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Abstract

We generalizeto the bidisc a theorem of Garnett and Jonesrelating the spaceBMO
of functions of bounded mean oscillation to its martingale courterpart, dyadic BMO.
Namely, translation-averagesof suitable families of dyadic BMO functions belong to
BMO. As a corollary, we deducea biparameter version of a theorem of BurgessDavis
connecting the Hardy spaceH ! to martingale H . We also prove the analoguesof the
theorem of Garnett and Jonesin the one-parameterand biparameter VMO spacesof

functions of vanishing mean oscillation.
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1 Intro duction

Garnett and Jones[GJ] introduced a method for obtaining decomposition theorems for
the spaceBMO of functions of bounded mean oscillation by a reduction to the dyadic
spaceBMOy, involving averagingover the translations of a family of functions. Speci cally,

they concludedthe following theorem.

Theorem 1 (Garnett{Jones). Supmsethat 7! "' is a measurable mappingfrom R™
to the sppce BMO4(R™) of functions of dyadic boundel mean oscillation suchthat all ' (x)

havesupprt a xed dyadic cuke, suchthat k' kg 1 and suchthat
Z
" (x)dx=0:

Then . 7
"N(X) = " (x+ )d
W00 = g )

isin BMO(R™) andk' yk C.

In this paper we work in the setting of the circle T, and later the bidisc T T, rather

than R™. For instance,in the circle setting the object of interest is the translation-aveage
YA 1
"(x) = " (x+ )d

0

of a family of BMOy(T) functions. Herex + isto be understood asx+ mod 1.

Theorem 1 (unnumbered in [GJ]) follows implicitly from a stopping-time argumert in
their proof of a theorem of Carleson. We presei in Section 3 a proof, for the circle, which
does not require a stopping-time argumert. Our method, together with Journe's lemma,
allows us to prove a biparameter version of Theorem 1 for the Chang{Fe erman spaceof
BMO functions on the bidisc (Theorem 2). We alsoprove similar resultsfor the VMO spaces
of functions of vanishing mean oscillation on the circle and on the bidisc. As a corollary of
Theorem 2, we obtain a biparameterversion(Theorem 6) of a theoremof Davis [D], namely

that almost every translate of an H?! function belongsto dyadic H?.



The inherert di cult y in working with the multiparameter BMO and VMO spacess the
structure (or rather, the lack of structure) of the open sets. In the one-parametersetting
open sets reduce to unions of disjoint intervals, but an open set in R? has no canonical
decompmsition in terms of collectionsof disjoint rectangles.Howewer, the geometricdecom-
position in Journe's lemma can permit a reduction to rectanglesfor certain estimates,and
for oursin particular.

The paper is organizedasfollows. We recall somede nitions (Section2) and give a proof
of the BMO result on the circle (Theorem 2 in Section 3). We prove the analogousresult
for VMO in Section4. In Section5 we prove the averagingresult in the setting of BMO of
the bidisc, as well as the generalizationof Davis's theoremto H?! functions on the bidisc.
Section6 contains our proof of the averagingtheoremfor VMO of the bidisc.

We thank SergeiTreil for helpful conversationsabout Davis's theorem.

2 De nitions

A real-valued function f 2 LY(T) is in the spaceBMO(T) of functions of bounded mean

oscillation on the circle if its BMO norm is nite:
1 Z
kfk :=sup— jf(x) (f)jdx<1:
IR LN
R

Here (f ), := (151]j) , f (x) dx is the averagevalue of f on the interval I, and the circle T
is the interval [0; 1] with endpoints identi ed. Dyadic BMO of the circle, written BMOg4(T),
is the spaceof functions which satisfy the correspnding estimate where the suprenum is
takenoverall | 2 D, whereD = DJ0; 1] is the collection of dyadic subintervals of [0; 1]. The
dyadic BMO norm of f is denotedkf k.

We usea characterization of the dyadic BMO functions on the circle in terms of the size



of Haar coe cien ts. The Haar function assaiated with the dyadic interval | is
8

%jlj 12 ifx 2 |):
hi(X)=_j1j*2 ifx2l,;
-0 otherwise.

As usual I, and I, are the left and right halves, respectively, of the interval 1. The Haar
coecient over| of f is 7
fi=(;h):= f(x)h (x)dx;
|

the Haar seriesfor f is X
f(x):= (f;hy) h (x);

12D
and the L2-norm of f is

X
Kf Kg.o = (f;hy)?:
J2D

It followsfrom the John{Nirenberg Theorem[G, p.230]that foreahhp 1,forf 2 L(T)

the expression
1 % e
Kf Kgp:=sup — jf(x) (f)jPdx
20 JI]

is comparableto the dyadic BMO norm kf kg.

In particular, a function f 2 L(T) of meanvalue zerois in BMOy(T) if and only if there
is a constart C sud that for all | 2 D,

(f;hs)?  Cjlj: 1)
J 1;J2D

Moreover, the smallestsud constart C is equalto kf k..

Note that sincethe sum in (1) rangesover dyadic intervals only, there is no needto
restrict the interval | itself to be dyadic. Herethe notation J | includesthe caseJ = | if

P P

| is dyadic; we will alsousethe notation , , and ; | for clarity.

