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Abstract

We prove that the L? regularity problem is solvable for the elliptic
equation » 7 0j(a;r0ku) = 0 when 3=, |0iajk(z)>xndz is a Car-
leson measure with a sufficiently small constant, >, .\ [Gia;k(2)] <
C/zy, and the bottom row of the coefficient matrix has the particular
form (0,0,...,0,1). This is done in any dimension n. This was proved
in the case n = 2 earlier in [9] without the assumption on the bottom
row of (aji).

1 Introduction

Consider the equation
L(u) := div(AVu) = > 9;(adku) =0, (1)
jik=1
in a domain €2 C R" which is either a bounded Lipschitz domain or the
domain above the graph of a Lipschitz function. The matrix A is assumed
to be uniformly elliptic, that is, there exist constants A and A such that

MEPP < Ag-€ < AJEP. (2)

There have been many works, going back to the work of Dahlberg [3, 6],
dedicated to proving estimates such as

IN(W)llzroey < Cllullra), (3a)
IN(Vu)l|roay < Cllv- AVu| e, (3b)
or |IN(Vu)llrraey < C|IVrullran), (3c)
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where v is the outward unit normal to 2 and V., is the projection of the
gradient V onto the tangent plane of 2. The function N(u) is the non-
tangential mazimal function of u and is defined by

N(u)(q) = sup |ul,
T'(q)

where I'(¢) is a non-tangential cone at the point ¢ € 9Q. When the estimate
(3a) exists we say the LP Dirichlet problem is solvable. Respectively, when
estimates (3b) or (3c) exist we say the LP Neumann problem or the LP reg-
ularity problem is solvable. In practice it is often necessary to replace the
non-tangential maximal function N in estimates (3b) and (3c) with a variant
denoted by N which takes the supremum of averages over balls in the cone
I'(¢) with radii comparable to the distance to the boundary. This is because
the gradient of weak solutions to (1) need not be locally finite so N(Vu) may
not be well-defined. The results presented here will be proved in the partic-
ular case that the data and coefficients are smooth, although the estimates
obtained will be independent of this smoothness. As a consequence, it makes
sense to consider N(Vu). We refer the reader to the beginning of Section 4
for the precise assumptions we make and the method by which we can then
pass to the general case.

Such estimates allow one to formulate boundary value problems for solu-
tions to (1) with data specifying either u (Dirichlet data) or v - AVu (Neu-
mann data) on 092 merely in LP. They also allow one to prove non-tangential
convergence of the solution to the data. For arbitrary measurable matrices
A satisfying (2), however, it is not always possible to prove these estimates
[1]. Nevertheless, under certain conditions on A, they can be proved.

The new result we wish to present here is that the L? regularity problem

is solvable when

S 0uase() P ()

ivjik
is a Carleson measure with small constant (see Definition 2.1), 3=, - |0ia i (2)|
C'/z,, and the last row of the coefficient matrix has the special form a,; =0
for K < n and a,, = 1. We will do this for 2 = R}, the upper half-plane,
although the case of a domain above the graph of a Lipschitz function may
be easily reduced to this case. This is formulated as Theorem 3.1. We do
not expect the condition on the bottom row of A to be necessary, although
we require it in our proof. We note here that we eventually want to replace
the condition (4) by an averaging condition on coefficients of A as was done
in [8] for the Dirichlet problem. In this paper, a solvability result was first
established with a condition similar to (4). Then this condition was replaced
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by a weaker averaging condition by the use of perturbation theory that is
know for the Dirichlet problem. What we present here should therefore be
considered as a first step on the road that will bring our knowledge of the
Neumann problem to the same level as the Dirichlet problem.

The paper is organised as follows. In Section 2 we fix some notation, state
various definitions and recall some well-known results that we will use later.
In Section 3 we motivate the hypotheses and state the main result, Theorem
3.1. In the Section 4 we prove Theorem 3.1, using three different tools. The
first tool is that of distributional inequalities, which have been used before
in this context (for example, [14]). This is combined with the use of an
auxilary inhomogeneous equation, which was introduced in [9], although the
idea is applied in a different manner here. Finally, we adapt the use of Rellich
identities (see for example, [12, 13, 17]) to complete the proof.

2 Preliminaries

For a point x € R™ we will write x = (2, z,,), where 2/ = (z1,...,2,_1) i8
the projection onto the first n—1 components of x. Given a Lipshtiz function
¢, we define the domain Q4 = {z |z, > ¢(2)}, so y = R is the upper
half-plane. The non-tangential mazimal function (of a function u: Q, — R)
adapted to this domain with aperture a is

Ng.o(u)(q) = sup |ul
Fa(‘l)

where I'y(q) = {z ||z’ — ¢| < a(z, — ¢,)} is a cone with vertex ¢ € 99,
and aperture a. Of course, it makes sense to require a < ||¢ HZ&O (r)» SO that
I'a(q) C Q4 for each g € 0. In a similar fashion we can adapt the square
function to such a domain by defining

ssate) = (f[[ Mo = Gms)

