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Abstract

We generalizeto the bidisc a theorem of Garnett and Jonesrelating the spaceBMO

of functions of bounded mean oscillation to its martingale counterpart, dyadic BMO.

Namely, translation-averagesof suitable families of dyadic BMO functions belong to

BMO. As a corollary, we deducea biparameter version of a theorem of BurgessDavis

connecting the Hardy spaceH 1 to martingale H 1. We also prove the analoguesof the

theorem of Garnett and Jonesin the one-parameterand biparameter VMO spacesof

functions of vanishing mean oscillation.
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1 In tro duction

Garnett and Jones [GJ] introduced a method for obtaining decomposition theorems for

the spaceBMO of functions of bounded mean oscillation by a reduction to the dyadic

spaceBMOd, involving averagingover the translations of a family of functions. Speci�cally,

they concludedthe following theorem.

Theorem 1 (Garnett{Jones). Suppose that � 7! ' � is a measurable mapping from Rm

to the space BMOd(Rm ) of functions of dyadic bounded mean oscillation suchthat all ' � (x)

havesupport a �xed dyadic cube, suchthat k' � kd � 1 and suchthat

Z
' � (x) dx = 0:

Then

' N (x) :=
1

(2N )m

Z

j � j j� N
' � (x + � ) d�

is in BMO(Rm ) and k' N k� � C.

In this paper we work in the setting of the circle T, and later the bidisc T 
 T, rather

than Rm . For instance,in the circle setting the object of interest is the translation-average

' (x) :=
Z 1

0
' � (x + � ) d�

of a family of BMOd(T) functions. Here x + � is to be understood as x + � mod 1.

Theorem 1 (unnumbered in [GJ]) follows implicitly from a stopping-time argument in

their proof of a theorem of Carleson. We present in Section3 a proof, for the circle, which

does not require a stopping-time argument. Our method, together with Journ�e's lemma,

allows us to prove a biparameter version of Theorem 1 for the Chang{Fe�erman spaceof

BMO functions on the bidisc (Theorem2). We alsoprove similar results for the VMO spaces

of functions of vanishing meanoscillation on the circle and on the bidisc. As a corollary of

Theorem2, we obtain a biparameterversion(Theorem 6) of a theoremof Davis [D], namely

that almost every translate of an H 1 function belongsto dyadic H 1.
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The inherent di�cult y in working with the multiparameter BMO and VMO spacesis the

structure (or rather, the lack of structure) of the open sets. In the one-parametersetting

open sets reduce to unions of disjoint intervals, but an open set in R2 has no canonical

decomposition in terms of collectionsof disjoint rectangles.However, the geometricdecom-

position in Journ�e's lemma can permit a reduction to rectanglesfor certain estimates,and

for ours in particular.

The paper is organizedasfollows. We recall somede�nitions (Section2) and give a proof

of the BMO result on the circle (Theorem 2 in Section 3). We prove the analogousresult

for VMO in Section4. In Section5 we prove the averagingresult in the setting of BMO of

the bidisc, as well as the generalizationof Davis's theorem to H 1 functions on the bidisc.

Section6 contains our proof of the averagingtheoremfor VMO of the bidisc.

We thank SergeiTreil for helpful conversationsabout Davis's theorem.

2 De�nitions

A real-valued function f 2 L 1(T) is in the spaceBMO(T) of functions of bounded mean

oscillation on the circle if its BMO norm is �nite:

kf k� := sup
I � T

1
jI j

Z

I
jf (x) � (f )I j dx < 1 :

Here (f )I := (1=jI j)
R

I f (x) dx is the averagevalue of f on the interval I , and the circle T

is the interval [0; 1] with endpoints identi�ed. Dyadic BMO of the circle, written BMOd(T),

is the spaceof functions which satisfy the corresponding estimate where the supremum is

taken over all I 2 D, whereD = D[0; 1] is the collection of dyadic subintervals of [0; 1]. The

dyadic BMO norm of f is denotedkf kd.

We usea characterization of the dyadic BMO functions on the circle in terms of the size
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of Haar coe�cien ts. The Haar function associated with the dyadic interval I is

hI (x) :=

8
>>>>><

>>>>>:

jI j � 1=2; if x 2 I l ;

�j I j � 1=2; if x 2 I r ;

0; otherwise.

As usual I l and I r are the left and right halves, respectively, of the interval I . The Haar

coe�cien t over I of f is

f I = (f ; hI ) :=
Z

I
f (x)hI (x) dx;

the Haar seriesfor f is

f (x) :=
X

I 2D

(f ; hI ) hI (x);

and the L2-norm of f is

kf kd;2 =
X

J 2D

(f ; hJ )2:

It follows from the John{NirenbergTheorem[G, p.230]that for each p � 1, for f 2 L 1(T)

the expression

kf kd;p := sup
I 2D

�
1

jI j

Z

I
jf (x) � (f )I jp dx

� 1=p

is comparableto the dyadic BMO norm kf kd.

In particular, a function f 2 L 1(T) of meanvaluezerois in BMOd(T) if and only if there

is a constant C such that for all I 2 D,

X

J � I ;J 2D

(f ; hJ )2 � CjI j: (1)

Moreover, the smallestsuch constant C is equal to kf k2
d;2.

Note that since the sum in (1) rangesover dyadic intervals only, there is no need to

restrict the interval I itself to be dyadic. Here the notation J � I includesthe caseJ = I if

I is dyadic; we will alsousethe notation
P

J � I and
P

J � I for clarity.

A function is in BMO if and only if it satis�es (1) with a continuous wavelet expansion

replacing the Haar series. When we de�ne BMO on the bidisc, we will make use of the

particular representation employed in Chang{R. Fe�erman [CF1980].
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On the bidisc T 
 T, we have an expansionof functions in terms of a doubleHaar series

f (x) =
X

R2D 
D

(f ; hR )hR(x);

whereR denotesa dyadic rectangleR = I � J and hR = hI 
 hJ .

De�nition 1 (Dy adic pro duct BMO). A function f 2 L 1(T 
 T) belongsto BMOd(T 
 T)

if there exists a constant C such that for every open set 
,

X

R� 
 ;R2D 
D

(f ; hR)2 � Cj
 j: (2)

See[B], and also [BP] for equivalent de�nitions.

We now de�ne BMO on the bidisc, recalling �rst the concept of the Carleson region

associated to an open set. For an interval I , the associated Carlesonbox in the upper half-

plane is T(I ) := I � (0; length(I )). For a rectangleR = I � J , the associated Carlesonbox

in the product upper half-plane is T(R) := T(I ) � T(J ). For an open set 
 in the bidisc,

de�ne T(
) :=
S

R� 
 T(R).

