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Let k be a global field and Y a normal variety.

Ny pk(B) = #{y € Y(k) | Hp(y) < B}.
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Let k be a global field and Y a normal variety.

Ny pk(B) = #{y € Y(k) | Hp(y) < B}.

If X is Fano and D is ample, then there exists an open subset
U C X such that for all € > 0,

Nu,p.k(B) = O(B*P)+)
where a(D) = inf{t | tD + Kx effective}
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Counting Rational Points

Let k be a global field and Y a normal variety.

Ny p«(B) = #{y € Y(k) | Ho(y) < B}.

Weak Manin Conjecture

If X is Fano and D is ample, then there exists an open subset
U C X such that for all € > 0,

NU,D,k(B) _ O(Ba(D)+e)
where a(D) = inf{t | tD + Kx effective}

Batyrev—Manin Philosophy
One expects Ny p x(B) ~ cB3(P)(log B)b(D:K),



Counting Rational Points

Let k be a global field and Y a normal variety.
Ny.p«(B) =#{y € Y(k) | Hp(y) < B}.

Weak Manin Conjecture

If X is Fano and D is ample, then there exists an open subset
U C X such that for all € > 0,

NU,D,k(B) _ O(Ba(D)+e)

where a(D) = inf{t | tD + Kx effective}



If G C S, is a transitive subgroup, let Ng (B) be the number of
L/k such that:

> [L:kl=n
> Nyjg(disc k) < B

» Galois group of Galois closure of L/k is G.
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L/k such that:

> [L:kl=n

If G C S, is a transitive subgroup, let Ng (B) be the number of
> Nyjg(disc k) < B

» Galois group of Galois closure of L/k is G.

One expects Ng x(B) ~ cB(¢)(log B)P(C:H).
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Yes, but we need stacks!
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Yes, but we need stacks!

Developed a theory of heights on stacks X = [X/G]
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Yes, but we need stacks!

Developed a theory of heights on stacks X = [X/G]

» When G =1, X = X, we recover usual Weil heights
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Yes, but we need stacks!

Developed a theory of heights on stacks X = [X/G]

» When G =1, X = X, we recover usual Weil heights
» When X = pt, X = BG, we recover disc
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» Cannot use projective embeddings to define heights
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» Cannot use projective embeddings to define heights: X' C P”
implies X is a variety.
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» Cannot use projective embeddings to define heights: X' C P”
implies X is a variety.

» Weil height machine fails

«O» «Fr «=»

« =

DA



» Cannot use projective embeddings to define heights: X' C P”
implies X is a variety.

» Weil height machine fails: £ universal on B(Z/2), then
L£®2 =0, s0 hy =0.
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» Cannot use projective embeddings to define heights: X' C P”
implies X is a variety.

» Weil height machine fails: £ universal on B(Z/2), then
L£®2 =0, s0 hy =0.

» Need heights of vector bundles
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Why this is technical

» Cannot use projective embeddings to define heights: X C P”
implies X is a variety.

» Weil height machine fails: £ universal on B(Z/2), then
L£%2 =0, so hy = 0.

» Need heights of vector bundles otherwise can’t distinguish
between BG and BG?b.
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Spec k ——= X
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Spec Oy

Really, one defines heights of integral points: hy(x) := deg(x*L)
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Spec Oy
Really, one defines heights of integral points: hy(x) := deg(x*L)
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v
Spec O
C is a “stacky ring of integers”: C is normal, 7 is a birational
coarse space map.
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X

Spec kﬁ X
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Spec O
C is a “stacky ring of integers”: C is normal, 7 is a birational
coarse space map.

hy(x) := — deg(m.x*VY).
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C is a “stacky ring of integers”: C is normal, 7 is a birational
coarse space map.

hy(x) := — deg(mx*VY).
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y
Spec Oy

C is a “stacky ring of integers”: C is normal, 7 is a birational
coarse space map.

hy(x) := — deg(mx*VY).

> V = regular rep: hy(x) = 3 log [Ny g disc(L/k)]
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Definition of stacky heights

X
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Spec Oy

C is a "“stacky ring of integers”: C is normal, 7 is a birational
coarse space map.

Definition
hy(x) := — deg(mx*VY).

> V = regular rep: hy(x) = 3 log | N g disc(L/ k)
» For Malle, use V = permutation rep of G C S,,.
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In Weak Manin Conjecture, a(D) = inf{t | tD + Kx effective}.
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In Weak Manin Conjecture, a(D) = inf{t | tD + Kx effective}.
But for ¥ = BG, Ky = Ox.
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In Weak Manin Conjecture, a(D) = inf{t | tD + Kx effective}.
But for ¥ = BG, Ky = Ox.

edd(x) := deg(x* Tx) — deg(T¢), where X is representable.
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V is generically semipositive if there is a closed substack Z C X
such that for all B and every extension finite L/k,

{x e X(L) : hy(x) < B}

has only finitely many points not contained in Z.
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Stacky Batyrev—Manin—Malle Conjecture

Definition
V is generically semipositive if there is a closed substack Z2 C X
such that for all B and every extension finite L/k,

{x e X(L) : hy(x) < B}
has only finitely many points not contained in Z.
Definition

A function f: X (k) — R is generically bounded below if for all
d € ZT, there is a constant By such that

U {xex(n): h(x) < B}

[L:k]=d

is not Zariski dense.



Stacky Batyrev—Manin—Malle Conjecture

Stacky Batyrev—Manin—Malle Conjecture

Let X be a smooth proper stack such that edd is generically
bounded below. IfV is a generically semipositive vector bundle,
then there exists U C X open dense such that for all ¢ > 0,

Nu,V,k(B) _ O(Ba(V)-‘re)

where a(V) = inf{t | thy — edd generically bounded below}.



Thank you.




