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Abstract

We prove two conjectures on the automorphism group of a oneddhensional formal
group law de ned over a eld of positive characteristic. The rst is that if a series
commutes with a nontorsion automorphism of the formal group law, then that
series is already an automorphism. The second is that the gup of automorphisms
is its own normalizer in the group of all invertible series oer the ground eld. A
consequence of these results is that a formal group law in pitive characteristic is
determined by any one of its nontorsion automorphisms.

Introduction

In this paper we deal with formal group laws over a eld of chaacteristic
p > 0, in other words with coordinatized one-dimensional fornh@roups. The
theory of one-dimensional formal groups in positive chartgistic is rather
di erent in avor from that in characteristic zero. In parti cular the fact that a
formal group in characteristic zero is determined by one dfsiendomorphisms
is so immediate that it hardly deserves notice. Froni 2 End(G), if G is a
formal group with coe cients lying in any Q-algebra, one can derive by a
simple degree-by-degree computation the logarithm I|ggG ! A , where A
is the additive group lawx + y, and from this the coe cients of G(x;y) drop
out, again degree by degree.

In characteristic p, however, the picture is entirely di erent: for instance, or
xP to be an endomorphism, it is only necessary thaB(x;y) 2 Fp[[x;y]]. So
if there is any hope of characterizing a formal group law by @nor more of
its endomorphisms, these should be automorphisms. Furthex series such as
x 2 K[[x]] will be an automorphism ofG(x;y) if and only if the only nonzero
coe cients of G occur in degrees congruent to 1 modulm 1, for m the mul-
tiplicative period of . So we mostly worry about nontorsion automorphisms
of G.

The rst result along these lines was Theorem 7 of [9], and it&tes that if u
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is a nontorsion element of the centeZ , of the absolute automorphism group
of a formal group lawG and (x) is a series commuting withu, then is
an endomorphism ofG. A more recent one is due to Li, who generalized the
methods of [9] in [6] to the case whereY0) generatesF .

The current paper's rst main result is the strongest possile theorem of this
type: in the group k[[x]] of all invertible series overk, the centralizer of a
nontorsion automorphism ofG is contained in Aut(G). This is certainly of
interest in itself, but is also an important ingredient in the proof of the other
main result. This theorem says that Aut@G) is its own normalizer ink[[x]] .

And in turn, this theorem shows that, as a subgroup ok[[x]] , a given au-
tomorphism group comes from only one formal group law; thisao then be
used to see that a single nontorsion automorphism determsmeompletely the
formal group law that it belongs to. One must hasten to add thiathere seems
to be no calculation of any e ective nature that would allow omputation of
any of the coe cients of this mysterious group law.

1 Notations, conventions, background

Our formal group lawsG will all be of dimension one, de ned over a eldk
of characteristicp > 0, and of nite height greater than 1. Since our interest
throughout this paper is in coordinatized objects, we willdel free to omit the
word \law" and speak somewhat inaccurately of \formal group". Indeed, the
signi cance of the word \extrinsic" in our title is that we ar e dealing with the
group of automorphisms ofG as series and how these groups may sit inside
the larger group of all invertible power series ovek.

The one-dimensionality of our formal groups implies that tey are commu-
tative, so that the set of endomorphisms of5, written End(G), is a ring,
the addition being G-addition of series, and multiplication being composition
The natural map Z ! Endy(G) is denotedn 7! [n]g; and this map extends
canonically to Z,, so that the endomorphism ring has a natural structure of
Zy-algebra. Over any algebraically closed eld containingk, it has been
known since Dieudonre [1] that the endomorphism ring is isnorphic to the
maximal order in a central division algebra oveQ, of rank h? and invariant
1=h, whereh is the height of G. When dealing with such a formal groups, we
will further assume ofk that this eld is so large that End(G) = End (G).
Such a eld k must necessarily containF,,, but this condition may not be
su cient to catch all the endomorphisms of G.