A function is in BMO if and only if it satis es (1) with a cortinuous wavelet expansion
replacing the Haar series. When we de ne BMO on the bidisc, we will make use of the

particular represetation employed in Chang{R. Fe erman [CF1980].
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On the bidisc T T, we have an expansionof functions in terms of a double Haar series
X
f(x) = (f; hr)hr(x);
R2D D

whereR denotesa dyadic rectangleR =1 J andhgr = h; h;.

De nition 1 (Dy adic product BMO). A functionf 2 LY(T T) belongsto BMO4(T T)
if there existsa constart C sud that for every open set ,
(f;hr)® Cj j: 2
R ;R2D D
Seeg[B], and also [BP] for equivalert de nitions.

We now de ne BMO on the bidisc, recalling rst the concept of the Carlesonregion
asseiated to an open set. For an interval |, the asseiated Carlesonbox in the upper half-
planeis T(l1) := 1 (0;length(l)). For arectangleR =1 J, the assaiated Carlesonbox
in the product upper half-planeis T(R) := T(I) T(J). For an openset in the bidisc,
dene T() := SR T(R).

Let (x) be a smooth function supported on [ 1;1] with meanvalue zero, and de ne
the usual dilation (x) := y ' (x=y) for y > 0. In what follows we write x = (X1;X2),
y = (y1,¥2), andt = (t;;t;), and abbreviatethe product ,(X1) y,(X2) by y(x). Thus for

f de ned on the bidisc, the expressionf y(X) denotesthe iterated corvolution
zZ

fooy(X1) y(X2) = f(xe tXa t2) y(t1) y,(t2)dtydty:

When the function is radial and satis es the additional property

z 1
. ., dt
PP - =1

0

one hasthe Calderon{T orchinsky represemation for f 2 L?:
ZZ
f) = f (1) gy Tudlzdndye,
Y1y

See[CF198(. This represetation in turn leadsto a wavelet expansionof f , by decompmsing

the product upper half-plane into disjoint dyadic regions correspnding to top halves of
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Carlesonboxes. Speci cally, if for I dyadic of length jljwesetl* =1 (jlj=2;jl]), and for

R=1 JwesetR" =17 J", then
7z
X
f(x) = fo) ,x t) Sadtdndy,
R2D D R* Y1y2

The following de nition, from [C], therefore givesthe (continuous) wavelet analogueBMO
of BMOy.

De nition 2 (Pro duct BMO). A function f belongsto BMO(T T) if there exists a

constart C sud that, for all opensets, the Carleson-measureondition holds:

7
it M dt, dtody;dy,

T() Y1y2
We defer the de nitions of VMO (T), VMO4(T), VMO(T T), and VMO4T T) to

Sections4 and 6.

®3)

3 BMO(T) from averaging BMOqy(T)

We give a proof of the Garnett{Jones theoremon the circle T.

Theorem 2. Supmsethat' 2 BMOy(T) for each 2 [0;1], 7!' is measurable,and
the BMO4 norms of the functions' are uniformly boundel: there is a constant C4 such
that

k' kg Cyq

for all 2 [0;1]. Supmsealsothat
Z
" (X)dx=0 forall 2 [0; 1]
T
Then the translation-aveage
YA 1
(x)= " (x+ )d

0

is in BMO(T).



Proof of Theorem 2. Usingthe Haar expansionfthe functions' , we write the translation-

average' (x) as

Z, Z,x
'(x) = C(x+ )d = ¢ sh)hx+ )d
0 0 120
Zix X
= ( sh)h(x+ )d
0 poNiI2D,
X 1 X

= ( ;h)hx+ )d
n2n 9 12D,
Z
X 1
"a(x+ o )d
gn °

" n(X):

n2N

HereD, :=fl 2D jlj= 2 "gfor n 2 N, and we have set

X
a0 = () h(x)

12D n

and
Z, Z,x

"a(¥) = Tkt )d = ¢ sh)h(x+ )d:
0 0 20,
Fix aninterval Q T, not necessarilydyadic. Let N be the unique non-negatiwe integer

sud that
2N t<jQp 2™
We split the sum, at the scaleof jQj, into two parts' o and' g in which the dyadic intervals|

are respectively small and large comparedwith Q:

X X
='at's; " a(X) = " n(X); "e(X) = " n(X):
ni2 "<jQj ni2 "jQj

To provethat ' belongsto BMO, it su ces to show that there are constaris C, and Cg

independert of Q, and a constarn cy dependingon Q, sud that
Z

9 o

5 Te00 cajdx Co (5)

j' A(X)j? dx Ca; (4)



We beginwith inequality (4). The left hand sideis
Z Z x Z )
i a()j?dx = "a(x+ o )d o dx
Q Q n2n<jqp °
zZ,7Z X >
'L(x+ ) dxd (6)
0 Q n:2 "<jQj

Fix an 2 [0; 1]. We shall provide a uniform estimate of the -integrandin the last line
of inequality (6). LetQ = Q bethe translate of Q to the left by . So2 N 1< jQ j
2 N, Now Q may be covered by at most two adjacent dyadic intervals Q;, Q. of length
jQij = jQzj = 2 N, sothat jQ:1 [ Q;j 4jQ j. We obtain

1 Z X 2
— n(X+)dX

1Q) o n:2 1<j0]
1 4 X 2
= "a(x) dx
n
Q] Q  n2 n<jQj
1 4 X 2
— I n(X) dx
JQ J Ql[QZ n:2 n<ij
. 4
— jQ:1[ Q2j X (%) 2dx
—_— n
JQJ Ql[QZ n:2 n<ij
Z X 2 Z X 2
2 LX) dx+ 2 LX) dx:
Qi 2 n<jQj Q2 n:2 n<jqj

The interval Q; is dyadic and the functions® are uniformly boundedin BMOy, so as
in our discussionof equation (1) there is a constart Cy4 independent of Q; sud that for all

2T

(" ;h) CqJQqj: (7)
I Q12D
Therefore
Z X 2 1 X 2
o "a(x) dx = i1 (" sh)h
1 n:2 n<jQj 12D (Q1)
— 1 x (- . h )2
- —— y )
jQij 12D (O1)
Cq:



Applying the sameargumert to Q, and integrating over 2 [0; 1], we obtain inequality (4).