This notation differs slightly from common usage, in that we have written
u on the right-hand side, rather than Vu. However, our calculations will
be clearer if we use this convention. With this definition the usual square
function is S ,(Vu). When u is vector-valued, Ny ,(u) and S, ,(u) are defined
in the same way, but with |u| meaning the usual vector norm. We will also
need truncated versions of the non-tangential maximal function and square
function. These will be denoted by S¢ ,(u) and N{ ,(u) respectively, where
['.(q) is replaced with T'(q) = {x | |2’ — ¢| < a(xn — qn), 0 < T, — qn < d}.
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Definition 2.1 Given a function u: Q4 — R, the measure v +— (x, —
P(2'))|u(x)|?dx is called a Carleson measure on Q4 if

o 00 = g (i [] - a)

is in L°°(08s), where the supremum is taken over all cubes Q in R™™* con-
taining ¢' and

19(Q) = {a |2’ € Q and x, € ($(a'), Ba’) + diam(Q)/a)}

is a tent over Q. The number ||€ (u)||L=q,) is the Carleson measure con-
stant.

We will also need a localised dyadic version of 6, ,(u). For a cube R, we will
write €%, (u)(g) to mean

where the supremum is taken over dyadic cubes ) which contain ¢’ and are
contained in R. The cube 16Q) is the concentric enlargement of @) by a factor
of 16 (and similarly for factors different from 16). Obviously, if R" C R, then
GL (w)(g) < G, () (0).

It will often be convenient to write Sy o(u)(q") := Sg.a(u)(q), Npao(u)(q') ==
Nyo(u)(q), €5, (u)(q) == €}, (u)(q), etc., but this need not cause confusion.

We now recall a fact proved by Coifman, Meyer and Stein [2, (4.1)] that
we will use later. We have

/ [ Ju(e)ota)l(@, — o Ndr < Oa.b) [ Gp(w)@)Soale) )i (3

Rn—1

Definition 2.2 Given a non-empty open proper subset D C R™ a Whitney
decomposition of the set D is a family of closed dyadic cubes {Q;}; such
that:

(a) U;Q; = D and the Q; have disjoint interiors;
(b) diam(Q;) < dist(Q;, D°) < 4diam(Q;); and
(¢) If the boundaries of Q; and Qy touch then

1 diam(Q;)
4 = diam(Qy) =4



The existence of Whitney decompositions is proved in, for example, [11,
pA-34]. We remark that an examination of the proof therein reveals if {Q};
is the Whitney decomposition of the set D° O D, then when Q; N QY # () we
have Q; C @Y. Throughout the paper we will denote the dilation of a cube

@ by a factor 5 by Q* and Q" = (Q*)* = 25Q).

3 Motivation and the Main Result

The motivation for the conditions placed upon the matrix A come from the
following example due to Kenig and Pipher [15]. Consider the Dirichlet
problem for the Laplacian A = """ | 9%

Au = 0, in Q¢,
u = fo, on 8Q¢

It is well-known [4] that the L? Dirichlet problem is solvable when ¢ is
Lipschitz, that is, we have the estimate

||N¢va(u)||L2(8Q) < C||f0||L2(aQ¢)- (6)

We now consider the transformation ®: R} — )y, first introduced by Dahl-
berg, Kenig and Stein (see [5] and [7]), defined as

O(z) = (', comn + (6, * 9)(2')), (7)

where {6;}+~0 is a smooth compactly supported approximate identity and cg
can be chosen large enough, depending only on ||[V¢|| e ®n-1), so that @ is
one-to-one. One may compute that the function ® enjoys the properties

e |00(x)| < C,
o |0*®(x)| < C/z,, and
o v — 1,]0°®(x)|?dz is a Carleson measure.

Moreover, it is straightforward to see that the composition w = u o ® is such
that div(AVw) = 0 in R", where A = (det ®')((®')~")!(®')~*. Therefore A

inherits from ® the properties
(i) |0A(z)| < Co/x, and

(ii) z,|0A(z)*dz is a Carleson measure with constant Co,



for some constant Cp, and from (6) we can see the corresponding non-tangential
estimate

| Noo (W) || 21y < Ol fol-, 9()|| 21y (8)

holds for some ¢’ < a. So the natural question is: ‘Are the conditions (i)
and (ii) sufficient to conclude estimate (8) for an arbitrary solution to a
divergence form equation?’ Kenig and Pipher [15] prove an L version of
such an estimate holds under closely related conditions, where p > 1 may
possibly be large and Dindos, Petermichl and Pipher [8] show that the L?
version holds for any given 1 < p < oo under the same assumptions, but
when Cy is sufficiently small (depending on p). In fact, both of these results
are proved for bounded Lipschitz domains for an elliptic equation which has
lower-order drift terms satisfying a similar Carleson measure condition.

Given [13], the same motivation can be used to justify posing the same
question regarding the regularity and Neumann problems. This was studied
for domains in the plane in [9] and is also the subject of this paper. We now
state our main result.

Theorem 3.1 Suppose u solves L(u) = 0 in R}, with A satisfying (i) and
(i1) above, and a,, = 0 for k < n and an, = 1. If Cy is sufficiently small
(determined in terms of n, A, A and a), then there exists a constant C', which
depends only on n, Cy, A, A and a, such that

[No.a(Vu)|r2orn) < CIVrullo@rey). (9)

We prove this in the following section.

