A NEW APPROACH TO ABSOLUTE CONTINUITY
OF ELLIPTIC MEASURE, WITH APPLICATIONS
TO NON-SYMMETRIC EQUATIONS

C. Kenig*, H. Kocu**, J. PIPHER* AND T. TORO™**

0. Introduction

In the late 50’s and early 60’s, the work of De Giorgi [De Gi| and Nash [N], and then
Moser [Mo] initiated the study of regularity of solutions to divergence form elliptic
equations with merely bounded measurable coefficients. Weak solutions in a domain
(), a priori only in a Sobolev space Wﬁloc(Q), were shown to be Holder continuous
of some order depending just on ellipticity, and maximum principles and Harnack
inequalities were established. The Dirichlet problem for such operators, with contin-
uous data on the boundary, was established in [LSW]. This in turn paved the way
for a more systematic and detailed study of the properties of the elliptic measures
dwy, associated to L = div AV on a domain 2. The classical properties of existence
of non-tangential limits of solutions (Fatou type theorems) and comparison principles
appeared in [CFMS], but owed a great deal to the earlier work of Carleson [Ca] and
Hunt and Wheeden [H-W] on harmonic functions in Lipschitz domains.

All the results mentioned above were carried out for elliptic operators L = div AV
where the matrix A = (a;;) has bounded measurable coefficients and is symmetric.
However, it turns out that the symmetry of the matrix is not needed to get these
results: Morrey [Mor] first observed this in connection with the De Giorgi-Nash-Moser
theory; for the results in [CFMS], this fact has not been formally observed until now.
With appropriate reformulation in terms of adjoint operators, and adjoint Green’s
functions, the results of [CFMS] are valid without the symmetry assumption (see §1).

The investigation into the solvability of LP boundary value problems, in the sense of
non-tangential convergence and LP estimates on the non-tangential maximal function
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of solutions, really began with the study of harmonic functions in Lipschitz domains
([D1], [D2] and [JK]). In [D1], B. Dahlberg proved that, on any Lipschitz domain €2,
the harmonic measure, dw, and the surface measure, do, were mutually absolutely
continuous, that dw € Ay (do) (the Muckenhoupt weight class A.,). He showed that
there exists a constant C' such that for any radius r and every surface ball A(r) C 012,

2d70’ ’ dio’ where aw = o
0-1) (/Am’“ a(A(r») SO o Fotagy Where dw = kdo.

The estimate (0.1) will imply solvability of the L? Dirichlet problem in the domain
Q. In [JK], Jerison and Kenig realized how to obtain (0.1) by means of an elementary
identity of Rellich type (see (0.2)). Since this discovery, and its further applications
to a more general class of divergence form operators, the theory of boundary value
problems (BVP’s) for second order operators has been built on the use of L? Rellich
type identities. This holds true even for BVP’s associated with systems of elliptic
equations, higher order elliptic equations and parabolic equations. (See [P] and [K]
for a discussion and some references.

To be precise, consider the Laplacian in a domain above the graph of a Lipschitz
function {t > ¢(z)} with [|[Vp|ew < M < oo. The mapping (z,t) — (z,t — p(z))
is a biLipschitzian ‘flattening’ of this domain and maps the Laplacian to an elliptic
divergence form operator L = div AV, where A = (a;;) is symmetric and has merely
bounded coefficients. Dahlberg’s result ([D]) on the L? solvability of the Dirichlet
problem for Laplace’s equation in {t > ¢(z)}, i.e., that (0.1) holds, translates to
L? solvability of the Dirichlet problem for L in R’ . Because this is not a property
universally possessed by such operators ([CFK]) (even the A, condition mentioned
below may fail), one asks what special property of such matrices is responsible for
this phenomenon. The answer lies in the fact the coefficients of A are independent of
the t-variable. And indeed, the Rellich identity of [JK] applies to all such operators
(symmetric and time-independent) to yield (0.1). Specifically, let L = div AV be an
operator of this type, and u a solution to L. Then

(0.2) div [AVu.Vue] = 2div [Diyu AV,

where €= (0,...,0,1). Now apply the divergence theorem to (0.2) in, say, the domain
{t > p(z)} where ¢ is Lipschitz. Here N, the unit normal, exists a.e., and (¢, N) has a
positive lower bound. Then this boundary integral identity, the estimate on (€, N ) and
the ellipticity assumption on A proves that HAVU.NHLz(dU) ~ [|[Vrul|12(40). However,
the derivation of (0.2) requires symmetry of the matrix. The question is: how crucial
is this assumption in order to obtain the desired consequence of (0.2), namely, L2
solvability of the Dirichlet problem. This is the problem addressed in section 3.
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Another interesting, and little understood, situation where no Rellich identity is pos-
sible is the case where the matrix A and the solution to L are complex valued. Here
the issues of solvability of BVP’s are closely connected with fundamental questions
concerning the Cauchy integral operator and analytic perturbations of operators. In
[KM], the direct connection is made—see also [K]| for the reformulation of a problem
of Kato on square roots of such operators in terms of a BVP.

In fact, a complex valued solution to L = div AV where A is complex elliptic can be
represented as a vector solution (by separating into real and imaginary parts) of a
real, elliptic but skew-symmetric system of equations. So there is a closer connection
between the complex valued situation and the non-symmetric one than merely the
absence of a Rellich identity. Recently, Verchota and Vogel ([VV]) have made a sys-
tematic study of non-symmetric elliptic systems in planar domains, and found some
surprising positive as well as negative results.

In this paper, motivated initially by the study of non-symmetric elliptic equations,
we prove two theorems which give sufficient conditions for the elliptic measure of an
elliptic divergence form operator to belong to A.,, with respect to surface measure,
on the boundary of Lipschitz domain in R™. By the general theory of such operators
([CFMS]), this Ay, condition implies solvability of the LP Dirichlet problem for some
value of p which depends on the operator. In section 3 we verify this general criterion
for a class of divergence form non-symmetric operators. These are the ‘time indepen-
dent’ coefficient operators in R?, for which (0.1) would be proven via Rellich identities
in the symmetric case. Without symmetry, we only obtain A .., but we also provide an
example to show that this is sharp. Thus the L? solvability of the Dirichlet problem
may fail in this context, but LP solvability, for some value of p, holds.

We have two main criteria for A, in any dimension, which are both sharp as the
example will show. Theorem (2.3) says that if any solution u to Lu = 0 can be
arbitrarily well approximated in a Lipschitz domain by smooth functions satisfying a
certain technical condition, then dwj, belongs to A., with respect to surface measure
on the boundary of that domain. This ‘e-approximability’ condition arises in the work
of Varopoulos ([V]) and Garnett ([G]). Indeed, the first clue that such a condition
may be connected to A, appears in Corollary 6.2, p.348 of [G], where a ‘quantitative’
Fatou theorem is proved. This is explained at the beginning of §2.

Our second main theorem (2.9) results essentially from the observation that Dahlberg’s
proof of e-approximability of harmonic functions in Lipschitz domains applies in a more
general setting. That is, his proof works for any class of operators for which one has
an LP norm equivalence between the non-tangential maximal function and the square
function of solutions, again for a class of domains to be specified later. (See section 1
for the relevant definitions.)
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The positive results contained here should have broad applications. Indeed, the con-
dition can be verified for a class of operators whose coefficients satisfy a Carleson
condition ([LH] and [KP]). The investigation initiated in section 3 generates some in-
teresting questions. For example, what are the higher dimensional analogs of these
two dimensional results? What condition can one assume, in addition to ellipticity,
which cancels the effect of non-symmetry? Finally, the true role of the existence of
Rellich type identities awaits further understanding.

1. Definitions and Background ”*”

In this section we give some terminology to be used throughout and state the main
properties of solutions to divergence form elliptic equations that we will need.

We will usually be defining solutions in Lipschitz domains € C R”. Such a domain
satisfies uniform interior and exterior cone conditions (and hence classical Dirichlet
problems for, say, the Laplacian are solvable there). There follows a definition which
pays closer attention to the constants involved in measuring the ‘Lipschitz character’
of these domains.

Definition. Z C R" is an M-cylinder of diameter d if there exists a coordinate system
(z,t) such that
Z =A{(z,t): || <d,—2Md <t < 2Md}

and, for s >0
sZ ={(x,t) : |z| < sd,—2sMd <t <2sMd}.

Definition. 2 C R" is a Lipschitz domain with character (M, N,c,) if there exists a
positive scale r and there exists at most N M -cylinders {Zj}j-vzl of diameter d, with
% < d < cor such that

(1) 4Z; N OSY is the graph of a Lipschitz function ¢, (in the coordinate system of
Z;) where ||¢jlloc < M, and ¢;(0) = 0.

(it) 0Q =U(Z; NON); and Z; N Q 2 {(z, 1) : [z < d, dist((z,t),00) < d/2}

If Q€ 0Qand B, (Q) ={X : | X — Q| <7}, then A,.(Q) (or sometimes just A,) will
denote B, (Q) N2 The Carleson region above A,.(Q) is T'(A,) = QN B, (Q).

For Q a Lipschitz domain, we define non-tangential approach regions, for each @ € 012,

D(Q) = Ta(@) = {X € Q: [X — Q| < (1 + a)dist (X,90)}
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where « is taken large enough (only depending on the Lipschitz character). In [D4],
Dahlberg defines a collection of non-tangential approach regions {I'(Q)} which he calls
a regular family of cones. Essentially these are right circular cones, with respect to
a coordinate system defining the Lipschitz graph, which are contained in the domain.
We shall sometimes use this terminology.

Let 2 be Lipschitz and {I's(Q)}gecan a regular family of cones (or non-tangential
approach regions). Let T'2(Q) = I',(Q) N By(Q) be the d-truncated cone. If v(X) is
continuous in €, we define N, qv(Q) = sup{|v(X)| : X € T'4(Q)}, a non-tangential
mazimal function of v in 2. The square function of v at ) relative to the family

{ré(Q)}is

Se.av(Q) = {/Fd(Q) IVo(X)|? (dist (X, 09))* " dX}

When o and d are understood we will suppress the dependence and just use the
notation Nv and Swv.

Let now A(X) = (a;;(X))};—1 be areal n xn matrix, a;; € L*°, satisfying the uniform
ellipticity condition:

(1.1) There exists a A > 0 such that for all £ € R™\{0},
ME? < (A(x)€,€) < AHeP

The matrix A will not be assumed symmetric.

Remark: Future reference to ‘the ellipticity constant’ will mean a constant that
depends on both A and ||a;;|| 7.

The space W2, . () denotes {f € L .(Q) : of € WZ(Q) Vp € C5*(Q)} where WZ(Q)

Jloc loc

is the usual Sobolev space {f € L*(Q) : [ |f* + [ [V f]* < +oo}.

Definition 1.2. A functionu € W{,,.(Q) is a solution in Q to Lu = div A(X)Vu = 0
if

(1.2) /aij(X)Diu Dip=0 YgeCPQ).
Q

The main ingredients of the De Giorgi-Nash-Moser theory for solutions to elliptic
divergence form equations hold as well for the case where A(-) is not symmetric. This
was observed by Morrey ([Mor]). The starting point for these regularity results is the
following fundamental estimate. (The abbreviation f 5 fdu is employed for the average

([ fdn/n(E)).)
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(1.3) (Cacciopoli). If u > 0 is an L-subsolution in Q (i.e. the integral in (1.2) is
non-positive) and if Ba.(X) < €, then

/ \Vu(Z)2dZ < 92/ w(Z)%dZ,
B’I(X) r B27‘(X)

where C' depends on ellipticity and dimension.

The interior regularity estimates are as follows. Here, OSC U = SUpU — i}gf u, denotes
r B, r
the oscillation of u over the ball B,..

(1.4) If u is a nonnegative subsolution in £ and Ba, C Q then

1

D
SupuSC’(/ up)
B”’ B21‘

for any p > 0 and C' = C (A, n,p).

(1.5) (interior Holder continuity). If u is a solution to L in €2 then

0§CUSC<%)Q (/ u2>%,
, Br

for some 0 < a < 1, a = a(A,;n) and 0 < r < R < dist (X, 00).

The important fact here is that the Holder continuity rate of the solution only depends
on the ellipticity of the operator.

(1.6) (Harnack inequality). If u is a nonnegative solution to L in ©Q and Ba, C 2,
then

supu < C'inf u.
B, By

(1.7) If w is a solution to L in Q and Bs, C  then there is a p > 2, p = p(\,n), such
that

(o) se(f, o)

(1.8) (Maximum principle). If w is a solution to L in €, which is continuous in a
neighborhood of 02, then

sup u < sup u.
Q BIY)
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For domains whose boundary has some regularity (including the class of Lipschitz
domains) there are boundary analogs of the Holder continuity and other interior es-
timates above. Such regularity estimates hold when solutions vanish on a portion of
the boundary. Under the same hypotheses as their interior analogs, we have

(1.3.B) (Boundary Cacciopoli) If u =0 on Ag,, then

C
JRL T
T(A,) TJ T(As,)

whenever Lu = 0 in T'(Ag,.).
(1.5.B) If Lu =0 in T'(Ag,), and if u = 0 on Ay, then

1
3

osc u<(C <£> / u? ,

T(Ap) r T(As,)

where p < r and the surface balls Ay, and A, have the same center.

From (1.5.B) one can deduce an estimate for nonnegative solutions u of L in a region
T(A2-(Q)), which vanish on Ag,.(Q)

sup u
T27'(Q)

(1.9) wX)<C (M)a

r

where a = (A, r) and X is any point of T(A,.(Q)).

The results of Littman, Stampacchia and Weinberger ([LSW]) are also valid in the
non-symmetric setting. In particular, a Lipschitz domain €2 is reqular for the Dirichlet
problem, meaning that for every g € Lip(9f2), the generalized solution to Lu = 0 in
Q, u = g on 01, given by Lax-Milgram, is in fact continuous in €. Thus the mapping
g — ugy(X) which is defined for g € C(9€2) and for which uy(X) is the solution
to the Dirichlet problem with data ¢ is a bounded positive linear functional. The
Riesz representation theorem implies the existence of a family of elliptic probability
measures {dwy } associated to L. Since, by Harnack’s inequality, these are all mutually
absolutely continuous, as X varies over (), we shall fix a point Xy in Q and call
dwr, = dwfo the elliptic measure associated to 0f2, so that

(1.10) w(X0) = [ g(Qus(@). Ve C(o9).

We are interested in the relationship between the elliptic measure dwy, and the surface
measure do for a given domain 2. Examples ([CFK]) show that even in the symmetric
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case, dwy, and do may be singular if the coefficients of the matrix are merely bounded
and measurable. What further assumptions on the coefficients are required to insure,
say, mutual absolute continuity, or other stronger connections between these measures
(see [FKP]). To study these questions, we need to introduce the Green’s function and
determine its relationship to elliptic measure. In [GW], Gruter and Widman made a
systematic study of the Green’s function, without assuming symmetry of the matrix.

Theorem 1.11. ([GW]) There exists a positive function G(X,Y') with values in R U
{+0o0} such that for allY € Q and any r > 0,

(i) G(,Y) € WR(Q\B(Y)) N W)
(ii) ¥ o € Cg° (%),
| a5 (0DGO V) DyplX) = (V)
(iii) G(Y,X) = G*(X,Y), where G* satisfies (i) and (ii) for A*, the adjoint of A
(iv) G(X,Y) < C\)|X —Y|2™ for all X,Y € Q
(v) G(X,Y) > c(A\)|X = Y| for all X,Y € Q with |X — Y| < Ldist(Y,90)
(vi) G(-,Y) € W2(Q) for all 1 < p < n/n— 1, uniformly in Y.
(vii) G(X,Y) < e(N){dist(Y,00)}%|X — Y2~ a = a(),n).
(viii) |G(X,Y) — G(Z,Y)| < CA|X — Z2|*{|X — Y|?~"~¢ 4 |Z — Y[2~n—a)

Note that in dimension n = 2 the singularity in the bounds on the Green’s function
would be logarithmic.