Weturn to inequality (5). Recallthat Q isa xed interval in the circle T, not necessarily
dyadic. Also
X
"e(X) = " n(X):

ni2 "j Qj
Fix a point xo 2 Q. For instance,let xq be the left endpoint of Q. Let

X

Co := ' g(Xo) = " n(Xo):
n2 "j Qj
Then, writing | =1 whenl 2 D,, we have
j's(X) cojdx = (" sh) h(x+ ) hi(x+ ) d dx
Q Q ni2onj Qj 0 |20,
X 27z, X h i

(" sh) h (X)) h (%) d dx (8)

n2 "j Qj Q 0 y2p,

We must show that this last expressionis boundedby someCg, independert of Q. Let

Z, X h i
On(X; Xo) = ¢ :h)h (X)) h (x) d:

0 y2p,

For xed x 2 Q, Xo 2 Q, the expressionh, (x) h; (Xxo) will be zerofor many valuesof

We have jx  Xo] jQj jlj. We considertwo cases:(i) whenijx Xoj jlj=2, and (ii)
whenjlj=2< jx Xoj jlj. In case(i), the expressiorh, (x) h; (Xg) canonly be non-zero
in two situations. First, h; (x) h; (Xp) is non-zerowhen is sud that the midpoint of
| falls betweenx and xo. This happensexactly when liesin a particular interval, call it
Axxo1, Of length jx  Xoj. Second,h; (X) h; (Xo) is non-zerowhen one of the endpoints
of | falls betweenx and x,. This happens exactly when liesin a set, call it By, ,
consisting of the union of two intervals eat of length jx  Xgj. In the rst situation, the
value of jh; (x) hy (Xo)j is 2jlj 2, and in the secondsituation it is jlj 2. In short,
jhh () hi (Xo)j  2j1j 2when 2 Eyxpi = Axxon [ Bxxon» @andjhy (x)  hy (xo)j = 0

for all other . HerejE,x,1] 3jX Xoj.



In case(ii), jlj=2< jx Xo] jlj, andsox and X, never fall in the samehalf of | . Then
h, (x) h, (Xo) canonly benon-zerowhen liesin onesingleinterval, callit E,. ., of length
JExxon] = i1+ X Xoj 3X Xoj. When 2 Eyx,i, wehavejhy (x) hi (xo)j 2jIj *?
asin case(i).

We also note the following estimate on Haar coe cien ts of BMOy functions: for ead

2 Tandforeah | 2 D,
Z

iCohijty ) hjdx kK ks Ca; (9)

|
where Cy is the uniform bound on the dyadic BMO norms of the functions'

Now we can estimate jg, (X; Xo)j, usinginequality (9) in the last line:

Z1x h i
Jon (X X0)] = (" sh) h (x) h (%) d
0 |2£n
X 1 h i
= (" sh) h () h (%) d
12D, 0
X Z h i
= (" sh) h () h (%) d
12D n, Exxoil
X Z h i
j¢ sh)j he (X)) hy (x0) d
12D —Exx il
X Z 0 . . . . 1—2
j¢ shj2jly —=d
12D, Exxoi
2" 2 C4 3ix Xoj: (10)
Therefore, using inequalities (8) and (10), we obtain
z x Z
' 8(X) coj dX jon (X; Xo)j dx
Q nzzxnj Qj 2
6 2" Cq jXx Xgjdx
n:2 nj Q)j( Q 7
= 6Cy4 2" X Xojdx
n2 "j Qj Q
6Cq X 19
n2 "j Qj
6Cy:

10



This provesinequality (5), and henceTheorem 2. O

4 VMO(T) from averaging VMOgy(T)

In this sectionwe de ne the spaceVMO(T) of functions of vanishingmeanoscillation on the
circle, and the correspnding dyadic spaceVMO 4(T). Then we state and prove the averaging
theorem for VMO, namely that translation-averagesof suitable VMO 4(T) functions belong
to VMO (T).

The spaceVMO wasintroducedby Sarasonn [S]. A function belongsto VMO if its BMO
norm goesto zero uniformly asthe intervals shrink to zero, or equivalertly if the function

belongsto the closureof the cortinuous functions C} in BMO.

De nition 3 (VMO). A function f 2 BMO(T) belongsto VMO(T) if for ead " > 0O there

existsa sud that for all intervals | with jlj< ,
1 Z
i JFO)  (Fhjdx "jlj:
|
De nition 4 (Dy adic VMO). A function f belongsto VMO (T) if for ead " > 0 there

existsa sud that the BMO norm of

(f:hy)hy (x)

J2D;
Hi<

is at most ".