4 The Proof of Theorem 3.1

First, we need to define precisely how we obtain solutions to (1). We pro-
duce a unique weak solution u to (1), whose gradient is in L*(R'"), via the
method presented in [16, Lem 1.1] (or equally, [18, Lem 1.1]). The proof
there is carried out when n = 2, but the same method yields an analogous
result for any dimension n. All our results will be proved under the a pri-
ori assumptions that the coefficients are smooth, A is the identity matrix
outside a ball centred at the origin, and the Dirichlet data u’aRi is smooth
and compactly supported. Under the a priori smoothness assumptions, the
solution u is smooth and u(z) = O(x°"*1) as x — oo for each § > 0 (see
[18, Thm B.1]). From this we can further conclude 9%u(x) = O(z%~lel=+1)
as © — 0o. Consequently all the integrals we consider converge. Once our
results are proved, we may then drop the smoothness assumptions, passing



to the general case using the method used to prove Theorem B.2 in [18].
This is where we are forced to abandon an estimate on N(Vu) and introduce
the averaged version N(Vu) mentioned in Section 1. As this is a repeat of
well-known arguments, we leave the details to the interested reader.

We now introducing the auxilary inhomogeneous equation. Simply dif-
ferentiating equation (1) in the ith direction we obtain

div(AVy;) = —=div((0;A)v) fori=1,2,... n, (10)

where v; = d;u and v = (v1, va, ..., v,)" = Vu. The idea now is to view (10)
as an equation in v; and use distributional inequality techniques to prove

[No.a(V)[|220mr) < Cllv[r20mr) (11)

We then have a separate argument, inspired by the Rellich identity techniques
of [12, 13], but implimented in a different fashion, to prove

||VUHL2(8R1) S CHVTUHLQ(BRT;_y (12)

Of course, these two estimates combine to prove (9). The more technically
challenging estimate will be (11) and the proof of this will not be completed
until after Theorem 4.8, once we have proved a string of estimates. The proof
of (12) is carried out after this, at the end of the paper.

We now begin the task of proving (11) with an important lemma. This
is the essential tool to control the non-tangential maximal function by the
square function.

Lemma 4.1 Let u solve (1) and set v.= Vu so v solves system (10). Let ¢
and ¢, be two non-negative Lipschitz functions and let Q be a cube in R
with v = diam(Q). Suppose ¢, > ¢ and ¢4 (') — ¢(2') < 12diam(Q)/a
for ' € Q*. Then for sufficiently small a, which can be determined in
terms [|[Vo.||Lmn-1), there exists a constant C, depending only on A, A,
Co, [|Voi|poe@mn-1) and a, such that

V(61 (D2 < CO™ Igi*n((ff;(v")f +Col|No.a(W) 22

3r/a n—
STV | r2ey + v () ),

+ [1Nsa (V) 209
where x, is any point in {x |2 € Q*, ¢ (z') +1r/2 <z, < ¢ (2') + 6r/a}.

Proof. In order to facilitate the use of integration by parts, we will use
the mapping ®: R% — Q, defined by (7) with ¢ replacing ¢. This pulls
back v in 4, to a solution w = v o ® in R} of the equation

div(AVw;) = div(Fyw) fori=1,2,...,n, (13)
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where

A _ (det q)/>(q)/—1>t(A o CI))((I)/_I)

and

F; = (det @) ("1 (9;A 0 ®) (14)

The coefficient matrix A satifies the ellipticity condition (2) with the con-
stants A\ and A being replaced by multiples of A and A, respectively, which
can be determined in terms of ||V, | p~®mn-1). For each i, the matrix Fj
satisfies the properties (i) and (ii) with A replaced by F' and Cy replaced by
a multiple of Cy, which again can be determined in terms of ||V || foomn-1).

We choose a smooth function & : R"™!' — R such that & (2/) = 1 for
' € Q, €] < 16/r, with support contained in the concentric dilation (9/8)Q
Choose another function &: [0,00) — R such that &(x,) = 1 for z,, €
[0,7], |€&1] < 5/r and support contained in [0,2r]. Now define {(z/,z,) =
& (@) & (wn).

We now calculate as in [14], [15], [17] and [9]. First of all, for each
1=1,2,...,n,

[t ora /Rnc?wﬁ
e

The second term on the right-hand side of (15) is controlled by v~ [ [, w?
where K = {x = (2/,z,) |2’ € Q*,r/3 <z, <Tr/a}. Let z, be any point in
K and choose K’ and K” to be appropriate concentric enlargements of K.
We set ¢ = ﬁ J[i: wi. Using [10, Thm 8.17] and Poincaré’s inequality, we
may further estimate this term by

_1// w; — wi(z,)) d:zc—l—r // (x,)

< Or" tosck (wy)? + Or™ Huw; () |?

<Cr! sup lw; — c|* + Cr" Hw;(x,)|?