Let  (x) be a smooth function supported on [� 1; 1] with mean value zero, and de�ne

the usual dilation  y(x) := y� 1 (x=y) for y > 0. In what follows we write x = (x1; x2),

y = (y1; y2), and t = (t1; t2), and abbreviate the product  y1 (x1) y2 (x2) by  y(x). Thus for

f de�ned on the bidisc, the expressionf �  y(x) denotesthe iterated convolution

f �  y1 (x1) y2 (x2) =
ZZ

f (x1 � t1; x2 � t2) y1 (t1) y2 (t2) dt1dt2:

When the function  is radial and satis�es the additional property
Z 1

0
j b (t)j2

dt
t

= 1;

onehas the Calder�on{Torchinsky representation for f 2 L 2:

f (x) =
ZZ

f �  y(t) y(x � t)
dt1dt2dy1dy2

y1y2
:

See[CF1980]. This representation in turn leadsto a wavelet expansionof f , by decomposing

the product upper half-plane into disjoint dyadic regions corresponding to top halves of
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Carlesonboxes. Speci�cally, if for I dyadic of length jI j we set I + = I � (jI j=2; jI j), and for

R = I � J we set R+ = I + � J + , then

f (x) =
X

R2D 
D

ZZ

R+
f �  y(t) y(x � t)

dt1dt2dy1dy2

y1y2
:

The following de�nition, from [C], therefore gives the (continuous) wavelet analogueBMO

of BMOd.

De�nition 2 (Pro duct BMO). A function f belongsto BMO(T 
 T) if there exists a

constant C such that, for all open sets
, the Carleson-measurecondition holds:
ZZ

T (
)
jf �  y(t)j2

dt1dt2dy1dy2

y1y2
� Cj
 j: (3)

We defer the de�nitions of VMO(T), VMO d(T), VMO( T 
 T), and VMO d(T 
 T) to

Sections4 and 6.

3 BMO(T) from averaging BMOd(T)

We give a proof of the Garnett{Jones theorem on the circle T.

Theorem 2. Supposethat ' � 2 BMOd(T) for each � 2 [0; 1], � 7! ' � is measurable, and

the BMOd norms of the functions ' � are uniformly bounded: there is a constant Cd such

that

k' � kd � Cd

for all � 2 [0; 1]. Supposealso that
Z

T
' � (x) dx = 0 for all � 2 [0; 1]:

Then the translation-average

' (x) :=
Z 1

0
' � (x + � ) d�

is in BMO(T).
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Proof of Theorem 2. Usingthe Haar expansionsof the functions ' � , wewrite the translation-

average' (x) as

' (x) =
Z 1

0
' � (x + � ) d� =

Z 1

0

X

I 2D

(' � ; hI ) hI (x + � ) d�

=
Z 1

0

X

n2 N

X

I 2D n

(' � ; hI ) hI (x + � ) d�

=
X

n2 N

Z 1

0

X

I 2D n

(' � ; hI ) hI (x + � ) d�

=
X

n2 N

Z 1

0
' �

n (x + � ) d�

=
X

n2 N

' n(x):

Here Dn := f I 2 D
�
� jI j = 2� ng for n 2 N, and we have set

' �
n (x) :=

X

I 2D n

(' � ; hI ) hI (x)

and

' n (x) :=
Z 1

0
' �

n (x + � ) d� =
Z 1

0

X

I 2D n

(' � ; hI ) hI (x + � ) d� :

Fix an interval Q � T, not necessarilydyadic. Let N be the unique non-negative integer

such that

2� N � 1 < jQj � 2� N :

Wesplit the sum,at the scaleof jQj, into two parts ' A and ' B in which the dyadic intervals I

are respectively small and large comparedwith Q:

' = ' A + ' B ; ' A (x) :=
X

n:2� n < jQj

' n (x); ' B (x) :=
X

n:2� n �j Qj

' n (x):

To prove that ' belongsto BMO, it su�ces to show that there are constants CA and CB

independent of Q, and a constant cQ depending on Q, such that

1
jQj

Z

Q
j' A (x)j2 dx � CA ; (4)

1
jQj

Z

Q
j' B (x) � cQ j dx � CB : (5)
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We begin with inequality (4). The left hand side is

�
Z

Q
j' A (x)j2 dx = �

Z

Q

�
�
�
�

X

n:2� n < jQj

Z 1

0
' �

n (x + � ) d�

�
�
�
�

2

dx

�
Z 1

0
�
Z

Q

�
�
�
�

X

n:2� n < jQj

' �
n (x + � )

�
�
�
�

2

dx d� : (6)

Fix an � 2 [0; 1]. We shall provide a uniform estimateof the � -integrand in the last line

of inequality (6). Let Q� := Q� � be the translate of Q to the left by � . So2� N � 1 < jQ� j �

2� N . Now Q� may be covered by at most two adjacent dyadic intervals Q1, Q2 of length

jQ1j = jQ2j = 2� N , so that jQ1 [ Q2j � 4jQ� j. We obtain

1
jQj

Z

Q

�
�
�
�

X

n:2� n < jQj

' �
n (x + � )

�
�
�
�

2

dx

=
1

jQ� j

Z

Q �

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx

�
1

jQ� j

Z

Q1 [ Q2

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx

=
jQ1 [ Q2j

jQ� j
�
Z

Q1 [ Q2

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx

� 2 �
Z

Q1

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx + 2 �
Z

Q2

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx:

The interval Q1 is dyadic and the functions ' � are uniformly bounded in BMOd, so as

in our discussionof equation (1) there is a constant Cd independent of Q1 such that for all

� 2 T
X

I � Q1 ;I 2D

(' � ; hI )2 � Cd jQ1j: (7)

Therefore

�
Z

Q1

�
�
�
�

X

n:2� n < jQj

' �
n (x)

�
�
�
�

2

dx =
1

jQ1j










X

I 2D (Q1)

(' � ; hI )hI










2

=
1

jQ1j

X

I 2D (Q1)

(' � ; hI )2

� Cd:
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Applying the sameargument to Q2 and integrating over � 2 [0; 1], we obtain inequality (4).