If the coefficients of A and the boundary of {2 were C'°°, Green’s theorem would give:

w(Y) = /Q LG (X, Y)u(X)dX
_ /Q div [A*VG* (X, Y )u(X)]dX
_ /Q A*VGH(X, V). Vu(X)dX
_ /8 _u@A"(@Q)VE"(Q,Y).N(Q)do (@)
n /Q G* (X, V) Lu(Y)dY.

where N(Q) is the unit normal to the boundary. That is, we find that dwY (Q) =
A*(Q)VG*(Q,Y).N(Q)do(Q), and the solution to the Dirichlet problem with data g
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is given by
u(X) = /8 _9(QA(QVE(Q.X)F(Qo(Q)

In general, to establish the relationship between the Green’s function and elliptic
measure is more delicate. This was carried out in [CFMS] (owing a great deal to the
estimates in [HW]) for symmetric elliptic operators L. However, a careful inspection
of the proofs of the results therein will show that all the estimates remain valid (with
G replacing G* where appropriate) even in the non-symmetric case. We summarize
these below.

Properties of the elliptic measure

(1.12) wi (Ar(Q)) > ¢

for all X € B.(A,(Q)), where the point A,(Q) € 2 is chosen so that dist(A,(Q), ) ~
|A-(Q) — Q| = r, and ¢ = ¢(M), M = the Lipschitz character of Q (see [K], pg. 8, for
a more detailed discussion of the required geometric properties of domains for which
these estimates hold.)

(1.13) For X € °Be,(A4-(Q)) N,
(i) r"2G(X, A,(Q)) < Cwr (A2 (Q)).
(ii) wi (AL(Q)) < Cr"?G(X, A(Q))

= Cr" 26 (A,(Q), X).

(1.14) (Comparison principle). If u,v are nonnegative solutions in T(A2.(Q)),
continuous in T(As,.) and vanishing on As.(Q), then there exists a constant C =
C(M), such thatV X € T(A,),

Lu(AQ) (X)) u(A(Q))
@) S ux =° |

X
dwy,
de7

The kernel function K (X, Q) is defined to be K(X,Q) =
derivative. It satisfies the following two estimates.

the Radon-Nikodym

(1.15) (i) If X € To(P) with [X — P| ~ r = dist (X, 09) then K(X,Q) ~ -y
for all Q € A,.(P).

(ii) for all X € Q, |[K(X, Q1) — K(X,Q2)| < Cx|Q1 — Q2|* where a depends
on the Lipschitz character of {2 (and on L).

We are interested, for the purposes of solving boundary value problems, in the relation-
ship between dw;, and do, on the boundary of 2. We need the following definitions,
which involve dilation invariant conditions—those which are most natural in the con-
text of Lipschitz domains.
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Definition 1.16. [G-C, RdeF] Let A denote a surface ball contained in OSQ.
(i) du € Ao (dv) if, for any € > 0, there exists a 6 > 0 such that if E C A,

H(E)

v(E)
V(A)<6:>m<€

(11) dp € By(dv) if du is absolutely continuous with respect to dv and f = dp

ov
satisfies
dv \ ¢ dv
d C — .
(L) <o (L)

Definition 1.17. The Dirichlet problem (D), with data in LP(do) is solvable in €
for L if whenever f € C(0R2), the solution u to the classical Dirichlet problem (u|gn =
f€0(00); ue C(Q)) satisfies the estimate

(1.18) IN (@)l Lo (ao) < ClIf || Lr(do)
where C' depends only on the Lipschitz character of 1, and the ellipticity of L.

Because N (u)(Q) is comparable to

d
M, (f = sup/ f(p wL
ADQ

when u = f on 09, the theory of weights ([M]) tells us that (D), is solvable for L if

and only if dwy, € Bj,(do), where % + i = 1. Therefore, since A, = |J By, it follows
g>1
that dwy, € A (do) if and only if there exists a p < 400 for which (D), is solvable for

L.

2. Square function estimates and A,

We shall prove two main theorems in this section—each valid in R™ for any n, and for
solutions to elliptic divergence form operators which are not necessarily assumed to be
symmetric.

Definition 2.1. Let Q be a bounded Lipschitz domain in R™ and let L = divAV,
an elliptic divergence form operator whose matriz has coefficients which are bounded
and measurable. A weak solution u to Lu = 0 in Q, with ||ul|. < 1, is said to be
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e-approximable if there exists a ¢ € C®(Q) such that |[u — ¢|lsc < € in Q and such
that for all surface balls A(r,Q) = 0Q N B(r,Q),

(2.2) / VeldX < CLo(A),
T(A(Q)

where T(A(r,Q)) = B(r,Q) N is the Carleson region associated to A(r,Q), and C.
depends also on the Lipschitz character of §2.

The concept of e-approximability arises quite naturally and has been studied ex-
tensively for harmonic functions. Consider L = A and 2 the (unbounded) domain
R? ={(z,y) e R"! x R:y > 0}. If u is a bounded harmonic function, or more gen-
erally, the Poisson extension of a BMO function, then the quantity y|Vu(x,y)|?*dz dy
is a Carleson measure ([G]). That is, for every cube I C R"~! and if £(I) = diameter
of I, then [ _, f;go) y|Vu(z,y)|?de dy < C|lul%a0lI| which is precisely the state-
ment (2.2) for this domain. A natural question, inspired by methods of proof of both
H' — BMO duality ([F-St]) and the Corona Theorem ([Ca2] and [G]), is whether in
fact the simpler expression |Vu|dzdy is Carleson. This is not true, but the knowledge
that u may be arbitrarily well approximated by a continuous function ¢ whose gradi-
ent gives rise to a Carleson measure provides alternate methods of proof of both these
results. For harmonic functions in the upper half space, a construction which proves
this may be found in Garnett’s book [G], building on earlier work of Varopoulos ([V]).
Indeed, Garnett draws a corollary, [p.348, of [G]], which he calls a ‘quantitative Fa-
tou theorem’, and which provides the first solid connection between e-approximability
and quantitative properties of harmonic measure. Later, Dahlberg, in [D5], extended
Garnett’s result to harmonic functions in bounded Lipschitz domains. We shall make
some further remarks about Dahlberg’s extension later in connection with our second
main theorem, which turns out to be essentially a small observation on a proof in [D1].

Theorem 2.3. Let L = divAV be elliptic, where A = (a;;) is a (not necessarily
symmetric) matriz of bounded measurable functions. Let Q C R™ be a Lipschitz do-
main, containing 0. Then there exists an €, depending on ellipticity of L and the
Lipschitz character of Q0 such that if every solution u to Lu = 0, with ||ulle < 1, is
e-approzimable on Q, then dwy belongs to A (do), where do = surface measure on
0. That is, given n > 0, there exists a & depending on €, ellipticity, the Lipschitz
character of Q0 and approximation constants such that whenever E C A, C 082, we
have o(E)/o(A,) < n implies wi,(E)/wr(A,) < 0.

We will need some results on the elliptic measure dwy, = dw on Jf) to establish (2.3).
Fix © to be a bounded Lipschitz domain containing the unit ball of R™, By, and
contained in B)y, the ball of radius M. Let M also be an upper bound for the number
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of coordinate patches required to cover 02 by graphs of Lipschitz functions whose
Lipschitz constant will also be no greater than M. This domain then possesses a
dyadic grid (see [Ch]), a collection of subsets {I;;} of 02, where for each fixed j > 0:
(i) ULy =09 I3, NI, =0if Iy # Iy and w(91;,;) = 0 for all j,1.
l

[ WA
(ii) Both @) and 92 belong to {I;;};.,

(iii) Aj; C I;; € MA;,;, where Aj; = B(277,Q;) N 9. Q is called the center of
L.

(iv) If Ini # (), then either I;; C I, ; or Ij;; C I;;. And there exist a C(M) < 1
VR
such that w(Ij,l) < C(M)W(Ij/,l) when Ij,l Q Ij/,l.

(v) Any open set ¢ C 0f) can be decomposed as ¢ = |JI;;, where the I;; are
Ji!
non-overlapping. Moreover, for each I;; in this decomposition, there exists a
P;; € 0O\ such that dist (P}, I;;) ~ diam (I;;).

We note that if the domain 2 contains an r-ball B, and is contained in Bj;,, then
there is a rescaled version of this dyadic grid in which the constants 277 are replaced
by 2777, and the other constants do not depend on r.

Definition 2.4. Let ¢y be given and small. If E C 0X2, a good €g-cover for E of length
k is a collection of nested open sets {Oi}r_| with E C Oy, C Op_1 C -+ C Oy = 00
where each 0 = | Si(l) and so that

i=1

(i) each Si(l) belongs to the dyadic grid for 09, and
(ii) for all1 <1<k, w(O;N Si(l_l)) < EQW(Si(l_l)),

Note that condition (ii) of Definition (2.4) above implies that each Si(l) is properly

). To see this, observe that since 0; C 0;_1, SZ-(Z) must intersect

contained in some S ](.l_l
some SJ(-Z_I). The inclusion SJ(-Z_I) - Si(l) is not possible for w<5§l—1)> < w(SJ(l—l) noy)

and (ii) gives a contradiction.

If in (2.4) above we can take k = +oo then {0} is called a good cover of infinite
length.

Lemma 2.5. If {0} is a good €y-cover of E of length k and k > 1 > m > 1, then
W(S™ N 6) < emw(s™).
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Proof. From the remark following the definition above, we have
ﬁm+1 N Sj(m) _ U{Sl(m-i-l) : Si(m-i-l) - Sjm)}

and the inequality (ii) of (2.4) can be iterated [ — m times.

Lemma 2.6. Given eg > 0, there exists a 5o > 0 such that if E C 09 and w(E) < dg,
then E has a good €yg-cover of length k, with k — oo as w(E) — 0. (In fact, k ~

€o log (%))

Proof. Let 0 < ¢; < 1 be fixed—to be determined later. Let U be an open set
containing E with w(U) < 2w(FE), and set Oy = {x : M,(Xv)(x) > €}, where

M,(g)(x) = sup{/A g% A Sz, ACON}.

Since U is open, U C 0}, and since w is doubling, w(0y) < Sw(U) < 2w(E). If
0 0
26—,Cw(E) is less than i, then O} has a Whitney decomposition, & = USi(k), and for
0

each SZ-(k) there exists a point Pi(k) € °0), such that dist(Pi(k), Si(k)) ~ diam(Si(k)). Since
Pi(k) € °0O%, if A is any surface ball containing Pi(k), then % < €;. Therefore,

there is a choice of €}, which depends only on the doubling constant of w and on €y which

w(Uns™ .
w(UNS; ) < €. Thus, given €, choose € as above, and then choose

guarantees that o5

k
do so that 2Cw(F) < €,/2. Let k be the largest integer such that <€Q,) w(E) < 1.

0

For k —1<j <1, set 0;_1 ={x: M,(Xgp,) > €} It is straightforward to verify
that {0;}F_, is a good eg-cover.

Remark 2.7. If Q) is an arbitrary Lipschitz domain and w is a doubling measure on
09, then we may dilate 2 to get a new domain Q' with B; C " C Bj; and apply
Lemma (2.6) to €2'. Because the proof of (2.6) depends only on the doubling constant
of w, this rescaling will prove the lemma for arbitrary Lipschitz domains as well.

We now draw a corollary of the approximation hypothesis on bounded solutions u,
which is a small modification of Corollary (6.2) of [G]. The cones {I'(Q) }gean form a
regular family, i.e. non-tangential approach regions. We shall use them to define the
‘oscillation function’ of a solution u. Let r < 1 and let I',.(Q) = I'(Q) N B,(Q) be the
r-truncated cone at Q. If X; = (z;,y;) € I''(Q), let y(X; — @) denote y;, the second
coordinate. Define, for < 1, the oscillation function N(T',,¢€, 0, Q) by

N(T,¢6,0,Q) > k if there exists k points Xy,..., X € I'(Q)
(28) such that y(XJ — Q) < Gy(Xj_l — Q),
and for which |u(X;) —u(X,-1)] > €.
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€

Lemma 2.9. Suppose u is §-approximable in @ C R™. Then

/ N(Ty, 6,0,Q)do(Q) < Cr—,
90N B,.(Q)

where C' depends on €,0 and the Lipschitz constant of €.

Proof. Let {I'(Q)} be another family of regular cones with I'(Q) D T'(Q). Set
A ()(Q) = fﬁ(Q) |V¢|#, where T'.(Q) = I'(Q) N B,(Q). We claim that

if N(I'r,€,0,Q) > k and ¢ approximates v in the sense of (2.1) for ¢ = § then
A (0)(Q) > kC. o. Because

/A A (9)(Q)do(Q) < C V()X

T(Ar)

which is bounded by Cr"~!, C = C(M, ¢), the claim proves the lemma. Moreover, by
a dilation it suffices to prove the claim for r» = 1.

To see the claim, we can assume that Q = 0 and that the cones T(Q)\I'(Q) are of the
form {(z,y) : |z| < ay}. Suppose that NI'(0) > k and fix the points X; = (z;,v;),
|25l <oy, 0<yp Syp1 < - <y < 1y, < Oy for which [u(X;) —u(X;-1)| > e
Because u is Holder continuous and ||ul|o < 1, there exists a d, depending only on
e and the ellipticity of L, such that |u(X) — u(X;)| < €/8 whenever X € {(x,y,) :
|z — x;| < dy;} =1;. A similar statement holds at X,;_; for all Y € [;,_; and hence,
for any X € [; and Y € 1, |u(X) —u(Y)| > 3¢/4. We may also choose § to insure
that both segments [}, [;_; belong to the cone r(0).

Let ¢ be a smooth {-approximant to u in the sense of (2.1). Then |p(X)—p(Y)| > €/4
when X €l and Y €. For (2,y;) €lj, and 1 <t <t; =y,_1/y;, set

t—1 t—1
X = <(z—a:j)t+ <1— L _1) xj + tjjxj_l,tyj).

Then X; € f(()) and at t = t;, Xy, € l;_1, while X; € [; by assumption. Thus,
)fltj %gp(Xt)dt) > €¢/4. Also,

) 1 1
ot = ((Z —x;) — tjjl’j + tjjxj—layj)

Ti 1 —X;

t;—1

20y, .
Zyill +y; < Cyj, since ;1 —y; > (1 —0)y;-1.

and so }%Xt} < oy, +
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Consider the change of variables p : (z,t) — X; = (x,s), where |z — z;| < dy;,
(y;

sn

n—2
)_1 dxds, since the

1 <t <t;. The mapping is one to one and we have that dzdt =
Jacobian is given by the inverse of

t (%)

det e — tn_lyj — (tyj)n—ly?—n — Sn—ly]Q'—n.
t
(0) Yj

Therefore, if fj =Tn{(z,y): yi <y<wyj_1},

d.]fd 1 ti a
, sn oy’ s .
r; yj |z—x;|<dy; J1

a_f“’*))‘ dtdz}

€
ZC(SZ,

and summing in j we conclude that the claim holds.

Proof of (2.3). Let E C 990 be given, with :f((fj) < §. Let € be a Lipschitz
domain containing T'(A,), with Lipschitz constant bounded by that of  and for
which diam(Q') < Mr and 9 N9 C Ag,.. Let A, be a point of " whose distance
to 0 is comparable to r, with constants depending only on the Lipschitz constant
of Q. Let dw}:‘fQ, be the elliptic measure for L in the domain ' with respect to the
point A,.. Let’s abbreviate this measure w’. Then, by the comparison principle, since
w(E)/w(A,) <0, w'(E) < C§. By Lemma 2.6, construct a good eg-cover of E C 99/
of length k, where ¢y will be determined. That is, we have a collection of nested open
sets {0;}F_, with 0; = USJ(-i), each SJ(-i) is contained in some S](-f_l) and for each
j
k>1>m > 1, we have w’(Sﬁm) Naoy) < eé_mw’(Sﬁm)). Set f = zk: (-1)"Xg, , and

m=0

u(X) =[50 K(X,Q)f(Q)dw'(Q), the solution to Lu = 0 in Q' with data f. Note
that 0 < f <1.