(15)

< Crt / wi — c” dz + Cr* PO Pwlff ) + O™ s ()]
K/

<Cr // IV (w;)|? do + C’C0||N¢,a(w)||%2(@*) + Cr™ Huwy(2,)]?
< C1Q min 67, (Vi) + CCol | Noa (W) 32y + O lus(ar)[*.



The first term on the right-hand side of (15) is

-/  2uidu)e i
:_// 2050 €[ () dx—Q//n (D))
[ ot [ i

w2 ] RCCTBSE T

=: I+ II 4 IIL

Observe that we are free to assume A is upper triangular, provided we
introduce lower order terms. Indeed, writing A = (a@;i) .

div Ale Z(‘? (@;,0kw;)

= Za a]kakwl + Z aﬂﬁkwl + (9k(ak38 U)Z))

i<k

= Z 8]- ajké?kwi + Z 8j ij + akj>akwi>

j=k j<k

+ Z((ak&kj)ajwi — (0;k;) Opw;)
j<k

Using the fact that w; solves (13) and writing A = {@,};, we see that II is
equal to

-2 / / : w; div(Fyw)éx, do — 2 / / : wi Y 0(@0hwi)Ex, de

i<k,j<n

— 2// w; B - Vwx, dv =: 11} + 115 + II5.
n

Integrating by parts, we have

I, = 2// Z (0jw;)ax(Opw;)Exy, dx

RY i<k,j<n

+ 2// Z w; a5 (Opw; ) (0;€)xy, dx.

+ 1<k,j<n

(16)



The first integral may be combined with I to produce

/ Vw; - AV w2, dr < C|Q*| %111 %?;(Vwi)Q,
R"l

using the ellipicity condition (2), which A also satisfies, and the assumption
¢+ — ¢ < 1ldiam(Q)/a. We now use (5) to control the second integral in
(16) by

 [[, eSO e < [ TG 00ty

< Ca (Ve | ST

37‘ a
< Ol Ny a(¥) |2 15277

XQaVV)llz2(or

where we have extended £ to R™ by zero and used that 6,(|V¢|) < C, which
may be checked directly, and the simple observation

SITUV(VV))() < Nya(v) (@) S5 (V) ().
Thus we obtain

L (V) lzgn)-

L] < C(|Q"| min Cra (Vi) + [Ny a(v)
Again, integrating by parts we see that

111—2/ Vuw; - Fwﬁxndx+2// w; Fyw - Véx, dx

+2// w,EFw - e, dr,

where e, = (0,0,...,0,1)%.

Now we claim that F;w - e, = 0. To see this, first observe that suffices to
show the n-th entry of the vector F;w is zero, and consequently, it is enough
to show that the bottom row of the matrix F; is zero. Now, the bottom row
of 0;A is identically zero as we are assuming that a,;, = 0 for £ < n and
ann, = 1. Moreover, when j < n, 0,®; = 0, as may be seen from (7), so
the jn-th entries of the matrix ®~! are zero when j < n. Therefore, using
formula (14), we see that the bottom row of the matrix F; is indeed zero.
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Consequently the third term of II; is zero. The remaining terms can be
controlled using (5), as above. Indeed,

/ Vw; - Fwéx, dx| < C/ COSZC{G(VV)N¢7Q(V) dr, and
R"” *

"
// w; Fyw - Vx, dr| < C’/ CoSp.a(VE O <I>_1)]\f¢,a(v)2 dx.
1 *

Thus, we find
1L | < CCo(|Noa(V)[IZ2(g) + 1N (V) I 22(01)

ST V) | 12(o0))-

,a

The terms II3 and III can also be dealt with in this way. So, combining
all of these estimates and summing in 7, we obtain the lemma. =

Our second lemma is very similar to Lemma 4.1, but it controls the square
function by the boundary value of the gradient Vu = v.

Lemma 4.2 Let u solve (1) and set v = Vu so v solves system (10). Let
¢ be a non-negative Lipschitz function. Then for each b > 0, there exists a
constant C, depending only on X\, A, Cy, ||V | Leo@n-1y and b, such that

||S¢,b(v>||2L2(6S2¢) < O(”VH%%G%) +CO||N¢,b(V)||2L2(aQ¢)
+ Col| N o (V) || 200, [196,6(VV) || L2502, ) -

Proof. We will repeat the proof of Lemma 4.1 and so obtain an estimate
localised to a cube (). The cut-off function ¢ and the dilation factor of Q* may
need to be modified when b is large, however, otherwise the result remains
the same. We then will pass to the limit r := diam(Q)) — oo to obtain the
lemma. First we obtain (15) and observe that the second term on the right-
hand side will tend to zero as r — oo by our a priori smoothness assumptions,
which mean w has sufficient decay, and the dominated convergence theorem,
because |V¢| < C/r. The same is true of III. The term I is again combined
with the first term on the right-hand side of (16), but this time bounded
below to obtain

/R" Vw; - AVw2x,, dx > C’||Sg’b(Vwi)||2Lz(Q).
+

Once again, the dominated convergence theorem can be used to see that the
last integral in (16) will tend to zero as r — oo. Terms II; and II3 can all be
dealt with as before and controlled by

CCo(|INss (V12w + 1 Nop (V) 22(01)

S¢7b(VV) HLQ(Q*))
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Summing in ¢ and taking the limit » — oo gives the lemma. =

For any continuous function v: Qg — R" and p € R, define

hpa(V)(2") = sup{z, |z, > ¢(2') and  sup |v| > u}.
La((2',2n))

Lemma 4.3 If v is such that hy (V) < 00, then hy ,q(V) is Lipschitz with
constant 1/a.