We turn to inequality (5). Recall that Q is a �xed interval in the circle T, not necessarily

dyadic. Also

' B (x) =
X

n:2� n �j Qj

' n (x):

Fix a point x0 2 Q. For instance,let x0 be the left endpoint of Q. Let

cQ := ' B (x0) =
X

n:2� n �j Qj

' n (x0):

Then, writing I � := I � � when I 2 Dn , we have

�
Z

Q
j' B (x) � cQ j dx = �

Z

Q

�
�
�
�

X

n:2� n �j Qj

Z 1

0

X

I 2D n

(' � ; hI )
h
hI (x + � ) � hI (x0 + � )

i
d�

�
�
�
� dx

�
X

n:2� n �j Qj

�
Z

Q

�
�
�
�

Z 1

0

X

I 2D n

(' � ; hI )
h
hI � (x) � hI � (x0)

i
d�

�
�
�
� dx: (8)

We must show that this last expressionis boundedby someCB , independent of Q. Let

gn(x; x0) :=
Z 1

0

X

I 2D n

(' � ; hI )
h
hI � (x) � hI � (x0)

i
d� :

For �xed x 2 Q, x0 2 Q, the expressionhI � (x) � hI � (x0) will be zero for many valuesof � .

We have jx � x0j � jQj � jI j. We considertwo cases:(i) when jx � x0j � jI j=2, and (ii)

when jI j=2 < jx � x0j � jI j. In case(i), the expressionhI � (x) � hI � (x0) can only be non-zero

in two situations. First, hI � (x) � hI � (x0) is non-zerowhen � is such that the midpoint of

I � falls betweenx and x0. This happensexactly when � lies in a particular interval, call it

Ax;x 0 ;I , of length jx � x0j. Second,hI � (x) � hI � (x0) is non-zerowhen one of the endpoints

of I � falls between x and x0. This happens exactly when � lies in a set, call it Bx;x 0;I ,

consisting of the union of two intervals each of length jx � x0j. In the �rst situation, the

value of jhI � (x) � hI � (x0)j is 2jI j � 1=2, and in the secondsituation it is jI j � 1=2. In short,

jhI � (x) � hI � (x0)j � 2jI j � 1=2 when � 2 Ex;x 0 ;I := Ax;x 0 ;I [ Bx;x 0;I , and jhI � (x) � hI � (x0)j = 0

for all other � . Here jEx;x 0;I j � 3jx � x0j.
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In case(ii), jI j=2 < jx � x0j � jI j, and sox and x0 never fall in the samehalf of I � . Then

hI � (x)� hI � (x0) canonly benon-zerowhen� liesin onesingleinterval, call it Ex;x 0;I , of length

jEx;x 0 ;I j = jI j + jx � x0j � 3jx � x0j. When � 2 Ex;x 0 ;I , we have jhI � (x) � hI � (x0)j � 2jI j � 1=2

as in case(i).

We also note the following estimate on Haar coe�cien ts of BMOd functions: for each

� 2 T and for each I 2 D,

j(' � ; hI )j jI j � 1=2 � �
Z

I
j' � (x) � (' � )I j dx � k' � kd � Cd; (9)

whereCd is the uniform bound on the dyadic BMO norms of the functions ' � .

Now we can estimate jgn(x; x0)j, using inequality (9) in the last line:

jgn(x; x0)j =

�
�
�
�

Z 1

0

X

I 2D n

(' � ; hI )
h
hI � (x) � hI � (x0)

i
d�

�
�
�
�

=

�
�
�
�

X

I 2D n

Z 1

0
(' � ; hI )

h
hI � (x) � hI � (x0)

i
d�

�
�
�
�

=

�
�
�
�

X

I 2D n

Z

E x;x 0;I

(' � ; hI )
h
hI � (x) � hI � (x0)

i
d�

�
�
�
�

�
X

I 2D n

Z

E x;x 0 ;I

j(' � ; hI )j

�
�
�
�

h
hI � (x) � hI � (x0)

i �
�
�
� d�

�
X

I 2D n

Z

E x;x 0 ;I

j(' � ; hI )j 2 jI j � 1=2 d�

� 2n � 2 � Cd � 3jx � x0j: (10)

Therefore,using inequalities (8) and (10), we obtain

�
Z

Q
j' B (x) � cQ j dx �

X

n:2� n �j Qj

�
Z

Q
jgn (x; x0)j dx

�
X

n:2� n �j Qj

�
Z

Q
6 � 2n � Cd � jx � x0j dx

= 6Cd

X

n:2� n �j Qj

2n �
Z

Q
jx � x0j dx

� 6Cd

X

n:2� n �j Qj

2n jQj
2

� 6Cd:
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This provesinequality (5), and henceTheorem2.

4 VMO(T) from averaging VMOd(T)

In this sectionwe de�ne the spaceVMO( T) of functions of vanishingmeanoscillation on the

circle, and the correspondingdyadic spaceVMO d(T). Then westate and prove the averaging

theorem for VMO, namely that translation-averagesof suitable VMO d(T) functions belong

to VMO(T).

The spaceVMO wasintroducedby Sarasonin [S].A function belongsto VMO if its BMO

norm goes to zero uniformly as the intervals shrink to zero, or equivalently if the function

belongsto the closureof the continuous functions C1
0 in BMO.

De�nition 3 (VMO). A function f 2 BMO(T) belongsto VMO( T) if for each " > 0 there

exists a � such that for all intervals I with jI j < � ,

1
jI j

Z

I
jf (x) � (f )I j dx � " jI j:

De�nition 4 (Dy adic VMO). A function f belongsto VMO d(T) if for each " > 0 there

exists a � such that the BMO norm of

X

J 2D ;
jJ j<�

(f ; hJ )hJ (x)

is at most " .

Theorem 3. Suppose that the functions ' � satisfy the hypothesesof Theorem 2 and in

addition belongto VMO d(T) uniformly: for each" > 0 there is a � suchthat for all � 2 [0; 1],









X

jJ j<� ;
J 2D

(' � ; hJ )hJ (x)










�

� ":

Then the translation-average

' (x) :=
Z 1

0
' � (x + � ) d�

is in VMO(T).
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Proof. The proof follows the samelines as that of the BMO result: we split ' into two

functions, onecorresponding to the part of the expansionover small intervals (this part has

small BMO norm), and the remaining function which is controlled by averaging. Fix an

" > 0. For this " , we have on hand a � that is guaranteed by the uniform VMO condition

on the functions ' � . Pick a large N = N ("; � ) satisfying 2� N < � . We aim to �nd a K such

that if jQj < 2� K then
1

jQj

Z

Q
j' (x) � (' )Q j dx � ":

Split ' = ' 1 + ' 2 where

' 1(x) :=
Z 1

0

X

I 2D ;
jI j< 2� N

(' � ; hI )hI (x + � ) d�

and

' 2(x) :=
Z 1

0

X

I 2D ;
jI j� 2� N

(' � ; hI )hI (x + � ) d� :

We claim that for jQj < 2� K and K su�cien tly large,

1
jQj

Z

Q
j' 1(x) � (' 1)Q j dx � ": (11)

To seethis, �x such a Q and make a further split of ' 1 as in the proof of Theorem 2:

' 1 = ' 1;A + ' 1;B , where

' 1;A (x) =
Z 1

0

X

I 2D ;
jI j� 2� K

(' � ; hI )hI (x + � ) d�

and

' 1;B (x) =
Z 1

0

X

I 2D ;
2� K < jI j< 2� N

(' � ; hI )hI (x + � ) d� :

Then exactly the sameargument as in the BMO situation provesthat

1
jQj

Z

Q
j' 1;A (x)j2 dx � 2"

as long as 2� K < � .
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Now, following the argument of equation (8) and with the samenotation, we have

1
jQj

Z

Q
j' 1;B (x) � cQ j dx �

X

n:2� K < 2� n < 2� N

1
jQj

Z

Q
jgn(x; x0)j dx

wherecQ =
P

n:2� K < 2� n < 2� N ' n (x0).