One may useG(x;y) to add not only endomorphisms, but arbitrary series
in xK[[x]]: if * and are two such, then theirG-sum is ( +g )(X) =



G(" (x); (x)). Using the additive Z-valued valuation v, on the ambient ring
K[[x]] and the shape ofG(x;y) as x + y+ (higher terms), we see that if
Ve () >vy('), then v (" +c )= w('); for similar reasons, ifvy (" ) = v ( ),

then v, (' )= Ww(" & ). Note that the corresponding statement about
the two kinds of addition does not hold.

We will need to make reference to the closeness of a setigs) to the identity
seriesx, and in our context it is most appropriate to use the nonstanard
measure of proximityw(u) = v (u(x) X). This instead ofv, “*) 1, which

X
is usually more natural.

As we have said above, the ring df-endomorphisms ofs is denoted Eng(G);
the group of its invertible elements is denoted Ayi(G). Because of our assump-
tion that k is su ciently large, we will drop the subscript. Much of the time, we
will be wanting to consider the ring and its units as abstractopological ring
and group, so we denote thenk and A, respectively; thenA = E . We will
also be dealing with the (noncommutative) fraction eld ofE, D = E 2 Q,.
We will have occasion later to use the fact that there are algeaic extensions
K of QpsuchthatD o K = My(K), the ring of h-by-h matrices overK.

If f (x) 2 K[[x]], we will denote itsn-fold iterate f ", but whenf isin End(G)
and is considered as element &, then this iterate will be denoted simplyf ".

We refer the reader in search of a readable introduction to rimal groups to
the classic text [2].

2 Information from a single automorphism

How much can you tell about a formal groupG in characteristic p > 0 by
looking at one of its automorphismau(x)? In the case of nontorsion automor-
phisms, there is one piece of information that comes fairlyasily and cheaply:
by looking at how fast certain iterates ofu approach the identity, we can de-
termine the height of G. Let us explain this by going into the arithmetic ofE
a little more deeply.

The division ring D has on it an additive valuation extending the canonical
Z-valued v, for which vy(p) = 1. Namely, for z 2 D, V(z) is de ned to be
Vp(redn(z))=h, where redn:D ! Q, is the reduced norm. Recall that this
multiplicative homomorphism is actually de ned for any cetral simple nite-
dimensionalK algebraA, and has the property that if dimk A = h? andF is a
commutative eld with K F A and of degreéh over K, then the reduced
norm agrees orF with the ordinary F-overK norm of Galois theory. This is
not a de nition of the reduced norm, but it is a su cient description for our



purposes. In casé is the ring of matrices overK, the reduced norm is the
determinant. One shows easily thaV : D ! %Z[flg is an additive valuation
in the usual senseV (zz% = V(2)+ V(29 and V(z+ 29 min(V(2);V(Z9).

Although it represents a break in the presentation, it is mdsconvenient to

insert here a mention of the commutator of two elementa and b of E, even
of D. We dene [a;d to be ab ba Then as may be easily veried, the
commutator is Z,-bilinear, V([a;d) V(a)+ V(b), and if V(a) and V (b) both

are positive, thenV([1+ a;1+ b]) V(a)+ V(b). A little less obvious is the
following:

Proposition 1 If a;b2 D, thenV([a"*t;h) V([a;d)+ nV (a). Moreover,

if V(a) > ﬁ ,thenV [(1+a)P 0 =1+ V(a;)=1+ V(1+ a;0).

The rst statement follows from the fact that

[an+1;b] — X ai[a; uan i .
i=0

The second follows from the fact that in the expansion of [(1 &)P; b coming
from the binomial expansion, the rst term is zero, while theV-value of the
second term is de nitely less than that of any of the others.

The hypothesis that h is the height of G is exactly that v, ([p]c) = p".
Since v (' ) = V(" )v( ), we conclude that forz 2 End(G), V(z) =
= log,(vy(2)). So we have:

Proposition 2  Let u be an automorphism ofG, and call the identity auto-
morphismi(x) = x. Then

w(u) = v(u gi)=p™ve b,

where in the rightmost member of the displayu is thought of as an element
of E.