Proof. See, for example, [15, Lem 3.5]. =

Lemma 4.4 Let u solve (1) and set v .= Vu so v solves system (10) and
let {Q;}; be a Whitney decomposition of {x'| Ny .(v)(2') > p/24}. Given
a >0 and ¢, a Lipshitz function such that al|V||pemn-1) < 1, let EJ | be
the intersection of a cube Q; with

{2 | Noap2(V)(@') > i, and CoNgo(V) (@) + 6,07 (V) (a') < pp}.

There exists a sufficiently small choice of p, independent of Q;, so that, for
each ' € E7 | there is a cube R with ' € 6R and R C Q;‘ and for which

1p7
V(2 Ao pai2(v) ()] > /2
forall 2/ € R.

Proof. See [14, 3.14]. Let 2’ € EY  and so, by definition, Ay, a/12(V) (2’
¢(x) and so there exists an y on 'y /12(2', Ry a/12(V)(2)) such that |v(y)
prand he a12(V)(Y') = Yn- Set 1o = yp—¢(2') > 0and K = [y/10((2', (2’
{z||2n —yn| < 1ro/6}. Since @Q; is a Whitney cube, 79 < (120/11)d1am(Q]
and so 3K C t2(16Q);)

Now by [10, Thm 8.17] we have that

>

)
|
)N
)/a
osc (V) < C(ry "IV — |l 2re) + 70 NV AWV]| naarcy),

for any constant c. But, by property (i), [(VA)v|(z) < Cry'CoNyo(v) (')
for z € 2K, so

rg (VAW o) < CCoNgo(v) ()
and so, using Poincaré’s inequality,
V(=) = v(y)| < oscx(v) < Oy 29V pagarey + ColNoa (V) (@)
< C(6L2 (TV)(@') + CoNo(v) (@) < Cpp,

12



for any z € K. Thus, we may choose p sufficiently small so that |v(z) —
v(y)| < /2. Then, clearly, |v(2', hg a/12(V)(2'))| = p/2 for [2'—y'| < ary/72
and the lemma is proved. m

Theorem 4.5 Let u solve (1) and set v = Vu so v solves system (10). Let
{Q;}; be a Whitney decomposition of {x'| Ny.(v)(z") > p/24}. Fiz a cube
R and set F; equal to the intersection of QQ; with

(NI

(& | Noa20) (') > g, [(CoMpee (N a(v)?) + Mo (6L (T3)) ()] * < pia}

N | [Miee (N o (0)2) ()] * [ M (S3]4(9%)2) (@) * < ps},

where v = diam(R*) and Mg« is the Hardy-Littlewood mazimal function
applied to functions restricted to R*™, that is Mp~(f) = M (xr~f) where
Xg+ 1S the characteristic function of R**. Given sufficiently small a > 0 and
a Lipschitz function ¢ > 0 such that a||V||emn) < 1, there exist constants
c and c(p), independent of j, such that for all >0

|F5] < e(p)]Qsl;

provided (); C R. Moreover, c(p) tends to zero as p — 0.

Proof. Fix j, set Q := Q; and F' := Fj. Let Q) = {(2/, hg p,a12(v)(2)) | 2" €
Q*}. By Lemma 4.4, for each 2/ € F and sufficiently small p, we have that
My (vxq:)(x') > pu/12, where M, is the Hardy-Littlewood maximal function
on the graph of the function hg . ./12(v). By property (b) of Definition 2.2,
there exists a point ¢’ such that dist(Q,¢) < 4diam(Q) and Ny, (v)(¢") <
p/24. Therefore we can choose y € @ such that y, — ¢(y') < 11diam(Q)/a
such that |v(y)| < p/24. By Lemma 4.4, we have

Mi((v = v(1)xgn) (@) > My(vxon) (@) — [v(y)| > &

for all ' € (), and applying the weak-type estimate for the maximal function,
we obtain

¢ 2

F|<— [ (v=v(y).