If both € and €y have been chosen appropriately then we will show that thereisa 6 < 1
such that N(T',,¢€,0,Q) > ck for all Q € E. By Lemma (2.9),

cho(B) < [E N(T, 6,0, Q)dor(Q)

< / N(T,,e,0,Q)do(Q)
JANS
< C(e, 0)r™ 1.

Thus o(E) < €rn-L.
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To prove the estimate on the oscillation function, let m be an even integer, 0 < m < k
and @) be any point of E. Then Q) € &, and so there is an element an) C 0,, of

the dyadic grid which contains Q). Let @), denote the center of S J(;n) and pick a point
XM in 0 with dist(X ", 09) ~ |X{™ — Qj,| ~ diam(S\™). Any such X" is in
I'-(Q). Moreover,

wCG) = K P (P (P)
OC /
_W/S%n)f(]g)dw(f))

by estimate (1.15) on K(X};n),Q) for Q € SJ(;”), and the doubling properties of w’.
Also,

1

1 m
- / - - . 1 ’
S o PP = [ S ) K
Jo Jjo
/
S(m) /(m) Z Xﬁldw

Jo l=m+1
=1+ 11.
since S;(:n) C 0}, for 1 =0,...,mand mis even, > (—1)! =1, thus term I = 1. Term
1=0
IT is, in absolute value, bounded above by
1 - (m) 1 - (m)
— 2 OIS S ——s > e M)
(Sjl))) l=m+1 (S( )) l=m+1

< 2607

provided that €y < %

Therefore u(XJ(;n)) > 1 — 2¢p. Our objective now is to find points Yj, for j < k and j
odd, such that u(Y;) < ¢p where 1 — 2¢p — ¢9 > € > 0 determines € and this gives the
lower bound on N(T',,€,6,Q).

Let m be odd, 0 < m < k and let () € F so that there is an S](-;n) such that @ € S;(:n).
If Qj, denotes the center of § J(;n), choose X J(;ng €  such that

dist (X", 00) ~ |X\") — Q)| = ndiam(S5™),

Jo,n? J0,7M
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for n < 1 to be determined. The Holder continuity estimate (1.9) guarantees that

[ " K(X™ P)f(P)du'(P) < / e K(X™) P)f(P)d/(P)

- / K(X{™) P)f(P)dw'(P),
B2_m(QjO)
SO
/ (m) K XJ(ZL%’P)JI(P)dw/(P) < COn”
(,Sjo
Therefore
wx < [ R PP P+ O
Jo

_ (m) S
= K(X;™ P) (Z X@> /

(m)
Sjo =0

k
+ K(X™ P) ( 3 (—1)1)(@[) dw' + Cn™.

(m
S l=m+1

On Sj(gn), l;)(—l)lX@l = 0 since m is odd and so

k
u(X\™) < Cn + » K(X{™ P) ( 3 (—l)lX@) du

Jjo l=m+1
k
<Cnt+ Y . KX, Q)Xe,dw'.
l=m+1 " 4o

By Harnack’s inequality for positive solutions, and the doubling property of the elliptic

measure we have K (X ](gnr)], Q) < for @ € S} (m) , and this yields

’(S(m))

k
u(X5) SO+ Cy DT e
l=m+1
<Cn® + Cheo.

n and €y will be chosen later, at this point we assume they satisfy Cn® < 1/8, and
Creo < 1/8. Choose Yy, € I'.(Q) such that

dist (Y, O) ~ [Yin) — Q| ~ ndiam(S{™),
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then |Y,,, — X](;n,g\ <C(n+ l)diam(SJ(;n)). Note that 1 — u is a non negative harmonic

function in Q’. Harnack’s inequality guarantees that
1—u(Yyn) > Ol — uw(XI™)) > On(1 — Cn® — Cyeo) = C'n.
Hence u(Y;,) <1 — C’n. From now we also assume that 4ey < C'n.

For Q € E, consider the sequence {X,,}% _,, where X,, = X J(;n) for m even and
X, =Y, for m odd, m = 0,1,... k. The estimates above show that provided
Cheo < 1/8 and 4ep < C'n, [u(Xp,) — w( Xy )| > CT/" whenever m is odd and m/ is
even. Moreover note that

[y(Xoep1 — Q) < [Xoer1 — Q| < Cndiam(S](.fZH))
< C’ndiam(S](-fe)) < Cndist (X, 092)
< Cn|Xae — Q| < C"nly(Xae — Q).

Here C” > 0 depends of the aperture of the cone. We now choose n € (0, 1) satisfying
Cn* <1/8 and C""n < /0. € is chosen accordingly, satisfying the conditions specified
above. Under these assumptions |y(X2ep1 — Q)] < /0|y(X2¢ — Q)]. To insure that
heights y(X,, — Q) decrease as well, we need to choose a new sequence {X,,}. In order
to do that, note that for p > 1,

[Y(Xopro0 — Q)] < [Xoprar — Q| < Cdiam(S{7 )

2—Pp
< C27Pdiam(S2 V) < €75~ | Xa41 — Q)
n

<C”£ X _
< " ly(Xoey1 — Q)|

Choose p > 1 such that C’”% < /1. This guarantees that |y(Xgpior — Q)| <

\/T_]|y(ng+1 — Q)| Let 70 = Xo, 71 = X1 and 72 = X(Qp), 73 = X(2p+l) and
in general, Xo, = X (%) By skipping this fixed number of points in the sequence,
we obtain a new sequence, {X,,} C I'.(Q), of length a fixed fraction of k. More-
over |y(Xps1 — Q) < v/ily(Km — Q) and [u(Xyn) — u(Xps1)| > Cy/2. Thus
N(Ty,Cn/2,\/mn,Q) > ck. Here n € (0,1) only depends on the aperture of the cone,
and on the Lipschitz character of the domain 2.

Our second main theorem provides a criterion for testing when e-approximability holds.
The condition is useful—it can be verified in nontrivial instances. The next section
is devoted to one such instance: two dimensional non-symmetric elliptic divergence
form equations with non-smooth coefficients, independent of one of the variables. A
particular example computed there shows that Theorem (2.3) (as well as Theorem 2.9)
is sharp in the sense that no stronger conclusion than A, can be drawn.
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Theorem 2.9. Suppose that for all bounded Lipschitz domains @ C R"™ and any
solution u to Lu = div AVu = 0, with u vanishing at some fixed point in €, where L
is elliptic, A is bounded and measurable, one can prove the estimates

N2(u)do < C / S(X)|\Vu(X)2dX < Cy | N2(u)do,
Q

oN o

for 0(X) = dist(X,00), with constants depending only the Lipschitz character of €.
Then, on any such domain Q, dw$® belongs to A (do).

Remark (2.10). In [D5], B. Dahlberg proved that harmonic functions in Lipschitz
domains are e-approximable for any € > 0. His proof used the square function estimates
(2.9) for harmonic functions that he had recently shown in [D4]. The other properties
of harmonic functions used in the proof, like the mean value property and the pointwise
estimates of gradients in terms of the function itself, may all be replaced by interior
estimates, Harnack’s inequality, maximum principles, L? averages of gradients and
Cacciopoli inequalities. In other words, Dahlberg’s proof is valid for any class of
solutions which possess the properties which follow from the De Giorgi-Nash-Moser
theory and, in addition, satisfy (2.9). As a final comment, we note that it suffices, by
purely real variable arguments, to prove square function estimates in any LP, 0 < p <
oo, from which (2.9)—the p = 2 case—may be derived.

It may also be important to note that the same conclusion of the theorem may be
drawn from slightly weaker hypothesis. Suppose one wishes to verify that dw belongs
to As(do) on a domain Q C R™. Then, it suffices to prove that (2.9) holds on any
Lipschitz domain which is a subdomain of €2. This is apparent from the construction
in Dahlberg’s paper.

An application of Theorem 2.9 which yields a new result follows in the next section.
Theorem 2.9 may also be applied to Laplace’s equation in Lipschitz domains to prove
that harmonic measure is an A,, weight relative to surface measure. This conclusion
is not, of course, the sharp result, but the argument is fairly elementary. First, the
results of [DKPV] show that [, S*(u)do < ¢ [, N*(u)do for Au =0 in , and also
that

/m W2do < c/m S%(w)do + ¢ (/{m SQ(U)da)% - ( i N2(u)da) )

for (normalized) solutions Au = 0 in Q. Then, the stopping time argument for 3.15
of the next section shows how to get [,, N*(u)do < ¢ [, S*(u)do from this latter
inequality.
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3. Non-symmetric Elliptic Equations in R?.

Our aim in this section is to prove the following theorem, by showing that the square
function estimates of Theorem 2. hold.

Theorem 3.1. Let L = div AV be an elliptic operator in R? with bounded measurable
coefficients. Suppose that there ezists a fixed unit vector € such that A(z,t) = A((x,t)-
€). Then, the elliptic measure dwy, belongs to A (02, do) on any bounded Lipschitz
domain Q) C R2.

The theorem has an interesting corollary, pointed out to us by L. Escauriaza. In
dimension 2, if L = ¥a,;(z)D;D; is a non-divergence form operator, symmetric and
elliptic, then Lu = 0 is equivalent to Lu = 0, where Lisa (non-symmetric) elliptic
operator in divergence form. Thus, in two dimensions, the Dirichlet problem for such
symmetric non-divergence elliptic operators (L coefficients but independent of the
variable) is solvable with data in L?(0f2) for some p.

The theorem 3.1 is sharp in the sense that A, is the best possible conclusion. The
example which shows this is as follows

(3.2) Example for Poor regularity of the harmonic measure.

Let H be the upper half plane in R? given by ¢ > 0, where z = (z,t) is a point of R2.
Consider the problem:

Ust + Ugy + DimDyu — DymDiu =0

with Dirichlet boundary data and m(x) € L*. Thus, u is a weak solution if for all

1 m) V denote

pE V([)/l’2, fH(ut + mug)pr + (uy — mug)pr = 0. Let L = div (—m 1

o —
the operator from W %2 to W12 and L its adjoint.

Let G(z,z) denote the Green’s function for L, i.e.,

L /H G(=2)[(G)dE = /()
and

I /H Gz Dg(2)dz = g(3),

so that harmonic measure for L at z in H is given by D;G(z, (x,t))|t=0. Let

m(z) = —k, foraxz <0
lk, forxz>0

where k is some constant and denote this operator Ly, and its adjoint by L_.
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Theorem (3.2.1). The harmonic measure dw? is given by h(x)dx where there exists
a ¢ > 0 such that ¢ < h(z)|z|? < ¢ for f = w and for |x| < 1.

Remark. As a corollary of the theorem, we see that A, is the strongest conclusion
one can draw since § — 1 as k — oo.

Proof of Theorem (3.2.1). The theorem follows from the comparison principle and
the computation of an explicit solution to L_j in H, which is zero at t = 0. We claim
that if « =1 — 3, where 8 = (k) is defined in (3.2.1), then

- (x+it)*, forx >0
u(@,t) = Im { (—x +it)*, forxz <0

satisfies L_xu = 0 in H. The computation is simplified by the following observations:

(1) Any solution to L_x(Ly) is harmonic in the quarter planes {x > 0,¢ > 0} and
{z <0,t>0}.

(2) Any solution which is 0 at ¢t = 0 is smooth in these quarter planes up to the
boundary if one omits (0,0). This can be seen by writing the problems as a
system of elliptic equations for which the regularity is standard.

Thus, u is a solution to the adjoint problem if and only if w is harmonic in the quarter
planes, smooth up to the boundary (omitting (0,0)), continuous at t = 0 and satisfies
the transmission condition:

~ —ul]—2ku; =0, on {z =0}.

[ufE

This latter condition follows from
0= / (ut + kug)or + (ugp — ku)pq
+ / (ut - kuﬂﬁ)<pt + (um + kut)gpx
H+

= /R+[(u; —ul) — 2kuy)pdt

Then, to complete the proof of (3.2.1), we compute the derivatives of u at x = 0:

= —aIm (i* 1t h)
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and
Im (1*71) = sin((a — 1)7/2)
= —sin(fr/2),
Im (i%) = cos((a — 1) /2)
= cos(fO7/2).

Hence, u is a solution if and only if k£ = tan(f7/2).

Our strategy for proving (3.1) is to establish the L? norm equivalence of the non-
tangential maximal function (N) and the square function (.5) of solutions to L on any
bounded Lipschitz domain. The proof is complicated so we outline the main steps
below. The precise statements can be found in the lemmas which follow the outline.
Step 1 requires the most work, and much of what follows is devoted to its proof.
Without loss of generality, assume A(x,t) = A(x) from now on.

Step 1. We prove a localized version of the L? equivalence in the special case where:

(i) © is the domain above a graph.
(ii) the graph which gives the boundary of € is Lipschitz with respect to some
coordinate system (i.e., in any direction).
(iii) the matrix A is upper triangular.
(iv) the Lipschitz constant of the graph is small.

By ‘localized version’ we shall mean an integral over a portion of the boundary, and
there will be error terms of lower (estimable) order. Thus there are three assumptions
to be removed: The fact that A is triangular, that the boundary is a graph of a single
function, and that the Lipschitz constant is small.

Step 2: The L? norm equivalence between (N) and (S) is established for solutions in
any bounded Lipschitz domain (with small Lipschitz constant) to L = div AV, when
A is upper triangular.

That is, we remove the restriction that 0f2 is a graph.

Step 3: On any bounded Lipschitz domain, with arbitrary Lipschitz constant, the L?
(for any 0 < p < 00) equivalence between (V) and (5) is established for solution to
L = div AV with A upper triangular. The ‘build-up scheme’ of G. David [Da] is used
here to remove the restriction on the smallness of the Lipschitz constant.

Step 4: Establish the LP estimates of step 3 for A upper triangular for solutions above
a graph (in any coordinate system), with arbitrary Lipschitz constant.

We remark that Step 4 differs from Step 1 in that the Lipschitz constant need not be
small. Because the proof here uses good-\ inequalities, we needed to first establish the
LP estimates on all bounded domains (Step 3).
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Step 5: Establish the results of step 4 for any A as in theorem 3.1, but only for graphs
with small Lipschitz constant. That is, the restriction that A be upper triangular
is removed, but only with this extra assumption. This change-of-variable argument
uses two dimensions in a crucial way. It may therefore be possible to prove higher
dimensional analogs of Theorem 3.1 for matrices of a special form, obviating the need
for this special change of variable.

Step 6: Establish the results of Step 1 for general matrices A. This is a localized
version of the results of Step 5.

Step 7: The arguments of Step 2 may be repeated to show the result of Step 3, but
for general matrices A, completing the proof.

: 9 _ _ (a(z) b(z) ).

We are assuming that for (z,t) € R* and that A(x,t) = A(z) = (C<$) d(z) is real

and elliptic: 3\ s.t. A(x)(g) : (g) > A7H([€]7n[?) and [[Aflc < A. Then u is a solution

of L =divAV in Q C R? if [, AVu -V =0 Vg € Lipg(2). We shall make use of

various changes of variables in what follows and so we record here how such changes of

variables transform solutions. Suppose div AVu = 0 inNQ and @ : Q — Q is the change

of variables ®(z,s) = (®1(z, ), P2(2,)) for (z,8) € Q, ®(z,s) = (x,t) € Q. Define

v(z,8) = uo ® in €2, and denote D®(z,s) = 21’2 22”3), J®(z,s) = |det DP|.
1,s 2,8

Then dx dt = J®(z,s)dzds, Vuo ® = (D®)~ Vv and changing variables in (3.2) one

obtains:

0= /NA 0® - (D®)"'Vu(D®) 'V (po ®)|JP|dzds.
Q
That is, div BVo = 0 in Q where B = |J®|(D® 1)t A o &(D®)!.

Definition 3.3. Let € be a unit vector and €, be a unit vector orthogonal to €. A
Lipschitz graph domain in the direction € is a domain ) of the form

{(z,t) s €L - (z,8) > o((z,1).€)} = Qe
where ¢ is Lipschitz (||[V|leo < M).