As before,jhI � (x)� hI � (x0)j � 2jI j � 1=2, while the di�erence is only nonzerofor � 2 Ex;x 0;I ,

and jEx;x 0;I j is approximately jx � x0j and thereforeboundedby 2� K . Note that

jgn(x; x0)j �
Z

E x;x 0 ;I

X

I 2 D n

j(' � ; hI )j2jI j � 1=2 d� ;

and this expressionis boundedby C2n" jx � x0j, since2� n < � . Thus

1
jQj

Z

Q
j' 1;B (x) � cQ j dx �

X

n:2� K < 2� n < 2� N

C2n"
1

jQj

Z

Q
jx � x0j dx

= C"
X

n:2� K < 2� n < 2� N

2n jQj
2

� C" jQj
KX

n= N

2n

= C":

This completesthe proof of (11).

To estimate ' 2(x), for cQ =
P

n� N ' n(x0) we have

1
jQj

Z

Q
j' 2(x) � cQ j dx �

X

n� N

1
jQj

Z

Q
jgn(x; x0)j dx

and jgn(x; x0)j � C2n jx � x0j. Thus

1
jQj

Z

Q
j' 2(x) � cQ j dx � C

X

n� N

2n jQj

� C2� K
X

n� N

2n

� C2� K 2N � ";

if K is chosensu�cien tly large.

13



5 BMO(T 
 T) from averaging BMOd(T 
 T)

We work on the bidisc T 
 T; in other wordson [0; 1]� [0; 1] with appropriate facesidenti�ed.

Theorem 4. Supposethat ' � 2 BMOd(T 
 T) for each � = (� 1; � 2) 2 [0; 1]� [0; 1], � 7! ' �

is measurable, and the BMOd norms of the functions ' � are uniformly bounded: there is a

constant Cd suchthat

k' � kd � Cd

for all � 2 [0; 1] � [0; 1]. Let x = (x1; x2). Supposealso that
Z

' � (x) dx = 0 for all � 2 [0; 1] � [0; 1]:

Then the translation-average

' (x) :=
Z 1

0

Z 1

0
' � (x + � ) d�

is in BMO(T 
 T).

In [J1985], Journ�e de�ned a wide classof multiparameter Calder�on{Zygmund singular

integrals, and proved a T(1) theorem characterizing boundednessof these operators. His

geometricobservations were synthesizedinto a covering lemma for open setsin R2 [J1986],

which wasextendedto open setsin Rn , n > 2, in [P]. For several recent variants of Journ�e's

lemma, see[CLMP] and the referencestherein.

We begin with somede�nitions.

De�nition 5 (Dy adic rectangles in 
 ). Let 
 be an open set in T 
 T. From now on, let

D (rather than D 
 D as usedearlier) denotethe collection of dyadic rectanglesR = I � J

in T 
 T, whereI and J are dyadic intervals in T. For a dyadic interval I , let 2I denotethe

dyadic parent of I . De�ne the subcollectionsM 1(
) and M 2(
) of D to be the collections

of dyadic rectanglesin 
 which aremaximal in the �rst and secondcomponents respectively:

M 1(
) := f R = I � J 2 D
�
� I � J � 
 but 2I � J 6� 
 g;

M 2(
) := f R = I � J 2 D
�
� I � J � 
 but I � 2J 6� 
 g:

14



We usethe notation M to denotethe strong maximal operator:

M f (x) := sup
�

1
jRj

Z

R
f (x) dx

�
�
�
� R 2 D; x 2 R

�
:

If 
 is an open set in T 
 T, e
 denotesthe following enlargement of 
:

e
 :=
�

M � 
 >
1
2

�
:

Thus 
 � e
 , and there is a constant C such that j e
 j � C j
 j for all open 
 � T 
 T.

Later we will alsoconsiderenlargements of enlargements:

ee
 :=
�

M � e
 >
1
2

�
:

De�nition 6 (F k). To each rectangleR = I � J in M 2(
) we associate a natural number

k = k(R) 2 N [ f 0g as follows. Let 2k I denotesthe unique dyadic interval of length 2k jI j

that contains I , and set

k(R) := the largest nonnegative integer such that 2k I � J � e


and

F k = F k(
) := f R = I � J 2 M 2(
)
�
� k(R) = kg:

In other words, R = I � J � 
 is in F k if I � eJ 6� 
 and k is the unique integer such

that 2k I � J 2 M 1(e
). Each R 2 M 2(
) lies in exactly one F k , so M 2(
) can be written

as the disjoint union

M 2(
) =
1[

k=0

F k :

Theorem 5 (Journ �e's Lemma). Let 
 be an open set in T 
 T. Then there is a constant C

suchthat
X

R:R2M 2 (
) ;
R2F k

jRj � Ckj
 j:

Let

M (
) := M 1(
) \ M 2(
)

denotethe dyadic rectanglesin 
 which are maximal in both directions.

15



De�nition 7 (Gl ). For l 2 N, de�ne

Gl = Gl (
) := f R = I � J 2 M 2(
)
�
� for the unique k such that R 2 F k , l is the largest

nonegative integer such that 2k I � 2lJ � ee
 g:

Then M 2(
) can alsobe written as the disjoint union

M 2(
) =
1[

l=0

Gl :

As a corollary of Journ�e's lemma, we have an analogousresult for the setsGl .

Prop osition 1 (Journ �e's Lemma for Gl ). Let 
 be an open set in T 
 T. Then there is

a constant C suchthat
X

R:R2Gl

jRj � Cl j
 j:

Proof of Proposition 1. Writing R = I � J , we seethat

X

R:R2Gl

jRj =
X

k

X

R:R2Gl \F k

jRj

=
X

k

X

R:R= I � J 2Gl \F k

2� k j2k I � J j:

The inner sum is over a collection of distinct rectanglesR, and the rectangleR0 = 2k I � J

belongsto M 1(e
). But more than oneR can lead to the samerectangle2k I � J 2 M 1(e
).