K= JQx
Now we can apply Lemma 4.1 with x, = y, @ replaced with Q*, ¢, =
hepa2(v) and v; replaced with v; — v;(y), provided a is sufficiently small.
We may do this as ¢, — ¢ < 12diam(Q*)/a on @** by (b) of Definition 2.2, as

13



above. Observe that since we obviously have |Q['/2|v(z,)] < C||No(V)| 220"
we get, for any 2’ € F,

1*|F| < C(1Q™] rgiy%?f(vv)? + Coll No.a (V)| Z2 ()
[N (V)| 2o 1S5 (VV) [ 2200
S C|Q’ (MR** (Cgfg* (VV)Q) (l’/) -+ COMR** (N¢>,a (V)Q) (.T/)
+ Mpes (Ng o (v)?)(2')2 Mpe (S (VV)?) () )
< Co*p?|Ql,

since ) C R and so the proof is complete. m

N

Corollary 4.6 Let u solve (1) and set v = Vu so v solves system (10). Let
and {Q%}y be a Whitney decomposition of {x'| Ny q(v)(x") > 1o/24} and let
GY = {a' | Nyap12(v)(2) > po} N QY. For each q > 2, Lipschitz function
¢ > 0 and sufficiently small a > 0 such that a||¢'||p~m) < 1, there exists
constants C' and c(p) such that ¢(p) — 0 as p — 0 and

[Ng,a/12(V) || La(c0)
(@)
< C (11652 (V) o) + 1N2oal¥)
+ (clp) + CC) I Noa(¥) ey

S ()2
¢,a La((Q9)**)

%
Izaapyy

where r = diam((Q%)*).

Proof. Fix k. Let {Q;}; and {F}}; be as in Theorem 4.5 with R = @ and
let {F7}; (and {Q%},) be the same, but with  replaced by p and R = Q3.

As we remarked below Definition 2.2, if © > po and Q) N Q; # 0, then
Q; C @Y. This means, using Theorem 4.5, we have, for u > o,

|GR N (U E)] < 1Q5 N (U F)|
< Y |F
7:Q0NQ;#£0
<clp) Y. Q)
7:Q0NQ;#£0
= c(p)|Qp N (Y;Q;)]

(17)

Now if < pg, then
Gy N (U;F)) C Fy!
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and QY C U;Q;. As a result of this, by Theorem 4.5, when p < o,
|G N (Ui E))| < [ < e(p)|Qul = c(p)|@ N (U;Q5)]- (18)
Now we can proceed by standard arguments. We have
INg.a/12(V)ll aga9)

= [ e € G| Noayia)(@) > 4}
0

< / 479910 GY 0 (U3 F) | dp+ CCol (M ggyee (N a(V)?)) [l acry
+ Ol Mgy (€. (V9)%)? | acry
+ CIl(M(gpy-- (Ng a(v)?)2 (Mg (S52(¥)?))2 | acmy

< c(p) / 11 1QY 0 (U Q)] dit + CCol| Ngwa(¥) Loy

+ G () o) + ClNoa) e

< C(p>HN¢,a/12(V)HL‘I(QO) + CCO||N¢>,a(V)HLp((Qg)**)
G (T mapres) + INoa agony

3r/a 5
S(;ﬁ,a/ (V) ||[2/q((Q2)*)

3r/a
Ssa zaapr-)

This completes the proof. m

We now need to turn the local LY inequality for ¢ > 2 into a global (on
OR'Y) L? estimate. To do this we will need a more local version of the notion
of a global point of density from [2]. An 2’ € R"! is a point of dyadic
regional y-density with respect to F' over R if, for each dyadic cube () such
that 2/ € 16Q C 160R, |F N 16Q|/|16Q| > ~. The set of such a’ will be
denoted Qf(F ). If Ry C R, then a point of dyadic regional y-density over R
is a point of dyadic regional y-density over Rj.

Given a set S C R"!, we define a sawtooth domain over S to be

Ty(S) := UpesTy((@, 0)).

Lemma 4.7 Let o < 2a < 2a < b, with a < 1/2, and Q@ C R. Suppose that
the graph of ¢ gives the boundary of To( 25 (F)) and 32Q N DL(F) # 0, then

there ezists a constant C (v, a,a) such that

/Lm Dl dy < C(v.a,0) /FQ(//(( I dy)

where Qy = 1600Q).
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Proof. We follow [2, Lem 2]. After appyling Fubini’s theorem, it clearly
suffices to prove that if y € t2(16Q) C T'o(2%(F)), then

/F =) )) O, (19)

where Y is the characteristic function of the unit ball.

Since y € t2(16Q) C T'(21(F)), there exists 7' € .@R( ) such that
]y — 7| < ay, and since 32Q N ZH(F) # 0, yo < (2 + ) 6diam(Q) and
7' € 64Q). Observe that since 2o < b B(7', ay,) N By, byn) = (), therefore

|[F N Qo N BT, ayy)|

< FNQoNB(@, ayn) N By, byn)| + [F' N Qo N B(&', ayn) N By, byn )|
<|FNQoN B(y/u byn)| + |B(J_3/> ayn) N B(?/a by )|

=|FNQoN B, by,)|

Now, because vy, < (% + é)lﬁdiam(@) and 7' € 64Q), there exists a dyadic
cube @’ with diameter comparable to y, such that z’ € 16Q" C B(Z', ay,) N
Qo € Qo C 160R, so

[F'0 Qo N By, boya)| > [F N Qo N BT, ay,)| > |[F N 16Q"| > v]16Q|.