We shall generally assume, where convenient and without loss of generality that ¢(0) =
0. We shall first argue that it is possible to consider three special choices of € above
and consider only those special domains €z, corresponding to these choices. To use
this reduction in each of the steps above, we shall need to prove that there is no harm
in simultaneously assuming that the Lipschitz constant of ¢ is small.

Lemma 3.4. Given a graph ¢ and associated direction (e1,e2) = €, ey, es > 0, then
for e >0 and € > 0, there exists a 6 > 0 § = §(€) such that

(1) If |¢ |loo < €/4 and ez < Sey then Qz ., = Q1,0y,5 where ||[Y || < €.
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(i) If [|[¢ |loo < €/4 and ey < ez, then Qz, = Qo 1), where |1 ||oo < €.
(iii) If e; > dea, ex > der and ||¢'||oo < €83/3, then

Qe = {e1t > exx +9Y(x)}

where [P0 < €.

We first note that the restriction ey, es > 0 of the Lemma is eliminable. For suppose
Qz,, is given with, say, e; < 0 and e3 > 0. Let O(z,5) = (—2,8) = (z,t) € Q be a map
O :Q— Q; that is, Q = {(z,8) 1 e1 - (—2,9) > p((—2,5) - €). Then if & = (—eq,e3),
we have Q = {(z,s) : a1 - (2,5) > ¢((2,s) - d)}. Observe that the Lipschitz constant
remains unchanged and that the structure of the matrix A in div AV (as well as the

size of its coefficients) is not changed by such a transformation.

Proof of Lemma 3.4 Let ¢ > 0 be given and ||¢'|lcc < €/2. For 6 > 0 to be

determined, assume first that &€ = (e, es) satisfies e; < de;. Then 1 = €2 + €2 <
(1+ 62)ef. We search for ¢ = ¢(x) with ||¢)'||s < € such that Qz, = Q1 0)y, 1.

(3.5) el - (z,t) = p((x,t) - €) if and only if t = ¥ (x).

To solve for 1 (z), let h(z) = eyx+e2t)(x). Then (3.5) is the condition —esz+e1¢(z) =
o(h(x)). If his 1—1, then —esh™(x) +eypoh™1(z) = ¢(z). Also, from the definition
of h, z = eth™ + eatp o h~1 and therefore, —eah ™! + 2z - erth™) = ¢, or h=1(z) =
e1z — eap(x). Because [|¢|loo < €/2, [[(R71) |loo > (1 —3d€/2)e1 > 0 when 6 < 1 and so
h~1! is increasing. This determines h and hence v since e (z) = eaz + o h(z). And

e 1-€%/4
[ ]loo < 2+ 1¢'loc - 17 [loo < € as long as § < €/2, and (1 — de/2)e; > (x/1+—5/2) > 1

The case e; < dep with 0 < €/2 results in Qz , = Q1) for a ¥ satisfying [|¢||o <.

So we consider now the case where e5 > de; and e; > deg. Then 1 = e% + e% <

e2(1 + 6~2) implies that both e; and e are larger than ——. In this case, we

(14523

claim that there exists a v s.t.
(3.6) el - (z,t) = p((x,t) - €) if and only if e1t = eax + V().

Condition (3.6) says that 1) must be defined by

2
b(x) = plerr + 2z + 2op(x))
€1 €1
1 e

= p(—+ Zy()).

€1 €1
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Let h(z) = éx + 24(z). Then ¢ = poh, or1po h=! = . Since x = ho h™1(x) =
éh_l—ki—fzpoh_l, solving for h=1, we find that h=!(z) = eyz—eap(x) and (h~1)'(z) =
e1 — ez’ (x). Then
1
(b1 > o202~ [=gpss

=l 583

(1+02)1/2 = (1+ 62)1/2
> 0.

and so ) / )
1% loo < " oo IR [l oo

€92 3 V/262%¢
< - = ,

— 3 5 3—¢€62 3—¢€6

which is less than ¢ when also \/552/3 — 6% <1,ie 6 < 1.

Remark on Approximation arguments In carrying out the steps of the argument
to come, in particular in Step 1, we may assume that the solutions are a priori smooth
and that the coefficients of the matrix are smooth. For if A is elliptic (but not neces-
sarily symmetric) and {A4;} is a smooth approximating sequence to A4, i.e., A; — A
and A; has C° coefficients, then deX — dw”X weakly as measures, and uniformly for
X in compact subsets. Thus if dw; is shown to belong to A (do), uniformly in j, then
dw will also. The convergence of the approximating measures dw; to dw was proven
in Section 7 of [KP1], under the assumption that A was symmetric. This assumption
can be eliminated, and all the lemmas there will hold in our non-symmetric case once
the following is established.

Approximation Lemma. Let A; — A a.e. and in L?, and suppose uj, u € I/?/%(Q)
are such that Lju; = divA;Vu; = divA;Vf and Lu = divAVu = divAVf, for

f € Lip(Q), then [ AVu;-Vu; — [ AVu - Vu.
Proof. Consider
/AVUJ . VUj = /AjVUj 'VU]' + /(A — Aj)VUj . VUj.

To bound the second integral above, we use the fact that there exists a pg > 2 such that

uj € I/?/fo uniformly in j (see Lemma 7.1 of [KP1]), obtaining, by Holder’s inequality,

| [(= ) Vu;, Vs < ([ 1A= A8 9y )5 ([ [y
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and a further use of Holder’s inequality on the integral with |A — AP0 shows that this
tends to zero as j — oo. Then

/AjVUj 'VUj :/AJVfVUJ

Again, the first integral tends to zero as j — oo and [AVf-Vu; — [AVf-Vu

o)
because u; tends weakly to u in W2, and indeed each derivative D, u; tends weakly
in L? to the corresponding derivative D, u.

To see this, note that for any ¢ € V([)/%(Q) [ AVu; -V — [ AVu- Ve and by Lax-

Milgram this convergence suffices to conclude that u; — u weakly in V?/%(Q), ie.,
[ Vu; Vi — [Vu-Vi as j — co. The component-wise convergence of Vu; follows
from the fact that, by passing to a subsequence, the uniform boundedness in L? of
|D,, u;| insures weak convergence and the weak limit must then be D, u.

It also suffices, for the simple convergence of the measures dw; to dw, to argue that

a subsequence of solutions u; converges in C'*(€2) norm to u, and hence uniformly on
compact sets. This follows, in dimension n = 2, simply from the compactness of the

embedding of I/?/Ifo in C*(Q) for some a > 0.

We now begin Step 1 in the proof of Theorem (3.1). We assume that the matrix A
has coefficients independent of the t-variable and is upper triangular and elliptic; that

is, A = ((1) ’l;’((i)) ) There are two inequalities to prove for the equivalence in norm
of the expressions N(-) and S(-) on three different types of graphs. The first result
is a localized version of the domination of N by S in L? for solutions above graphs
t = (), where ¢ is Lipschitz and satisfies ||¢[|c < €. The expressions N, q) and
S(a,q) denote, as usual, N and S defined with respect to cones I'? of aperture a and
truncated at height d. And A, denotes a surface ball on the graph of ¢t = ¢(x) of

radius r centered at the origin (0, ¢(0)).
Theorem 3.7. Let 0 = {(z,t) : |z| < 2, p(x) < t < p(z) + 2} and suppose that

Lu = divAVu = 0 in 0. There exists € > 0 so that there are constants C1,a = a(e)
and Cy = Ca(a) such that

(3.7.1) N2, 1 o) (u)dor < C / 821 /2 (w)do

AN Arg
+02 // u2dX,
K
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where K is a compact subset of O at distance % from the graph of .

The theorem will follow from a stopping time argument, a localization, and good-A
inequalities via the next lemma.

Lemma 3.8. Let u be a solution to L in O, as in Theorem 3.7. Then there exists an
ag = ag(€) such that for all a > ag and any o > 0, there is a compact set K CC O so
that

(3.8.1) / u2dJ§Ca/ 5(24a71)(u)d0—|—6’a // u?dX
A1/2 A3/4 K

(ot Ol 12) / N2, o, (u)do
Agjy

+ Ca </ S(Q4a71)(u)d0'> . < N(Qa’a)(’u)da')
Az/y Azyy

[N

Proof of Lemma 3.8: We remark that the apertures a, 4a of N(-) and S(-) depend
on the Lipschitz constant. The truncation « of N(-) can be chosen arbitrarily small—
and will be chosen to depend on a in order to prove Theorem 3.7. It may also be
assumed a priori that the coefficients of A are smooth.

Let 6(z) be a C° bump function supported in {|z| < 2} with § =1 when |z| < 1 and
let p(t) be C* with support in [t| < 2a, p =1 when |t| < a. Let p: R2 — {t > p(z)}
be defined by p(z,s) = (z, F(z,s)) where F(z,s) = s+ ns *ns * . This is a variant on
the Dahlberg-Kenig-Stein adapted distance function [D3]. The C*° function 7 is an
approximate identity, supported in the interval {|z| < 1}—so that (z,0) — (z, ¢(2)).
Set v =wuo p. Set G(z,8) = ns xns x p. Then v verifies a divergence form equation,
namely div BVv = 0 where

and b and v depend only on z.

Observe that G2 — G,b+~ = ((1) 3) <_fz) . <_fz) > A1+ G?) and so we can
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bound [ Ars u?do from above by

[162 = G+ 200
:—LZADAW3%LMWW@M$ﬁ@$MMS
_ /0 h /R (G2 — b+ A10(2)1 (s)v2d= ds

—/OOO/R[Gg—sz—f—v]e(z),u(s)%stdzds

_/oo/Ds[Gi—sz+y]e(z)u(s)v2(2,s)dzds
o JR
—0+2+0®.

The term Q) is the delicate one—we leave this argument for last. Term (I) is bounded
by C’ffKO v23dz ds where C' = C()\) and Ky = supp (¢). Any such expression, in turn,

can be bounded by
// vidzds ~|—/ S%(v)de,
K |z|<3/4

where K is at a fixed distance from the boundary {s = 0}, say distance % by appropri-
ately choosing the aperture of S(-). This (fairly standard) uses a variant of Poincaré’s
inequality to introduce derivatives of v—see [St, p. 213], for the argument for harmonic
functions, and substitute interior estimates for the mean value property.

In term ), we introduce the expression 1 = Dg(s) in order to integrate by parts:

@ [ [ 262~ Gl DD (s) s
= /O - /]R 20D 00D [G? — G.b + v]sdzds
+ /000 /RQ’UDSUQIU/[Gi — G.b+ v]sdzds
+ /OOO /RQUDSSUGU [G% — G.b+ 7]sdzds

+ / / 2(Dsv)*0u[G? — G.b + 7]sdzds
o Jr
:®a+®b+®c+®d'
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The integral @), is dominated by a square function expression:

@, < C’// 5| Dyv|*dzds

< 0// X)|Vu(X)|?dX < C S%(u)do
Xeo

Agyy

We shall often suppress the dependence of the constant C' on the ellipticity of the
matrix and of the apertures of S(-) and of N(-) on the constants a = a(e) and the
truncation. It will be important, in the stopping time argument which follows, to keep
track of them however.

The Cauchy—Schwarz inequality guarantees that the term @), is bounded by
(f[ Ous|Dsv|*dzds)z - ([, v?dz ds)2, where K is a compact subset of p~1(&). For
@, we use the fact that s|G.4|? is a Carleson measure to bound this integral by

C <//S|DSU|29,udZdS) (// 02 0us|Gs|? dzds)
(//XEG )V )|2dX) -<A3/4N2(u)d0)2

<C ( SQ(u)da> _ : ( N2(u)da> ’ .
Agyy Agjy

For term (2)., we use the equation that v satisfies. Since

(G? — G.b+ 1]
Dy Dy
< G, +1 Y

| /\

N|=

1
- Ds 2 - z Ds
o D62~ Gab+ 71D, -

G
(Gs +1)2

[G2 G.b+~|Dsv

we have

2 _
Dysv[G2 — G.b+~] = (G + 1)D, ([Gz G.b+ 1] st)

Gs+1

— D,[G? — G.b+7]Dv + [G? — G.b+7]D,v.

SSs
Gs+1
The last two summands contain terms which are handled exactly as in ), above, and
so we consider how the equation transforms the first summand above.

(3.9) (G5 +1)D, <[GZ g,SGjb;r p, )

= —(Gs + 1)D.([Gs + 1]D.v) — (G4 + 1)D.((—G + b) D)
+ (Gs +1)Dys(G,D,v).
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Inserting this expression into the integral in (2), yields three expressions in which we
integrate by parts. The first is

— /OO/ 2s5v(z,8)(Gs + 1)D,([Gs + 1]D,v)0u dz ds
o Jr

= / / 2[Gs + 1]D,v D {0u(Gs + 1)v}sdzds.
o Jr

This gives rise to terms bounded by [ S?(u)do (when D, falls on v), and to a product
([ N?(u)do)z-([ S?(u)do)? (when D, falls on G and one invokes the Carleson measure
property of |[VVG|?s dzds). There is also a term of the form

(3.10) /OOO /R2309’(z)u(8)(G5 +1)®D,vdzds

<C (//s\m,w?dz ds)% : (//S\DZU\QH’udZdS)
=ove </|z|§3/4 N2(U)dz> | | </|z|§3/4 S2(v)dz)

since s < 2a. (We remark that the non-tangential maximal functions N(v), N(u)
above may be assumed to be truncated at height «, as the difference is absorbed in

1

2

the error terms [, v?, together with the integrals involving square functions.

The second term from the right hand side of (3.9) is

— // 2sv0u(Gs + 1)D,((—G, + b)Dsv)dz ds
= // 25(Dsv - D,v)*(Gy + 1)(—G, + b)0udz ds
+ // 25v0uGs,(—G, + b)Dsv dz ds

+ // 2500 (G5 + 1) (=G, + b)D4(v)dz ds.

The first integral above is bounded by [ S?(v)dz; the second integral is bounded by
C([[ 8Gs.?v*0udz ds)= - ([[ s|Dsv|?0udz ds) which is dominated by a product of
|N(v)||zz - ||S(v)||zz via the Carleson measure property of s|VVG|?dzds as usual.
The third integral above is handed just as (3.10).
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The third term from (3.9) yields an integral:

// 25v0u(Gs + 1)Ds(G,D,v)dzds
= — // 25v0u(Gs + 1)G s D vdz ds

— // 2500(Gs + 1)G,D,svdzds.

For the first integral above we invoke the Carleson property of G5 as usual and for
the second integral above we integrate by parts one more time but in the z variable.
All the expressions which arise are similar to those we have handled before.

Finally, term Q) is equal to
(3.10.1) // v29u[2GZGSZ — bG,.]dz ds.

Recall that G, = ns *ns * ¢’ and so G5 = 2Dsns x s * ' = 2D, (s * ns * ¢’) where
Y(&) =1 (&), and 7 is chosen to be even. Because, whenever f € L the expression
|1hs * f|?92% is a Carleson measure, we have

// v2OuG.G.y = —2 // D, (v?OuG . ), x s * 'dzds
= —4/ D.vvOuG.1s xng x ' dz ds
-2 // V20 uG o, % g % ©'dz ds
-2 // V2OUG.. ), % ng % @' dz ds.
The first integral above is bounded by a constant times:

% /12 %
</ \Dzv\230udzds) : <// v%uMdzds)

1

< ( /|I|<3/4 52(U)dx> - ( /|x|<3/4 N2(v)dx>

A bound of « [ Ny N2 o (w)do comes from the second integral—handled like (3.10)—
since |5 * ns * ©'| < ||¢’|loo, and the third integral is bounded by:

3 /
(//UQQMGzz\zsdzds) : (// v%uMdzds)

< Oll¢'lloe / N?(v)de.

2
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We must use here the fact that the Carleson measure norm (of either quantity) is small
(since ||¢'||oo < €) because this term must ultimately be regarded as an error term in
the main inequality. It remains to handle the integral [[v?0ubG.sdzds which is more
delicate because a straightforward integration by parts in z is impossible as b(z) is not
differentiable.

The following calculation shows how the special double convolution form of the change
of variable is used.

