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e Text: Automorphic forms and L-functions for the group G L(n,R)
Topics:

1. Selberg class= S, L-functions

Lis)= ) ‘L?if), a(n) € C
n=1

Selberg’s axioms:

(1) analytic continuation: 3¢ > 0 such that (s — 1)*L(s) is an entire function of s € C

(2) Euler product:
(m)

mS

log L(s) =

i Ds
[yl

1
where b(m) = 0 unless b(m) = 0 unless m = p* and |b(m)| « ms

(3) functional equation:
A(s) = A [ [T (Ajs + py) L(s) = A(1—5)
j=1
for A > 1, R(A;) >0, R(pj) =0
(4) Ramanujan conjecture: 3¢ > 0 such that a(n) « n°.

Notation: f(z) « g(z) <= 3IC > Osuch that f(x) < Cyg(z) for all z.

Conjecture (Selberg): L(s) € S =RH.ie., L(p) =0and 0 < R(p) < 1= R(p) = }

2. d = Degree of L(s) defined

(example) ¢(s) = T2,

then degree = 1.
Conjecture: Degree = integer

3. Selberg Trace Formula (break the group into the conjugacy classes) : Kutznetsov Trace
Formula (uses double cosets) which is the special case of Jacquet’s relative trace formula

Operator in a Hilbert space: A; € R, eigenvalues, for j = 1,2,..., then

a0
Trace = Z h(\;)

J=1

where h : R — C.

Compare:
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e Selberg Trace formula: uses conjugacy classes
— Fundamental lemma (deep connection with algebraic geometry)

e Kuznetsov Trace formula: uses double cosets
— Kloosterman sum (deep connection with algebraic geometry)

4. Selberg Zeta function: R.H. holds

Gamma function: I'(s+1) = s-I'(s) and I'(1) = 1 + some analytic conditions = uniquely

determined. o i
I'(s) = J e Uyt
0 u

Selberg zeta function has “double Gamma function"

To(s + 1) = D(s)Da(s), Ta(1) = 1

no Euler product but has similar functional equations.
(Selberg zeta function exists in higher rank? open problem)

5. Bombieri’s Theorem (for R.H.) : Bombieri proved that the R.H. holds on average for L-
functions on GL(1)

Lecture 2: 2010-9-14
1 Selberg Class

1.1 Selberg class S of L-functions
Axiom 1: L € S then

Lis)= Y] “SZ), a(n) € C
n=1

and this series converges absolutely in R(s) > o for some o € R.
Axiom 2: 3m € Z, m = 0 such that
(s —=1)™L(s)
is an entire function of finite order. (Here, this order is the Hadamard order.)

Axiom 3: (Functional equation) 34 > 0, A\; € R, pj € Cwith A\; > 0, R(x;) > 0 for
j =1,...,k such that

k
An(s) == A T T(N(s) + ) L(s) = - AL —5), |l = 1.
j=1

Remark. Axiom 3 = L(s) has order = 1, i.e., |L(s)| « /""",

Axiom 4: (Euler product)
oo
log(L(s)) = > b(n)n"*
n=1

where b(n) = 0if n # p' for some prime p, I > 0 and |b(n)| « n’ for § < 3.
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Axiom 5: (Ramanujan bound)
la(n)| « nf

forany € > 0 asn — 0.

Remark. (Hardmard order)
1£(s)] < el*I™ We>0

as |s| — oo we say it has order r. (This r is the smallest one.)

Conjecture. (Selberg)

LeS = L satisfies the RH
i.e., all non-trivial zero of L(s) lie on the line R(s) = .
Trivial zeros of L(s): I'(s) has poles at s = 0, —1, =2, ...

k

= H L'(Ajs + pj)
j=1

has poles when Ajs + p1; = —m, form =0,1,2, ...,

—m — 4

= L(s) =0whens =
Aj

Why Selberg chose these axioms

For Axiom 1: for0 < r, € R,

iaW)

n=1 T%
For Axiom 2: If we allow L(s) to have to have poles at more than one poles we will construct
a counter example to RH.

(example) For 0 < \ < 1 et

L(s) = ¢(s + A)¢(s = A)

then this function has two poles at s = A + 1, —\ + 1 and satisfies all the other axioms. For
Rieman Zeta function ((s), we have

and satisfies the functional equation

wSyF(S;A)C@+A)=W1SAF<1_Z_A)Q1—S—M

also satisfies other axioms. (we can easily check)

For Axiom 3: Assume that f is a Maass form, which is the counter example for Ramanujan
conjecture. (there should be no such form) Then for L(s, f), R(p) < 0.

For Axiom 4: If 6 > %, then there exists L € & which does not satisfy RH.
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(example)
L(s) = (1=27°)(1 = 2'7)¢(s)
2°L(S) = (2° — 1)(1 — 2'7%)((s), and it is invariant under s — 1 — s

= 257 5T (;) L(s) = Ar(s) = Ar(1—s)

log L(s) = log(1 — 27 s) + log(1 — 2!7%) +22 Ing ZM

nS

since log(1 — z) = —ZZO=1 %’

o(1—s)k 1

log(1 —27°%) +log(1 —2'7%) +log(1 —2~¢ Zkas_ZT—i_Z%
k=1

= 0=1

1.2 Degree: 0 <d<1

k
=2) )
j=1

Conjecture. The degree must be a non-negative integer.
What are known for this conjecture?

Theorem 1.1. (Conrey-Ghosh)(in this paper, we can find the example above - for Axiom 4)
There is no L € S with degree d and 0 < d < 1.

