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Problem 1. (10 points) (a) Let A and B be the matrices

3 =z 6 6
A—(_2 1) and B—(—S _2>

Find all values of z for which AB = BA. T =

(b) Let a and b be the vectors
a=(1,-1,3) and b=(2,1,—-1).

Compute the cross product axb. axb =

Solution. (a) Compute

(8w +18 —20+18 (6 6x+6
AB_( ~20 ~14 ) and BA_(—20 —8:15—2)

Setting AB = BA gives four equations

—8xr+18=6
—2x+4+ 18 =6x+6
—20 = —-20
—14 = —8x — 2.
. . . 3
Solving the first equation for = gives |z = 3 and then one checks that
r = % is also a solution to the other three equations.
(b
t g3 k
axb=det|1 -1 3
2 1 -1
-1 3. 1 3. 1 -1
= det ( 1 _1>z—det <2 _1)J+det (2 1 >k
=|—2i 4 7j + 3k}

Problem 2. (10 points) (a) Let F(z,y,z) = 25" cos(z). Compute
’PF
0x20y0z2
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(b) We consider two functions f(u,v) and g(x,y). The function g is
given by the formula

g(z,y) = (@* +y,2 — ).
The values of f(u,v) and its partial derivatives at various points (u, v)
are given in the following table:

| (wo) [AD]ED]GD]ED]6B,1)](6,1)]
fu,v) A B C D E F

%(u, v) || G H I J K L
g—i(u, v) || M N @) P Q R
Compute the value of
O(f o 9)
2,1).
28 (2,1)
, . d(f oy _
Express your answer in terms of the quantities A, B, C, ..., Q, R. 5 (2,1) =
x

Solution. (a) We just need to differentiate twice for the x variable,
once for the y variable, and twice for the z variable, so
PF 0’
— (:105692 cos(z))

0x20y0z%  0x20y0z>
= 202% - 2ye?” - (— cos(2))

— | —4023ye¥” cos(z)

(b) We write

g9(z.y) = (ulz,y),v(z,y)) = (2* +y,2 — y?).
Note that
g(2,1)=(4+1,2—-1)=(5,1).
We use the chain rule to compute

d(fog) 0 ou af

o (2,1) = %(9(2, 1)) - %(2, 1) + %(9(2, 1)) - %(2, 1)
_of of
= %(5,1)-4+%(5,1)-1

-1k
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Problem 3. (10 points) Suppose that we know that the level surface
ar’ + by + 2t =k

goes through the point (1,1,1), and we also know that the tangent
plane at (1,1,1) is orthogonal to the vector —2¢ + 25 + 2k. What
are the values of a and b and k7 (Hint: First find a and b, then k.)

a= and b= and k=

Solution. Let f(z,y, z) = ax® + by + 2*. The gradient vector

VIL,1,1) = f(1,1, )i+ f,(1,1,1)5 + f.(1,1,1)k
= 2at + 3bj + 4k
is orthogonal to the tangent plane to the level surface at the point (1,1, 1),
so the gradient vector and —2¢+ 27 + 2k are parallel. That means that

2at + 3bg3 + 4k and —27 + 237 4 2k are scalar multiples of one another,
so there is some number ¢ so that

2ai + 3bj + 4k = t(—2i + 2j + 2k) = —2ti + 2tj + 2tk.

Looking at the k coordinate, we see that 4 = 2¢, so t = 2. Then the
first and second coordinates say that 2a = —4 and 3b = 4, and hence
a=—2and b= % . Finally, we know that the point (1,1,1) is on the

surface ax? + by® + 2* = k, and we know the values of a and b, so
2 3, 14 4 1
F=a 4b 4T =atb+l=—2+-+1=|3

Problem 4. (10 points)
NOTE: Grading for each part of this True/False question is +2 for
the correct answer, 0 if left blank, and —1 if incorrect.

The values of a (twice differentiable) function f and its partial deriva-
tives at various points are given in the following table.

[Pl R]
I 31=7]2
ol olo
Lol 1]o
foe | =21 3 |2
fowll 37273
fow | =51 415
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Indicate whether each of the following statements is true or false by
circling the appropriate answer. You do not need to give a reason for
your answer.

Solution.
(a) P is a critical point True

(b) @ is a local minimum False
(¢) @ is a saddle point False
(d) R is a saddle point True
(e

) P is alocal maximum True
I didn’t ask you to give reasons for your answers, but here are the
reasons.
(a) P is a critical point because f,(P) =0 and f,(P) = 0.

( ) @ is not a local minimum, since it is not even a critical point, since
f,(@Q)=1#0.

( ) @ is also not a saddle point, since it is not a critical point, since
J,(Q) =1#0,

(d) R is a saddle point since

foa(R) fuy(R) — fuy(R)? = (=2) -5 — 3> = =19 < 0.

(e) P is a local maximum since
Jaz(P) fyy(P) — fzy(P)2 =(=2)-(=5H) — 32=1>0

and f,.(P) = —2 < 0. (These are the conditions for the 2nd derivative
test.)

Problem 5. (10 points) Write down the second order Taylor expansion
of the function

f(z,y) = ze*¥  around the point (1,0).

To help, I’'ve computed some of the partial derivatives for you, and you
can fill in the others:

fulz,y) = € 4 3aye™™
fo(z,y) =
foz(,y) = 6ye®™Y + 9xy?e3™¥
fay(7,y) = 6263 + 327y
fuy(@,y) =

Math 350 Midterm #1 Weds. Oct. 8, 2014



Math 350— Solutions for Midterm #1 Page 5

Solution. First we compute the partial derivatives:

flz,y) = ze®™
folz,y) = Y + 3wy
fy(z,y) = 322
fea(,y) = 3y + 3ye3™¥ 4 9zy®e®™ = 6ye3$y + 9ayPeBY
foy(2,y) = foy(7,y) = 626> + 32°ye”

fyy@ y) = 9z

Then we evaluate the derivatives at the point (1,0).

fla,y) =1
folz,y) =1
fylzy) =
fue(@,y) =0
foy(T,y) = foy(z,y) =6
fyy(z,y) =9

Finally, we use these values in Taylor’s formula:
f(14+hy,hy) =1+ hy +3hy + = (Oh2 + 6h1hy + 6hohy + 9h3).
Simplifying this last expression gives

F(U4 Ry, ho) = 1+ hy + 3hg + 6hihy + 203
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