(3.11) // V2 0ubG ,sdzds = 2 // V2 0ubng x D, (1 * @' )dzds
=2 [ [ 8. + POuD. (0, ' )dsds,

where 6 is C> and 6 = 1 in |2| < 3/4 and supported in |z| < 7/8. We split the left
hand side of (3.11) into two terms 73 + T5, where

T, = // 02 u(s)ns * (00)0(2) D, (Vs * ' )dzds

T, = / D. (e + &)0(2)(3) s * (0200) — v, * (6B)]dds.

and

In term 77, we integrate by parts in z obtaining
T, =— / Vs * @' 20D, vpn, * (0b)0(z)dzds
/ o % @02l (2)ms * (0b)dzds+
- / (¥s * @' )v?uf D (n * (0b))dzds.

Since LLexe'l” = P dzds is a Carleson measure, the first two integrals can be estimated by

the usual arguments The third integral is equal to

_ / / (Vs + 0B ), = (60) - L gzds

= <// Mv2ugdzds)§ : <// Mv%gdzds)%

smw@/ N?(v)dz,
|z|<7/8

where, again, we have used the fact that the Carleson norms are small.
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Setting ¢ = Y'(z), we have

T| < // ik ‘\ ns * (V20b) — v2n, * Ob] - Gudzds.
(28)

Since,

s * (V20b) — v, * (0b)(2)| = '/773(2’/ — 2)0b(2') - (¢, s) — v2(2, $)]dz’
'/775 2 — 2)|0b|[v(, s) — v(z, 5)]*d2’

+ 2|v(z, s)| '/ns(z' —2)0b(2")[v(2',s) — v(z, s)]d2’

we have |Ty| < T4 + T3, where

1< (], i
<//(Z 5 '/773 2= 2)[v(2,s) —v(t, s)]dz’ 2dzds) ’

by an application of the Cauchy inequality. The first integral in the above product is

[N

2
|U(Z7S)|2dzds> 16| 0

bounded by e <f|x|<3/4 NQ(U)dx) * and the square of the second is bounded by

(// gul /ns(z' — 2|, s) — v(z, s)|2dz’dzds>
(z8) 5
<C / Op (/ |Vu(2, s)|252dz’> dzds

(2z,s) |z—2z"|<2s

<C Ops| V(2 s)|?dz'ds < C/ S?%(v)dz.

(C)) |z|<3/4
This also shows how to estimate Ty, since

~ "
(2,9) §

<le'le ff | [ = ot ) - (e )

dzds

ns(2' — 2)0b(2)[v(2, 5) — v(z, 5)]2d?’

dzds
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and the argument proceeds as for T7 After changing variables to recover the solution
u, this proves the inequality of Lemma 3.8.

The proof of theorem 3.7 requires two lemmas, both of which will be used repeatedly.
The first lemma is a stopping time argument which is used to prove bounds on || N (u)||,
from an inequality only involving ||u||.

Let us fix a graph ¢ = ¢ (x)—we shall make use of the fact that the inequality (3.8.1)
is available for any Lipschitz graph whose Lipschitz constant is sufficiently small.

Let Lu = 0 in the region & of Theorem 3.7 and let v(x,t) = u(x,t)0(x)pa(t — ¥(zx)),

]_, D<t< OZ/Z 3 7
= < 2 C S
0 t>a , and 0(x) 1 for |z| < 7, suppf C {[z] < g},
0 < 0 < 1. The constant « is to be determined, which is related to the size of the

aperture of the cones used to define N and S.

where p, =

Fix an integer j > 0, and fix an aperture a > 0. The choice of a will depend on
|¥']|sc and will be determined later. Set E; = {(z,¢(x) : N(gas2yu(z,¥(x)) >
27, 84a,0)(W)(z,¥(z)) < p27} N {|z| < 1}. The truncation 3 is chosen so that
Ty, (z,9(x)) C {|Jz] < 2,t < 1} when |z| < 1; that is, 8 = ¢. Now fix a = 24.
The constant p = p(a) will be determined later. Define

hj(z) =sup{t > ¢(x):  sup  [ov(z,s)| > 27}
(z,8)EDl 4 (z,t)

where T'y(z,t) = {(2,5) : |z — x| < a(s—1t),s > t}.
Lemma 3.13. The function hj(x) is Lipschitz with constant *.

Proof: Let x1,z2 be given with zo > x; and suppose hj;(x;) = t;. Let
t=t1+ L(za — 1). Since ['y(22,t) C Ta(w1,t1) € {t > ¥(2)}, we see that ¢ > 1h(z2).
Then hj;(x2) < t; for if not, there would exist a cone I',(z2,t2), properly contained
in Uy(z1,t1), for which |v(z,s)| > 27 for some (z,s) € ['y(za,t2). To see this, note
that Ty (x2,1) C Ty(w1,t1) so one may choose ty € (t,h;(x2)). But this would imply
hj(x1) > t1, a contradiction. Moreover, by a similar argument, if t=1t, — %(332 — 1),

then it can be seen that hj(z2) > 7. Altogether, |h;(z2) — hj(z1)| < L|zg — 24

We now claim:

(3.14). There exists a p = p(a) such that for x € Ej;, there is an interval J, with
4J C {|z| < 2}, such that |u(z, hj(2))| > 29=! when z € J and such that x € 4.J.

Let « € E; (so that |z| < 1 and also N4 q/2)(u)(z,%(z)) > 27). For such z, h;(z) >
(), since there exists (2, s) € T'y(x,%(x)) such that |v(z, s)| > 27 (and we may assume
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that v is continuous up to the boundary). For any ¢ (z) < t < hj(z), there exists a
point (z, s) € I'y(z) where |v(z, s)| > 27, but for any 6 > 0, |v| < 27 in Ty (x, h;(z)+9).
Thus |v| < 27 in int(I(x, h;(z))) and there exists an (zg, tp) on O'(z, hj(x)) such that
|U<$0, t0)| = 2j. AISO, by definition of hj, hj (ZL‘Q) = to.

Set now A = {(z,s) : |z — zo| < alto — ¥(x)), |s — to] < $(to — ¥(z)). Then A C
Fga(x,gb(x)): forif (z,s) € A, then |z — x| < |z —xo| + |z — x0| < alto —¢Y(x)) +a(to —
hj(x)), since |z —x¢| = a(to—h;(z)). Thus |[z—2z| < 2a(to—(x)) < 4a(s—1(z)). And
if |s —to| < %(to —(x)), then s —(x) < %(to —(z)) < %oz < B since tg —Y(z) < «
be the choice of the cut-off function ..

Let B={(z,9):|z—zo| < (a—1)(to —¢(x)), \s to] < % (to —¥(z))}. Then we shall
see that |u(z, s) — u(xo, to)| < Cva(f, |Vul? )2. To show this, write B as a union of
boxes I; of side lengths (to — 1¥(x)) x (to — ¥(x)) whose doubles I ; are contained in

A and such that no more than two of the TJ overlap. Because u is a solution in each
I;, we have the estimate:

osc (u) < C(tg — 9 /\Vu\

I

Adding these estimates, we obtain

MI»—\

ue8) = oo, t0)] < 7= [ 1Val £ oo (| VU - Valta — o)

Because A C I'}_(z) ), (f4 [Vul? )z < p27 and so if (2, s) € B, then |u(z, s) u(zo, to)| <
Cpy/a2’. Now choose p so that Cpy/a < . Set J = {z : |z — 20| < }a(to — ¥ (z))}.
If z € J, (2,hj(2)) € B and hence u(z, hj(z)) > 2771 (Ju(zo, to)| > |v(x0,t0)| =27))
Also, |z — x| = a(to — hj(z)) < a(to — ¥(x)), so that x € 4J C {|z[) < 2}, which
proves claim 3.14.

Lemma 3.15. Let A be the graph of a Lipschitz function ¢(x), with |¢'[|s < %,
where € is as in Theorem 3.7. Let M(-) denote the A-mazximal function, for f defined
on A: M f(x,p(x)) = 81;1:1) ﬁ [ 1f(y, o(y)|dy. If do = surface measure on A, and with

ICR
the notation of Lemma 3.8, where a denotes the aperture of the cones, we have the
following good-\ inequality:

Given v < 1 there exists C(vy), C(y) — 0 as v — 0 such that

o {No(u) > 27, M(S4a(u)) < YA, (M(S2, () - (M(N2(w)))T < A,
(M((a+ C|l¢'|loo)EN2(1))) % < yA} < O (7)o {Na(u) > A/32}.
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We first state a rescaled version of Lemma 3.8. (We also need rescaled versions of 3.13
and 3.14).

(3.16). Let O, = {(x,t) : |x| < 2r, Y(z) <t < P(z)+2r} with ||[¢']| <€, and sup-

pose Lu = 0 in O,.. Then, if A, is any point of O, with distance to 0O, approrimately
r, there exists an ag = ag(€) such that for all a > ag and for all 0 < a < 1,

(3.16) / u?do < C, / Stam (w)do
A'I‘/2 A

L Cad(A)r + (a+ Ol Hoo/ N2, 0 (w)do

/ S4a7" dO' % ' / N(a ar) dO')

This follows easily from Lemma 3.8 by rescaling. The term [[, u?dX, where K is a
(n)do.

l\JI»—t

compact subset of &, has been replaced by the quantity u?(A,) -7+ i) A S(24a -

We combine (3.16) with the stopping time functions h;(x) as follows; it suffices to prove
(3.15) for A = 27, Let {A;} be a Whitney decomposition of {N,(u) > &}. (Notice
that the cones here are infinite cones—there is no truncation parameter.) We assume
F; CA; # 0, and v < pin 3.14, where Fj is the set appearing on the right hand side of
the inequality in 3.15, with A = 27. That is, A; C AN B;, where B; is a ball of radius
r; and there exists a point P; € 2B; with dist (P;, A) > r; such that |u(P;)| < 5527, If
7 is sufficiently small, then the truncated maximal function N, «/2)(u)(z, 1 ( )) is still
larger than 27 /2 for € A; N Fj. (See [D4] or [DJK]). Let hj(z) be defined as before,
relative to the domain A, so that if M;(-) denotes the maximal function with respect
to the graph of h;, then M;(uxan,)(z, hj(x)) > 27/16 when (x,v¢(x)) € ANF;NA;. In
fact, if u(z) = u(x) —u(P;), then M;(txan,)(z, hj(x)) > 27/32. Thus, by the maximal

function theorem,

o(F,NA) < c@f) /4Aiﬂ2(x,hj(x))daj(x).

We now apply (3.16) with A, ,, = 4A; (i.e. © = 8r;) and observe that u(A4,) = 0
if A, is chosen to be P;. Also note that [[h] ||Oo < €. There are several terms
which result as an upper bound for 27% [ \ @?*(x,hj(x))do;(x), and the first is:
C272% fSAi (4a’ri)’hj( u)do. Here the subscrlpt in the S(-) function means that we
are using the square function relative to the domain above the graph of h;. But the
cones I (44 r,),n, Used to define these square functions at a point (z, h;(r)) are contained
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in the cones I'(44,r,) at (x, ¢(z)). Therefore this first term is bounded by

92 / 82, (w)dor - [4] <
4A;

< 27940 - M (S () (0, @(0))

for any (zo, (o)) € A; N F;, which is then less than C|A;|-~2, by the definition of F
and the fact that F; N A; # (). The other terms which arise from (3.16) are handled in
the same way, introducing maximal functions, and using the bounds on these maximal
functions from the definition of Fj.

The good-\ inequality of Lemma 3.15 can be used to prove that, for any A, with
small Lipschitz constant, depending on p, and for appropriate choice of v = 7(p), the
LP-inequality, valid for p > 2:

(3.17) | Na(w)|| zr(do) < CpllSsa(w)|| Lr(do)-

1
(Here we have used the fact that a + C||¢’||% is small.)

In order to recover the localized L? version of this L? inequality we state and prove a
localization theorem, a version of which will also be needed in Step 6 of the proof.

Theorem 3.18. Let L = divAV and let 2z, be the domain above the graph of ¢,
1@/ |co < €. Assume that estimate (3.17), as well as its converse—the domination of
1S(w)]lp by ||N(u)||,—holds on all Lipschitz graphs with Lipschitz constant bounded by
2e contained in Qz ,, for some p > po, with py depending only on ellipticity, and for
any solution u to L in Qg ,. Let By = {(z,t) : |(z,t) € <1, o((z,t)-€) < (x,t)-€1 <
o((xz,t) - &) + 1}, and suppose that Lu = 0 in Q = Qe N By.

Then, we have

(3.19) /N NP(u)do < C/N SP(u)do + Ci ma |u]?
09N (x,t)-€)< QN {|(x,t)-e]<3}

where K is a compact subset of Q.

Proof: We will assume that € = (1,0). The proof will show that there is no loss of
generality in doing this. We will also work with non-tangential maximal functions and
square functions defined with respect to truncated cones which remain in Q. (The
truncation will be then of the order of € and the aperture will depend on € as well.)
Consider now ¢ Lipschitz, with ¢ = ¢ on |z] > 1, [z| < 2, [[¢/]c < 3¢, and such that
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for 2 + = < |z| < 3, we have p(z) < ¢(z). We now consider the domain QcQ,

given by

N[V

9)

3 3
() ol < 2 0e) <t < (@) + ).
Let now K = 00Q\{(z, ¥(z)) : |z < 2+ L}, and note that K cc Q. Thus, by interior
regularity we can find K CC Q and a = a(\) > 0, so that

|u(X) = u(X")]
X_Xp §C§m£x|u\.

sup |u(X)[+ sup

XeK X, X€EK
Fix now 60;(z), 0 < 6; <1, 6; € C, with §; =1 on |z| < 2 4+ &, suppb; C {|z] <

% + %} We now split © = uq1 + us, in SN), where Lu; = 0 in (NZ, and

UQ|:=

{ 0 on top part and lateral parts of By
oQ

u(@, (x)) - 61 (x) o {t = P(x)}JOQ

Note that “1‘35 € C*(09), with norm controlled by Czmax|ul. The same follows
K

then for u; in Q, by boundary regularity. From this, it easily follows that fag SP(uq)+

NP(u1) < Czmax|ulP. We now turn to estimating uz. Let § € C§°, 0 < 0 < 1 be
K
identically 1 on |z| < 2+ + L, with supp 6 C {|z| < 2+ & + -1}, and let p € C§°
be supported in [t| < 3, p = 1 for [t| < 1. Finally, let v(z,t) = 6(z)u(t—1(z)) ua(z, t),
be defined in €2y,. Decompose v = v; + vg, in £, where
L’U1 =0 in 91/,
v1laq, = v,

and Lvy = Lv in y, with Ug‘aQw =0.
Claim (3.20). (Here Ny and Sy denote the non-truncated versions.)

/ (Ny(v2))P + S5, (v2)do < Csup |ual”,
o0 =

where F C ﬁ, and F cC Q.
From (3.17) it follows that faﬂw Ny (v1)Pdo < C’faﬂw Sy, (v1), but

Sy (v1)? < Gy Sy (v1 4+ v2)P + Sy (v2)?
8911, 8(21/,

<Cp Sy(v)? + Cp Sy (v2)”
BQTD BQw
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Now,

Vo = 0(x)u(t — (x))Vue

90 o

 (uz(2, ) - Zoplt — (@) — Zou'(t = P(@))0(x), uz(z, )0(z) (1 (t — 9(2))).