Theorem 1.2. (Kaczorowski-Perelli) The L-function, L € S with degree d = 1 if and only if
L = L-function of an automorphic function for GL(1), i.e., Hecke L-function.

Theorem 1.3. (K-P, to appear in the Annals) There are no L € S with degree 1 < d < 2.

Conjecture.
d=2(ord=mn) < LonGL(2) (or GL(n))

Is the degree well defined?
Proposition 1.4. The degree is well-defined.

Proof. (Stirling)
IT(s)| = v2n |t|°'_% e (1 + 0 <|tl|>>

for s = o +it, o-fixed and |t| — 0.

Let i
GL(S) = A° H I‘()\js + ,Uj).

j=1
Assume we have two different such G} (s) and G2 (s). Then function equation
L Gily) _G1-5 _ Gil—s)
Gi(s) GZ(1-3 Gi(l—s)

Assume that degree of G% is bigger. Then Stirling formula implies that

Gl
‘ L(5) (s) >1
ti—o0 | G (5)
Then S5 is bounded. But by FE, GLE) i bounded for R(s) < —1. Itis a contradiction. []

GL(s) G (s)
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Remark (degree= 0). degree d = 0 <= k = 0, so we have an empty product of Gamma
functions.

Theorem 1.5. (Conrey-Ghosh)
d=0 < L = constant

Theorem 1.6. (Conrey-Ghosh) Assume AL (s) and A2 (s) are possible A* T[T (\js + p;) for
L€ S8. Then AL(s) = c- A3 (s).

Lecture 3: 2010-9-16

Prove the theorem by Corey and Ghosh.

Theorem 1.7. (Conrey-Ghosh, 1993) The only element in S of degree 0 is the constant func-
tion.

Proof. The proof uses axioms 1, 2, 3, 4 not 5. Without Axiom 4, it is possible to construct
elements in the Selberg class of degree 0 which violate RH.

Lemma 1.8. Assume L(s) = Y, % € Swithd = 0. Then for any B » 1, a(n) <« n= 5 for
alln =1,2,3,...

Proof. d = 0 = no Gamma in the FE.
= A°L(s) = A'™L(1 —53)

For z > 0 define a function

H(z) = Z a(n)e= e

S
—_

By using the Mellin transform,

0 T
and using the inverse transform
1 2+1400
e’ =— [(s)x* ds
21 Jo oo
1 241400
= H(x) = — L(s)T'(s)(2mxz)"° ds
270 Jo—joo
_ Py1(log ) S (=)™ m
=+ mZZO i L(=m)(2mz)

where (s — 1)M L(s) is entire. By using FE,
L(—m) = AY™2™L(1 + m).

So H (z) is well defined for all x € C but it may have a log-singularity at x = 1.

d\" ! :
lim [(@) J H(z +iy)e ™™ dh | = lim (a(n)efzmx(—%m)B)
0

z—0

Then
a(n) [27n|? = O(1), V integer B.
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Lemmal 1.8]implies L(s) = finite dirichlet series. Let’s look at the functional equation.

AI—QS

> S e
_ AZ aln

) (%)S = A’€Z, andn | A

3 o

1
= a(pQ):p = 925
and it is a contradiction to Axiom 4. ]
Remark. (Mellin Transform) For a function

fR->C

i [ s

when this integral is convergent for some R(s) > o and s € C. We have the inverse Mellin
transform

define the Mellin transform

1 o+100

flx) = o— f(s)z™ ds.

2mi o—100

Theorem 1.9. (Conrey-Ghosh, Richert 1956) There are no elements of degree 0 < d < 1 in
S.

Proof. We only use Axioms 1, 2 and 3.

Lemma 1.10. Let L(s) = > an) ¢ 5 then for any B » 1 we must have |a(n)| < nLB

n=1 ns

Proof.
2-+100

xzooane*%m:i, L(s)I'(s)(2mz) * ds
)= Yatn) o |, LG e

T J2—ico

H(x) = Pralloge) | i (_1)mL(m)(2mL’)m

|
X m—0 m:

AT [T (Njs + ) L(s) = A~ SHF (1 —5) + pj)L(1 —3)

J=1

L(—m A1+2mH )\ m+L;Mj)M

(little different when m = 0)
Stirlings

1
I'(z) = x’”*%e*x(l + O(=)) forx — w0, z = xo + ia, T9 — 0, a fixed
x
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 sin(—mz)(1 + )

Claim:
-

[

1

= H(x) = P(l(;g 7 4 > (_ni?m 11 F(;\g(_n;j;ll :jl;j)L(ler)(wa)m

LA (m +1) + py)
L(=Ajm + py)

(d-1)

«m!-mm

m=0

For 0 < d < 1, the sum converges, since

0
< Z m™ 4= (2 z)™.

m=0

(When d = 1, this argument doesn’t work) Once we know that the series

_ Py1(log ) & (—=1)™ m
H(zx) = I —— mZ::O " L(—m)(2mx)
converges absolutely for all complex = # 1 the same argument as before. Shows

la(n)| « n™B

since

lim (d>B JH(:E +iy)e M dy = O(1)

z—0 \ dx

O]

Now, we want to prove L € § with 0 < d < 1 can’t exist. It is easy to get a contradiction
because a(n) « niB implies |L(s + it)| = O(1) for R(s) > —B forany B » 1.