Theorem 3. Suppmse that the functions '  satisfy the hypothesesof Theorem 2 and in

addition belongto VMO 4(T) uniformly: for each” > Othereisa suchthatfor all 2 [0;1],

(" ;hy)hy(x) "
i<
J2D

Then the translation-aveage
YA 1
"(X) = " (x+ )d

0
is in VMO(T).
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Proof. The proof follows the samelines as that of the BMO result: we split * into two
functions, one correspnding to the part of the expansionover small intervals (this part has
small BMO norm), and the remaining function which is cortrolled by averaging. Fix an
" > 0. For this ", we have on hand a that is guararteed by the uniform VMO condition

on the functions' . Pick alargeN = N("; ) satisfying2 N < . Weaimto nd aK sud

that if jQj < 2 K then 7
1
— i" (X "Vojdx ™
i0j QJ x) (')
Split' ="' 1+" 5, where
Z, X
bi(x) = (" sh)h(x+ )d
0 op;
jlj<2 N
and Z, X
' a(x) = (" sh)h(x+ )d:
0 op:
jlj 2 N

We claim that for jQj < 2 ¥ and K suciently large,
1 Z
— I 1(x ' jdx ™ 11
o] Q11() (" Dal (11)
To seethis, x sud a Q and make a further split of ' ; asin the proof of Theorem 2:

1= " 1a+t ' 1.8, Where

Z, x
b 1a(X) = (" shoh(x+ )d
0 2p;
jlj 2 K
and zZ, X
"1e(X) = (" ;h)h(x+ )d:
0 12D ;

2 K<jljc2 N
Then exactly the sameargumert asin the BMO situation provesthat
Z
! i pa(X)j?dx 2"
Qi " ™

aslongas2 X <

12



Now, following the argumen of equation (8) and with the samenotation, we have

1 4 ) . X 14 .
o ) (X)  Cqjdx Tol JOn (X; Xo)] dX
I8 o n2 K<z nep w1l Q
P ]
wherecq = 5 k<p nep v n(Xo)-

Asbefore,jh; (x) h; (Xo)j 2jlj ¥2, whilethe di erence is only nonzerofor 2 Eyx,:,
and jE.x,.j is appraximately jx  Xoj and thereforeboundedby 2 ¥ . Note that
. . Z x . . . . 1—2
JOn (X; Xo0)] i s h)jgty —d

Exx ol 12Dy

and this expressionis boundedby C2""jx  Xqj, since2 " < . Thus

1% ) . X o1 < .
— ' 1s(X) Cqj dx C2™— X Xoj dXx
1QI o N K< nep N 1QI o
= C" * 2njgj
n2 K<2 n<2 N
X
c'iQ 2
n=N
= Cn"
This completesthe proof of (11).
To estimate' »(x), forcg =, ' n(Xo) we have
17 i L g
IO QT
and jgn(X;Xo)] C2"jx  Xgj. Thus
14 . X
—  j ax) Cojdx C 2Qj
1Q o n N
X
c2 X 2"
n N
c2 KN
if K is chosensu ciently large. O
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5 BMO(T T) from averaging BMOy«T T)

We work onthe bidisc T T; in other wordson[0; 1] [O; 1] with appropriate facesidenti ed.

Theorem 4. Supmsethat’ 2 BMOy(T T)foreach =( 4; ,)2[0;1] [0;1], 7!
is measurable, and the BMOy4 norms of the functions' are uniformly boundel: there is a
constant Cy4 suchthat

k' kg Cy4
for all 2 [0;1] [0;1]. Letx = (X1;X2). Supmsealso that

Z
" (X)dx=0 forall 2 [0;1] [O;1]:

Then the translation-aveage

24,
" (x) = " (x+ )d

0 0

isin BMO(T T).

In [J1985], Journe de ned a wide classof multiparameter Calderon{Zygmund singular
integrals, and proved a T (1) theorem characterizing boundednessof these operators. His
geometricobsenations were syrthesizedinto a covering lemma for open setsin R? [J1986],
which was extendedto opensetsin R", n > 2,in [P]. For seweral recen variants of Journe's
lemma, see[CLMP] and the referencegherein.

We beginwith somede nitions.

De nition 5 (Dy adic rectangles in ). Let beanopensetin T T. From now on, let
D (rather than D D asusedearlier) denotethe collection of dyadic rectanglesR =1 J
in T T, wherel andJ aredyadic intervalsin T. For a dyadic interval |, let 21 denotethe
dyadic parert of | . De ne the subcollectionsM ;() and M ,() of D to be the collections

of dyadic rectanglesin  which are maximal in the rst and secondcomponerts respectively:

fR=1 J2D | J but 2 J6 g

M ()

M () fR=1 J2D | J but | 216 g

14



We usethe notation M to denotethe strong maximal operator:
Z

Mf (x) := sup i f(x)dx R2D;x2R
IR} R

If isanopensetin T T, € denotesthe following enlargemen of :

1
e = M S
2
Thus €, and there is a constart C sudh that j€j Cj | for all open T T.