Speci�cally, �x R0 = 2k I � J . For each dyadic subinterval bI of 2k I of length I , if bI � J 2

M 2(
), then the rectangleR = bI � J givesrise to R0 again. Theseare the only rectanglesR

that can lead to R0, so there are at most 2k rectanglesR in F k that can give rise to a given

R0 = 2k I � J . Now, letting

M l ;k (e
 ) := f R0
�
� R0 2 M 1(e
) ; R0 2 Gl (e
 ); R0 = 2k I � J and I � J 2 F kg;

we obtain

X

k

X

R:R= I � J 2Gl \F k

2� k j2k I � J j �
X

k

X

R0:R02 M l;k ( e
)

2� k2k jR0j

� Cl j e
 j by Journ�e's lemma

� C0l j
 j;
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as required.

Proof of Theorem 4. To show that the translation-average' of the BMOd functions ' � is

in BMO, it su�ces to show that there is a constant C such that for all open sets 
 in the

bidisc T 
 T ZZ

T (
)
j' �  y(t)j2

dt1 dt2 dy1 dy2

y1y2
� Cj
 j; (12)

where t = (t1; t2), y = (y1; y2),  y(t) =  y1 (t1) y2 (t2), b has su�cien t decay at the origin,

and T(
) is the union of thoseregionsT(R0) such that R0 2 M (
).

For � = (� 1; � 2) 2 [0; 1] � [0; 1], let

R� = I � 1 � J� 2 := (I � � 1) � (J � � 2)

be the � -translation of the dyadic rectangleR = I � J .

Note �rst that

' �  y(t) =
Z 1

0

Z 1

0

X

R:R2D

(' � ; hR ) hR � �  y(t) d� :

Now hR � �  y(t) =
�
hI � 1

�  y1 (t1)
� �

hJ � 2
�  y2 (t2)

�
is nonzeroonly if

R� \
�
I y1 (t1) � I y2 (t2)

�
6= 0;

sinceI y1 (t1) := [t1 � y1; t1 + y1] = supp y1 (t1 � �).

We split the integral over the Haar seriesinto two parts: the part involving ' (1) that

sumsover those rectanglesR� contained in ee
, and the part involving ' (2) that sumsover

the remaining rectangles.Set

' (1) �  y(t) :=
Z 1

0

Z 1

0

X

R:R � � ee


(' � ; hR ) hR � �  y(t) d� :

Then equation(12) with ' replacedby ' (1) holdsby L2-theory. That is, becausek' � kd � Cd

for all � , we obtain the estimate
ZZ

T (
)

X

R:R � � ee


j(' � ; hR) hR � �  y(t)j2
dt1 dt2 dy1 dy2

y1y2
�

X

R:R � � ee


(' � ; hR )2 � Cj
 j;

17



and the bound is unchangedwhen we integrate in � .

Set

' (2) := ' � ' (1) :

SinceT(
) =
S

f T(R0)
�
� R0 2 M (
) g, to show that equation (12) holds for ' (2) it su�ces

to show that
X

R0 :R02M (
)

ZZ

T (R0 )
j' (2) �  y(t)j2

dt1 dt2 dy1 dy2

y1y2
� Cj
 j:

We useJourn�e's lemma for this.

Fix k and l and a rectangleR0 2 F k \ Gl , so that 2k I � 2lJ � ee
. Considerthe quantit y

Z 1

0

Z 1

0

X

R � :R � 6�ee
 ;
R � \ 3R06=0

(' � ; hR ) hR � �  y(t) d� :

(Note that for each R� in this sum, we have R� \ 3R0 6= ; , sinceI y1 (t1) � I y2 (t2) � 3R0.) At

this point, we would like to arguethat if the integral is nonzero,then either

jI � 1 j > 2k jI 0j or jJ� 2 j > 2l jJ0j;

or both.

In fact this is only true if in fact we are summingover thoserectanglesR� not contained

in a (further) enlargement of ee
, obtained by doubling the sizeof rectanglescontained in ee


about their centers. To avoid introducing more notation, we'll assumethat ee
 has been

so enlarged. Then, it su�ces to estimate over each of the following four subcollectionsof

rectangles:

Case (i): jI � 1 j > 2k jI 0j but jJ� 2 j � 2k jJ0j ;

Case (ii): jI � 1 j > 2k jI 0j and jJ� 2 j > 2k jJ0j ;

Case (iii): jJ� 2 j > 2l jJ0j but jI � 1 j � 2l jI 0j ;

Case (iv): jJ� 2 j > 2l jJ0j and jI � 1 j > 2l jI 0j .

18



Case (i). For �xed R0 = I 0 � J0 in F k \ Gl , we estimate
ZZ

T (R0 )
[C(i ) ]2

dt dy
y

;

where

C(i ) :=

�
�
�
�

Z 1

0

Z 1

0

X

I :jI � 1 j> 2k j I 0 j

X

J :jJ � 2 j� 2k jJ0 j

(' � ; hR) hR � �  y(t) d�

�
�
�
�:

Let

cJ :=
X

I :jI j> 2k j I 0 j

Z 1

0
(' � 1 ;� 2 ; hR) hI � 1

�  y1 (t1) d� 1:

Then ZZ

T (J0)

�
�
�
�

X

J :jJ � 2 j� 2k jJ0 j

cJ hJ � 2
�  y2 (t2)

�
�
�
�

2 dt2 dy2

y2
�

X

J :J � 2 � 3�2k J0

c2
J ; (13)

by L2-theory. It remainsto estimate the quantit y
ZZ

T (I 0)

X

J :J � 2 � 3�2k J0

c2
J

dt1 dy1

y1
:

For �xed (t1; y1) 2 T(I 0), and �xed I , we have
Z 1

0
(' � 1 ;� 2 ; hR )hI � 1

�  y1 (t1) d� 1 =
Z

E y 1;t 1 ;I

(' � 1 ;� 2 ; hR )hI � 1
�  y1 (t1) d� 1;

where

Ey1 ;t1 ;I :=
�

� 1

�
� hI � 1

�  y1 (t1) 6= 0
	

:

By the argument we usedin the one-parametersetting,

jEy1 ;t1 ;I j � Cy1:

