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Problem 1. (10 points) (a) Compute the line integral

/Fds

for the path c(t) = (¢2,¢%,¢) with 0 < ¢ < 1 and the vector field
F(z,y,z) =xi+ zj + zk.
(b) Compute the line integral

/zdm—l—ydy—ir:cdz
c

for the path ¢(t) = ( n(t+ 1), cos(t ))) with 0 <t < 1.
Solution. (a) We have ¢/(t) = (2t,3t%,1), s

/F ds—/Ft2t3 - (t)dt

_/ (t%,t,1%) - (2t, 3t 1) dt

0
1
—/ 23 + 33 + 2 dt
0

t=1

:§t4+1t3

4 S
5 1 |19
4003 12

(b) This is the integral of the vector field
F(z,y,z) =zt +yj + zk.
This vector field satisfies the conditions to be a gradient field, and it’s
easy enough to find that
1
F =V f for the function f(z,y,2) =22+ §y2.

The fundamental theorem of calculus for line integrals says that the
value of the integral is given by the difference of the values of f at the
endpoints of the curve. So

/zd:z:—l—ydy—i—:cdz:/F-ds
c c

- [5)-is

= f(e(1) = f(c(0))
= f(e,In(2),cos(1)) — f(1,0,1)
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1
=|ecos(1) + 5(111 2)2 -1

Problem 2. (15 points) Let D be the region
D={(z,y):0<z<2andy>0and1<2”+y*<9}.

(a) Sketch the region D.
(b) Write the integral

/D f(a,y) dody

as a sum of one or more iterated integrals in zy-coordinates.
(c) Write the integral

/ f( ) dz dy
D

as a sum of one or more iterated integrals in polar coordinates.

Solution. (b) For 0 < z < 1, the region is v1 — 22 <y < /9 — 22,
while for 1 < x < 2, the region is 0 < y < v9 — 22. So

V9—z2 V9—z2
/f:z:ydxdy—// :L‘yd:vdy+// f(z,y)dedy

(c) The vertical line x = 2 intersects the circle z? +y =9 at the point
whose angle 0 is cos™(2/3). So for 0 < 6 < cos™!(—2/3), the values
of r go from r = 1 to the line x = 2. Since x = r cos 6, that means that
r goes from 1 to 2/ cosf. Then, for cos™(2/3) < 6 < /2, the value
of r goes from 1 to 3. Hence

cos™1(2/3) p2/cosd
/f(x,y)dxdy:/ / f(rcos@,rsin®)rdrdf
D 0 1

T 3
+/ / f(rcos@,rsind)rdrd.
cos—1(2/3) J1
Problem 3. (10 points) Find all of the critical points of the function
1 1 5
=_2’+—y’ ——a® — —y* + 6y + 10

f@y) =32+ 3y = 52 =5

and classify the critical points as local maxima, local minima, and
saddle points.
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Solution. We have

felm,y) =2 —x =a(x - 1),

folw,y) =y =5y +6 = (y — 2)(y — 3).
So there are four critical points:

(07 2)7 (07 3)7 (17 2)’ <]" 3)
For each one we need to compute
D = foafyy — 2, = 2z —1)(2y — 5) — 0* = (22 — 1)(2y — 5).

Then a point is a local minimum if D > 0 and f,, > 0, it is a local

maximum if D > 0 and f,, < 0, and it is a saddle point if D < 0. Note
that f,, = 2x — 1. We make a little table:

Point 0,2)] (0,3) | (1,2) [(1,3)
Value of D 1 -1 -1 1
Value of f,, —1 1

Type of point | Max | Saddle | Saddle | Min

Problem 4. (10 points) Let f(x,y) be defined by
223 — 312

flay) =9 22 +¢°
0 if (z,y) = (0,0).

0 0
(a) Calculate 8_£(0’ 0) and a—JyC(O, 0) directly from the definition.