On the other hand,
L(—2 +it) will blow up as t — o

by FE and Stirlings (cirtical use that 0 < d < 1).
(L(—2 + it) = [ | Gammas - L(3 — it) and L(3 — it) bounded.)

Go to the case when d = 1
Remark. (s + ia) with a € Ris notin S. But L(s + ia, x) € S where x : (Z/qZ)* — C*
and L(s, ) = 3*_, X0,

n=1 ns

: x(n)[n| "
L(s +ia,x) = ZT
The FE, (we need x(n)|n|~* is periodic in q)
stia

(\%) Cor (S *;“) L(s + 0, x) = (\%) T (1‘52‘“‘) L(1—s—ia,%)

Theorem 1.11. (K-P) Assume that L € S with d = 1. Then

_ <8
L(s) = { L(s +ia, x)

where x : (Z/qZ)* — C*, primitive and ¢ = x - | | ' should be periodic with integral
period. (This corresponds to GL(1,Q) L-functions)
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Lecture 4: 2010-9-21

Reference: Sound, Degree one elements in the Selberg class, Expos. Math. (2005)

The proof in Sound is much simpler than in K-P.

Theorem 1.12. The only elements in the Selberg class S of degree one are ((s) or L(s+ia, x)
with a € R and primitive character x : (Z/qZ)* — C* of mod q.

This theorem is first proved by K-P, and later by Sound, in simpler form.

Proof. Let L € S,
o a(n)
L(s) = E , d=1.

ns

n=1

Definition 1.13. Fixae R, T » 1.

1 (2T 1 1 i
T) := — L - )t it + 1 —— | dt
L{a,T) N <2 +1 ) exp (z + log (2776@) 1 )

We will prove the theorem by considering
[ L(a,T)
A ( T1+ia )
Lemma 1.14. Forallt € R and any X >» 1,
1 0¢]
n=1

Remark. We will apply this with X = ¢5/4,

for some a € R.

a(ﬁ)t e % +0 ((1 + |t|)1+e) X140 (X%-&-ee—w)

1, -
nzTt

Proof. Consider

1 24100
— L{=+1t xX*r d
3 by (2—1-1 —l—w) (w) dw
_ L f 3 el () I(w) dw
271 Jo_joo A pztit \ 1
WSS
n

(since T" functions has pole at 0, L(a + w)I'(w) has residue L(a) at w = 0)

241400 to S:1+e+ioo

> i Lte_ion- We encounter poles at

We shift the line of integration from §
e w = 1 — it (possible pole if L(1) has a pole)

e w =0 (from I'(w))
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1 24100 1
= f Ll-+it+w)XT(w) dw = O<X§+Ee_|t‘>
211 2400 2
—_—

contribution from the possible pole if L(1) has a pole

1 —14e—0 1
+ L(—i—it) +J L<+it+w>X“’F(w)dw
2 —1+e+1i00 2

contributions from I"

It remains to show that

1 Iheioo 1 . —w 14+€eyv—1+4€
— L{z+4it+w) X “T(w)dw=0 ((1+[t)F X"
2mi —1+e—iw0 2

Use the functional equation,

1 coiowT T DN (3 =it —2) +115) T
L<2+zt+w>=A2t2 HF J(f J -L(2—zt—w)

(A (3 +it +w) + p5)

Stirling:
I (o + it)| = /27 |t|" "z 5]

as |t| — oo, o fixed.
Since L (3 — it — w) = O(1), we get the lemma. O

n

In C-G, they use )| @e‘”X with a(n) — 0 as n — co. Sound use )| ﬁi)efx .
n2 n2

Choose X = T'1 and insert Lemma into the definition of L(a,T).

1 2aT 1 1 :
L(a,T)=— L (2 + it) exp <it + log — ZZ;) dt

ﬂ oT 2meq
2aT .
Iz L\ g2 IO : 1 in
= —— L{i-+it)A — t+1 —— | dt
Va Jor (2“) IO P\ T g T

with |p| = 1.

Stirling degree = 1

ﬂ_m _ efitlog i‘f'%“r’ibtiac*it (1 +0 <1
i

for some a, b, c € R.

poa (T (1 9 \—it Jia 1
@L(a,T)zﬁe . L §+zt (rcA’a) "t (140 i dt

O s [ (Y o (1)

There are 2 possibilities: either —5— = 1 or —To— # 1. If 75— = 1, the integral
becomes

Il
5%
[

m=1

aT 1+1a

J2aT (2aT)1+m _ (,L'aT)l-i-ia
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If T~ # 1, then
2aT ;
m it 1
J (WQCA205> thdt=0 (10 (m)>
oT g\ r2cAZa

Lla, T
ﬁ(Oé) - h_I)I;O 7(714-10,)'

= 1 summaries the limit above.

Let

Only

7r20A2

~ A2q)qie 21 e
L(a) = pe5(meA%a) T
= £la) = peto(red’a) JicA  1+ia

1, beZ, b=0
where §(b) = { 0. b¢Z
Next Sound evaluates £(«, T') and £(«) by another method and proves
L{a+1)=L(a)

i.e., it is periodic.
= n1cA’ =qeZ

= a(n)n'® is periodic

because § (rcA?a) o' = §(rcA?a)a’ = §(rcA* (o + 1)) (o + 1)™. We also know a(n)n'®
is multiplicative. So L(s) = L(s + ia, x). O

Notation For functions F'(t), G(t) : R — C,

F(t) =0(G(t)) < 3Jc>0, |[F{t)| <c-|G(t)|,VteR
= F(t) <« G(t)

Lecture 5: 2010-9-23

1.3 Degree: Kaczorowski and Perelli’s result (no elements for 1 < d < 2)

There are no elements in the Selberg class of degree 1 < d < 2.