Later we will alsoconsiderenlargemets of enlargemets:
1

De nition 6 (Fy). Toeadh rectangleR =1 Jin M () we assaiate a natural number
k = k(R) 2 N[ fOg asfollows. Let 2¢I denotesthe unique dyadic interval of length 2%jI j

that cortains |, and set
k(R) := the largest nonnegatiwe integer sud that 2| J €

and
Fr=Fx() =fR=1 J2My() Kk(R)=Kkg:

In other words,R=1 J isin Fyif | ¥6 andk is the unigue integer such
that 21 J 2 M 1(§. Each R 2 M () liesin exactly oneF,, soM ,() can be written
asthe disjoint union

[
Ma() = F:
k=0

Theorem 5 (Journ e's Lemma). Let beanopensetin T T. Thenthereis a constantC

suchthat
X . - - -
jRj  Ckj J:
R:R2M () ;
R2F
Let

M() =Mi() \ M2()

denotethe dyadic rectanglesin  which are maximal in both directions.

15



De nition 7 (G). Forl 2 N, de ne
G=G() =fR=1 J2My() for the unique k sud that R 2 Fy, | is the largest

nonegatie integer such that 2¢1 213 Eg;

Then M ,() canalsobe written asthe disjoint union

[
Mao() = G:

1=0
As a corollary of Journe's lemma, we have an analogousresult for the setsG.

Prop osition 1 (Journ e's Lemma for G). Let beanopensetin T T. Then thereis

a constant C suchthat

X . . . .
jRj  Clj |
R:R2G,
Proof of Proposition 1. Writing R =1 J, we seethat
X . . X X . .
IR] = IR]

R:R2G, >e< R:RZG>\{ K

k R:R=1 J2G|\F

2 Kj2x1 Jj:

The inner sumis over a collection of distinct rectanglesR, and the rectangleR%= 2| J
belongsto M 1(§. But morethan oneR canleadto the samerectangle2¢l J 2 M 4(§.

Specically, x R°= 2| J. For eah dyadic subirterval P of 2| of length I, if P J 2
M ,(), thenthe rectangleR = b J givesriseto R%again. Theseare the only rectanglesR
that canleadto R sothere are at most 2¢ rectanglesR in F that can give rise to a given

RC= 21 J. Now, letting

M«(8) := fR® R°2 M (§ ;R°2 G(8);R°=2¢I Jandl J2Fq;

we obtain
X X X X
2 kj2k| JJ 2 "2ij(]
k R:R=1 J2G|\F kK ROROM ., (§
Clj€j by Journe'slemma
clj j;

16



asrequired. O

Proof of Theorem 4. To show that the translation-average' of the BMOg4 functions ' s
in BMO, it su ces to show that there is a constart C sud that for all open sets in the

bidiscT T 77 dt, ity dy, i,

0 oy T vye Cj s (12)
wheret = (t1;t2), Y = (Y1;¥2), y(t) = . (t1) y,(t2), b hassu cien't decy at the origin,
and T() isthe union of thoseregionsT(Rp) sud that Ro 2 M ().

For =( 1; »2) 2[0;1] [0;1],let

R=1, J,=0 1 @ 2
be the -translation of the dyadic rectangleR =1 J.
Note rst that
VAV
' y(t) = (' ;hr)hr y(t)d :
0 0 Rrir2D

Nowhg  y(t)= h | (1) hy, ,(tz) isnonzeroonly if
R\ I,(t) I,(t) 60

sincely, (t1) := [ty yi;ti+ yi] = supp y,(t1 ).
We split the integral over the Haar seriesinto two parts: the part involving ' @ that
sumsover those rectanglesR  cortained in & and the part involving ' @ that sumsover

the remaining rectangles. Set

VAV
S y(t) = (" ;hr)hg y(t)d :

00
RR &

Then equation (12) with ' replacedby ' @ holdsby L?-theory. That is, becausek' kg Cqg

for all , we obtain the estimate
7
X _, dt; dt,dy; d X o
i ihe)he ()2 SRRV ( shr)®2 Cj j;
T() Y1Y2
R:R & R:R &
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and the bound is unchangedwhen we integrate in
Set

1 (2 = ' ' (1)

S
SinceT() = fT(Ro) Ro2 M () g, to show that equation (12) holds for ' @ it su ces

to shaw that 77

X
i@ y(t)j2 dt, dt, dy; dy,

Cj j:
T(Ro) Yiy2

Ro:Ro2M ()
We useJourne's lemmafor this.
Fix k and | and arectangleRg 2 F,\ G, sothat 2¢<I  2'J € Considerthe quartity
2L, X

0 0

(" ;hr)hgr y(t)d :
R R 66;
R \ 3Rp60

(Note that for eadr R in this sum,wehave R \ 3R 6 ;, sincely, (t;) 1,,(t2) 3Rp.) At

this point, we would like to arguethat if the integral is nonzero,then either
V> 29160 or 3 ,i> 23

or both.

In fact this is only true if in fact we are summingover thoserectanglesR not corntained
in a (further) enlargemen of 8 obtained by doubling the size of rectanglescortained in e
about their certers. To avoid introducing more notation, we'll assumethat € has been
so enlarged. Then, it suces to estimate over eat of the following four subcollections of

rectangles:

Case (i): jl ,j> 24l¢j but  jJ,i  2%Jgj;
Case (ii): jl ,j> 2l and  jJ ,j> 2o ;
Case (ii): jJ ,j> 2jJoj  but jl j 2jloj;

Case (iv): jJ ,j> 2jJj and jl ,j> 2ljlgj .
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Case (i). For xed Ro=19 Jpin Fx\ G, we estimate