Any element of E sits in a commutative sub eld, of residue eld extension
degree dividingh, so that a unit uP” L will always be congruent to 1 modulo
the maximal ideal of E. But once a quantity is this close to the identity, we
understand fully how rapidly its successive-th powers approach 1, just from
the expansion of (1 +")F:

Observation 3  If F is an algebraic extension oQ, and z 2 F such that



Vp(z 1) > O, then:

Vp(z° 1), pAp 1) if v(z
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By combining 2 and 3, we conclude:

Theorem 4 Let u be an automorphism of the heighta formal group G, with
u(x) x (mod x?). Then w(u P) depends orw(u) in the following way:

8

3= w(u)P if w(u) <ph= D
w(u P) pPr=P D if w(u)= p=C

“ = p'w(u) if w(u) > p"P D

The doubt inherent in the second rule is unavoidable: the oplway to get

around it would be to add to the hypotheses an additional stament about
the proximity of u to a p-th root of unity. In any event, the directly observable
guantity w(u) and the perfectly computable corresponding quantities fahe

p-power iterates ofu exhibit the height of G, sincep" is the stable value of
w(u """ )=w(u P")asm!1

De nition 5 When an automorphismu of G satis es the condition that
w(u) > ph=( 1 we say thatu is in the stable range

3 Series that commute with an automorphism

The result of this section answers almost completely the gst®n of how a
generalk-series can commute with &-automorphism. The only question re-
maining open is whether a nonendomorphic series can commuii¢h a p-power
torsion automorphism, and we do not have even partial resdltthere.

Theorem 6 Let G be a formal group of nite height, de ned over a eld k
of characteristicp > 0, with a nontorsion automorphismu. If (x) 2 K[[x]]
with u = u, then 2 End(G).

This theorem is new and of interest only in the case that > 1, since in the
height-one case, all endomorphisms are if,, and Theorem 7 of [9] shows
that a series commuting with a nontorsion element oZ,  Aut(G) is an
endomorphism. The proof requires a few new concepts and leasnwhich we
now present. The rst remark to make is that since any two forral groups of



the same height are isomorphic over any algebraically claseeld containing
k, it su ces to prove 6 for a single formal groupG of each height. The most
important standardization that we choose is of the kind membned in Section
3.3.2 of [9], where the formal grougs 2 Fy[[x;y]] satis es

h o1,

G(y)= Xx+y+ Gy x* 1y " and [ple(x)= x* +

but for our purposes, all we will be using of the rst conditiom is the fact
that the two partial derivatives of G are constant 1. To construct a heighta
formal group %altisfying both conditions, one may start with say, thep-typical
logarithm x+ . op mxP™ to get a formal group law in characteristic zero,
reduce it to get a group lawF with [plr (x) = xP", and then apply Lemma 23
of [9] to get anFp-isomorphic formal groupG of the form x + y + Go(xP; yP),
for which the p-endomorphism will still bexP". For details of the construction
of a formal group from a logarithm in characteristic zero, ffier to [3]. Our
formal group has one other property that we will be needing,ra that is
that for every 2 F,, and everyr, there is an endomorphism whose lowest
monomial is x P'. This is a general fact about formal groups de ned oveF,,
not dependent on our construction of5. From the fact that [plg(x) = x?", it
follows that all endomorphisms ofG are de ned overF..

A consequence of this standardization d& is that if an automorphism u has
uq0) = 1, then uYx) = 1, constant. For, u ¢ i is an endomorphism without
rst-degree term, so that it is a power series of the form (xP), and hence
u= G(x; (xP)), whose derivative is 1.

For uniformity, we will denote series not known to be endomghisms by Greek
letters, endomorphisms by Latin. In particular, we will cal the Frobenius
f(x) = xP, an endomorphism because of our assumption thét is de ned over
the prime eld. For any 2 K[[x]], we havef ' = ®) {7 where the
exponent on is the method we use to denote that each coe cient of has
been raised to thep"-power.