(b) Let a and b be non-zero constants, and define a function

g(t) = f(at,bt). Calculate %(O)
(c) Let h(t) = (at,bt), so the function g(t) in (b) is g(t) = f(h()).
The chain rule would say that

dg /
20 =V/(0.0)- K (0) = 52(0,0)a + (0,0

Does this agree with your answers from parts (a) and (b)? If not,
explain what is going wrong.

of of

Solution. (a) We compute

h.0) —
a—f((), 0) = lim f(h,0) = /(0.0) definition of partial derivative,
ox h—0 h
2h3 /h?
= lim / definition of f,
h—0  h
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=1[2]

Similarly,
k) —
a—f(O, 0) = lim f(0.k) = (0,0) definition of partial derivative,
8y k—0 h
_271.3/12
= lim 3k”/k definition of f,
k—0 k

(b) For t # 0 we have
2(at)® —3(bt)*  2a® — 3v*
t) = t,bt) = =
g(t) = f(at,bt) (at)2 + (bt)2 a? + b2

This formula is also true for ¢ = 0, since ¢g(0) = f(0,0) = 0. Hence

2a% — 3b°
/
()
g'(0) a? + b2

(In fact, this is ¢/(¢) for every value of ¢.)
(¢) From (b) we have

2a3 — 3b°
"0 —
g(0) = a?+0v%
But using (a) we have
af af
—(0,0) - —(0,0) - b =2a — 3b.
52(0.0)-a+ 50,0 -b=2a
These are not the same in general. Indeed, their difference is
2a% — 3b* —2ab?® + 3a®b b(—2b+ 3
a——(?a—?)b): ab® + 3a :a( +a),
a2+b2 a2+b2 a2+b2

so they are the same only if a = 0, b = 0, or 3a = 2b. The reason
that this does not contradict the chain rule is because the chain rule
only applies if the partial derivatives are continuous. In this example,
the partial derivatives of f, although they do exist at (0,0), are not
continuous.

Problem 5. (15 points) For each of the following vector fields F,
check whether F is conservative.! If it is conservative, find a potential
function. If it is not conservative, explain why not.
(a) F=zi+ (2?4 32%) j + (z + y2)k.
(b) F = (2zy + j2)i + (2% + sin® 3y)j.

INote: Despite the new majorities in the House and the Senate, there is not yet

a law saying that all (American) vector fields are conservative!
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(c) Let a be a non-zero constant vector, let » = xi + yj + zk, and
let F=a xr.

Solution. By definition, a vector field F' is conservative if it is the
gradient of a function F = V f.

(a) A vector field F = Pi+ Qj + Rk defined everywhere on a solid
region (or even defined everywhere except for a finite set of points) is
conservative if and only if its curl is zero, or equivalently, if

P,=Q, and P,=R, and Q.=R,.
In this case we have
P,=0 and @, =2z,
P.=1 and R,=1,
Q.=z and R, =z

The first line shows that | F is not conservative| Alternatively, one
computes curl(F') = 24 is nonzero.

(b) Similarly, a vector field F' = Pi + @ in the plane that is defined
everywhere in a region is conservative if and only if @), = F,. In this
case

Qx(may) =2z = Py(l‘,y),

SO ’F is conservative ‘ We can find an f(z,y) by inspection, or more
systematically by integration. Thus if F' = V f, then

1
fo(z,y) = P(x,y) = 2zy + 5o

Integrating with respect to x gives

flzy) =2y + ixz +9(y)

for some function g(y) depending only on y. Then we use
2*+g'(y) = fy(e,y) = Qa,y) = 2® + sin*(3y)
to find that ¢'(y) = sin?(3y). So now we just need to integrate
, 1 — cos(6y y  sin(6y
o) = [y = [ 2 gy 4SO

Using this in our formula for f(x,y) gives the desired function,

1 y  sin(6y)
= 2 — 2 _—
flz,y) ==z y+4x + 2 15

Of course, one can always add a constant.
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(c) Let a = (a,b,c). Then
i j k

F=axr=det|a b c| =(bz—cy)i— (az—cx)j+ (ay — bx)k.
Ty z

As in (a), we need to check if the curl vanishes. For this vector field,
we have
i J k
VXxF=det| 0/0x /0y 0/0z | =2ai+ 2bj + 2ck.
bz —cy —az+cx ay—bx

So the curl of this vector field F' is constant, and indeed is given by
V x F = 2a. Since this is non-zero, | F is not conservative .

Problem 6. (10 points) Let C' be the unit circle
C={(x,y) : 2> +y* =1}

oriented in a counter-clockwise direction. Let f(t) and g(¢) be functions
of one variable with continuous derivatives. Evaluate

/C (f(x) + g(y))dz + (xd'(y) + 3z — 7)dy.