Nonlinear Twist L(s) = 3% %" ¢ S with degree d. Let o € R.

ns
o1
Lis) o 320 o

When d = 1 this is a linear twist
Z a(n) e—27rinoc
ns

and this type has been studied before. But using é is a new idea.

By Mellin transform,

Define
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where
T

Ap(s) = A°[ [Ty + mj)L(s) = pAr(1—3).
1

Let
0, if ng ¢ N,
a(ng), ifne,eN

a(ng) = {
Theorem 1.15. (K-P) L(s, o) has meromorphic continuation to all s € C with simple pole at

S:d+1_i-%(2(uj—%))
2d d ‘

Remark. 1f 0 < d < 1 then pole at d%dl > 1 and it contradicts the fact that ) ‘afl—ﬁ)' converges
absolutely for o > 1. So this gives the new proof for nonexistence for the L-function with
degree 0 < d < 1.

1.4 Degree 2 elements of S

Automorphic forms Hecke: H={z=xz+iy |z €R, y> 0}

f:H—C, holomorphic

F(E5) = xaes + ot

cz+d

for (¢ %) € T'o(IN) (ie., ad — bc = 1 and N|c) where  is a character mod N. Modular forms
of weight k. Let f | (¢%) (2) :== f ((24)) (cz + d)~*. Then

flz+1) = [f(2)

so they are periodic function, so have a Fourier expansion

ee]

1z) = 3 an)ern:

n=0

since they are holomorphic. If a(0) = 0 then they are called cusp forms. Let
a b az+b
2= —.
c d cz+d

(5 o (§ ) =
fotoro= 1} () o moc
o=t (1)) s moaut
wlera) = (0 2)9) - (o) € )
NGE DG G-

. )

eF;EN )

so it is a normalizer. Claim

=/

Because
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Define wy f := fn. Then wZQV f = f. (involution) Let H y ; be the holomorphic automor-
phic forms. Every f € Hy

f=fr+f
where wy fT = ftandwyf~ = —f . Assume wy f = f.
o] d @ o] d
[ sy 22 = 3t [ ezt
0 Yy n=1 0 Yy

1 ©
ok [N, NP
=zkf Fliny™ Lt [ plinpt

0 a Yy

1

VN

and take a = and functional equation s — s — k.
We have to use "involution" to get the functional equation.

There is no reason to assume that a modular form f(z) is holomorphic.

Maass forms Maass (1940) developed a theory of non-holomorphic modular forms.

Maass forms of weight 0.

f(“*b)=mwﬂa

cz+d

for (‘Cl g) € I'o(V). (no holomorphic forms satisfying this condition. )

(example) Eisenstein series

, x(d) "y’
E(z,s,x) = Z m
(g Z)erm\ro(zv)

- 2 BT

A€l \To (V)

where

Then

E(az,s,x) = ) (3(y22)*X (@) "' X(@) = X(@)E(z, 5, %)
v

But they are not cusp forms. - Is there a cusp form?
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We’re looking for invariant differential operators. Want a polynomial in %, % which is

invariant under the transform z — ‘Zzzig

2 o o 0
- _ 2( Y v — A 2 v
A (M * ay2) 85, 7

o _1(o0 _ ;0 o _1(0o 4,0
Wherea?‘2(am zay)andaz—Q( —Hay).Let

T

1) = x@7) (1)) ero
and Af = \f, cuspidal

f
Mpyyx =<3 f:H— C, smooth (

Fourier expansion: f € My, x, so f(z +1) = f(z). Then f(z) has a Fourier expansion.

f(2) = ) aln,y)e*™m

n#0

since f satisfies the differential equation Af = \f, this implies that Aa(n,y)e?™"* =
Aa(n,y)e?™ne je.,

Aa(n,y) = —yQ (47T2n2a(n, y) +a’ (n, y)) p2min

This is a differential operator for Bessel function. The solution of the differential equation is
the K-Bessel function.

11 . d
Ko(y) = 5 f ety &

Then '
f(2) = Y aln)y/5K, s (nlnly)ee.

n#0
We have the L-function associated to f:

Ao = [ st Y = S o) [ Viry erlaly s 2

0 Y n#0 y

:ia(n)r s+A—1 I s—A+3 —
= 2 2

For any f € My ., then L;(s) € S with degree 2. We also have L(s + ia1, x1)L(s +
iag, x2) € S. This is imprimitive.

Conj If L € S with degree d = 2 and L is primitive (cannot be factored into lower degree
L-function in S)then it must be an automorphic L-function of Hecke-Mass type (includes
Eisenstein series).

