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PGL9y Equivalence of Rational Maps

The complex dynamics of a rational map
#(z) €C(z),  ¢:P(C) — PY(C)
is unchanged under PGLy(C)-conjugation,

ol (2) = fLodo f(z) for ¢ € PGLy(C).

The map ¢ is defined over R if ¢(z) € R(z), or more
generally if

¢/ (2) € R(z) for some f € PGLy(C).

However, it may happen that the complex conjugate ¢
of ¢ is PGLy(C)-equivalent to ¢, even if ¢ is not defined

over R.



Quasi-Real Maps
A rational map ¢(2) € C(z) is quasi-real if
o o(2) = ¢/(2) for some f € PGLy(C), and
o ¢/(2) ¢ R(2) for all f € PGLy(C).
Example The map

is quasi-real.

Theorem. If ¢(z) € C(z) is quasi-real, then:

(a) ¢ has odd degree.
(b) ¢ is not a polynomial.

This result is a special case of an old theorem on field of
moduli versus fields of definition.



Quasi-Real Maps for Quadratic Extensions

More generally, if L /K is any separable extension of de-
oree 2, we write

o — @ for the nontrivial element of Gal(L/K).
Then we say that ¢(z) € L(z) is L/ K-quasi-real if
o ¢(z) =/ (z) for some f € PGLy(L), and
o ¢/(2)¢ K(2)forall fePGLy(L).

As for C/R, an L/K-quasi-real map always has odd
degree and is never a polynomial.



Normalization

For ease of exposition, we generally restrict attention to
maps with

Aut(¢) = {f € PGLy : ¢/ = ¢} = {2}.

Theorem. Let ¢ € L(z) with Aut(¢) = {z}. Then

the following are equivalent:
(a) L/K-quasi-real.

(b) Thereisa g € PGLyo(L) and at € K*~ N L* such
that the map v = ¢9 satisfies

¥ =1l with f(2) =tz"L (%)

The proof is a group cohomology calculation.

L/ K-quasi-real maps satsifying (x) are t-normalized.



Stereographic Projection
Classically, stereographic projection is a method

of identifying P!(C) = C U {oo} with the unit sphere
S2 ¢ C x R = R3. Pictorially, the identification is via

(0,0,1)

N

za:+iy|—>z*<

2x + 21y x2+y2—1
4yl 24y 41



L /K Stereographic Projection
For t € K* ~ N L*, we define the t-sphere to be

Si(L/K) = {(u,v) € L x K :v* =1+t Nu}.
Notice S_1(C/R) is the usual 2-sphere.
Then L /K stereographic projection is the map

t
ot Si(L/K) — PYL), (u,0) “1.
U_
[ts inverse is given by
2z Nz+1t
—1 1
P (L) = S(L/K — .
o P S SUL/K), o (o)



Stereographic Projection and Quasi-Real Maps

It is an algebra exercise to verify that the following dia-
gram commutes:

(u,v)—(—u,—v)

stﬁ/m > St(Ll/m
PY(L) 2o L)

Thus stereographic projection converts the t-inversion
conjugation map on PY(L) to the negation map on Sy(L/K).

Another calculation shows that a t-normalized L /K-
quasi-real map ¢ induces a map

=) (&)




The Induced Map on P(L x K)

Define (L x K) ~ (0,0)
N (Y,
P(L x K) = o .

Clearly P(L x K) = P?(K), but the isomorphism re-

quires choosing a K-basis for L.
We always have

St(L/K)/(+1) — P(L x K),

and in some cases such as C/R, this map is a bijection.

Theorem. The map ® on Sy(L/K)/(£1) extends to
an everywhere defined algebraic map

O :P(Lx K) — P(L x K).

The proof that ® extends to a rational map is straight-
forward. The fact that it is a morphism requires a more
elaborate argument.



Example

Let char(K) # 2,3, let
te K"~ NL*, ceL~K, Nc=1, 02#1,

and consider the map

b(z) = & (Z - t>3 c L(z).

t \z—1

Then ¢ is a t-normalized L/K quasi-real map.
Writing —c = b/b for some b € L, the induced map

O = [Dy(u,v), Po(u,v)| : P(L x K) — P(L x K)

is given by
Oy (u,v) = 26*" (u + tu — 2v)°,
Dy (u, v) = 2bbt° ((3uu® — 3uuw + 3uw’)t* + (—u’ + 3u’v — Yu’u — 6uv”
+ Juv — Y + 4v° — 6uv® 4 3ucv — )t
+ (3uv + 3uT + Yumw + 3uu” + 3utv)t?
+ (—6uv® — 3utw — 6uv®)t + 4v°).



Wrap-Up

e A t-normalized L/ K-quasi-real map is a rational func-
tion ¢(z) € L(z) satisfying

— L
)
e It induces an everywhere defined algebraic self-map
P(L x K) = P(K). (k)

e Question: For which ¢ (if any) can we choose the
isomorphism (x*) so that ¢ extends to a morphism
of P?(L)? of P?(K)?

e Further work-in-progress joint with Mike Zieve.

[ want to thank you for your attention and to thank the
organizers for inviting me to speak.
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