Solution. The easiest way to do this problem is to let D be the unit
disk, so C'= 0D, and use Green’s theorem. Thus

/C(f(fv) +9(y))dx + (zg'(y) + 3z — 7)dy
= / (f(@) + g(y))dax + (zg'(y) + 3z — 7)dy

= /D (%(:cg’(y) +30—17) - a%(f(:c) +9(y)) da dy

using Green’s theorem
)

z//D(g’(y)Jr?’) —g'(y) dv dy

://3d:rdy
D

= 3Area(D)

= [3n]

Math 350 Final Exam 12/12/14, 9:30-11:30am




Math 350— Solutions for Final Exam Page 7

Problem 7. (10 points) Let S be a surface in R?, and let S be the
boundary of S. Let F' be a vector field on S with continuous par-
tial derivatives. Suppose that you are given the following information
about S and F":

(i) S lies in the plane y = 3

i) Area(S) =17
(iii) Length(9S) = 25

) div(F)=a2*+y*>—2
(v) curl(F) =3zt —yj — 2zk
Using this information, evaluate the absolute value of the line integral
F - ds.
as

Solution. Here we will use Stokes’ theorem. Note that since S lies
in the plane y = 3, the unit normal vector n at every point of S is
the vector n = j (or —j if we want to point the other direction). We
compute

F.-ds= / / curl(F') - dS Stokes’ theorem,
a8

// curl(F)-j3dS since n = j,

= / / —ydS from the given formula for curl(F'),
s

= // —3dS since y = 3 for every point of S,

s

= —3Area(S

= —H1 since we are told that S has area 17.

If we used the other normal, we’d get 51, but in any case, the absolute
value of the integral is .

Problem 8. (10 points) Let f(z,y) = \/a* +y* + 7. For any a > 0,
let R, be the rectangle

R, = [—a,a] X [—a,a].
Calculate
lim —/ f(z,y) dz dy.
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Be sure to explain how you got your answer.

Solution. When a is very small, the value of the integral [[, fdA is
very close to f(0,0) multiplied by the area of R,. So

lim — // fdA = hm 5 £(0,0) - Area(R,)

a—0 a2
= hm VT - 4a?
a—0 a

= 4/7|.

If you want to be more formal, you can quote the mean value theorem
for integrals, which says that

/ ; fdA = f(xa,y,) - Area(R,)

for some point (z,,¥,) in R,. Hence

hm—/ fdA—hm— f(za,ya) - 4a* —411mf(xa,ya)—4f(0 0),

a—0 a

where the last equality comes from the fact that f is continuous and
the fact that as a — 0, the square R, shrinks down to the point (0, 0).

Problem 9. (10 points) Let Sg be the sphere of radius R centered at
the origin, taken with outward pointing normal. Let F' be the vector
field

F(z,y,2) = 2%+ 2°j + k.

Use the Divergence Theorem to compute

/ F.ds.
Sr

Solution. Let Q; be the solid ball of radius R centered at the origin,
so Sg is its boundary. Then

/ F-dS:/ F.ds
Sr O0r

= / / / div(F)dV by the Divergence Theoerm,
Qr

= /// 322dV  since div(F) = 3z°.
Qr
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Clearly the way to compute this integral is using spherical coordi-
nates. So

T 2w R
/// 322 dV :/ / / 3(pcos@sin ¢)* - p*sin ¢ dp df de
Qg o Jo Jo

T 2w R
= / / / 3p*(cos? ) (sin® @) dp db dp.
o Jo Jo

So we have three integrals to do.

R 1
/ ptdp = -R°.
0 5

2

2 271'1 2 in(2
/ cosQHdez/ Md9:Q+SIH( 0) _ -
; ; 2 2 i,
T3 " 2 1\ 15 |7 4
sin®gpdp = [ (1 —cos®¢)singpdp = cosp — = cos® ¢p| = —.
0 0 3 o 3

This gives the value

1 4 47 RP
/// 32°dV =3 -R’> -7 - = mh
On 5 3 5

Here’s a cleverer way to do the integral using an idea that was de-
scribed in one of the problem sets. By symmetry, we have

[, st I =[], 520

But adding them gives an integral that’s easy to compute using spher-
ical coordinates,

T 27 R
/// 3x2+3y2—|—322dV:/ / / 3p% - p?sin ¢ dp db do
Qr 0 0 0

since 22 + y? + 2% = p?,

s 2w R
= / / / 3p*sin ¢ dp df do
o Jo Jo
1 21

R ™
=3. 2% .0 (=
R5
=3-?-27r-2
_127TR5
=
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Hence

1 ATR?
/// 3m2dV——/// 302 4 342 4 3.2V — | 2L
On 3 o 5
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