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ABSTRACT. We give a short proof of the well known Coifman-Meyer theorem on multi-
linear operators.

1. INTRODUCTION

The main task of the present paper is to present a new proof of the classical Coifman-
Meyer theorem on multilinear singular integrals, see [2], [3], [5], [6].

Let m € L*(IR") be a bounded function which is smooth away from the origin and
satisfies the following Marcinkiewicz-Mihlin-H6rmander type condition
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for sufficiently many multiindices o '. For fi, ..., f, € S(R) Schwartz functions on the
real line, we define the n-linear operator T,, by the formula
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The following theorem holds, see [2], [3], [5], [6].

Theorem 1.1. As defined, the multilinear operator T,, maps LP* X ... x LP» — LP as long
asl<p<oo,1<i<n,1/pr+..+1/p,=1/p and 0 < p < cc.

When such an n + 1-tuple (py, ..., pn, p), has the property that 0 < p < 1 and p; = o0
for some 1 < j < n then, for some technical reasons (see [5], [7]), by L™ one actually
means L2° the space of bounded measurable functions with compact support.

The case p > 1 has been proven in [3] while the general case p > 1/n has been
independently settled in [6] and [5]. The interesting fact that p can be a number smaller
than 1 goes back to [2]. The usual argument to prove the theorem (see [2], [3], [5], [6]) uses
the celebrated T'1 theorem of David and Journe [4] and relies on BMO theory, Carleson
measures and C.Fefferman’s duality theorem between the Hardy space H' and BMO.

As the reader will see, our proof is conceptually simpler and does not use any of the
aforementioned ingredients. It is based on a careful stopping time argument involving the
Hardy-Littlewood maximal function and the Littlewood-Paley square function.

IThroughout the paper we will write A < B iff there is a universal constant C' > 0 so that A < CB.
1
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2. MODEL OPERATORS

For simplicity we treat the n = 2 case only. It is a standard fact by now (see for
instance the papers [7], [8]) that the study of our bilinear operators T, can be reduced
to the study of finitely many discrete model operators 1%, j = 0,1, 2, 3 of the form

(. ) = 3 errrrer (o0 (0o 3)

PeP

Here P is a collection of lacunary dyadic tiles corresponding to lattice points (k,n) in Z?
and (ep)p is an arbitrary sequence of uniformly bounded constants. More precisely, P;
i = 1,2,3 are defined by P; = Ip X wp, where Ip = [n27% (n + 1)27%"Y, wp, = [0,2"] if
i = j and wp, = [2F, 21 if § # j, while ¢p, i = 1,2,3 are L? normalized wave packets
corresponding to the Heisenberg boxes P; i = 1,2, 3. This means that the function ¢p, is a
s/n\looth L? normalized bump function adapted to the interval Ip whose Fourier transform
¢p, is supported inside the interval wp, for ¢ = 1,2, 3. We should emphasize here that the
tile P is uniquely determined by the interval Ip.

To explain this reduction in a few words, let ) := I x J be a dyadic rectangle in
the plane, having the property that diam(Q) ~ dist(Q,{0}). Let also ¢;, ¢; be two L'
normalized smooth functions such that supp(ngAI) C I and supp(q/b;) C J. If we replace

the symbol m(&;, &) by qg](&)g/b;(&) we observe that the right hand side of (2) becomes
(fi* &r)(x)(fa * ¢s)(x). On the other hand, inequality (1) implies that one can think of
m as being essentially constant on each such @ and so the integral in (2) when smoothly
restricted to this cube, becomes roughly

cQ(fr* 1) (@)(f2 * ¢1) ().