De nition 7 For series' and in xK[[x]], the G-commutator of the two,
[l; ]’ |S 1 G 1 )
Since the two compositions have the same initial degree, d@fiows that v, (['; ]) =

Vi (" ")

Lemma 8 Letuand be commutingk-series, withu a nontorsion element
of Aut(G). Then 90) 2 Fpn.

This proposition appears in [9], but we repeat it here for copteteness' sake.
Starting with a general nontorsionu, we replaceu by a suitable iterate that
is in the stable range, i.ew(u) > p"=P ) so that u falls into the last case of



Theorem 4. Throughout the rest of the proof of Theorem 6, we Wiassume
that u has this property.

Now, for u(x) x+ x P (modxP*), wherer >h=(p 1) and 6 0, we
also haveu P(x) x+ %P ""(mod xP""*1). Write (x) X (mod x2), and
perform the two compositions ou and to get the congruences

uex) )+ x P
uC ) )+ (x)7;

both modulo (x**1), which gives us the equality = ", sothat 2 F.
The same argument applied ta P and  shows that 2 F+n, and these two
facts imply that 2 Fp.

The G-commutator does not behave as well as one might like: in patilar, it
is not bilinear, nor even biadditive, although one checks sy that if g is an
endomorphism, §; ]is Z,-linear in . As a result, underG-addition, the set
of all series such that [g; ] 2 End(G) is a left-Z,-module containing both
End(G) and all series commuting withg.

Since End@) is topologically closed inxk[[x]], for any (x) 2 xK[[x]] there is
is an endomorphismg whose distance from is least|if 2 End(G), there
will be many. So, assuming that is not an endomorphism, we will choosg
and suchthat = g+g andvg( )is maximum. From Lemma 8 it follows
that vi( ) > 1, since we mayG-subtract from any endomorphism with the
same rst-degree monomial.

Indeed, to prove Theorem 6 our aim will be to show that the lovet monomial

in is of the form x P with 2 Fy, for if so, we would be able to subtract
an endomorphism with the same leading monomial from to get a higher

vy -value.

First we show that the initial degree of is a power ofp. To do this, we
rstwrite  (x) = ( xP), with  qx) 6 0. Now consider theG-endomorphism
z =[u; ], for which we have:

Z=U G u

=u fr G f' u
=u fros uP) fr
= u G u(pr) fr’

which at the very least shows thatz = z, f ', for an endomorphismz, =
u G u®). Recalling that u(x) = x + (xP) and that G(x;y)



X+ y+ Go(xP;yP), we take the equality
zp+te uP)=u (A)

and conclude, up tgp-th powers, thatzy+ = . That s, Zo involves onlyp-th
powers, and so its derivative is zero. Di erentiating equabn (A) and taking
account of the shape ofi and G, we see that ° u®) = © But sinceu®) is
a nontorsion invertible series, ° must be constant, nonzero by construction,
so that the initial degree of is indeedp’, and as we have observed,> 0.

It will take a bit more work than above to show that the coe cient of x”

in isinFyp. Letu=x+ xP +  and, as above, = x P + . From
the de nition of as tting into the equation = g+s and the hypothesis
that [u; ] = 0, we conclude that p; ] =[g;u], which is the commutator of
two endomorphisms in just the sense that we mentioned in Semt 2. Now
let us look at the rst terms of [;u], modulo degree 1 +p'*™: (u(x))

(x+ x P")P" = ( xP)+  P'xP"" while in the other direction, u( (x))

(x)+ P"xP"" so that the initial degree of [[u] is at leastp™ ™, and the
coe cient in that degree is P P" . From Proposition 1, we know that
the initial degree of [ P;g] =[ ;u P]is p" times the initial degree of {i; g] and
thus at leastp’™*™* ", Let us write u = i +g a, where, in accordance with the
notation we have establisheda is an endomorphism whose rst nonzero term
is x P". Using the binomial expansion and our assumption on the claisess
of u to the identity, we get the congruenceu P i+ga [ple (mod x** ID””h);
thus [;u Pl=[uP? g [i+ca [ple;dl=[a;d [ple =[i+cad [plc =
[;u] [ple, where the congruence is modulo degree 1p¥ ™*". This shows
that the coe cient of x*"™ " in[;u P]is also equal to ¥ P" On the
other hand using the fact thatu P(x) x + x P""" (mod x*P"""), which
again uses our special normalization db, the same computation as before
shows that the coe cient of x* """ in[;u Plis ¥ """ The upshot
is the equation

P’ prth — pf pm .

and as we have seen, this shows that 2 F., and so nishes the proof of
Theorem 6.