Lecture 6: 2010-9-28

Conjecture. (D. Ramakrishnan) If L(s) € S and L(s) has a pole (of order m) at s = 1 then

and it is holomorphic everywhere.
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2 Automorphic forms

2.1 Automorphic forms
Letn > 1 be an integer.
e GL(n,R)
e GL(n,Z) acts on GL(n,R) by left matrix multiplication
e O(n,R) = maximal compact subgroup of GL(n,R)
={heGL(n,R) |h'h=1,}

For example for n = 2,

O@.R) {< cos f) sm@) ‘ 0<9<27r}

—sinf cos6

e H" = GL(n,R)/O(n,R) - R* = Generalized upper half plane. For z € H", then
z = xy where

1 r12 ... T1,n
1 X
€T = y Tij € R
Tn—1,n
1
Y1 Yn—1
Y1
1

Forn = 2,
2 o 1 =z y 0
H:{(O 1)\0 1

1 Xi g Y1Yn—1
Invariant differential operators For z = . ( .. ) e H",
- -

rzeR, y> 0} = classical upper half-plane

0
) such that D, = D, Vv € GL(n,R)

D, := pol ial [ —
. polynomia ( Frupl

Let D™ be the space of invariant differential operators.
Forn =2, D = —y? (;—; + %).
Definition 2.1. An automorphic forms for SL(n,Z) is a smooth function f : H" — C satis-
Jying
(1) f(vz) = f(z), Vye SL(n,Z), z€ H"
(2) Df = Apf, YD e D", Ap € C(This Ap is a Harish-Chandra’s character)

(3) f has moderate growth.
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Forn =2,Df = v(1 —v)f for some v € C. Let f be a cusp form for SL(2,7Z).

! <(g f)) = 2, ) VUK, 1 (2x[n]y)e*™

n#0 |TL|

where

1 (® CY(usly ,du
m@):zjo e By 2

This f is called a Maass cusp form. We have associated L-function
e o]

a(n)
Ls(s) := Z

s
n=1 n

J / ((g (1]>) ydey - Z a(n)|n|_% J;) Kl,;(27r|n|y)y5+éciy

n#0

Definition 2.2. - ( (g T)) — ((g —133))

{f even = a(—n) = a(n) (n # 0)
Tt = { —f, odd = a(—n) = —a(n)

Soif f is even,
s 1
Ly(s) = (2m) " L(s)

0 Yy x
=+ ((07)
The Functional equation

_1 1 _
Af(s) = 7T (‘w) r (”i?”) Li(s)=Ap(1—s) (@)

If f is odd work with

2

where € = 1if f is odd and € = 0 if f is even. This Ly € S with degree d = 2.

2.2 Converse theorem (Hecke-Maass)

Very roughly, it says that if an L-function satisfies enough functional equations then it must be
the L-function of an automorphic form.

Taking inverse Mellin transform to (2.1]), we get the Bessel-function expansion, since the
inverse Mellin transform of Gamma functions becomes the Bessel function. Then

= f ((g ?)) =f ((1634 g)) (inverse Mellin transform)
Moreover, we get
Yy T _ y z+1
(2= (6 )
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for free, because of the expansion.

Yy _ T
O -1\ L (EF "R
1 0 0 1

To prove converse theorem, we need

(G- )

Theorem 2.3. (Converse Theorem for SL(2,7Z)) Assume L¢(s) = >, agj) satisfies .

Then define a(—n) = a(n) and set f(z) := >, a(n)\/ngl,_%(27r|n|y)62”"x. Then f is
an even Maass form for SL(2,7).

Proof. We use Mellin inversion

-~ 0 dx 1 o+i00
h:R —C, h(s) := J hz)x®—, h(z) = — h(s)z™* ds
0 &z 2mi o —10
We apply Mellin inversion to A ;. Define
1 2-+100 0
F(y) = Ap(s)y™ ds = 2 a(n)\/yK,_1(2mny)

P 1
27TZ 2—100 n=1 2

_ % > a(n)VyK,_1(2minly)

n#0

By functional equation F'(y) = F (i)

Let

d ((g f)) = ) aln)y/yK,_1(2n|nfy)e* ",

n#0
We know
Af=v(l—-v)f

for A = —y? (% + %). This implies that f is real analytic, so

(@ 9)-go
Again, Af = v(1 — v) f implies that by, (1) satisfies recurrence relations.i.c.,
V(1= 1) Y b (y)2™ = =y > [bm(y)m(m — 1)a™ 2 + b)), (y)a™]
= V(1= 1)bu(y) = =y [bnr2(y)(m + 2)(m + 1) + by ()]
Lemma 2.4. Assume F ((g ”15)) satisfies AF = v(1 — v)F and F ((g 2)) =0,

2r((67)

=0. Then I = 0.

z=0
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Proof.
V(1 = )b (y) = =4 [bma2(y) (m + 2)(m + 1) + b)), ()]

So by using F' ((g ?)) = 0, we have

bo(y) = 0= by(y) = 0= ba(y) =0, ba(y) =0,...,ban(y) =0

. Pl Yy x .
By using 5~ F ((0 1)) = 0, we get
z=0
b2m+1(y) = 0.
O
Choose
F y T _ f y T _f (/E2-1|J-y2 _fo-y2
0 1 B 0 1 0 1
We know
y 0)) _
P 1)
by the functional equation. It is easy to show that a%F <<g f)) = 0 because a(n) =
=0
a(—n). ’ O

Lecture 7: 2010-9-30

2.3 Ramanujan Conjecture

Let 7(1) = 1 and A : H? — C be a modular form of weight 12 for SL(2,Z), i.e., for any

(e8) e SL(2,7Z),
A (Zjig) = (2 + d)2A(2).

Conjecture. (1) 7(p) < 2p% (First proved by Deligne)
Conjecture. (2) 7(mn) = 7(m)7(n), if (m,n) = 1 (First proved by Model)

Conjecture 1 and 2 implies that 7(n) < J(n)n%1 for any integer n > 1, where o(n) =
21<d|n L.