ZZ
dtdy
[CiHlF —=;
T(Ro) y
where
241 X X
C(i) = (I ;hR) hR y(t)d
O 0 i > 210j 349 40 2ol
Let
x Z1
Cy = (2 5he)h oy (t)d g
L:j1j> 2Kl o]
Then
ZZ
X ? dt,d X
Ghy, y(t2) 22 S
TG0 343 L) 2jdof Y 3, 323,
by L2-theory. It remainsto estimatethe quartity
ZZ
X dtl dy]_
J .
T(o) 5.3, 32¢5, Y1
For xed (ty;y1) 2 T(lg), and xed |, we have
Z, Z
(" Hhr)h oy (t)d o= (v he)hy oy (t)d g
0 Eyqitqil
where
Eyl;tl;l = 1 h| 1 yl(tl) 60 :
By the argumert we usedin the one-parametersetting,
jEy;tn]  Cyi
Then, using Caudy{Schwarz in the secondline,
x £ | 2
G = (v 5he)hy oy (t)d
|:j|j>2kj|0j Eyl;tl;l
X X z | 2
1 (v Zhr)h oy (t)d
2> 2l Evaitai
1 X e 1m
Cor iC v Ehe)jjl 4 77d g
J OJ |Zj|j>2kj|oj Eyl:tl;l

19
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In the last line we have usedthe obsenation that the number of dyadic intervals | in T at

the k scalesof length at least 2 11 is 1=(2%jl o), and alsothat

jhe | )i jh g
Therefore, using the Caucy{Schwarz inequality again,
VA
C X o o
T Y1 jC ¥ 2hR)Ejl td o
J OJ |:j|j>2kj|0j Eyl;tl:l
Returning to the sumin equation (13), we have
X c X z X |
1 ki L (" ¥ 2hR)%d o
3, 2k ITo] 51> 2Kjloj Byitan 3 , 323

The integrand is lessthan or equalto a constart times 2%l jjJoj, by the BMO condition on
the opensetl  2¢J,. Integrating over Ey, ., we obtain
X X
g
241 o]

33, 32k

yijlj ! 2kj|jonjY1 :

151j> 2%l of

It remainsto integrate the right-hand sideover T(l,). Then

27 27
N L U S y2 dudvs
T(lo) 241 of ! Y1 221 oj2 T(lo) Yoy

1> 2Kjl1 o]
1 eyt o3
W 2%Jdoj 1ol
2 Kilo  Joj:
Integrating over T in ; doesnot changethis bound.

Now, summing over the rectanglesR, we obtain

7
X X dtd
[C(i)]z—y
ki Ro:Ro2F\G,  T(Ro) y
X ox % dt dy
[CihF —=
Ro:Bo2F T(RO)
N ¢ o
2 "JRoj
k  Ro:Ro2F
Cj
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by Journe's lemma. This cortrols the sum over the rectanglescovered by case(i).

Case (ii). Herewe considerthoserectanglesR = | J for which | and J are both large.

Fix a point (t;y) = (t1;t2;¥1;Y2) in T(Rg). We must estimate the quartity

= , dtdy.
[Caiy]® —
T(Ro) y
where z7 N N
1
Ciiy = (' ;hr)hg y(Hd (14)
00

Ll 4j>2%j10j 353 ,j>2]oj
For xed | andJ in that sum, considerthe expression

2,

CiiH(R) = - (" 5hr) hr | y(t)) hr, y(t2) d : (15)

Again, the integrand can only be nonzerowhen ;2 Ey,,; and ;2 Ey,.,., whereEy, 1,

and Ey,.,, are of sizey; andy, respectively. Also
i 5 hRr)j CuiRj*;
jhe ()] i =
jhi,  y(t2) j3j =

Integrating over Ey, 1, and Ey,.,, gives
Ciiy(R)  Cayrya: (16)

Summing C;y(R) over | and J, we nd that

1 1
Cihy GCq 1ol 2939] yiy2 (17)
Therefore 77 it clty s dy
[Ci? —=22  C22 %jRy: (18)
T(Ro) Y1y

As in the previous case,we sum over theserectanglesRq in F, and useJourne's lemmato

concludethat the sumis boundedby a constart timesj j.
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Case (iii). We must estimate the quartity

2z (Cai dtdy.
TRo) (i ) —y )
where zZZ X X
1
C(iii ) = (I ; hR) hR y(t) d : (19)
00

353 5> 2'3oj Ll 4j 2jloj

Move the integral in ; to the outside, by Caudy{Schwarz. Let
x <

G = (" ;hr)hy

343 4> 2j3o]

vo(t2) 6 O, thenl \ 3I,6 ;,andsol , 3 2'1o. Therefore, by the

,  w(t2)d 2

Fix 1. If hJ

2

L 2-theory again,

zZ
X ? dt, d
ah | y(t) — £
09 1< 2ljigj 7
I ,\3lo6;
7z
X ? dt, d
ah | () — £
T(lo) L3l j< 2'jl o] Y1
X I, 320
¢
i, 32g
Following the argumert laid out in case(i), we get
X 1 X i
- Y2jdj “2]jlojjdj: (20)
2idoj
I, 329 J:jdj> 2jJoj
Summing over the rectanglesRy, we obtain
zZ
X X , dtdy
[C(iii)] IV
kil Ro:Ro2F (\G T(Ro) Z y
X X , dtdy
[C(iii)] T
| RoR02G T(Ro)
X )? 2|. . I. .
2 “1do) 2]l
| RoR02G,
xR o
= 2 'JRoj
h|>( Ro:R02G, |
ci2'jj;
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by the versionin Proposition 1 of Journe'slemmafor the setsG. This cortrols the sumover

the rectanglescovered by case(iii).