Then, using Cauchy{Schwarz in the secondline,

c2
J =

�
�
�
�

X

I :jI j> 2k j I 0 j

Z

E y 1;t 1 ;I

(' � 1 ;� 2 ; hR ) hI � 1
�  y1 (t1) d� 1

�
�
�
�

2

�
� X

I :jI j> 2k j I 0 j

1
� X

I :jI j> 2k j I 0 j

� Z

E y 1 ;t 1 ;I

(' � 1 ;� 2 ; hR ) hI � 1
�  y1 (t1) d� 1

� 2

� C
1

2k jI 0j

X

I :jI j> 2k j I 0 j

� Z

E y 1 ;t 1 ;I

j(' � 1 ;� 2 ; hR )j jI � 1 j
� 1=2 d� 1

� 2

:
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In the last line we have usedthe observation that the number of dyadic intervals I in T at

the k scalesof length at least 2k� 1I 0 is 1=(2k jI 0j), and also that

jhI � 1
�  y1 (t1)j � jhI � 1

j � jI j � 1=2:

Therefore,using the Cauchy{Schwarz inequality again,

c2
J �

C
2k jI 0j

X

I :jI j> 2k j I 0 j

y1

Z

E y 1 ;t 1 ;I

j(' � 1 ;� 2 ; hR )j2 jI j � 1 d� 1:

Returning to the sum in equation (13), we have

X

J :J � 2 � 2k J0

c2
J �

C
2k jI 0j

X

I :jI j> 2k j I 0 j

y1 jI j � 1
Z

E y 1 ;t 1 ;I

X

J :J � 2 � 3�2k J0

(' � 1 ;� 2 ; hR)2 d� 1:

The integrand is lessthan or equal to a constant times 2k jI jj J0j, by the BMO condition on

the open set I � 2kJ0. Integrating over Ey1 ;t1 ;I , we obtain

X

J :J � 2 � 3�2k J0

c2
J �

C
2k jI 0j

X

I :jI j> 2k j I 0 j

y1 jI j � 1
�
2k jI jj J0jy1

�
:

It remainsto integrate the right-hand sideover T(I 0). Then
ZZ

T (I 0)

1
2k jI 0j

X

I :jI j> 2k j I 0 j

y2
1 jJ0j 2k dt1 dy1

y1
�

1
22k jI 0j2

2k jJ0j
ZZ

T (I 0 )
y2

1
dt1 dy1

y1

�
1

22k jI 0j2
2k jJ0j jI 0j3

� 2� k jI 0 � J0j:

Integrating over T in � 1 doesnot changethis bound.

Now, summingover the rectanglesR0, we obtain

X

k;l

X

R0 :R02F k \G l

ZZ

T (R0 )
[C(i ) ]2

dt dy
y

�
X

k

X

R0 :R02F k

ZZ

T (R0 )
[C(i ) ]2

dt dy
y

�
X

k

X

R0 :R02F k

2� k jR0j

� C j
 j;
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by Journ�e's lemma. This controls the sum over the rectanglescoveredby case(i).

Case (ii). Here we considerthose rectanglesR = I � J for which I and J are both large.

Fix a point (t; y) = (t1; t2; y1; y2) in T(R0). We must estimate the quantit y

ZZ

T (R0 )
[C(ii ) ]2

dt dy
y

;

where

C(ii ) :=

�
�
�
�

Z 1

0

Z 1

0

X

I :jI � 1 j> 2k j I 0 j

X

J :jJ � 2 j> 2k jJ0 j

(' � ; hR) hR � �  y(t) d�

�
�
�
�: (14)

For �xed I and J in that sum, considerthe expression

C(ii ) (R) :=

�
�
�
�

Z 1

0

Z 1

0
(' � ; hR )

�
hR � 1

�  y1 (t1)
� �

hR � 2
�  y2 (t2)

�
d�

�
�
�
� : (15)

Again, the integrand can only be nonzerowhen � 1 2 Ey1 ;t1 ;I and � 2 2 Ey2 ;t2 ;I , whereEy1 ;t1 ;I

and Ey2 ;t2 ;I are of sizey1 and y2 respectively. Also

j(' � ; hR )j � CdjRj1=2;

jhI � 1
�  y1 (t1)j � jI j � 1=2;

jhI � 2
�  y2 (t2)j � jJ j � 1=2:

Integrating over Ey1 ;t1 ;I and Ey2 ;t2 ;I gives

C(ii ) (R) � Cdy1y2: (16)

SummingC(ii )(R) over I and J , we �nd that

C(ii ) � Cd

�
1

2k jI 0j
1

2k jJ0j
y1y2

�
: (17)

Therefore ZZ

T (R0 )
[C(ii ) ]2

dt1 dt2 dy1 dy2

y1 y2
� C2

d2� 4k jR0j: (18)

As in the previouscase,we sum over theserectanglesR0 in F k and useJourn�e's lemma to

concludethat the sum is boundedby a constant times j
 j.
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Case (iii). We must estimate the quantit y
ZZ

T (R0 )
[C(iii ) ]2

dt dy
y

;

where

C(iii ) :=

�
�
�
�

Z 1

0

Z 1

0

X

J :jJ � 2 j> 2l jJ0 j

X

I :jI � 1 j� 2l j I 0 j

(' � ; hR ) hR � �  y(t) d�

�
�
�
�: (19)

Move the integral in � 1 to the outside, by Cauchy{Schwarz. Let

cI :=
X

J :jJ � 2 j> 2l jJ0 j

Z 1

0
(' � ; hR ) hJ � 2

�  y2 (t2) d� 2:

Fix � 1. If hJ � 2
�  y2 (t2) 6= 0, then I � 1 \ 3I 0 6= ; , and so I � 1 � 3 � 2l I 0. Therefore, by the

L2-theory again,
ZZ

T (I 0)

�
�
�
�

X

I :jI j< 2l j I 0 j
I � 1 \ 3I 06= ;

cI hI � 1
�  y1 (t1)

�
�
�
�

2 dt1 dy1

y1

�
ZZ

T (I 0)

�
�
�
�

X

I :jI j< 2l j I 0 j
I � 1 � 3�2l I 0

cI hI � 1
�  y1 (t1)

�
�
�
�

2 dt1 dy1

y1

�
X

I :I � 1 � 3�2l I 0

c2
I :

Following the argument laid out in case(i), we get
X

I :I � 1 � 3�2l I 0

c2
I �

1
2l jJ0j

X

J :jJ j> 2l jJ0 j

y2jJ j � 12l jI 0jj J j: (20)

Summingover the rectanglesR0, we obtain
X

k;l

X

R0 :R02F k \G l

ZZ

T (R0 )
[C(iii ) ]2

dt dy
y

�
X

l

X

R0 :R02Gl

ZZ

T (R0 )
[C(iii ) ]2

dt dy
y

�
X

l

X

R0 :R02Gl

2� 2l jJ0j � 2l jI 0j

=
X

l

X

R0 :R02Gl

2� l jR0j

�
hX

l

C l 2� l
i

j
 j;
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by the versionin Proposition 1 of Journ�e's lemmafor the setsGl . This controls the sumover

the rectanglescoveredby case(iii).

