D.

2. ai ./ 9=1N\ Z2j+1

Proposition

Let g(z) € K|z] be a bicritical polynomial of degree d > 3.
Suppose that Crit(g) = {v1,72} ¢ K. Then g is conjugate to a
map of the form aPy p(z) + ¢ for some a, ¢ € K and some
De0Og/0Oz.
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Strategy

@ Find normal forms that respect the field of definition.

© For a map to be PCF, it must be post-critically bounded in
each absolute value. Find archimedean and p-adic bounds
on the coefficients for maps in the normal forms to be
post-critically bounded.

© Use the bounds in @ to create a finite search space of
possibly PCF maps.

© For each map in the finite search space, test if it is PCF or
not.
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Notation

From Ingram:
f(2) = agz? + ag_129 '+ -+ a1z + ay € K[2]

2d), - 1 v is non-archimedean
Y l2d v is archimedean

Cr, = (2d), Orgla<xd 1,

v

Let f(z) € Q|z] be a polynomial of degree d > 2. For o € Q, if
there exists v € Mg and n € N such that|f"(a)| > Cy,, then o
must be a wandering point for f.
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Unicritical polynomials

Theorem

Letf(z) = az? + 1 € Q[z] and d > 2. For d even, f is PCF if
andonly ifae {—2,—1}. Ford odd, f is PCF if and only if
a=-1.

Crp= {1 |a|p1/d 1)}
Note f2(0) = a+ 1, so require

la+ 1], < max{lal,,1} < Cy, for all primes p.

Get|a|, < 1 for all primes p. Also|a| < 2.
Check a = +1, +2. O

D0)
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Rational critical points

Let f(z) = a(—22% + 32z%) + ¢ € Q[Z]. If f is PCF,
If(1)| =la+c|, < Cr, and [f(0)| =]c|, < Cr..

For non-archimedean place v, max{a|, ,|c|,} < Cs,.
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Rational critical points

Let f(z) = a(—22% + 32z%) + ¢ € Q[Z]. If f is PCF,
[f(1)| =la+cl, <Cr, and [f(0)]=]|c|, < Ct,.

For non-archimedean place v, max{a|, ,|c|,} < Cs,.

Proposition

If fac(2) = a(—22% + 322) + ¢ € Q|z] is PCF, then

iae{1 1 3253 7} andice{0,1 1

N W

Ea 757 ’év 75 7§a

o).
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Rational critical points

Theorem

If f(z) € Q[z] is a cubic bicritical PCF polynomial with rational
critical points, then f(z) is conjugate to

fac(z) = a(—22% + 322) + ¢ where
(a.c) € {(1,0), (11,;>, (;,ﬂ) 7 (2,—;) 7 (20)
nl22)-(3) (49

We have 126 possibilities for (a, ¢). Test if they are PCF or not
using Sage. O
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Irrational critical points
Lemma
Let f(z) = a(z3/3 — Dz) + ¢ € Q[z]. Iff is PCF, then

:I:aDe{S 3 93 15 9 21}’

275727 7?757?

Lemma

Let f(z) = a(z®/3 — Dz) + ¢ € Q|z]. If f is PCB in the archimedean
place, then|c|?> < 11|D.

Lemma

Let f(z) = a(z3/3 — Dz) + ¢ € Q[z]. If f is p-adically PCB, then

1 ifp>5
‘c\/é) <372 jfp=3
Pl ifp=2.
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Irrational critical points

Theorem

Iff(z) € Q[z] is a cubic bicritical PCF polynomial that is not
conjugate to a polynomial with rational critical points, then f(z)

is conjugate to fp ac(z) = a(4 — Dz) + ¢ where

(D,a,c) € {(2,—2,2) , <_7’_238’ Z) }
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Algorithm (D € Z, odd squarefree)

Step 1 Loop over possible aD values.

339,159 21
:taDE {472a47 a432a4}'
Step 2 Compute |a|o.
Step 3 Find an upper bound for |c|, for each prime p.

1 ifp>5
‘C‘/é’p <{312 jfp—3
23 if p=2.