Case (iv). Weomit the argumert for this case.The argumert is similar to that for case(ii),

and usesProposition 1.

This completesthe proof of Theorem4. O

As a corollary of Theorem 4, by duality we can establish the product version on the
bidisc of Davis's theoremconnectingH * and dyadic H} [D, Theorem3.1, casep = 1], just as
Garnett and Jonesnoted for the one-parametercasein [GJ]. For completeinformation about
the Hardy spaceH ! on the bidisc, see[CF1989 and the referencesherein. Product VMO on
the bidiscis discussedn Section6 belov; herewe useonly that VMO 4(T T) BMOg(T T)
and that product H? is the dual of product VMO.

Theorem 6 (Biparameter Davis Theorem). If f 2 HYT T), then for almostevery
2 [0;1] [0;1], thetranslationT f () := f( ) belongsto H}(T T), and

Z L,

KT fky: d Ckf Ky, :
00

Proof. We will usethe following facts about the Hardy spaceH }(T  T):
HYT T) =BMO(T T); HYT T)= VMO(T T) ;

and their dyadic analogues.

Takef 2 HYT T). If f is alsocortinuous,then f and all its translates T f belong
to Hi(T T). Togetthe normestimate,notethat kT f kH& variescortinuously and uniformly
in . By duality the norm KT f kH& is given by pairing with a BMO(T  T) function. If we
appraximate thesenorms, we can choosea family of ' which vary measurablyin . Indeed
themap 7!" will be piecewiseconstan.

R1R1 1
00

By Theorem4, the translation-average' () := (+ )d isinBMO(T T), and
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k' k 1. Then

Z {4 Z{4,7
hr f;' id = Tf(x)' (x)dxd
0 0 0 0 T T
yA ZZ,
= f (x) " (x+ )d dx
TT 00
Kf Kyya:

In particular, T f isin H}(T T) for almost all
F)
Now assumef 2 HY(T T), kik= 1. Wecanrepresenf = _f,, wherethe f, are
P
cortinuousand | kfpky: (1+ ")kfky:. De ne

X
F():= kankH&:

n

The estimate for the cortinuous functions implies

2L, x Z£1 X
F()d = kankHdld Ckfpky:  C(1+ ")kf ky1:
00 n 00 n
Since
Z X Z
T f(t)dt T fo(t)dt)
[ n [
we have
X

(T ) (x) (T fn) (%)

n

where (T f) denotesthe the martingale maximal function of T f.

Integrating with respect to x we obtain

KT fkuy  F():

6 VMO(T T) from averaging VMOyT T)

The product VMO spaceVMO(T T) wasinvestigatedin [LTW] where,amongother things,

the authors gave a de nition of product VMO in terms of Carlesonmeasuresand iderti ed
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product VMO as the predual of product H!. We recall their de nition of product VMO.

Let D, denotethe classof dyadic rectanglesQ sud that jQj is lessthan 2 ".

De nition 8 (Pro duct VMO). A function b belongsto VMO(T T) if b belongsto
BMO(T T), and for eath " > O thereis ann 2 N sud that for every openset in the

bidisc T T, -

X dt; dt, dy; dy,

b yOF = "i (21)
QQ Q20, ' yiy2

where
D, =fQ=0Q:1 Q. Q;;Q;aredyadicintervalsin T with jQj := jQ1jjQ2 < 2 "g:

Specializing equation (21) to one parameter,it can be seenthat this de nition of VMO
is equivalert to De nition 3.

As in the one-parametercase,product VMO can also be characterizedas the closureof
C3 in BMO (see[LTW]).

De nition 9 (Dy adic product VMO). A function b belongsto the spacedyadic product
VMO, denotedVMO4(T T), if for eadr " > 0 there is an N sud that for all open sets
A T T
X 2 . .
(" shr)®  "jAj:
R:RA ;R2D;jRj<2 N

We now prove the averagingtheoremfor product VMO, namelythat translation-averages
of suitable VMO4(T T) functions belongto VMO(T T). The argumen requiresone
essetial modi cation from the product BMO averagingtheorem. When specializedto one

parameter,the argumen givesanother proof of Theorem 3.

Theorem 7. Supmsethat’ 2 BMOy(T T)foreach =( ;; 2)2[0;1] [0;1], 7!
is measurable, and the BMO4 norms of the functions' are uniformly boundel: there is a
constant Cy4 suchthat

k' kg Cyq
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forall 2[0;1] [0;1]. Letx = (X1;X,). Supmsealso that
Z

" (X)dx=0 forall 2 [0;1] [O;1]:

Supmsein addition that the functions' belongto VMO4(T T) uniformly: for each™ > 0

thereis an N suchthat for all 2 [0;1] [O;1] andfor all opensetsA T T

X 2 . .
(" she)™  "iAj:
R:RA ;R2D;jRj<2 N
Then the translation-aveage

Z £,
"(x) = " (x+ )d
0 0

isin VMO(T T).