This proves (19) and with it the lemma. =

Theorem 4.8 Let u solve (1) and set v = Vu so v solves system (10). For
a sufficiently small constant a, there exist constants C' and b such that

[ No.aj12(V) [ L2n-1) < C([[Sop(VV) [ L2@r-1) + Col| Nop(V) || 2@r-1))

Proof. Choose a sufficiently small so that we may apply Corollary 4.6
with ||V feemn-1) < 1/a and suppose b > 2a. Set

ELS’ = {&' | Noaj12(v)(2") > 19, S06(VV)(2") < ppig, Nop(v)(z") < lpo}-

and
Flr = {2 [ Sop(Vv)(z") < ppo, Nop(v)(2') < o}

16



By standard arguments we have

INo.a/12(0) 72 (1) = / 240/{ No.aj12(v)(") > po}| dpao
0

< [ 2B+ [50a(T)) > pro
Vo)) > o) d

S/ 240| E,7| dptg
0
1 2 1 2
+ F(HSOJJ(VV)”H(R) + 3 INop (V)22 ey

Using [19, p62], we may pick [ sufficiently large so that the last term may be
hidden on the left-hand side.
Now let {@Q%}x be the Whitney decomposition of {2’ | Ns .(v)(z') > po/24}.

We consider two cases. The first is k& for which .@V(Q(’z)**(Qg N F\?) is empty.
Then, for each 2/ € 160(Q%)**, there exists a dyadic cube R,/, such that
2’ € 16R, C 160(Q})™ and |F? N 16Ry| < v[16R,|. Obviously,

Uyree0(qp)- 16Ra = 160(Q7)"™".

By the properties of dyadic cubes, we can pick out the maximal subcollection
of { R, }.r, which we label {Ry}xr. Now the {R, },» will be disjoint and have
the property

D Rl < [160(Q9)™| < C|QR,
k

and so

’(Fﬁ’()p N 16Rk)|
|16 Ry |

QUM E) < | Ui (B N16R)| < |16y
p

< CY16" Y |Re| < CH1@QY).
k

17



Thus, if we fix v sufficiently small, we have by [19, p62] that

Z/ 2010|Q} N EY| dpsg

k 0

Z/ 2410 Q N 2| dpao

k 0

< C’YZ/ 2410| Q7| dprg
k 0

< O Now () 122
< (1/4)[|Noaj12(0)|72(r)

(20)

0\ **
where the sum in £ is only over those k for which .@a(yQ’“) (QRNELP) is empty.
0\ **
We now consider those k& for which _@(Q’“) QYN F L, p) is non-empty. In

**

this case, we may form the sawtooth domain I ( (Qk N F.r)) for
a < « < 2a Let ¢ be the Lipschitz function Wh1ch gives the boundary

of T (@ (QO N EpP)). Now, for ¢ > 2, by Corollary 4.6 and Cauchy’s
inequality,

HIQRNEL < C [ Nowpnav)!
Gk

< C(e) ( / %;§2>**(vv)q>
(Q9)**

(21)
+Olelp) +Co+ ) ( / <N¢,b<v>q)
@)
< C(e) ( /( . %ﬁfig’**(w) + Cle(p) +Co + £)HlQY),
since, for ' € (QP)**, Nys(V)(y') < Nop(v)(2') for some 2" € Q) N FLP.
We now aim to show that, for ¥’ € (Q9)**,
Coat (VI < Cppo. (22)

To see this take a dyadic cube Q C (Q9)**. If

320N 2 (@QUN L) £ 0
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then, by Lemma 4.7,

/ / ()| Vv[2 da

2( 16Q)

< C(v.a,a) / ( / / Vvl Qdy)
(QINFLLIN160Q Tb((2/,0))

< C’/ Sop(Vv)(2)*dx’
(QINELLIN160Q
< Cp’ug|Ql.
On the other hand, if
@)
32Q N 2\ (kaFfL;f) =0

then the distance from t2(16Q) to OR. is at least a fixed multiple of diam(Q) =:
r. Thus, for x € t2(16Q), x, < Cr and so, for b sufficiently large,

// (2")|VVv]? dz < r// |Vv|?dx
t¢(16Q t2(16Q)
< Cr" 1// |Vv|? 5
t2(160) Ty~

< O|Q1Sop(VV)(Y) < C|Q|p 1,

for some ¢/ € F ,i’op and fixed b sufficiently large. Putting these two facts
together proves (22). Substituting this in (21) we find

QRN ESI < (Cle)p” + Clelp) + Co+ ) |Qil-

And so, choosing € then p sufficiently small, we can argue as in (20) to com-
plete the proof of the theorem. m

We can now prove (11). By Theorem 4.8 and Lemma 4.2 we have

[No.o/2(V)Z20mey < CUIVIZ2(0mn) + Coll Nos (V)1 Z20men)
+ Col[Nop (V)| 2oy [1S6.6(V V) [ 220m1))-

Therefore, (11) follows by [19, p62], Cauchy’s inequality and taking Cy suffi-
ciently small so that we may hide ||N¢ab(v)||?:2(aR1) on the left-hand side.