Ramanujan conjecture for Maass forms Let

f(2) = )] a(n)yyK, 1 (2mlnly)e*

n#0

be a Maass form (with Af = v(1 — v) f) then
la(n)| « nf

Still unsolved. World record (Kim-Sarnak) a(n) « net
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Let’s obtain a trivial bound for a(n) using an idea of Hecke.

We assume that dd
2 Tay
1718 = | | op B _
SL(2,Z) \H2 Yy

For any € > 0, there exists unique v € SL(2,7Z) and z € SL(2,Z)\H?, such that

Yz = xg + 1€

and
f(rz) = f(@o + i€) = f(z)
So .
1> J f(x + iy)e ™ dg = a(n)\/ﬂKV_%(27r|n|y).

0

Choose y = %, then
9 or) « 15 Ja(n)] < nt.

v v

2.4 Finiteness of eigenspaces
Theorem 2.5. (Maass) Fix A = v(1 —v) e Rand v = % + ir. Let

fvz) = f2), Af = Af }

= : H?
Mo {f ~C f = Maass cusp form~y e’ c SL(2,7)

Then
dim(M)) « 1.
< Given A\3c(\) = 0and dim(M)) < c(N)
Conjecture. dim(M ) < 1 (there is a program by Sarnak)

Proof. Assume that dim(M) = 0. Let f1, fa, f3...€ M, and

fi(z) = Z ai(n)\/@KV_%(gﬂmy)eme

n#0

Then
az(1) f1(2) — a1 (1) falz) = )] b(n)\/yK%%(gﬂmy)e%mx

n#0,1
Lemma 2.6. Let F' € M, Assume that

D b(n)yyK,_1 (2miln|y)e* ™
In|>N :

Then if N is sufficiently large then we must have F' = 0.

Proof of Lemma. Normalize I so that

|WM—]J F“@ L

We already proved that [b(n)| « 4/n.
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Let’s assume that I' = SL(2,Z). Let D be the fundamental domain and D* = (9 ') D.

So
dxdy
1= || Ferss
D Yy

1
2 dxdy
<[ ] girer
L)y Y
1

1
2

2
:JQJ Z b(n)\/?Kl,fl(27r|n|y)€2mm; dL;@
_1 y>73 1 ;
2 2 ||n|>N
” 2
- QLMWWm%@mm‘
[n|>N Y72

(we actually know that b(n) € R) It is known that \/yK, 1(y) ~ c-e 2™ « eV, asy —
2

0. Because s J
K i —Y(utg), 4
) =g | et

So

Q0
d
1 « Z |TL| . f\[ e*?ﬂ"n‘y 7:1/
NG y
2

for sufficiently large N. So it is a contradiction.

When do Maass forms exist? In Maass’s paper, he constructed an example of Maass forms
for some I' © SL(2,Z), using Hecke L-function.

The first person to prove that there are infinitely many Maass forms for SL(2,7Z) is Sel-
berg, using the Trace formula.

Question. How many Maass forms are there with eigenvalue < B? i.e.,

D dim(M,) = X(B)

A<B

The trace formula gives an asymptotic formula for X (B).

Nonexistence of Maass forms LetI’ ¢ SL(2,R) and I" is a discrete subgroup. It is possible
to deform the subgroup (Phillips-Sarnak theory of spectral deformation theory).

Let F' be a Maass cusp form for I' © SL(2,R). The eigenvalues for A are always real. So
A=v(l—v) = —% + r2 where v = % + ir, r € R. When we deform the group I" then we
deform F', so deform A, and that moves to the outside of R(v) = %, then they are not exist.

Conjecture. For a generic group I there are no Maass forms.

Conjecture. Maass forms exists only for Arithmetic groups.
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Lecture 8: 2010-10-5

3 Selberg Trace Formula

3.1 Introduction to trace formula

Let i be a Hilbert space and L : H — H be a linear operator.

e The linear operator L is a compact linear operator if L maps bounded sets to relatively
compact sets (i.e., closure is compact).

e Bounded operator L

e Unbounded operator L

Functional analysis Hilbert space has a norm on it, inner product (,) : H x H — C, which
is positive definite, we say L is self-adjoint if and only if

(Lhi, h2) = (h1, Lha)

for any hy, ho € H.

We’re interested in eigenfunctions and eigenvalues. If there exists h € H, such that
Lh = M\h for some A € C, then we say h is the eigenfunction (eigenvector) and A is the
eigenvalue.

Theorem 3.1. (Spectral theorem for compact operators) For every self-adjoint compact
operator L on a real or complex Hilbert space H then there exists an orthonormal basis of
eigenvectors of L, say pi, usa, ... € H with Lu; = M\, Ay # 0, discrete, and every h € H
can be written

h = (h, i) i (countable sum,).

e

=1

For a bounded operators we still have a spectral theorem but there could be a continuous
spectrum of A
Ly = A

Spectral:
h=[thw) 2a

spectral
measure

The Laplace operator is an unbounded operator.

3.2 Trace of an integral operator L

Choose some test function f : R — C. Then a trace of operator L

Traces(L) := J f\) d*\

Spectrum
of L

For compact open

Traces(L) := Z F(\).

i=1
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Simple example Let Z = additive group of integers acting on R by addition.
e Z\R = S' =(0,1]

e H = L?(Z\R) =Hilbert space.
= h € H is a function h : R — C with h(z + n) = h(z) for any n € Z and
§ |h(@)]? do <« 1.

d2
[ L == (13&‘72 then

— eigenfunction: e,,(x) := ™% m =0,4+1,+2,...