Then, one covers the plane by a collection of carefully selected such Whitney cubes and
discretize again in the z-variable. In the end, one obtains a formula in which the general
T, is written as an average of operators of the type of the model operators above. The
details can be found in [7], [8]. Now our analysis of the operators II3 will be independent
on j = 0,1,2,3 and so we can assume without loss of generality that 7 = 1 and write
from now on, for simplicity, [Tp instead of [T (the reader will observe that for j # 1, the
only difference is that the roles of the Hardy Littlewood maximal function M and the
Littlewood Paley square function S, get permuted). It is therefore enough to prove the
theorem for the bilinear operator Ilp.

3. THE PROOF

First, let us observe that it is very easy to obtain the necessary LP estimates in the
particular case when all the indices are strictly between 1 and oo. To see this, let f € LP,
g€ L hel forl<p,qr<oowithl/p+1/qg+1/r=1. Then,

R S S ol onllia.onlih or)] =

PecP
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where M is the maximal function of Hardy and Littlewood and S is the discrete square
function of Littlewood and Paley, see [9] and [7]. This means that theorem 1.1 is nontrivial
only when one index is oo, or less or equal than 1. To prove the general case we just need to
show that the bilinear operator IIp maps L' x L' — L'/% because then, by interpolation
and symmetry the theorem follows as in [7]. Let f, g € L' be such that ||f|; = ||g], = 1.
We now recall Lemma 5.4 in [1].

Lemma 3.1. Let 0 < p < oo and A > 0. Then the following statements are equivalent
up to constants

() [fllpoo S
(17) For every set E with 0 < |E| < 0o, there exists a subset E' C E with |E'| ~ |E| and

(f,xe)| S A|EIMY. Here p' is defined by 1/p' + 1/p = 1 (note that p' can be a negative
number!).

Proof To see that (i) implies (i7), set
— B\ {a: |f(@) = CAE[ 7).
If C is a sufficiently large constant, then (i) implies |E’| ~ |E| and the claim follows.

To see that (i7) implies (i), let A > 0 be arbitrary and set E := {z : Re(f(x)) > A}
Then by (i7) we have

AE| ~AE'| S AIEYY,
and (i) easily follows (replacing Re by —Re, I'm, —Im as necessary). [ ]

Using this Lemma 3.1 in the particular case p = 1/2 and the scale invariance, it is
enough to show that given £ C R |E| = 1, one can find a subset E' C E with |E'| ~ 1
such that

DT |1/2 (£, De (g, Dr)| Ry @) S 1 (5)

pPeP

where h := xp. Fix such a set £ with |E| = 1. To construct the subset E’, we first
consider

Q={reR: M(f)(z) >Clu{zeR:S5(g)(x)>CtU{zr e R: M(g)(x) > C}.
Also, define
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1
Clearly, we have Q2] < 1/2, if C' is a big enough constant which we fix from now on.
Then, we define F' := E'\ = ENQ° and observe that indeed |E’| ~ 1. After this, we

split our sum in (5) into two parts

o= > o+ }: =1+1I.

PeP IpNQe£D  IpNQe=
We also assume that the set P is finite, since our estimates do not depend on its cardinality.
First, we estimate term I. Since IpNQ° # (), it follows that |IT Ir; s‘20| < ﬁ or equivalently,
|IP m98| > 100‘[P|
We are now going to describe three decomposition procedures, one for each function
f, g, h. Later on, we will combine them, in order to handle our sum. First, define

C
:{xelR:M(f)(x)>§
and set
T, ={PecP:|I Q I
1 ={P¢€ |Ip N 1‘>100|P|}
then define
C
={reR: M(f)(z) > 5
and set
TQZ{PEP\Tli‘[pﬂQQ‘> 1OO|IP‘}

and so on. (The constant C' > 0 is the one which we fixed before). Since there are finitely
many tiles, this algorithm ends after a while, producing the sets {€2,,} and {T,} such that
P = U, T,. Independently, define

C
={zeR:S5(g)(x )>§
and set
T, ={PeP:|[pNQ|> 100|Ip|}
then define
C
= {2 € R:S(9)(1) > )
and set

T,={PeP\T,:|[pNQ| >—|Ip|},

100
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and so on, producing the sets {0} and {T)} such that P = U, T/. We would like to
have such a decomposition available for the function h also. To do this, we first need to
construct the analogue of the set €2y, for it. We will therefore pick N > 0 a big enough

integer such that for every P € P we have |Ip N Q"% | > 2|Ip| where we defined

O ={z e R: S(h)(z) > C2V).