4 Series that normalize the automorphism group

In this section we will be working with a series (x) 2 k[[x]] such that for
every u 2 Aut(G), we have u 12 Aut(G). It may be of interest
to note that conjugation by such a series leaves En@j invariant as well.
Indeed, the center of AutG) will be invariant, so we let g 2 End(G) and
u=[a]e fora2 Z;, making u a nontorsion central automorphism ofG. Then



u 1 =[a%¢, a nontorsion central automorphism which commutes with
g L Since this last commutes with a nontorsion element a, Aut(G),
it is a G-endomorphism. Our aim in this Section is to prove:

Theorem 9 Let G be a formal group of nite height de ned over a eld k
of characteristicp > 0, k being large enough for all endomorphisms @ to
be de ned overk. Then Auty(G) is its own normalizer ink[[x]] .

An equivalent statement is:

Equivalent Formulation 9.1 Under the same hypotheses as Theorem 9,
if F is a formal group overk with Auty(F) = Aut ((G), then the two series
G(x;y) and F (x;y) are the same.

Every in the normalizer of Aut,(G) corresponds to a formal groupG =

(G(  x; 1ly)) such that Auty(G) = Aut (G ). Conversely, supposé is
another formal group overk such that Auty(G) = Aut «(F). Theorem 4 insures
G and F have the same height, and so they are isomorphic over the dbgaic
closure ofk; any such isomorphism would normalize Ay(G).

If the height of the formal group G is 1, then Theorem 9.1 can be painlessly
proven via [5] as follows. In the notation of pages 59|60 of [h
° [(2+ p)*"] L8
%(p 1)vy % 1 §_Zp lifp>2
2 2ifp=2

pn +1

Let A = f[1+ p)?lec: z 2 Zp0. By Treoeme 5.9 of [5], we know that the

separable normalizer ofA is an extension of a nite group of order dividing
e([1 + plc), by the group A. But Aut( G) is such a group, obviously contained
in this separable normalizer. We will therefore concern oselves only with the

caseh > 1.

For most of the rest of this Section, we will be considering ¢hring End(G)

abstractly, and so will denote it, its group of units, and itsfraction eld by the

letters E, A, and D, as in Section 1. The operation of conjugation by the
series that normalizes A in the ambient groupk[[x]] induces an isometric
isomorphism of the groupA, and consequently the corresponding action

on the Lie algebra ofA, namely onD with the Lie bracket zw wz, is a
Qp-Lie-algebra automorphism.

More than that: the kernel of the reduced norm inD is contained inA, and
thus is a subgroup ofA, which we callA,. We call A°the commutator sub-
group of A, so that we haveA A, A9 and these two algebraic subroups
of A, being both of dimensionh? 1, have the same Lie algebra, namely the



kernel of the trace fromD to Q,, which we will denoteD,. The operation

leavesA  invariant, so induces an automorphism o of the Q,-Lie algebra
Do. Upon extension of the base fron®, to an algebraically closed eld , Dg
becomes isomorphic tsly() and D becomes isomorphic to M ). Now we
know (for instance from Theorem 5, p. 283 of [4]) that any autaorphism of
the -Lie algebra sly() is of the form z 7! AzA ! for someA 2 GL() or
(in caseh > 2) of the formz 7! Az'A !, wherez' denotes the transpose of
z considered as a matrix. The identity component of the autonrphism group
is thus of index two in the full group of automorphisms, and irparticular, the
square of any automorphism ol () is in this identity component.