— eigenvalue: —47%m?

— Fourier theorem: for any h € H,

h(z) = ). (B em) em()

neZ

Then the spectral theorem is the Fourier theorem. For a test function f : R — C, we have

Traces(L) = Z f(=4n?n?) = Z fo(n)

neZ neZ

with re-normalizing f. By Poisson summation formula

S folm) = 7 Foln).

neZ nez

In the representation theory point of view, we have the Frobenius reciprocity law.

3.3 Selberg spectral decomposition

We are interested in working out the trace formula for
L? (SL(2,Z)\H?)

where H? = {z + iy |z € R, y > 0}.

Selberg Spectral decomposition
L2 (SL(2, Z)\HQ) =Co® Lcusp @ Lgisenstein

where

An; = Nini, Mi (Zjig) = n;(2), >

L = 1 =1,2,3,...
P < n n; = Maass cusp form

We will prove that A\; — <0 as ¢ — oo and form a discrete countable set by constructing
a Hilbert-Schumidt operator (& spectral theorem for compact operator).

dedy 3
Vol (SL(2,Z)\H?) = J LL@ e P =
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[}
LEisenstein ~ CE(Z7 S)
where 9
Yy
E(Z,S) = 2 m = Z %(”yz)s ¢ L2
(Z’Z?Zﬁ vel'x\SL(2,Z)

and AE(z,s) = s(1 — s)E(z, s).

For H = L?*(R)and L = %, Ae = —\2¢7 for \ € R. Spectral theorem: f € L%(R),
_ J f(u)ef%riux du.
R

But e*” ¢ L?(R), since |ei’\$|2 dr = ©

Theorem 3.2. (Sepctral theorem for L? (SL(2, Z)\H?)) Let f € L* (SL(2, Z)\H?). Then
there existsm; (1 = 0,1,2,...) where ng = \/g = constant function and n;(z) fori = 1,2, ...
are Maass cusp forms satisfying

1, ifi=j
R )

otherwise

ﬂ Fx da:dy

L(2,Z)\H2

Here

Then

© %-i—ioo
S fmh )+ [ B s) ) ds

b 47 : — 400
for any z € H?.
Sketch of proof. Step 1 Assume that (f, 1) = 0. We show that
1 l-&-'L’oo

F(z) = f(2) — — (f; E(x;5)) E(z,5) ds

47 1 oo
is automorphic and S(l] F(x + iy)dx = 0. Can be proved using Mellin inversion.

Step 2 Consider the space
1
L2y = Ly (SL(2,2)\H?) = {f € L? (f,1) =0and JO flz+iy) do = o} :

We will construct an integral operator mapping LCusp - Lgusp Use spectral theorem for

Hilbert-Schumidt operator. O

Lecture 9: 2010-10-7

Theorem 3.3. (Sepctral theorem for L? (SL(2,Z)\H?)) Ler f € L* (SL(2,Z)\H?). As-
sume that (f,1) = 0 and

Jlﬁm [(f, E(x,8)) E(x,s)| ds < 1.

3 —100
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Then
1 %+ioo

f(z) = folz) + — (f,E(z,8)) E(z,s) ds

4mi 1—ioo

where fo € L* (SL(2,Z)\H?) and Sé folz+iy) dz = 0foranyy > 0, i.e., fo € Lzusp (SL(2,Z)\H?).

Remark. (Properties of Eisenstein series) Let I'o, = {(} %)} < SL(2,Z) and

E(zs):= ) (S(2)".

Vel \SL(2,7)
Then
o B(yz,5) = E(z,5), ¥y € SL(2,Z)
e AFE(z,s) = s(1 —s)E(z,s), where A = —y? (% + a%)

e Fourier-Whittaker expansion:

27® 1 4
Be18) =+ 000y + s s D o aulmlnf HK,y (rlaly)et™
#0

where
P(s — 3)¢(2s — 1)
) = VT @)

and ¢(s)p(1 — s) = 1. Then E(z,s) = ¢(s)E(z,1 — s).

o Let B*(z,s) = n°T'(s)((2s)E(z,s) = E*(z,1 — s) and it is holomorphic except for
simple pole at s = 0 and s = 1.

Proof of theorem. It is enough to show

Ll [z +iy) dz = Ll [1 FHOO (f, BE(x,s)) E(x + iy, s) ds | da

4 1—ioo

because this implies that Sé folx + 1y) dx = 0 where

1 %—i—ioo
(f, E(*,s)) E(x + iy, s) ds.

4ri 1w
Mellin Transform £/ : R — C, we have Mellin transform
0
~ d
h(s) = J h(z)z® 2L
0 e

and we have inverse Mellin transform

1 o+i00
h(z) = h(s) x° ds.