Then, similarly to the previous algorithms, we define

y Cc2N
'y ={reR:50h)(zx) > 51 }
and set
1
TZN-{-I == {P € P . |IP HQZN+1| > m‘lp|},
then define
Cc2N
Yy, ={zeR:5(h)(z) > 2 }
and set

1

and so on, constructing the sets {Q2”} and {T/} such that P = U, T”. Then we write the
term [ as

> Y mmElenlie it en)i, )

n1,m2>0,n3>—N PE€Ty | ny,ng

where Ty, n, ny = Ty, N, NT, . Now, if P belongs to T, y, ., this means in particular
that P has not been selected at the previous ny — 1, no — 1 and n3 — 1 steps respectively,
which means that [IpNQy,, 1| < 15511pl, [Tp N, 1| < 1551Ip| and |[IpNQ. | < 155/1P]
or equivalently, [Ip N QS | > L2 |1p|, [IpNQE_ 1| > Z|Ip| and |[Ip N Q°_ | > Z|1p).
But this implies that

c /c //C 97
‘]P ﬂ in—l m Qng—l m QTL3—1‘ > m|lp| (7>
In particular, using (7), the term in (6) is smaller than
]_ c /C //C
Z Z W\Ua Dp) (g, Pr,)[[<h, PR )| [Ip N, MO NS | =

n1,n2>0,n3>—N PETn  ny,ng

1
S / 2 el e ) i ) da
(& n C m C

n1,m2>0,n3>—N n1—1 "'ng—1 Pz —1 PETy, ny,ng

s X M(F)(w)S(9)()S(h) () d

/e 1"
ni,n2>0n3>—N nl—lanQ—lﬂQnS—lmQTnl,n2,n3
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§ —n10—n2a—"n3
rS 2 2 2 |QTn1,n2,n3 Y (8>
n1,n2>0,n3>—N
where
QT g 1= U Ip.
PeTnl,nQ,n3

On the other hand we can write

200y s | < 10, | < {2 € R M(xa,, ) (2) > 551

C
S 1] = {z € R: M(f)(2) > 5o} < 2.

Similarly, we have [Q¢, . | < 2" and also [Qr, .| S 2™, for every a > 1, since
|E'| ~ 1. In particular, it follows that

|QTn1,n2,n3| 5 2“191 2n2922n3a03 (9)
for any 0 < 61,0,,05 < 1, such that 6, 4 6, + 05 = 1. Now we split the sum in (8) into

Z 2_n12_n22_n3‘QTn1,n2,n3 | + Z 2_n12_n22_n3‘QT”17”27”3 ‘

n1,n2>0,n3>0 n1,m2>0,0>n3>—N (10)

To estimate the first term in (10) we use the inequality (9) in the particular case 6, =
6, =1/2, 63 = 0, while to estimate the second term we use (9) for 6;, j = 1,2, 3 such that
6, < 1,0, <1and af3 —1 > 0. With these choices, the geometric sums in (10) are finite.
This ends the discussion on I.

Now term 77 is much simpler, being just an error term. We split

P::UPd

d>0
where

diSt([p, QC)

P, ={PcP:
=1 7]

~ 2%
and easily observe that

Y, g~ (11)

PGPd;IpQQ

Then, term I is smaller than

<f>‘I’P> <97‘I’P> h‘pP dodo—Kd
> 5 et SO < S s

d>0 PEP 4 IpCQ d>0 PEP 4;1pCQ

for any big number K > 0, and this ends the proof.
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