Proof. By Theorem4,' isin BMO(T T). Let beanopensetin the bidiscT T, and
x "> 0. Sincethe functions' are uniformly in VMO(T T), there is someN sud that

forall 2[0;1] [0;1]andfor all opensetsA T T,

X 2 . .
(" ;hr)  "iA:
R:RA ;R2D;jRj<2 N

It suces to shawv that for K = K("; N) su ciently large,

X 7
PRt o2
QQ Q20;Qj<2 k Y1y
We rst split the sumin the integrand of ' at scale2 N sothat ' ="' ;+ "' ,, where
Z {4 X
= (" he)ha(x+ )d ;
R:R2D ;jRj<2 N
?11 X
R ( the)he(x+ )d :
00 R:R2D;jRj 2 N
Thus’ y®="1 y(®+"2 (), where
27,
1 y(t) = ¢ ;he)hg (O ;
00 R:R2D ;jRj<2 N
2z,
o y(t) = o o (" ;hgr)hgr y()d : (23)

R:R2D;jRj 2 N
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Here as usual
R = R( 1 2) & (l 1) (‘] 2)

is the translate of the rectangleR 2 D by = ( 1; »2).
The estimatefor ' ; is straightforward. We apply the argumerts of Section5, including
the splitting into four cases. The argumens go through without change,and we obtain a

strongerinequality than (22), namely
X YA

_  dt;dt,dy.d .
PR () e E T I

00 Q2D o+ Y1Y2

We turn to the estimatefor ' ,. We must shaw that there is a K sud that

X 2z dt;dt,dy, dy,

YiY2

iz (O "I (24)

QQ Qo2 k

where' ,  (t) is asde ned in equation (23).

Fix with 0< < 2N andlet K = K(";N; ) N be a positive integer, to be
determined |later.

Write Q = Q1 Q. and Q* = Q7 Qj. If jQj = jQijjQ2j < 2 K, then either
jQij < 2 X% or jQ,j < 2 X2, or both.

We considertwo casesfor inequality (22), onein which we sum over rectanglesQ with
jQ1j < 2 X=2, and onein which we sum over rectanglesQ with jQ,j < 2 X2, For notational
conveniencewe relabel K=2 asK . By symmetry, we may assumethat our sum s taken over

rectanglesQ for which jQ.j < 2 X. Then

7
X ) , dtydtodyrdys
'y ———————
Q:Q :Q2D;jQij<2 X Q* Yiy2
£ : ‘ dt,dt,dy;dy.
2 O T (25)
(t1;t2)2 O<y1<2 K 0O<yp<i1 yly2

Now we make use of our previously chosen , splitting the integral in y, into an integral
over0< y, < andanotherover <y, < 1.

First, considerthe part of the integral in the right-hand side of inequality (25) with
0<y,< .Fix R2D sudthat jRj 2 N. Becausebothy; < jljandy, < jJj, the same
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argumernts usedto establishinequality (16) apply, and we obtain the inequality

Z £

0 0

(" she)he () d  Cyaya:

Sincethere are no more than (N + 1)2V*2 dyadic rectanglesR of areajRj 2 N, we

nd that
- - Z Z 1 X
Jl 2 y(t)l = (I ;hR) hrR y(t)d
0 0 RriR2D ;jRi' 2 N
X 1
(* ;hg)higr y(t)d
RR2D;Rj 2N O O
(N + 1)2V*2CCqyays:
Hence
P2y (N+1)2V*2CCayrys
Therefore
Z Z Z
j' , (t)]2 dtldtzdyldyg
(tit)2  0<y152 K O<y< Zy Yiy2
(N + 1)2Y"2CCayay, 2 dt;dtdy;dy;
(t1;t2)2  O<y1<2 K 0O<y,< . Y1y2
2 K
= (N+1)2N2CCq % | v
0 Yi o Y2
(2 K)2 2
= + N +2 2 ( _
(N+21)2""°CCq 7j | > >

"I

K ("; N; ) is chosensu ciently large.

asrequired, if K
Second,considerthe part of the integral with < y, < 1:

Z Z Z
. .2 dtldtzdyldyz .
2y —————
(tiit2)2  O<y1<2 K <y,p<1 Yiy2
h
where 77, «
Yo () = ¢ ;he)hg (O d :
0 0

R:R2D;jRj 2 N
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Asbeforej(' ;hr)j CyRj™2. Alsojh |, (t)i jlj Pandjhy, () j3j 2
Further, h; | yv:(t1) = 0 exceptwhen ; liesin a specic set of total length at most

3jlt,(y1)] = 6y1, becausey; < jlj. We obtain

. . X Z Z 1 . . . . . .
"2 y(V)] IC she)ijhe o y(t)ijhy ,  y,(t2)id
RR2D;Rj 2 N 0 0
X ) Ly
CaRj*“Z6yajlj 2 j3j *2d ,
R:RZD)gRj 2 N 0
= Caby1
R:R2D;jRj 2 N
CCy(N + 1)2V*2y;:
Thus
z z z j' , (t)]2 dtldtzdyldyz
(t1;t2)2 O<y 122 K <yZ<1 Zy Y1Y2
CCy(N + 12V 2y, 2 dtidtady,dys,
(t1;t2)2 O<y1<2 K <y o<1 YiYy2
2 2 dy Z1 dy.
= CCy(N + )22 %j | el
0 Y1 Y2
2K
= CCy(N + 1)2V*2 %) 122 log >
N
if K = K("; N; ) is chosensu ciently large.
We have shown that the translation-average' isin VMO(T T), asrequired. O
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