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The problems labeled A.1, A.2,...are additional problems for Math 252,
Commutative Algebra.

Disclaimer: I have tried to make these exercises accurate, but if there are
minor mistakes, then part of the assignment is to find and fix the mistakes.
(For example, if T ask you to prove that a map F'is a homomorphism between
groups, then you need to check that F(o7) = F(o)F (7). But it might turn
out that instead F(o7) = F(7)F(0).)
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Let
F(x;8,t) = 208" + 218" 't + 298" 22+ d w5t 4 at”

be a homogeneous polynomial of degree r in the variables s and ¢ whose

coefficients are the “variables” x,...,z,.
As in class, we can define an action of ¢ = (3‘?) € SLy(k) on the
polynomial ring k[xo, ..., z,] by first expanding

F(x;as + Bt,ys + 0t) = xps” + 2} 8"t + abhs" 22 -+ 2l st 4 alt”
and then, for any f € k[xzo,...,z,], setting

(o f)(xo,. . 2r) = f(xg,...,2).

A.1. Let r = 2, so for convenience we will write
F(x,y,2;5,t) = x5* + yst + 2t>.

(a) Let o = (: ?) € GLy(k) Find the 9 entries of the matrix M, expressing
the relationship between x,y,z and 2/,v/, 2, i.e., M, is the matrix making
the following equation true:

/

T % % % T
vyl =% x x Y
2 ¥ % % z

Note that the entries of M, are polynomial functions of the entries of o.
(b) Prove that the map

GL2(k) S GLg(k), g — Mg

is a homomorphism.
(c) Calculate det(M,) and relate it to det(o).
(d) Let A = y? — 4xz. Prove that

o(A)=A for all 0 € SLy(k).

Thus A is in the ring of invariants k[, y, 2]3%2*).
(e) Prove the following equality (this may be a hard problem):

bl 21520 = k[A
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A.2. Factor F(x;s,t) over the algebraic closure of k(zy, ..., z,) as

T

F(x;s,t) = o [ [(s — vit)

i=1

and let
A=ay? H (Yi — vj)-

1<i,j<r
i)
(a) Prove that
A € klxg, ...,z

(Hint. Start with the case xy = 1, in which case zy, ..., z, are the elemen-
tary symmetric functions of yo,...,y.. Prove that A is invariant under the
permutation action of the symmetric group on vy, ..., 4, and then invoke the
theorem on symmetric functions that I stated in class.)

For any particular set of values ag,...,a, with ay # 0, the polyno-
mial F(a;s,1) € k[s| is a polynomial of degree r. Then A(ay,...,a,) =0 if
and only if the polynomial F(a;s, 1) has a double root in k. Thus A, which
is called the discriminant of F', lets us check if F' has a double root using
purely rational operations on the coefficients of F', i.e., we don’t actually
have to compute any roots.

(b) Let r = 2. Compute A = A(x, x1,x9) explicitly. (If you like algebraic
manipulation, do the same for r = 3.)
(c) Let SLy(k) act on k[zo, ..., x,] as described above. Prove that

oA =A for all ¢ € SLy(k).
In other words, prove that A is in the ring of invariants,

A(l’o, ... 7{Er) c k[xo’ o ,$T]SL2(k),

A.3. Let R be a ring and let M be an R-module.
(a) Let I be an ideal of R. Prove that

R M
MQp— o —.
ORT T TM
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(b) Let (NV;)ier be a collection of R-modules. Prove that
M on (D) = O 0 ).
teT teT
(c) With notation as in (b), what can you say about the relationship between
M ®g (H Nt> and  [[(M @r Ny)?
teT teT

In particular, can you find an example where they are not isomorphic.
(d) Prove that

Homp (M, Hompg(N, P)) = Homgz(M ®g N, P).

(In the language of categories, this says that the functor N — M ®g N is
left adjoint to the functor N +— Hompg(M, N).)

A.4. Let R be aring, let I C R be an ideal of R, and let

R = R; =lim R/I"*!

be the “completion” of R with respect to I. Also let I =IR. Asin class, we
define a valuation v; on R by setting

min{n >0:p ¢ I"} if p #0,
U’(“):{oo it =0

(Equivalently, if you want to view p as a coherent sequence
w = (ag,a1,as,...) with a, € R/I",

then vy(p) is the smallest n such that a,, # 0.) We also defined an associated

I-adic absolute value
||y =271,

(a) Prove that | - |; is an absolute value satisfying the nonarchimedean (or ul-
trametric) triangle inequality. In other words, prove the following properties
of the I-adic absolute value:
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(1) [pulr = 0.
(2) |p|r = 0if and only if p = 0.
(3) [papalr = |pls - [plr-

(4) |pn + polr < max{{palr, lpzlr}-
(b) In any metric space X, a sequence of elements xy,zs,... € X is called a
Cauchy sequence if

>lim (distance from z,, to x,,) = 0.

X is a complete metric space if every Cauchy sequence in X converges to an
element of X. (For example, R and C are complete, but Q is not.) We can
make R; into a metric space by setting

(distance from gy to ps) = |1 — palr.

Prove that R; is a complete metric space with respect to this /-adic metric,
i.e., prove that every Cauchy sequence in R; converges to an element of R;.
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