Notethatsupp% C{%—F%tQ—% <l|z| < 2435+ gt and supp ' C {3 < |t| < 3}

Thus, there exists a set F' C &Nl, with F' CC SNI, such that the second term in the sum
is bounded by C'sup |uz|. We then obtain
F

SdJ(U)p S /: Sp(U/Q) + Cm@x |u2‘p,
00N (2, ¢ (2)):|x|<g+35+51} F

where F C fvl, and F cC Q. A similar, but simpler, argument shows that

/~ N (ug)Pdo < Ny(v)? + C'sup |uz|,
oQn{(z,p(z):|z[< 5} 0y F

where F' is as above. Gathering our estimates, we obtain

/N(u2)pda < C'sup |ug|P + Ny (v2)P + C,, Sy (v1)?
~ ;—‘/ agw BQw
oQN{(z,p(x)):|z|<5}

< Cpsup [uz|” + C) Ny (v2)? + G, /S(UQ)p

F OQy, _
8Qﬂ{($,¢($)):|x|<%+33_2+6_14}
+C) S(vy)P
Oy,
Gl tC [ s,
F

o0N{|z|<S+5+51}
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by (3.20). But then,

/ N(u)Pdo < / N (ug)Pdo + / N(uy)Pdo

o0n{|z|<1} o0n{|z|<1} o0n{|z|<1}

< C'sup |ul? + C'sup |uz|? + C’/ S(ug)?P
K F ~
oon{lz|<i+S+&}

< C'sup |ul? + Csup |ul? + Csup |uq|?

K F F
+C / S(u)? +C / S(ur )P
90n{|e|<5} 860{|z|<%+1—%+3%+6—14}

< Csup |ulf +C /S(u)p )
K

2N {|z|<5}
as desired, where K CC Q.
We next turn to the proof of (3.20). We first compute
Lvy = div A(8(z)p(z — 1(t)))Vug + div Aua V(0(z) pu(t — ¥ (z)))
= AV(0(x)u(x — ¥(t))) - Vug + div Aua V(0 () u(t — 1)).

Note that, as in the estimate for S(v) above, V(6(z)u(t — 1 (z) is supported in F C €,
with F' CC . In fact, note that

supp V(0 (z)u(t — ¢(x))) C

~ 5 3 1 5 3 1 1
NeqQ:24+ 2 4 ° 0<t— -
) eQ:gt ot o <ll<gtgptgl<t-v@ <3}
~ 5 3 1 1
Q- R T — 1'\=F Es.
U{(x,t) € \x|<8+32+1284<t P(x) < 1} 1U FEy

Note that the FEs is compactly contained in fvl, while for the first set, note that

supp uz(z,¥(z)) C {(z,¥(x)) : x| < 3 + 35}. This implies by the Cacciopoli in-

equality (which is valid up to the boundary for functions vanishing on the boundary)
that [[, [Vus|* < C’ffN u3, and in fact, by the N. Meyers estimate (see [Gi] for

example) [ g, | Vuz|? < C’ / f~ lug|?, for ¢ > 2, where g depends only on ellipticity.

Here E1 = {(x, t) C Q P42 4 <o) <2424 4,0<t—t(z) < 2}. Note that
F= E1 UE2 C Q and F cC Q. These arguments show that Lvy = fo +div fi, where,
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for some ¢ > 2, we have || f1|z=(q,) + [lf2llze(@,) < Cmax|uz|. The vanishing of vy

F
on 0€y, the Cacciopoli estimate up to the boundary, and the N. Meyers improvement
now give

(3.21) [Vval| La(je|<10,0<t—y () <12) < Cllf1llzeo,) + [ f2llLa(ay)s
for ¢ > 2 and thus, by the Sobolev embedding theorem, we obtain

V2| o (o) <8,0<t—w(z)<10) < C max |ug|,
7

where a = o > 0.
We now will show that ve decays at infinity, that is, |vy(x)| < (C max |us]) - |x|~?, for
F

|z| > 4, and > 0, depending only on ellipticity. The decay estimate argument which
follows is fairly elementary and general—in higher dimensions one can apply a similar
argument to the ratio of the solution with the fundamental solution to also get the
sharp rate of decay.

(3.22). (Decay at 00). Assume that Lw = 0 in QN {|z| > 2},0 < w < 1, and that
w=0 on IQN{|z| > 2}. Then there exists 3 > 0 such that w(z) < Clz| =P for |z|.

To prove (3.22), we first show that there exists a constant p, depending only on
ellipticity and on the Lipschitz constant, such that w(z) < p in QN {jz| < 4}. By
Harnack at the boundary, since w vanishes on 052, there exists an g > 0 and a yu < 1
such that w(z) < p for all z € Q with |z — 4| < ng or |z + 4| < 9. Consider the
solution h = 1 — w. By interior Harnack, since h is nonnegative, there is a positive
lower bound, call it v, for h on QN {|z| = 4}. Thus —v + 1 is an upper bound for v
and by the maximum principle, we have v < p =1 — v, for all x € Q with |z| < 4.
An iteration of this argument using p as a pointwise bound for w leads ultimately to
a decay of |z| = for some 8 depending on ellipticity.

By (3.22) and (3.21), as well as the maximum principle, and the fact that Lvs = 0
in {|z| > 2} Ny, we obtain the classical bound for vo. Then, if py is chosen so that
pof3 > 1, we have

Ny (v2)Pdo < Csup |uz|?.
0y F

It remains to estimate | 90, Sy (v2)P to establish the claim. We use the converse in-

equality to (3.17) as follows: Construct a Lipschitz graph A, with Lipschitz constant
less than € such that A C Qu\{|z|] < 2} and AN Iy = 0Ny N {|z| > M}, for
M = M(||¢¥'||so). In the domain above the graph A, v, is a solution to L and hence,

/ASp(vg)da < C’//\N”(vg)da.
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This controls faQw\{|z|>M} SP(vy)do. Let Q € {|z|] < M} N IQy—and we need
only consider a truncated cone I'j;(Q), as the infinite part of the cone is controlled

just as in the previous argument. But, the estimate (3.21) (extended to the range
{lz] < M,0 <t —¢(Q) < 2M}) implies that

1
3
/ |Vwg? | < Cmax|up|, and
v (Q) F

the proof is concluded. [ |

Remark. Under the conditions of (3.18), we also have the inequality

/N SP(u)do < C’/ NP(u)do + Cg max |u|?,
09N (x,t)-€]< K

00N (z,t)-8]<
by a similar argument as that given for (3.18).

From the localized LP estimate (3.19) it is standard, by means of good-\ inequalities
to obtain (localized) L" estimates for any r, ([F-St], for example). Some care must
be taken to keep the Lipschitz constant small. To use our localization theorem 3.18,
we need, since the argument required it, the converse inequality to (3.17). In fact,
the arguments are similar, but there will be no need to build up from the case of
small Lipschitz constant for x-graphs. And, there is no need to use a stopping time
argument.

Theorem 3.23. Let 0 = {(z,t) : |z] < 2, p(x) < t < p(x) + 2} and suppose
Lu = divAVu = 0 in O, where ||¢'|lcc < M < 400, for some M. Then there exists
an aperture a = a(M) and constant C = C(M), such that

1 1
2 2

| Stydo <c ( /A | 53,1(u>da) ( /A | N(Qa’l)(u)da) o[ N2 (o

Ay

Proof. We invoke the change of variable p(z,s) = (kz,s + G(z,s))) where k is a
constant, depending on M, chosen so that this transformation is one to one. As
before, set v = u o p and the equation v verifies (locally) in Ri is div BVv = 0, where
Gs+k —-G.+0
B= < ) .

G? -G bt~y
—G. Gs+k

If € C* has support in |z| < 1,0 =11in |2| < % and p(s) has support in 0 < s < 1,
p=1in {s < 1}, then it suffices to estimate
(3.24

)
// s|Vu(z, 8)|20(2)u(s)dz ds < Cy // s0(z)u(s)MVuv(z,s) - Vou(z,s)dzds
(z,s) (z,s)
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where
M= ( (Gs + k)? (G + k)(—2G, + b)/Q)
“\(Gs +k)(—2G, +b)/2 G?>-G.b+~ '

Expanding MVv - Vv yields three integrals to evaluate, the first of which is

//(GS + k)| D, v|*s0(2)pu(s)dz ds
/ / v D.[8(Gs + k)2D.00()p(s)]dz ds
//szz(G + kYD, v0(2)pu(s)sdz ds+
- / [ (G + B)D-) G+ R (Ip(s)sdz s

—/ v(Gs + k)20 (2) D vu(s)sdz ds
=ai +az +as

By familiar arguments (see 3.10 for example), terms a; and agz are bounded by

</{|z|<1}N2(U)> . </{|Z|<1}SQ(U)>

The term ao contains part of the equation that v satisfies and will be combined later
with others to yield div BVw.

1
2

The second integral arising from (3.24) is

//[Gg — G.b+9]|Dsv|?s0(2) u(s)dz ds
- / / wD40[G2 — G.b ++)0()p(s)dz ds
- / / vDu[G2 — Gob+)0(2)i (s)sdz ds

(Gg_sz"i_’Y)
-/ ws[ G D] (G RO(us)sd ds
Gys

//UDUG2 G.b+]sb(z)u ()(G 1) dzds

= by + by + b3 + by.

Term b3 will be combined with term as. Term b; is a boundary integral, [v?[G2 —
G.b+~]0(z)u(v)dz, plus the solid integral [[v2Ds[G% — G,b+~]0(2)u(s)dzds, which
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1
2

1
. . . 2
is estimated as in (3.10.1) by a sum of f|z|<1 N2(v)+ <f\Z|<1 NQ(’U)) : <f|Z|<1 52(’0)) .
Terms by and by are also bounded by the product in the sum above.

The last integral arising from 3.16 is:

// s(Gs + k)(—2G, + b)DsvD,v0(z)u(s)dz ds
= // s(Gs + k) (=G, +b)DsvD v0(2)u(s)dzds
+ / / S(Gs + k) (—G2) DD vd(2)p(s)dz ds

=I+1I.

In I, we integrate by parts in z obtaining

_ / / 50(Gy + k)D.[(~G. + b)Dy]0(2)p(s)dz ds
— // sv(—=G, 4+ b)DvG,.0(2)pu(s)dz ds

— // sv(—G, + b)Dsv(Gs + k)0’ (2)u(s)dz ds
=C1+ Cy + Cs.

Term Cy conEains part of tlhe equation div BVv, Terms C5 and C3 are bounded by
<f\z|<1 N%) i <f|z|<1 Sg) ’
For II, we integrate by parts in s obtaining

- / / (Gs+ k) (—G) D2 (v3/2)6(2)u(5)dz ds

- [ Pul-GD-(G. + Wyt n(s)azds

- / / VDL 0(—G.)GaasO(2)pu(s)dz ds

— // vD,v(—G,)(Gs + k)sO(2) /' (s)dz ds
=d; +dy+ds+dy.

Note that ds + as 4+ ¢1 + b3 = 0, since div BVv = 0. The only term that requires some
additional manipulation is d;. Note that, after integrating by parts in z, we need to
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bound the integral

(3.25) // V2 G (G + k)0(2)u(s)dz ds + // v2GL(—G,)0udz ds
+ // v (Gs + k) (—G.)0 ud., ds.

To handle the first term introduce 1 = Dg(s) and integrate by parts in s again. To
estimate the expression [[ sv?G.,s(Gs + k)0(2)p(s)dz ds, integrate by parts again in
z. All these manipulations have the final effect of introducing G, in place of GG, in
the expression (3.25) and, as before, G5 = D, (15 * 15 * ¢') and we use the additional
fact that |¢)g*ns* ¢’ |2dz% is a Carleson measure. Using the analogous fact for G, we
can also control [[v2G,,Gss0(2)u(s)dz ds. The second term in (3.25) already contains
G.s, and thus is handled by the same argument as above—the last term in (3.25) is
the simplest.

We complete the proof of Theorem 3.7 as follows. From (3.23), one may now also obtain
a version of (3.23) on graphs, for any p > 2. This follows from a good-\ inequality
of the same type as in Lemma 3.15. By (3.17) and (3.23) for graphs, we have now
satisfied the hypotheses of the localization Theorem 3.18, and we obtain localized LP
estimates (3.19) for p sufficiently large. A standard argument, again using good-\
inequalities, allows us to recover the desired localized estimates in L?—taking care not
to increase too much the Lipschitz constants. Indeed, we’ll get such estimates for any
L1 g > 0, obtaining Theorem 3.7 in particular.

We now assume we are in the situation of (i) of Lemma 3.4, i.e. the graph has the
form = = p(t), ||¢||cc < €, and € small. Because the matrix has coefficients which are
independent of the variable ¢, not x, the proof in this case is not merely a repetition
of the earlier one.

Theorem 3.26. If Lu = divAVu =0 in 0 = {(x,t) : [t| < 2,¢(t) < z < p(t) + 2},
and ||¢'||eo is sufficiently small, then the inequality (3.7.1) of Theorem 3.7 holds for
u.

Proof. The result follows from a stopping time argument, just as in the z-graph case
and so it suffices to establish (3.8.1) as well as the converse inequality, which is easier
to derive. For the localization, we introduce as before 6(s) and u(z), 6 supported in
|s| < 2, pu supported in |z| < 2 and the change of variable p(z,s) = (F(z, s), s) where
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F(z,8) = z+mn. * ¢(s) mapping {z > 0} — {(x,t) : x > ¢(t)}. Then, if v = u o p,

/t|<% v2(0,8)ds < /02(0, $)0(5)(0)ds
= [[ D02 o () dz

= -2 // vD vOudz ds — 2// V20 dz ds.

The second integral above is an error term of the form [/ % v?dzds. At this point
K = K(a), but the dependence on « is removed by the same argument as in lemma
3.5. In the first integral, introduce 1 = D, (z) and integrate by parts to obtain

2// vD, v0uzdzds + 2//(DZU)29MZ dzds + 2// 20D, v0u' (2)dz ds,

of which only the first expression requires new arguments.

Note that D,.v(Dgzuop)F2 +(Dyuop)F., where, by D,u, we mean to differentiate u

with respect to its first variable. And, [[(uop)(Dyuop)0(s)u(z)F..zdzds is bounded

by the product ||N(u)||z2(a4) - [|S(w)]l12(a4) since z|F..|?dz ds is a Carleson measure.
1 1

Consider now

// 2F20p0(Dypu o p)dzds =
=— // 2F20pv(D,bDyu o p)dz ds+
— // 2F20uv(yDyu o p)dz ds
=1+11.
I=- // 2F.0uvD,(bDyu o p)dzds =
= // b(Diuo p)D,vOuzF,dz ds+
+ // b(Dyu o p)vOu'2F,dz ds+
+ //(thuop)véqudz ds+

+ //(thu o p)vluzF,,dzds.
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Claim 3.27. |[[b(Dyuo p)vfuF.dzds| < (o + [|b]|c€) [ N?(u)do

To see this, change variables again, by means of p~! to re-express this as an integral
in €:

/ / b(w) Dyu(, ), 1) (O 0 p~Y)da dt
:/ D, {bu—29u0p_1} dx dt+

// Dt (O o p~t)dx dt

< / (w(t))—(so(t), £’ (£)(Op 0 p~ ) ((t), t)dt
<3 2

+a N?(u)do,
lt1<$
by the support properties of 6y - p~! and the formula [~ fx>@(t Dyw(z,t)dz dt =

J25 w(p(t), t)¢' (t)dt—and the € in the right hand side of (3.27) comes from the fact
that ||¢'||l.c < €. The other terms comprising I are handled much as before, and it
remains to consider II. Here we use the identity Dg(h o p) = D,(ho p) =+ Dihop,
valid for any h, to write

II =— // 2F20pvDy(yDyu o p)dz ds + // OuzF.FsD,(vDyuo p)vdzds
= // 2(yDyu o p)Dg(vF20u)dz ds — //(thu o p)DvzFsF,0udz ds+
— //(*yDtu o p)vFsF,0udzds — //(fyDtu op)vz(Fs, + F..)0udzds,

1

of which integrals only the third needs further examination. Writing ¢ = p~, we

express this as an integral back over the region above the graph by

(3.28) // ~v(x)Dyu(x, t)(Op o Y)u(x,t)(Fs o )dx dt.

Since () is bounded from above and below, we can write H'(x) = v(z), i.e., H(x) is
a primitive of v, where H is increasing. Set ¢(t) = H o ¢(t), a new Lipschitz graph,
and make the change of variables y = H(z). Then, if we also use the notation H(x,t)
for (H(x),t), we have

(3.28) / Dyv(y, t)o(y, oy, £)B(y, Hydydt
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where v =uo H !, a = F;o¢o H ! and 3 =60uo+ o H-! and the integration (for
asmall) isin & = {(y,t): o(t) <y < p(t) + 1, ]t| < 1}.