Now for an elementy of D, the speci cation that for everyz 2 Dy, o(2)y = yz
amounts to a set ofQ,-linear conditions ony. If these linear conditions have
a nonzero solution after extension of the base to , they al@dy do so over
Qp. We therefore are ready to show:

Proposition 10 Let G be a formal group of nite heighth > 1 over a eld
k such that all endomorphisms ofs are de ned overk. If (x) 2 K[[x]] and
normalizesAut( G), then in caseh =2, 2 Aut(G); otherwise, 22 Aut(G).

Let' be or 2 according ash is equal to or greater than 2, and represent
by the letter the action of conjugation by' on A, so that by the remarks
preceding the statement, there is a nonzernp2 D for which (z) = yzy ! for
all z 2 Dy, the kernel of the trace fromD to Q,. Sincep commutes with all
elements ofD, we may takey 2 E.

Now consider the mappingz 7! y ! (z)y, which is identity on the Lie algebra
Dy so that the automorphism of A given by a 7! y ! (a)y is identity in a
neighborhood of 1 inA . Retranslating this fact to a statement about series,
we see that there is &G-endomorphismg such that for any automorphismu
with trivial reduced norm and for which u is su ciently close to the identity
series, u ' ! g=g u.Thatis,' ! gcommutes with the nontorsion
automorphism u. But Theorem 6 now applies, showing that ' g is an
endomorphism ofG. Using the fact that g is a nonzero endomorphism, we see
that ' ! is an endomorphism, and an automorphism because invertible

The only task remaining is to show that ifh > 2, then not only 2 but
the series of Proposition 10 is actually an automorphism. We should say
here that according to a communication from G. Prasad [8], vith appeals
to Proposition 3, P. 226 of his paper [7], any automorphism &, is a Lie-
group automorphism, and so is inner. Appeal to Theorem 6 in eghway we
have already done would prove our desired result directlynlorder to make
our presentation as self-contained as possible, howeveg will continue in the
vein already established.

10



Lemma 11 Let be in the normalizer ink[[x]] of Aut(G), whereG is a
formal group of nite height h > 1 de ned overk. Then 90) 2 F.

In case is already an automorphism, the conclusion is true; so the lyncase
of concern is the one where ? is an automorphism but is not. We will refer

to such series agxceptional Conjugation by  will leave stable the subgroup
1+ pZ,, of the centerZ,, of Aut(G). But the automorphism group of 1+pZ; is

Z,, so that the only involutory automorphism of 1+pZ, isu 7! u 1. Thus we

have u 1= u ®for everyu in the subgroup of Aut(G) corresponding to
1+ pZ,. Suppose now thatu is in the stable range (automatic ifp > 2), and

that u(x) x+ xP™ (mod x*P™) for somem and some nonzero . Then

ul(x) x xP" (modx™P™)andifwecal = 90)we have,in away
that is by now very familiar:

(u) )+ x P

utC () ) (x)P

both congruences modulo><(l+|omh ). So = ™ and by using the same

argument with u P instead ofu, we get = pmen again implying that
2 Fpn.

From the proof of Lemma 11, specically = ™ we see that ifp > 2

then in fact = 0. This proves Theorem 9 for odd primes.

The case of characteristic two is rather more di cult to hande by these meth-
ods.

5 Nonexistence of exceptional series in characteristic two

An exceptional series is a (x) 2 k[[x]] that normalizes Aut(G) but is not
itself an automorphism. We know that in the normalizer, the goup Aut(G) is
a subgroup of index at most two, and that if is exceptional, then 40) 2 Fp».
Consider an exceptional series: it commutes with the automorphism 2 yet
is itself not an automorphism, a contradiction to Theorem 6 nless 2 is
torsion. Thus itself must be a torsion series.

We now specialize to the case thgi = 2. If  is exceptional and of period 2m
with m odd, then by replacing by ™, we will get an exceptional series of
2-power period, and with rst degree coe cient equal to 1. Wewill call such
a series Zexceptional Let us note rst what the period of such a series can
be.

11



Lemma 12 The period of a2-exceptional series is greater than.