Case (iv). Weomit the argument for this case.The argument is similar to that for case(ii),

and usesProposition 1.

This completesthe proof of Theorem4.

As a corollary of Theorem 4, by duality we can establish the product version on the

bidisc of Davis's theoremconnectingH 1 and dyadic H 1
d [D, Theorem3.1, casep = 1], just as

Garnett and Jonesnoted for the one-parametercasein [GJ]. For completeinformation about

the Hardy spaceH 1 on the bidisc, see[CF1985] and the referencestherein. Product VMO on

the bidisc is discussedin Section6 below; hereweuseonly that VMO d(T
 T) � BMOd(T
 T)

and that product H 1 is the dual of product VMO.

Theorem 6 (Biparameter Davis Theorem). If f 2 H 1(T 
 T), then for almost every

� 2 [0; 1] � [0; 1], the translation T� f (�) := f (� � � ) belongsto H 1
d (T 
 T), and

Z 1

0

Z 1

0
kT� f kH 1

d
d� � Ckf kH 1 :

Proof. We will usethe following facts about the Hardy spaceH 1(T 
 T):

�
H 1(T 
 T)

� �
= BMO(T 
 T); H 1(T 
 T) =

�
VMO(T 
 T)

� �
;

and their dyadic analogues.

Take f 2 H 1(T 
 T). If f is also continuous, then f and all its translates T� f belong

to H 1
d (T
 T). To get the norm estimate,note that kT� f kH 1

d
variescontinuouslyanduniformly

in � . By duality the norm kT� f kH 1
d

is given by pairing with a BMO(T 
 T) function. If we

approximate thesenorms,we can choosea family of ' � which vary measurablyin � . Indeed

the map � 7! ' � will be piecewiseconstant.

By Theorem4, the translation-average' (�) :=
R1

0

R1
0 ' � (� + � ) d� is in BMO(T 
 T), and
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k' k� � 1. Then
Z 1

0

Z 1

0
hT� f ; ' � i d� =

Z 1

0

Z 1

0

Z

T
 T
T� f (x)' � (x) dx d�

=
Z

T
 T
f (x)

Z 1

0

Z 1

0
' � (x + � ) d� dx

� kf kH 1 :

In particular, T� f is in H 1
d (T 
 T) for almost all � .

Now assumef 2 H 1(T 
 T), kf k = 1. We can represent f =
P

n f n , where the f n are

continuousand
P

n kf nkH 1 � (1 + ")kf kH 1 . De�ne

F (� ) :=
X

n

kT� f nkH 1
d
:

The estimate for the continuous functions implies
Z 1

0

Z 1

0
F (� ) d� =

X

n

Z 1

0

Z 1

0
kT� f nkH 1

d
d� �

X

n

Ckf nkH 1 � C(1 + ")kf kH 1 :

Since �
�
�
�

Z

I
T� f (t)dt

�
�
�
� �

X

n

�
�
�
�

Z

I
T� f n (t)dt)

�
�
�
�

we have

(T� f )� (x) �
X

n

(T� f n )� (x);

where(T� f )� denotesthe the martingale maximal function of T� f .

Integrating with respect to x we obtain

kT� f kH 1
d

� F (� ):

6 VMO(T 
 T) from averaging VMOd(T 
 T)

The product VMO spaceVMO( T
 T) wasinvestigatedin [LTW] where,amongother things,

the authors gave a de�nition of product VMO in terms of Carlesonmeasures,and identi�ed
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product VMO as the predual of product H 1. We recall their de�nition of product VMO.

Let Dn denotethe classof dyadic rectanglesQ such that jQj is lessthan 2� n .

De�nition 8 (Pro duct VMO). A function b belongs to VMO( T 
 T) if b belongs to

BMO(T 
 T), and for each " > 0 there is an n 2 N such that for every open set 
 in the

bidisc T 
 T,
X

Q:Q� 
 ;Q2D n

ZZ

Q+
jb�  y(t)j2

dt1 dt2 dy1 dy2

y1y2
� " j
 j; (21)

where

Dn := f Q = Q1 � Q2

�
� Q1; Q2 are dyadic intervals in T with jQj := jQ1jjQ2j < 2� ng:

Specializing equation (21) to oneparameter, it can be seenthat this de�nition of VMO

is equivalent to De�nition 3.

As in the one-parametercase,product VMO can also be characterizedas the closureof

C1
0 in BMO (see[LTW ]).

De�nition 9 (Dy adic pro duct VMO). A function b belongsto the spacedyadic product

VMO, denoted VMO d(T 
 T), if for each " > 0 there is an N such that for all open sets

A � T 
 T
X

R:R�A ;R2D ;jRj< 2� N

(' � ; hR)2 � " jAj :

Wenow prove the averagingtheoremfor product VMO, namelythat translation-averages

of suitable VMO d(T 
 T) functions belong to VMO( T 
 T). The argument requires one

essential modi�cation from the product BMO averaging theorem. When specializedto one

parameter, the argument givesanother proof of Theorem3.

Theorem 7. Supposethat ' � 2 BMOd(T 
 T) for each � = (� 1; � 2) 2 [0; 1]� [0; 1], � 7! ' �

is measurable, and the BMOd norms of the functions ' � are uniformly bounded: there is a

constant Cd suchthat

k' � kd � Cd
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for all � 2 [0; 1] � [0; 1]. Let x = (x1; x2). Supposealso that
Z

' � (x) dx = 0 for all � 2 [0; 1] � [0; 1]:

Supposein addition that the functions ' � belongto VMO d(T 
 T) uniformly: for each " > 0

there is an N suchthat for all � 2 [0; 1] � [0; 1] and for all open setsA � T 
 T

X

R:R�A ;R2D ;jRj< 2� N

(' � ; hR)2 � " jAj :

Then the translation-average

' (x) :=
Z 1

0

Z 1

0
' � (x + � ) d�

is in VMO(T 
 T).