So we can find e < 3 such that |c|, < 2°, and
c|, < 1 for each prime p > 3.
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Algorithm (D € Z, odd squarefree)

Step 4 Factor D and c. Write D = mP, where m and P
are relatively prime odd squarefree integers, m
divides numerator of aD and P divides
denominator of a. Then P must also divide the
numerator of ¢, so ¢ = % for some positive

integer k.

Step 5 Bound the factors of D and c. Use |c|? < 11|D|,
) ’3222’;2 < 11mP. Therefore Pk? < B where
B=11m.22e,

Step 6 Loop over P values. For all odd, squarefree

integers P < B, determine the set of possible k
values such that Pk? < B.
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Algorithm (D € Z, odd squarefree)

Step 7 Create the triple. Each triple (m, P, k) yields a
triple
aD Pk
(D,a,c) = (mP, mP’26>

Finally, check that 3|ac to verify that the triple
satisfies the 3-adic condition. If so, add (D, a, ¢) to
the list of possible PCF triples.

These algorithms yield a list of 5,957 triples corresponding to
23,828 possibly PCF polynomials.

Only the two listed in the theorem statement are actually PCF
and are not conjugate to a polynomial already with rational
critical points. O
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Potential good reduction

Let K be a number field, let f(z) € K(z) be a rational function of
degree d > 2.

Definition

We say f has good reduction at a prime p if deg f= degf. We
say f has potential good reduction at p if it is K-conjugate to
a map with good reduction at p.

If f does not have potential good reduction at p, we say it has
persistent bad reduction at p.
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Wishful thinking

PCF functions «~s CM abelian varieties
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Wishful thinking

PCF functions «~s CM abelian varieties

everywhere potential good reduction
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Wishful thinking

PCF functions «~s CM abelian varieties

2?7 everywhere potential good reduction

Bad news

The maps
— 322 — 4z 41
=gz 1, a9 )="7_4
have persistent bad reduction at 3.
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Polynomials

Theorem

If f(z) € Q[z] is PCF with degree d > 2 and
Sq4 = {p prime : p < d}, then f has potential good reduction
outside Sy.

Let p > d, and o; = gj(crit pts). Conjugate so that

d
d_1—|— O'QZd_z—-"+(—1)d_1d0‘d_12.

_ »d_
f(z)=2z 9

o1Z

d—1

Then f is p-adically PCB iff |crit pts|p < 1.
If f is PCF, each coefficient has p-adic absolute value < 1. [

L
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Can we say more?

@ For quadratic polynomials, conjugate to 7(z) = 2% + ¢
preserves field of definition. If f(0) = f"(0), then cis a
root of a monic polynomial with coefficients in Z, so good
reduction.

@ Known (to me) examples of PCF maps with persistent bad
reduction are rational maps.
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Can we say more?

@ For quadratic polynomials, conjugate to 7(z) = 2% + ¢
preserves field of definition. If f(0) = f"(0), then cis a
root of a monic polynomial with coefficients in Z, so good
reduction.

@ Known (to me) examples of PCF maps with persistent bad
reduction are rational maps.

Let d > 3,p < d. Can we find a PCF f € Q[z] of degree d such
that f has persistent bad reduction at p?

‘.
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Partial answer

Proposition

Letd > 3. If p|(d — 1), then there exists a PCF polynomial
f(z) € Q|[z] of degree d with persistent bad reduction at p.
Namely,

f(z) = —Bg,1(2) +1,

where By 1 is the dynamical Belyi map.

Newton polygon to show f has a p-adically repelling fixed
point. Ol

y
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Partial answer

Proposition

Letd > 3. If p|(d — 1), then there exists a PCF polynomial
f(z) € Q|[z] of degree d with persistent bad reduction at p.
Namely,

f(z) = —Bg,1(2) +1,

where By 1 is the dynamical Belyi map.

Newton polygon to show f has a p-adically repelling fixed
point. Ol

Can extend this to p > k and p|(d — k), using the polynomial
—Bgk(z)+1,for1 <k <d-1.

ey EEEETTSTSTSTSSSSSSSSSEEESEEEEEEEEEEEEE




Thank you!
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