Now we move on to prove (12). Let us assume A is symmetric, so that
our equation becomes div(AVu) + B - Vu = 0 and B satisfies conditions
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(i) and (ii) with B replacing 0A. We start in the spirit of [17, (3.1)] with
e, =(0,0,...,0,1), x = (2, t) and x = x(t) a smooth function on [0, c0):
div((xAVu - Vu)e,t)
= 0(xAVu - Vu)t + (xAVu - Vu)
= 2(xAVu - Vou)t + (OxAVu - Vu)t + (x0:AVu - Vu)t
+ (xAVu - Vu)
= 2div((xAVu)(0wu)t) — 2xdiv(AVu)(Oput) — 2(0:x) (AVu)(Oput)
— 2(xAVu - e,)0u + (OyxAVu - Vu)t + (xO,AVu - Vu)t
+ (xAVu - Vu)
= 2div((xAVu)(9u)t) + 2x (B - Vu)(dyut) — 2(0,x) (AVu)(dyut)
— 2(xAVu - e,)0u + (X0 AV - Vu)t + (x + t0px) (AVu - Vu).

Now, integrating in R, and using the divergence theorem, we obtain

// 2(xAVu - e,)0u
n

- / / 2x(B - Vu)(9put) = 2(9ix) (AVu) (Oput) + (X, AVu - Vu)t

Now, let us take y to be a smooth function of ¢ which is equal to n on [0,1/n)
and vanishing on [2/n,00). Taking the limit as n — oo and using the fact
that [;°(x + tdyx)dt = 0, we obtain

/ 2(AVu - e,)0u < / 2Co|Vu||0yu| + Co| Vul?.
OR™

OR7

Now by ellipticity, Cauchy’s inequality and knowing Cy can be taken to be
sufficiently small, we find

1
/ |8tU|2 S C/ |VTU|2 + _/ |aﬂl/|2.
oR? oR? 2 Jorz

This proves (12) and with it Theorem 3.1.

References

[1] L.A. Caffarelli, E.B. Fabes, and C.E. Kenig. Completely singular elliptic-
harmonic measures. Indiana Univ. Math., 30(6):917-924, 1981.

20



2]

[10]

[11]

[12]

[13]

[14]

R.R. Coifman, Y. Meyer, and E.M. Stein. Some new function spaces and
their applications to harmonic analysis. J. Funct. Anal., 62(2):304-335,
1985.

B.E.J. Dahlberg. Estimates of harmonic measure. Arch. Rational Mech.
Anal., 65(3):275-288, 1977.

B.E.J. Dahlberg. On the Poisson integral for Lipschitz and C!'-domains.
Studia Math., 66:13-24, 1979.

B.E.J. Dahlberg. Approximation of harmonic functions. Ann. Inst.
Fourier, 30(2):97-107, 1980.

B.E.J. Dahlberg. Weighted norm inequalities for the Lusin area integral
and the nontangential maximal functions for functions harmonic in a
Lipschitz domain. Sudia Mathematica, 67:297-314, 1980.

B.E.J. Dahlberg, C.E. Kenig, J. Pipher, and G.C. Verchota. Area integ-
ral estimates for higher order elliptic equations and systems. Ann. Inst.
Fourier, 47(5):1425-1461, 1997.

M. Dindos, S. Petermichl, and J. Pipher. The L? Dirichlet problem for
second order elliptic operators and a p-adapted square function. Journal
of Functional Analysis, 249:372-392, 2007.

M. Dindos and D.J. Rule. Elliptic equations in the plane satisfying a car-
leson measure condition. Accepted by Revista Mathematica Iberoamer-
icana.

D. Gilbarg and N.S. Trudinger. FElliptic Partial Differential Equations
of Second Order. Springer-Verlag, Heidelberg, 1997.

L. Grafakos. Classical and Modern Fourier Analysis. Pearson Education
Inc., Upper Saddle River, New Jersey, 2004.

D.S. Jerison and C.E. Kenig. The Dirichlet problem in nonsmooth do-
mains. Ann. of Math., 113(2):367-382, 1981.

D.S. Jerison and C.E. Kenig. The Neumann problem on Lipschitz do-
mains. Bull. Amer. Math. Soc., 4:203-207, 1981.

C.E. Kenig, H. Koch, J. Pipher, and T. Toro. A new approach to abso-
lute continuity of elliptic measure, with applications to non-symmetric
equations. Advances in Mathematics, 153:231-298, 2000.

21



[15]

[16]

[17]

C.E. Kenig and J. Pipher. The Dirichlet problem for elliptic equations
with drift terms. Publications in Mathematics, 45:199-217, 2001.

C.E. Kenig and D.J. Rule. The regularity and Neumann problem for
non-symmetric elliptic operators. Trans. Amer. Math. Soc., 361(1):125—
160, 2009.

J. Pipher. Littlewood-paley estimates: Some applications to elliptic
boundary value problems. In CRM Proceedings and Lecure Notes,
volume 12, pages 221-238, Providence, Rhode Island, 1997. Amer. Math.
Soc.

D.J. Rule. The Regularity and Neumann Problem for Non-Symmetric
Elliptic Operators. PhD thesis, University of Chicago, 2007.

E.M. Stein. Harmonic Analysis: Real-Variable Methods, Orthoganality
and Oscillatory Integrals. Princeton University Press, Princeton, New
Jersey, 1993.

22