We change variables again, by means of a transformation p(w,t) = (F(w,t),t), defined
just as p was defined for the region ¢, which maps {w > 0} into ¢. Thus,

(3.28):/ (Dywwop)vopaopfop Fydwdt
://Uoﬁaoﬁﬁoﬁﬁwl)t(voﬁ)dwdt
- e o=~ (O0v _\ =~
—//UOpaOpBOpFw(a—yOp)Ftdwdt
=A+B

We have, setting 12 =p 1,

// a(y, By, t y( v?) F; oty dt
/ [ o (Fuo Daidydr
—/UQ(G(t)at)Oé(@(t)»t)ﬁ(@(t)at)(ﬁtO{PV)(@(t),f)dt

= DBy + By

Since v(4(t), 1) = ulp(t), 1), a(@(t), 1) = (Fy o) (p(t), t), B(&(1), 1) = (O 0 ) (p(t), 1),
we have By < ‘ ] <1 u?(p(t), )’ (1)@ (t )dt’ < efA NZ2(u)do, for € small.

We write Bl = B11 + Blg + Blg, where

By = //U2a—aﬁt oJﬁdydt,
Jy
Big = // U2a8£y(ﬁt o@)ﬁdydt,

Bi3 = // v2aF, o QZ% dy dt.

Bi3 is handed by familiar arguments, and we now turn to Bi;.

Recall that a(y,t) = Fy o o H !, and that H~! ( t) = (H (y),t). Hence,
%(Fto¢)oH_1 = %(Ftogb)oH_la%H , and since 5, O H—1dydt = dx dt, a change
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of variables gives
Bll_// (2,) - Fto¢) F, 0t o H(Op o 1p)dz dt
//u op)(z,t) (Fto¢)op Fto¢oHop OuF, dz dt
—//u o p(z, t)aaFt( t)-F, 0t oH o pbudzdt.

Recall now that %Ft = %Qz x ¢, and integrate by parts in ¢ in the last integral.
We then get the desired bound using the Carleson measure property of @, * ¢’, which
gives a small error term, since ||¢'||o0 < €.

In order to estimate Bys, we change variables by p, to obtain
2~ 0 =
Bip = v Op(wat)aopa—(FtO@/J)OPﬁOPFde)dt
Y
2 ~ ~ 8 s ~
= v® o p(w,t)ao p—F; B o pdw dt.
ow

Again, a%ﬁt = %Qw * ¢’ and the term can be handled, upon integration by parts, in
a similar manner as Bjj.

Term A requires a different sort of argument, via a method first used by Dahlberg in
[D3].

Let T denote the Hilbert transform and Az denote the operator of ——order derivative
in the ¢ variable. Then,

A:/ / vopDy(voplaopBopF,dwdt
—oo Jw>0
= //A%(aoﬁf’wﬁoﬁUOﬁ)TA%(vogomdtdw
where E has similar support properties to 3, and B -8 = (. Thus
%
A< (/ A% (o pFy Bopuv O,B)Pdtdw) : </ \A%(vogo ﬁ)\%ltdw) .
For each fixed w, the Sobolev trace theorem yields

//\A%(voﬁom?dwdtgc (// \vz,t(voﬁom(w+z,t)|2dzdt) dw
w>0 tJz>0
§C//\Vz,t(vogom(z,t)|2zdzdt.
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Similarly the square of the other factor is bounded from above by a constant times
/ V.1 (BopaocpFy,vop) | zdzdt

in which we will use the Carleson measure properties of |V}N7’w\, |V (aop)|, and |V (Bop)|.

This together with arguments repeated from the z-graph situation and the stopping
time lemma, which goes over without modification, completes the proof of (3.26).

We have, in addition, the analog of theorem 3.26, the domination of the square function
by the non-tangential maximal function. (Recall, this is also needed in the proof of
localization for 3.26.)
Theorem 3.28. If 0 = {(z,t) : |t| < 2, ¢(t) < x < ¢(t)+2}, and Lu = div AVu =0
in O, then the conclusion of Theorem (3.23) holds, with S(u), N (u) defined with respect
to the graph x = o(t).

The proof follows from the argument given to establish 3.26. In fact, an examination
of that proof shows that (with the notation of 3.26):

/v2(0,s)0(s)u(0)ds:2//\Dzv\29uzdzds+2/ bDyu o p Dyv F20pdz ds
+2//z*yDtu0stsz29,udzds

—2//zyDtuopDzszSFzﬁ,udzds+E,

where |E| is bounded from above by the left hand side of (3.23). Finally, since Dyv =
Dzv%Dtuo p, and D,v = D uop F,, the right hand side of the above equality becomes

2//2|Dxuop|29,uF22dzds
+2//thuopouop0,uF22dzds

+2//z'y\Dtqu\29uF3dzd8+E,

and our claim follows from ellipticity.

Let us now suppose that we are in the situation of (iii) of Lemma 3.4. That is,
Q={eit>ex+ @)}, ¢l <€ and e; > dey and e > dey.
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Theorem 3.30. Let 0 = QN {(z,t): |t+ x| <2, eax + p(x) < e1t <2+ ez + ()}
and suppose that Lu = div AVu =0 in O. Then given ¢, there exists € > 0, depending
on 0, so that there exist constants Cq,a = a(e), Ca(a) such that if ||¢']|oo < €

(3.31) N(a, d)(u)2do < Cy /A Sy (W)do
7
8

A
4
+ Cy // u?dz,
K

where K is a compact subset of O at distance i from the boundary of O and Ay =
B(0,s) N {e1t = eax + p(x)}.

We shall prove the analog of (3.8.1) for a suitable choice of ¢’. This suffices since
the stopping time argument is independent of the graph. Set e = (e1,e2) and e =
(—e2,+e1). We define a transformation p(z,s) = (z,s + H(z,s)) mapping {(z,s) :
(z,s) - eL > 0} onto €2, by setting H(z,s) = éG(z, (z,s) - e1) where G(z,a) =
Na * N * p(2)/e1. Observe that if (z,s)-e; = 0, H(z,8) = éG(z,O) = %f) and
therefore (z,s + H(z,s)) el = (2,8 +¢(z)/e1) - (—ea,e1) = (2,5) - el + ¢(z) = p(2).

If we set v = w o p, then v will satisfy an equation div BVu = 0 which we write:

HSS
=T [H? — H.,b+~]Dyv — (Hs + 1)D,[(H, + 1) D v]+

- (Hs + 1)Dz([_Hz + b]st) - (Hs + l)Ds[_HzDzU]'

Again, by ellipticity of A, there exists a A > 0 such that H2—H_b+d > M\(H2+1) > \..
Consider

2

(3.33) e / B2 = Hab e 220+ 2)2)u(0)d:

where 6(-) has support in {|z| < 1} and p(-) has support in {0 < s < a}, where a
is, as in Lemma 3.8, dependent on the apertures of the cones used to define N(-) and

S(-).
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Then

(3.33) =-—e / - D, ([H? — H.b+v)v*(2,8)0((2,5) - e)ul(z,8) - e1))dzds
=—e //(QHZHZS — H..b)v*(2,5)0((2,8) - e)u((z,5) - el )dzds
— 2e; //[Hf — H,b+~]v(z,8)Dsv0((z,s) - e)u((z, s) - e )dz ds

e / / [H? — H.b+ 402 (2 )0 (2. 9) - )u((2,8) - €1 )en

+60((z,8)-e)u’((z,8) - ey)e1}dzds
=1+ I1I+1I1I.

In II, we write e; = D4((z, s) - e, ) inside the integral and integrate by parts. Thus

II:2// ((2,8) - el)|Dsv|?Ou[H? — H,b+ v]dz ds+
(2,9)
+2 / / ((2,5) - e1)Ds([HZ = H.b + ] Dsv)vbudz ds
(2,9)

+2 // ((2,8) - e )[H? — H,b+yJvDsvD,(0u)dz ds
(2.9)

=1L+ 11+ 11s.

(Note that the first term 11 is bounded by f{s:e_Qz} S?(v)dz since (2, s)-e; = distance

of (2, ) to the line {s = £2z}.) In term I]5, we use the equation in the form (3.32):

Il = 2//((z, s)-el)[H? — H.b+ 7] . fH vD,(v)0pdz ds+
i //((z, $) e )(Hq + 1)D.((Ho + 1) Dov)ofpudz ds+
) //((z, §) - e1)(Hy + 1) Do (—H. + b)Dyv)0p dz ds+
) //((z, §) -1 )(Hy + 1)Dy(—H. Do)l d= ds

=1l +1lao+ 1133+ I3 4.
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Then

Il 5 = 2//((2, s)-er)(Hs + 1)%(D,v)?0udz ds+
+2 //((z, s)-e1)Hs(Hs + 1)D,vvbudz ds+
+2 //((z, s)-e1)(Hs 4+ 1)2D,vvD, (0p)dz ds+

1 / / (—ea)(H, + 1) D.(v/2)6p = ds,

and the fourth integral above can, in turn, be expressed:

— 2e9 //(Hs +1)2D,(v?/2)0pdz ds

2
= —ey /(Hs + 1)202(6—15, s)u(O)Q(Z—l s+ eas) ds+
2

€2

+ 2eq // H,,(Hy+ 1)v?0pudzds + eo //(Hs +1)%0°D,, (Ap)dz ds.

Similarly, we find

Il 3=2 //(z, s)rey(Hs+ 1)(—H, +b)DsvD,v0udz ds+
+2 //(z, s)-eyHs,(—H, + b)v Dsvudz ds+
+2 //(z, s)-eil(Hs+1)(—H, +bjvDsvD,(0p)dz ds+
+ eq // H, (—H, +b)v?0udzds+
+ o //(H + 1)(—H.s)v*0udz ds+
+ €3 //(H +1)(—H, + b)v? D, (0p)dz ds+

o 2
+eg/ (H, + 1)(—H. + b)o2(2, 22)u(0)0(erz + 22)dz,

€1 €1

— 0

53
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and
II274 = 2//((27 S) : eL) Hss (_HzDzU)Ue,lLdZdS+

+2 //((z, s)-el)(Hs+1)(—H;)D,v Dgv Opdz ds+

49 //((z, §) - 1 )(Hy + 1)(— Ha Dov)v Dy (6p)d= ds+

+e /(HS F ) (—H)oH(E

€2 €2

_ el/ (Hq +1)(—Ha. )v? pf dz ds

—61//HSZ v Qudzds

- el/ (Hy + 1)(=H.)v*D.(0p) dz ds.

We now collect the boundary terms (including (3.33)) and combine them using the

change of variable: f f(z,22)dz = f f(& Ls, s)ds, and the sum of these terms
is equal to
2
(3.36) /v2(z, @z)u(O)H((el + e—QZ)E(z, e—QZ)dz,
€1 €1 €1
where

2
() = e1[H? = Hob+ 7] + 2 (H, + 1) = ea(H, + 1) (—H. +b) + es(H, + 1) H...
1
Expanding this expression, we find that

(3.37) e1E(-) = {e3y+e3 —ejeab} + €2 [H? — bH,]
+e2H2 +2e3H, + egei {H,H, +2H, — bH,}
+ 6162[H3HZ + Hz]

The boundary sum (3 36) is clearly bounded from above by a constant times
fv z, 2)0((e1 + 2 ) )dz, but also from below if | VH |« is sufficiently small. For

the quantlty
2 2 . 1 b —E€2 ) —€9
{e17 + e5 — e1eab} = (0 y e e

which is bounded from below by A™1{e? + €3} = A71, and so if we choose ||¢'||~
sufficiently small, then (3.37) will be bounded from below. We have, so far, an equality
of the form

(3.36) =1+ 11y + 111+ II;+ the non-boundary integrals of I15 9 + II5 3+ I 4.



A NEW APPROACH TO ABSOLUTE CONTINUITY OF ELLIPTIC MEASURE 55

For most of these expressions, the analysis is very similar to that of Lemma 3.8. We
make a few further observations however to show the dependence of choice of €’ on the
0 relating e; and ey. For example, consider term I,

I =—¢ //(QHZHZS — stb)v2(z, s)0udzds.
Since H(z,s) = éG(,@ e1s — e2z),

H, = el_l[DlG(z, e18 — exz) — eaDoG(z, €18 — e92)]

and Hg, = D1DyG(z,e18 — e32) — eaD3D2G(z,e18 — e3z). Obviously, |[VH|e <
%HQOIHOO < % so that CTEI < % to fulfill the first restriction that (3.36) have a
non-negative lower bound. Then term I can be handled exactly as (3.10.1) from the
z-graph situation, with the following observation: For [[ H,sbv?6Oudzds, we make
another change of variable p(x,t) = (z,(t1 + e2z)/e1) = (z,8), so that, if w(x,t) =
v(z, (t1 + eax)/e1), pulling back to the (z, s) plane introduces quantities depending on
8 |N (W)l z2(az) < I[N (V)| £2(ax)- Thus the error terms are multiplied by constants

of the form € /5%, for some N, and it suffices to choose € so small so that this is
smaller than e.

Finally, the statement of Theorem 3.23 (the inverse inequality) is valid where & is
replaced by the region in Theorem 3.30. This completes Step 1, and we may now state
the main theorem for Lipschitz domains with small Lipschitz constant (i.e., Step 2).

1 b(x)
0 ~(z)
div AV be the elliptic operator whose matriz is A, defined for (z,t) € R? with coef-
ficients independent of one of the variables. Then there exists an €y > 0 sufficiently
small such that for any bounded Lipschitz domain 0 with Lipschitz character (eg, N, ¢g)
and any solution u to Lu =0 in Q) we have

(i) If u is normalized so that uw(Xo) = 0 for some Xy € Q of distance to the
boundary at least co/4, then there exists an aperture a and a truncation d of a
regular family of cones, both depending only on (o, N, cg) so that if N(-) is the
non-tangential mazximal operator associated to §2, defined for these cones, then

Theorem 3.38. Let A(x) = < ) be an upper triangular matriz, and L =

2 u)ao u 2
(3.39) [ N(uio < 0//Q d(X) | Vu(X)2dX

where C' depends only on the Lipschitz character of 2.
(ii) Ifa,d are as in (i) and the square function S(-) is defined with respect to these
cones, then without assuming any normalization on u, we have,

(3.40) S%(u)do < C | N?(u)do
of) o2

where C' = C(eg, N, cp).
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To prove this theorem for general Lipschitz domains, we will use the small constant
result (3.38) and a ‘build-up’ scheme of G. David. This small constant base case is a
straightforward result of the previous localized results in the three types of Lipschitz
graphs, together with the reduction to graphs of these types.

Briefly, the argument for (3.39) goes as follows (see also [DJK]). If Q is a domain
of Lipschitz character (eo, N,Cp) then there exists cylinders {Z;}_; with associated
Lipschitz functions {¢;}1;, as in the definition in §1, satisfying [[¢}[|cc < €. Given
u, with Lu = 0 in Q, we wish to estimate [, Nfﬂd(u)da, where A; = Z; N 0Q and
a,d depend on €y. By our previous results of Sjteps 1 and 2, we may assume, without
loss of generality, that 4Z; N 0S) is the intersection of 4Z; with one of three types of
domains in Lemma 3.4. We then choose € so small that 3.7 and 3.26 hold. Then choose
d = 0(€) as in Lemma 3.4. For this 0, choose ¢’ as in 3.30. If ¢y is smaller than both
€/2 and #, we have the conclusion of 3.7, 3.26 and 3.30 available for all graphs, by
Lemma 3.4. Then

[ o<t [, suoreanracco [

for K; CC , where 6;(X) = dist (X,02N Z;). Summing on j and observing that
N
ZX‘*AJ‘(Q) < C(N, Cp), we obtain inequality (3.39) modulo the factor C [ [} u?dX,

where C' = C(N, cp,€p) and K CC 2 is bounded away from 02 by a constant C =
C(co). The normalization guarantees that [[, u?dX < C [[,0(X)|Vu(x)|* where
d(X) = dist (X, 092), by a Poincaré type inequality and the fact that the domain is
Lipschitz.