Let us show rst that an exceptional series can not be an involution. If it
were, then conjugation by would induce a nontrivial involution on the
Lie algebra Dy; if this has so much as a single eigenvalue equal to 1, we
can get elements oA close to the identity and commuting with , so that
by Theorem 6, would be an automorphism, contrary to our assumption of
exceptionality. So all eigenvalues would be 1, which means that the involution

is the negative of the identity. But this is not a Lie-algebrahomomorphism,
sinceD( is not commutative.

The proof that can not be of period 4 is similar, since ? would be an
involutory automorphism of G. But there is only one such, namely [1],
which induces identity on the Lie algebraD . This means again that is an
involutory automorphism of Dg; again its only possible eigenvalues arel,
and the rest of the argument is the same.

Lemma 13 If (x) is a2-exceptional series for the formal grouf of height
h, thenhis even, and (x) x+ x' (modx'*'), with 60 andr< 22,

Since is torsion of period at least 8, some even iterate of is an automor-
phism g of G of period four. Such an automorphism generates a commutagiv
eld extension of Q, of degree 2, so that jh. But we know that v,(g 1) =1=2,
so that w(g) = 2", in the notation of Section 2. Since a 2-power iterate of
is equal tog, we must havew( ) <w(Q).

Lemma 14 Let be a2-exceptional series for the formal grou of height
h> 1. Then (x)= x+¢g ( x*") for a series with qx)= 90)60, and
m 6 0.

We assume at the outset, as we may, thd® is parametrized so thatG(x;y) =
X+ y+ Go(x2' 1y2" 1), with Go(x;y) 2 Fo[[x;y]]. Now write = i and

(x) = ( x*")with  qx) 6 0 and m > 0. From the preceding Lemma, we
know that m < h=2. Let u be a nontrivial G-automorphism in 1 + 4Z,, and
setvo(u 1)=r.Callingz=u u ! we then havev,(z) = r + 1. Now use
the equation u=u ! | substituting =i+¢ .So we have:

1 2m

ux)+c  u(X)* =u *(x)+cu

oh(r+1) ) om om

box s ux®

z(x) = 9(x =u
using the fact that u 2 F,[[x]]. Sincem < h(r + 1), we may write g(x?) =
utl c  Uwith t some positive number. In particular, the left-hand side
of this equation has derivative zero, while the right has damtive ° ° u,

because the special parametrization @& guarantees thatuqx) = 1. It follows

12



that Cis a constant, nonzero by construction.

From this Lemma, we see that the rst term in (x) after the linear one will
be of 2-power degree. What remains is to show that the coe ant of this next
monomial is inFon.

Lemma 15 Let (x) x+cx?" (mod x'*2™), a 2-exceptional series for the
formal group G of height h > 1. Then c 2 Fn.

The preceding Lemmas have shown that a 2-exceptional sertleges necessarily
have the speci ed form, and thatm < h=2. We now take any nontrivialu in
1+4Z, Aut(G), andwrite vo(u 1)=r 2, so that the rst terms of u(x)
arex + x2" . This u is in the stable range. From the equation u= u !
weget u=u(? u :in other words, using the congruence >  x
(mod x2"™ "), we can conclude that and u commute modulo degree®@h,

Using the notation of the preceding Lemma, where = i+ and (x) =

( x?"), we conclude thatu and commute modulo degree 2" while u
and commute modulo degree 2'*Y)" M Now we have the two congruences
u(( x)) (x)+ & x2" and (ux) ( x)+ %0)x¥", both modulo
degree "D M Since 0) = cand m < h=2, we derive the relationc = ¢" .
By using the same argument withu 2 instead ofu, we getc= ¢"™", which
tells us that c 2 F,. This concludes the proof of the Lemma.

It now requires only a few words to complete the proof of Theem 9 in case
the characteristic is 2. If there were any exceptional sedethere would be
one that was closest to the identity, necessarily 2-exceptial, of the form

(x) = x+ cx®" + . But there is also an automorphismU that has the
same rst two monomials, andU ‘! would be an exceptional series closer
to the identity than , which gives the necessary contradiction.
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