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Problem 1. (10 points) Here is a table of powers of 23 modulo 167.

23' = 23 mod 167 23% =126 mod 167
232 = 28 mod 167 23 = 11 mod 167
23 =116 mod 167 2312 =121 mod 167
23% = 96 mod 167 23%% =112 mod 167

23 = 31 mod 167

Use the table to compute 237 (mod 167). Your answer should be an
integer between 0 and 166.

Solution. First we compute the binary expansion of the exponent:
78 =064+8+4+2.

Then

23™ = 2354.23%.234.23% = 11-96-116-28 = 3429888 = 42 (mod 167).

Problem 2. (10 points) Find a solution to the pair of simultaneous
CONGruences

r=15 (mod 117) and x =37 (mod 118).

Solution. The solutions to the first congruence look like x = 154+117y.
Substituting into the second congruence, we get
154117y = 37 (mod 118).
Since 117 = —1 (mod 118), this is —y = 22 (mod 118),s0 y = —22 =
96 (mod 118). Hence the solution to the original problem is
=15+ 117y = 15+ 117 - 96 = 11247.

Problem 3. (10 points) Let p be a prime such that p > 10. Find an
integer NV between 1 and 1000 that satisfies

N = 5% (mod 12p).
Solution. Euler’s formula tells us that a?0??) = 1 (mod 12p). The
Euler phi function is multiplicative, so ¢(12p) = ¢(4)o(3)o(p) =2 -2 -
(p—1) = 4(p — 1), so a*®V =1 (mod 12p). Multiplying by a*, we
see that

a® =a*  (mod 12p).
Taking a = 5 gives

5% =5' =625 (mod 12p).
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Problem 4. (24 points) NOTE: For this problem only, you need not
show your work, since only your answer will be counted.

Grading: +4 for each correct answer, —2 for each incorrect answer.

Your answers must go in the box at the bottom of the page. No credit
will be given for answers that appear elsewhere.

a) What is the value of (55)?

b) Does the congruence z? = 23 (mod 131) have a solution?

¢) What is the value of (331)

d) Does the congruence z° + 4x — 7 =0 (mod 89) have a solution?
e) If (%) =1, (;b)) = —1, and (197) = —1, what is the value of (%)?
) If p=3 (mod 8), what is the value of (_72)?

Solution. (s) () = () () = ) -
(2) =1

(b) (&) = —(3) = —(35) = —1, so no solution.

() (331) - (331) (34351) - _(34351) - _(34351) - _(zllg) =-L

(d) The quadratic formula says that the solution is (—4 & v/44)/2,
so there will be a solution if and only if 44 is a square modulo 89.

We compute (g) = (;;) (éé) = (%) = (%) = (1—11) = 1. So there is a

89
solution. (It turns out that the solutions are 8 and 77.
abc®\ __ (a) (b} (c\2 _
(e) By multiplicativity of the Legendre symbol, ( ) = (E) (1—)) (—) =
1-(=1)-(=1)*= -1
(f) Note that p = 3 (mod 8) implies that p = 3 (mod 4), so (’71) =
—1 and (]%) = —1. Hence (32) = (=) (3) = (-1)(-1) = 1.

p p p

~) - @) - - @) -

To summarize:

@)1  (B)NO  (¢) -1 (A YES (e)—1 (f)1

Problem 5. (10 points) The integer m has the property that
37-193=1 (mod m) and 37-214=1 (mod ¢(m)).

Further, the powers of a modulo m are given in the following table:

a=a (modm) a** = f (mod m)
a>=b (mod m) a® =g (mod m)
a*=c (mod m) a'®=h (mod m)
a®=d (mod m) a® =i (mod m)

a'® =e (mod m)
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Find the solution to

¥ =a (mod m).
Your answer should be expressed using the numbers a,b,c, ..., but
no number in the list a, b, ¢, . . . , 7 should appear more than once in your

answer.

Solution. We are told that 37-214 = 1 4 u¢(m) for some u, so rasing
to the 214 power, we have

237214 ltud(m) — o (mod m).

(Here we using using Euler’s formula, which says that A%™ = 1
(mod m).) Thus

r =2 =" (mod m).
Next we compute the binary expansion of 214,

214 =128 +64 + 16 +4 + 2,
SO

a®tt = ! BTOHIOHAT2 — 128,644160%02 = hgech  (mod m).
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