The argument for the converse is much the same and shall be omitted.

Remark: Once (3.39) and (3.40) are established for one family of regular cones, they
follow for any other family, by standard real variable arguments ([D4], for instance).

We begin the arguments for Step 3 in order to establish the following:

Theorem 3.41. Under the hypotheses of Theorem 3.26, but for Lipschitz domains of
arbitrary Lipschitz character (M, N, cy), the inequalities of (3.39) and (3.40) hold.

In fact, the LP equivalence between S(-) and N(-) will follow from the proof below.
Theorem (3.41) will result from an iterative procedure:

Lemma 3.42. Suppose that inequalities (3.39) and (3.40) hold for all domains
with Lipschitz character (%M, N,co). Then they hold for all domains with Lipschitz
character (M, N, Cy).
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We shall use the one dimensional versions of following lemmas due to G. David,

Lemma 3.43A. [Da]. Let FF : R xR — R be a function of two variables (z,y)
such that for each y, x — F(x,y) is Lipschitz with constant M, and for each x,
y — F(x,y) is Lipschitz with constant My. Let I,J be compact intervals. Then, there
exists a function G(x,y) with the following properties

(i) G(z,y) > F(z,y) on I x J.
(i) IfE = {(z,9) € 1 x J : F(z,y) = Gla,)}, then || > 2|1]J].
(iii) The function y — G(x,y) is Lipschitz with constant Mo and moreover, either
—-M < g—f(x,y) < A4AM/5 for each y, or —4M /5 < g—f(x,y) < M for each y.

Lemma 3.43B. [Dal. Suppose G(z,y) is a function satisfying property (iii) above,
but on all of R x R. Let I denote the graph of G in R x R x R. Then there exists a
new orthonormal coordinate system such that
(i) T is the graph, in these new coordinates, of a function H(X,Y') which is Lip-
schitz with constant M in X and with constant C(M)My in'Y. Here C(M)
s a function of M which can be chosen bounded by g.

(ii) The change of wariables p(z,y) = (X,Y) such that (z,y,G(z,y)) =
(X,Y,H(X,Y)) is bi-Lipschitz with constants bounded by C(1 + (MM)/(1 +
M?)).

These two lemmas yield the following, whose proof we will sketch.

Lemma 3.43. Let F' be a Lipschitz function on R and set I = [—1,1]. Suppose
|F' ||loo < M and that F(0) = 0. For s > 0, let sI = [—s,s]. Let C;(M) denote the
cylinder 11 x {|t| < M|I|}. Then, there exists N, co and apr and a domain Q of
Lipschitz character (%M, N, cy) such that

(i) Q< Cay 0 {t > F(2)}

and (i) |0Q N {(z, F(z)) : * € I}| > ap, where |E| denotes the projected measure,
ie., |[E|={x €l (z,F(x)) € E}|, and N and co may depend on M but not on F.

Remark: A dilation argument gives a similar result for intervals of arbitrary length—
the scaling is clear. This lemma is one of the main tools in the proof of (3.42). We
will establish good-\ inequalities in order to prove the LP norm equivalence of the
non-tangential maximal function and square function. The domain whose existence is
guaranteed by Lemma 3.43 will replace certain ‘sawtooth regions’ which arise in the
course of proving these inequalities, and which will enable us to carry out an iterative
argument.



58 C. KENIG*, H. KOCH**, J. PIPHER* AND T. TORO***

Proof of (3.43). By Lemma 3.43A, applied to F'(x,y) = F(x), we have a G(z) which
satisfies, for all z, either =t < G’ < M or —M < G’ < 2 and also G(z) > F(z) on
Iaswellas [{z € I : F(z) = G(z)}| > 2|I| = 2. Let I' = ZI. Then |[{z € I' : F(z) =
G(z)} > 2|1

Let my = maf(G’), me = — millg(G’). Now construct a G such that
S e

(i) G=Gon I’

(i) G>Gon I

(iii) =M < G'<M,or —M <G < M
(iv) G is linear on I\I'.

Note that I’ = [%,%] and we may define é(Z) (%) ~(—) =G (% ), and
C?’(x) =mfor L <z <1, G (x) = mg for =1 < z < =, so that (iii) and (iv) are

clear. Then 2 is any domain whose boundary is either smooth or coincides with the
graph of G in I and satisfies (i) of (3.43). (There are many possibilities for {2.) Then,
by (3.43B) there exists a new coordinate system such that, in this coordinate system,
the graph of CN}' coincides with the graph of a function H whose Lipschitz constant is
bounded by M. The v in (ii) comes from the bi-Lipschitz character of p in 3.43B.
|

Theorem 3.41 is proven by establishing the induction step (3.42).

Proof of (3.42). We begin by proving (3.39) for domains of Lipschitz character
(M, N, Cp), assuming the same for domains of character (%—gM ,N,Cp). The strategy
is to derive good-\ inequalities, which will result in LP inequalities for all 0 < p < oc.
Such good-\ inequalities are fairly standard in this theory and so the details we provide
are primarily intended to elucidate the role of the build-up lemmas of David. For
further reference, the reader should consult [D4].

Fix then such an Q and a family of regular cones, truncated at height ¢y and let N (u)
be defined relative to these cones.

Let {Z1}}, be cylinders which determine the N coordinate patches of size between
L and ¢, and set B = {Q € 9Q : N(u)(Q) > A} N Z;. Then each EJ has a Whitney

co

decomposition, that is, B = U Ag (Qi,r;) where
i

() Qi = (w4, 05(4)).
(i) Ai(Qi,mi) = {(z,¢;(x)) : @ € I} where I; = {z : |x —x;| < r;/2}.
(iii) the A;’s are of two types
(a) co >y > P
(b) T, < 64—0.
where, in case (b), there exists a P; € 02N 0Z; such that N(u)(P;) < A and
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such that for all Q € A;(Q;, i), |P- — Q| < cprye

Fix now a j, and for Q € Z;, define Sju( fr |Vu )|2dX)z where Iy (Q) is a
right circular cone with vertex at @ in the coordlnate system of Z;, with aperture o

chosen so that the slope of this cone is M (1 + %) and finally, 'y (@) is assumed to be
truncated at height 2Md, d = diameter(Z;).

As is usual in this part of the proof of the good-\ inequality, one needs to define for

any set G C Z; N 0D, the set G} = {sup <|A|2|G|> < e}, where | - | denotes, as before,
A3Q
the Lebesgue measure of the projection of the set onto the real axis.

Claim 3.44. There exists 0g < 1, 0 = 0(M,n) such that for any > 1, there are
€ >0 and v > 0 such that

(3.45) |E5| < 0]A]

where Es = A {N(w) > B} 0 {S(u) < 4A}N

N{S(u) > yA}c.

Let us assume, without loss of generality, that €2 N Z; coincides with a graph of the
form t = p;(z).

The large balls A; in the Whitney decomposition (those for which r; > ¢,/4) are
handled just as in [D]. Briefly, from the normalization u(Xy) = 0 for some X, € €2 and
the a priori finiteness of ||S(u)||,, for some p > 0, one shows, using interior estimates,
that for any K CC €,

sup lu] < O 1S(0),)

From this point, the argument is similar to that for small balls, which follows. So we
turn to the proof of (3.33), where r; < ¢y/4. We are assuming that (3.27) holds for all
bounded € with Lipschitz character (é—gM , N, C'O) with a constant C' = C(M, N, ¢).

A ‘sawtooth region, ;, over E;’ (see [D]) may be constructed so that if I’ = {z €
I; : (z,¢j(x) € E} is the projection of E; onto I; and if ¢(x) is defined to be ¢ (z) =
¢;(x) + L dist (2, F) for « € I;, then we set

1
= {(2.1) £ > ()} N CF (M + M),
Here C7(+) is the rescaled cylinder of Lemma 3.43, viz., C7(B) = {(z,t) : |z| < r, |t| <
Br}, and we observe that [|[¢)/||c < M + 5sM. It follows that Q; C 2Z; N Q, since
A; € Z; N oK) implies that r; < d and hence (M + QLOM)ri < 4Md.
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By Lemma 3.43, (or rather the rescaled version), there exists N, ¢o and a); a domain
Q; €, of Lipschitz character <%]\A/[/, N, co), where M = (1 + 2—10) M, and such that

10Q; N {(z,¢(2)) : z € L} > rioy;. Let =1 — 2. Choose a point A4; € Q; whose
distance to 9€; is larger than 91]\6" €li  Choose a regular family of cones F(P), P €89,

for the domain €; with the addltlonal property that if P € 9Q; N {(z,¥(x)) : z € I;}
then I'(P) D T'(P) N B(P, cry) for suitable ¢, where the {I'(P)} are the regular cones
associated to the domain Q. Let N(-) denote the non-tangential maximal function
for  defined using the cones {I'(P)}. Let & = u — u(4;). By standard arguments,
(see [D], [DJK] for instance), for v sufficiently small, N(a)(P) > 2(B—1)A for P €
8Q:n{(z,(z)) : & € F}. Suppose that 3.45 failed for this choice of 8, i.e., | E;| > 0]A].
Then, if G; = {(x,¢(z)) : © € I;}, we have that E; N G; = E; and so

a5|Gi| = ag|Ail < 09 NG|
= |08 N B; N Gy| + 09 N G\E;|
< |0Q; N By + |G\ Ei.

Therefore, since |G;| = |G; N E;| + |Gi\E;| > 0|G;| + |G;\E;|, then QM\GA < |8(NZ, N
Ei| + (1 - 0)|Gy| and if 1 — 0 < a /2, this implies |0Q; N E;| > oM /2|I].

This latter inequality is not possible for the right choice of v and €. To see this, observe

that
2

2
08I = |G 3] [ VO

where dz(FE) = |E|, the Lebesgue measure of the projection of F onto R. If we
integrate N2(u) over the larger set 9€);, we can use inequality (3.39) for the domain
; and hence, by the induction step,

00 N E4| < C(M) W // XV Pz

< cumm J| do ()7t

C'(M,e) / 9
s S%(u)dx, for e small,
T (B-1)2A% Joq,ne (u)
C'(M,€) 5.9
< WW AL

In this inequality, 8 is a fixed constant less than 1, chosen small enough so that
OP6 < 1/2, which means that the good-A inequality has the LP norm inequality as
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a consequence. The choice of # has been determined by the proportionality constant

o So, in the above expression, once € is chosen we are free to choose v so that

o~
C'(M, e)ﬁ < 4L, contradicting the earlier assumption that |E;| > 6]A;].

The proof of (3.41) is completed by showing the converse inequality—the analog of
(3.40). Here, the build-up lemma of G. David enters in the same way, in the course of
proving a good-\ inequality. Of course, no normalization is needed for this direction—
the details are repetitive, and hence omitted.

Step 4 is preliminary to removing the restriction that the matrix A of L = div AV be
upper triangular. Essentially we need the statement (3.41) for A triangular, but for
Lipschitz graphs of arbitrary Lipschitz constant. This is accomplished by proving a
good-\ inequality, using the previous result for bounded domains.

Lemma 3.46. Let Qz, be a domain above the graph of a Lipschitz function ¢ with

1 b(x) ) : :
and suppose Lu = divAVu = 0 in
0 () PP

Q0 = Qe . Then inequalities (3.39) and (3.40) (with appropriate normalizations) hold
for uw and for any 0 < p < co as well as p = 2.

respect to the direction €. Let A(x) = (

Proof. It suffices to prove the good-\ inequality (3.45), and its analog for the square
function. Asin [D] and [DJK] and as we did for 3.42, one constructs sawtooth regions,
which are themselves bounded Lipschitz domains, and then invokes the L2-norm in-
equality on the bounded domains for the non-tangential maximal function and the
square function. This lemma is therefore a standard consequence of Theorem (3.41)
for bounded domains.

Step 5 in the outline is the removal of the restriction that the matrix A be triangular—
that is, the LP equivalence between N and S holds for general A on graphs in any
direction with small Lipschitz constant. The next lemma shows how the restriction is
removed via a change of variable and the proof of the lemma explains the restriction
that the graph have small Lipschitz constant. In order to prove for example that
N (u) | e 90,40y < C|S(u) | Lr(90,d0) for solutions in 2 to div AVu = 0 (A arbitrary),
we use Lemma 3.35 below to transfer the inequality to another domain for a solution
to div BV(-) = 0, where B is now triangular.

Lemma 3.35. Let Qz, (= Q) be the domain above a Lipschitz graph ¢ in direction

S , .y . (a(x) b(x)
€ with ||¢'|lcc < €. Let A be any elliptic matriz (c(w) d(z)

Lu = divAVu = 0 in Q. Then tizere exists, for sufficiently small € depending on
ellipticity a change of variables ¢ : 2 — € such that

), and suppose that

(i) If v(z,s) = uod(z,s) then divBVv =0 in Q, where B is upper triangular and
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. . 1 b(2) )
independent of the s-variable, of form .
p f /1 (0 ol

(ii) the domain Q is the domain above the graph of a Lipschitz function.

Proof: Consider the transformation ¢(z,s) = (f(z),s+ g(2)), a # 0 with f > 0. We
shall first place restrictions on f and g so that condition (i) above is met. The new
matrix B(z, s) in the equation that v = u o ¢ satisfies is

=1t A o n—1 _ 1 1 0 o 1 —g'(2)
_ 1 < aof —ao fg +bo ff )
af'(z) \(=g'aof+flcof) (¢)aof—gfeof—gboff +(f)dof)"

We want to choose f and g so that ao f(z) = f/(2) and so that g’ao f = f'co f. By
ellipticity, the coefficient a is bounded below by A71. If a(z) = f' o f71(z) = ﬁ,
then f~! can be defined as a primitive of 1/a and the bounds on a(z) guarantee that
f is increasing and Lipschitz. We then choose g so that co f(z) = ¢'(z) and g is
also Lipschitz. By Lemma 3.4 it suffices to consider three types of domains {2z,.
If Qp = Quoye = {(z,1) 1 t > ()} then Q has the form {(z,5) : s > ¥(2)}.
Here 1 is defined by v(z) = ¢ o f(z) — g(z), which implies s = 1(z) if and only if
s+9g(z) =po f(z),ort = p(x). If Qz, = Qo,1),, then we shall be able to choose 9
such that © = {(z, ) : 2 > 1(s)} if |¢]|s is sufficiently small. For the boundaries of
Q and Q to be in correspondence we need z = (s) if and only if f(z) = ¢(s + g(2)).
Let 2/ = f(z) (recall that f~! exists) and thus we need 2z’ = f o4 (s) if and only if
2 =@(s+go f71(2')). That is,

fow(s)=w(s+gof1(2)
= p(s+go(s)).

Set h(s) = as+ go(s). Then
s=h7l(s)+gohoh T (s) =h" (s) +go flop(s),

since ¥ o h™1(s) = f~! o ¢(s). Solving for h=1(s) = f~1 o p(s). Solving for h=! gives
h=1(s) = s—go f~top(s), which is invertible as long as || (go f "1 op) [l < 1. So if we
choose ||¢'|| sufficiently small, depending on \, we may solve for h~! and hence .
Finally, suppose that Qg ., = {(x,t) : e1t > eax + ¢(x)} where e; > des and ez > de;.
We claim that Q = {(z,5) : s > z + ¢(2)}. Here we need s = z + )(z) if and only if
er(as +g(2)) = e2f(2) + o f(2), ie, s = —g(2) + 2 f(2) + Lo f(2) = 2+ ¥(2).
Solving for ¢ gives 1(2) = —z + 2 f(2) — g(2) + égp o f(2).
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Our strategy now is to pass from the graph situation, for general matrices A, to the

case of bounded domains.

Step 6 has, essentially, been carried out in the proof of Theorem 3.18. We need to use
the results of Step 5 in order to verify the hypotheses, namely that N(-) and S(-) have
comparable L? norms on small constant graphs.

Finally, the reduction to arbitrary bounded Lipschitz domains, in the situation of

general matrices (Step 7), is also a repetition of earlier arguments for Steps 2 and 3.

This completes the proof of Theorem 3.1.
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