Proof. By Theorem 4, ' is in BMO(T 
 T). Let 
 be an open set in the bidisc T 
 T, and

�x " > 0. Sincethe functions ' � are uniformly in VMO(T 
 T), there is someN such that

for all � 2 [0; 1] � [0; 1] and for all open setsA � T 
 T,

X

R:R�A ;R2D ;jRj< 2� N

(' � ; hR)2 � " jAj :

It su�ces to show that for K = K ("; N ) su�cien tly large,

X

Q:Q� 
 ;Q2D ;jQj< 2� K

ZZ

Q+
j' �  y(t)j2

dt1dt2dy1dy2

y1y2
� " j
 j: (22)

We �rst split the sum in the integrand of ' at scale2� N so that ' = ' 1 + ' 2, where

' 1 :=
Z 1

0

Z 1

0

X

R:R2D ;jRj< 2� N

(' � ; hR) hR (x + � ) d� ;

' 2 := ' � ' 1 =
Z 1

0

Z 1

0

X

R:R2D ;jRj� 2� N

(' � ; hR ) hR(x + � ) d� :

Thus ' �  y(t) = ' 1 �  y(t) + ' 2 �  y(t), where

' 1 �  y(t) =
Z 1

0

Z 1

0

X

R:R2D ;jRj< 2� N

(' � ; hR ) hR � �  y(t) d� ;

' 2 �  y(t) =
Z 1

0

Z 1

0

X

R:R2D ;jRj� 2� N

(' � ; hR ) hR � �  y(t) d� : (23)
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Here as usual

R� = R(� 1 ;� 2) := (I � � 1) � (J � � 2)

is the translate of the rectangleR 2 D by � = (� 1; � 2).

The estimate for ' 1 is straightforward. We apply the arguments of Section5, including

the splitting into four cases.The arguments go through without change,and we obtain a

stronger inequality than (22), namely

X

Q:Q� 
 ;Q2D

ZZ

Q+
j' 1 �  y(t)j2

dt1dt2dy1dy2

y1y2
� " j
 j:

We turn to the estimate for ' 2. We must show that there is a K such that

X

Q:Q� 
 ;Q2D ;jQj< 2� K

ZZ

Q+
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2
� " j
 j; (24)

where ' 2 �  y(t) is as de�ned in equation (23).

Fix � with 0 < � < 2� N , and let K = K ("; N; � ) � N be a positive integer, to be

determinedlater.

Write Q = Q1 � Q2, and Q+ = Q+
1 � Q+

2 . If jQj = jQ1jjQ2j < 2� K , then either

jQ1j < 2� K =2 or jQ2j < 2� K =2, or both.

We considertwo casesfor inequality (22), one in which we sum over rectanglesQ with

jQ1j < 2� K =2, and onein which we sum over rectanglesQ with jQ2j < 2� K =2. For notational

conveniencewe relabel K =2 asK . By symmetry, we may assumethat our sum is taken over

rectanglesQ for which jQ1j < 2� K . Then

X

Q:Q� 
 ;Q2D ;jQ1j< 2� K

ZZ

Q+
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2

�
Z

(t1 ;t2 )2 


Z

0<y 1< 2� K

Z

0<y 2< 1
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2
: (25)

Now we make useof our previously chosen� , splitting the integral in y2 into an integral

over 0 < y2 < � and another over � < y2 < 1.

First, consider the part of the integral in the right-hand side of inequality (25) with

0 < y2 < � . Fix R 2 D such that jRj � 2� N . Becauseboth y1 < jI j and y2 < jJ j, the same
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arguments usedto establishinequality (16) apply, and we obtain the inequality

Z 1

0

Z 1

0

�
�(' � ; hR ) hR � �  y(t)

�
� d� � Cy1y2:

Sincethere are no more than (N + 1)2N +2 dyadic rectanglesR of area jRj � 2� N , we

�nd that

j' 2 �  y(t)j =
�
�
�
Z 1

0

Z 1

0

X

R:R2D ;jRj� 2� N

(' � ; hR ) hr R� �  y(t) d�
�
�
�

�
X

R:R2D ;jRj� 2� N

�
�
�
Z 1

0

Z 1

0
(' � ; hR ) hr R� �  y(t) d�

�
�
�

� (N + 1)2N +2 CCdy1y2:

Hence

j' 2 �  y(t)j2 �
�
(N + 1)2N +2 CCdy1y2

� 2
:

Therefore

Z

(t1 ;t2 )2 


Z

0<y 1< 2� K

Z

0<y 2<�
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2

�
Z

(t1 ;t2 )2 


Z

0<y 1< 2� K

Z

0<y 2<�

�
(N + 1)2N +2 CCdy1y2

� 2 dt1dt2dy1dy2

y1y2

=
�
(N + 1)2N +2 CCd

� 2
j
 j

Z 2� K

0
y2

1
dy1

y1

Z �

0
y2

2
dy2

y2

=
�
(N + 1)2N +2 CCd

� 2
j
 j

(2� K )2

2
� 2

2
� " j
 j

as required, if K = K ("; N; � ) is chosensu�cien tly large.

Second,considerthe part of the integral with � < y2 < 1:

Z

(t1 ;t2)2 


Z

0<y 1< 2� K

Z

� <y 2< 1
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2
;

where

' 2 �  y(t) =
Z 1

0

Z 1

0

X

R:R2D ;jRj� 2� N

(' � ; hR ) hR � �  y(t) d� :
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As before,j(' � ; hR)j � CdjRj1=2. Also jhI � 1
�  y1 (t1)j � jI j � 1=2 and jhJ � 2

�  y2 (t2)j � jJ j � 1=2.

Further, hI � 1
�  y1 (t1) = 0 except when � 1 lies in a speci�c set of total length at most

3jI t1 (y1)j = 6y1, becausey1 < jI j. We obtain

j' 2 �  y(t)j �
X

R:R2D ;jRj� 2� N

Z 1

0

Z 1

0
j(' � ; hR)j jhI � 1

�  y1 (t1)j jhJ � 2
�  y2 (t2)j d�

�
X

R:R2D ;jRj� 2� N

CdjRj1=26y1jI j � 1=2
Z 1

0
jJ j � 1=2 d� 2

=
X

R:R2D ;jRj� 2� N

Cd6y1

� CCd(N + 1)2N +2 y1:

Thus

Z

(t1 ;t2 )2 


Z

0<y 1< 2� K

Z

� <y 2< 1
j' 2 �  y(t)j2

dt1dt2dy1dy2

y1y2

�
Z

(t1 ;t2)2 


Z

0<y 1< 2� K

Z

� <y 2< 1

�
CCd(N + 1)2N +2 y1

� 2 dt1dt2dy1dy2

y1y2

=
�
CCd(N + 1)2N +2

� 2
j
 j

Z 2� K

0
y2

1
dy1

y1

Z 1

�

dy2

y2

=
�
CCd(N + 1)2N +2

� 2
j
 j

2� 2K

2
log

1
�

� " j
 j;

if K = K ("; N; � ) is chosensu�cien tly large.

We have shown that the translation-average' is in VMO( T 
 T), as required.
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