2mi o—100
We compute
1 %+i00

— (f,E(x,s)) E(x + iy, s) ds

4mi 1—ioo
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by first computing

UE%@%= | & ¥ ceor

LGN YT \SL(2,2) Y

_Zﬂf d:vdy

[ s 22

1
Cily) = Jo f(x + iy) dr = constant term of f.

dx dy
2

Define

We have shown that

qﬁwm=fbmw*?=@w4»

Moreover, N
(fs E(x,5)) = (f,d(s)E(x,1 — 5)) = ¢(s)C(—3),
S0, s "
Crls —1) = ¢(s)C(—s).
Next,
1 %Jrioo - 1 %+i00 ~ .
yrrll R (f,E(x,s)) E(x +1iy,s) ds = i) C¢(5—1)E(x + 1y, s) ds.
2 2
On the line s = % + it fort € R, we have s — 1 = —s. To proceed, we look at
1 1 %-&-ioo
[ i [ o) Be i ds| do
o | 4mi 1 i
1 [3t+io 1
=— Cy(—s) [J E(z + 1y, s) d:z] ds
471 1 0 0
2
=ys+o(s)yl—s
1 %-‘rioo — )
- Ce(— s =31 d
per 1(=s) [v° + o(s)y' ] ds

= gwi (G s+ [ Gy as

4y
=Cy(s—1)

1
- Cy0) = | fla+iy) da

Lecture 10: 2010-10-12

3.4 Integral Operators

Let X = Riemanian space and x, y, z € X. Let G = group acts on X. Assume that there exists
a function

k:XxX->C
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satisfying
k(g9x,gy) = k(z,y),  (Vge G, x,yeX).

For f € L?(G\X), define
Kf(@) = | ko) o)y

then )
K : L*(G\X) =’ L*(G\X).

For any g € G,
Kf(gz) = Lk(gm,y)f(y) dy = Lk(:v,g‘ly)f(y) dy = L k(. y)f(gy) dy = K f(z).

We want
J f |k(z,y)] 2 dady < o

then this implies that K : L?(G\X) — L?(G\X) and K is Hilbert-Schmidt operator and we
have a spectral theorem.

Definition 3.4. Ler ¢ : R — C, satisfying ¢(t) « BT t = fort = 0. We define
P 2
k¢(z7zl):¢(| /| )

vy

where z = x + iy, 2 = 2’ + iy’ € H
Remark. The function
2 — 2P
vy’
is “almost" hyperbolic distance between z and 2’

Lemma 3.5. For any v,y € SL(2,R),
ko(v2,7'2") = kg(2,2")
for z, 2 € H2.

Proof. Use & (%) = ﬁ fory = (¢ %) € SL(2,R). Then

az+b _ a2+ 2
cz+d 2 +d

yy'lcz + d| 2|2 + d'| 2

((az + b)(cz +d) —yg}’z’ + V) (2 + d’)) _ ¢ (%ﬁ) '

ko(vz,7'2") = ¢

¢

Properties of k,(2,2') Letz =z +iyeH?and A, = —y? (aa—;g + %).
(D) kg(v2,7'2") = ko(2,2"), ¥7,7" € SL(2,R)

(2) kg(z,2") = ko(#, 2)

(3) ALky(z,2") = Ayky(z, 2') because

Ao (B2 —ase(BF).
vy’ vy

LetI' := SL(2,Z). Define

Ky(z,2') = Z ko(vz,2') = > ky(z,72").
~yell vell
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Integral operators Let

L) = {7 € D),

1
f flz +1iy) dxz()}.
0
For f € L3(I'\H?), define

d d da’ d
I f(2) le%zz or 4y JK¢22 )%

T\H2

We need to show the integral operator I is well defined and that I, is H.S. (Hilbert-
Schmidt).

Proposition 3.6. Let z = x + 1y, 21 = x1 +1y1 € H2. Then Ve > 0 there exists ¢, > 0 such
that
Ky(z,21) < cey™“y1 ™ (quite sharp).

Remark. 1f this is the real growth of K then

JJJ K4z, 21)] 2dx2dy d:mdyl Jf Jf —9¢ 2+2€dx2dy dxldg/l:oo
Yy ?J1

\H2 [\H2 [\H2 [\H2

so we need a modification.

Proof of Proposition.

|’yz—zl|
== 5¢($Eet)

we shall use the following

p |z — z1]? _ ¢ (—21)*+ (y—w)?) _ 1
Yy a Y e ( (e—a1)?+(y—y1)2 ) ¢
2) + 1 Y—y1 )

Yyy1

Ce 1
= &

(z—21)? y ﬂ) 1+e€ ((zf:rl)Q l) 1+e*
( Yyy1 - Y1 - Y Yyy1 - Y1

LetTo = {({7), m € Z}. Then

- 2,5 (S )

~EL o \I' mEZ

1
« (3(2)8(y21)) <
'yeFZT:\F 7;2 ((z — R(v21))2 + m2 + S(vz1))'"

Since

1 o 1 1
Z (YQ )1+e <« 0 (Y2 +u2)1+€ « Y1+2e’

= K¢(z,z’)=2k¢(z,z'+m)+ Z 21%272 +m).
meZL F#(O )"meZ

'YEF"L\F
(-

g

=S
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Then
|S| < Z Z m2 +\9 ’YZ ) )1+€
r+(19). ez !
YET o \T'
1 1—(1+2¢) 9¢
« Z C\(f)/,zl)14r2e <Y =Y
(5 Y):
YeL p\I'
by using the Eisenstein series. O

Strategy We introduce two modification of Ky in order to construct an integral operator
with good growth at the cusps.

(1) First modification
Ki(2,2) 1= Ky(2,2) = > kg(z,2' +m)
MEZ

(2) Second modification

~

1
Ky(z,2') = Ky(z,2') — J Ky(z,2' +t) dt
0

But they are not automorphic. We will prove that K 55 is Hilbert-Schmidt and that ‘I? o — K i‘
is small then I?d, is H.S.. Then we will show if f € L3(I'\H?) then

d d dx’ dy
f Ky(z,2') f( a v J K¢zz )ﬁ

y/2
M\H? T\H?

Since f is cuspidal,

dz' dy
J K¢ 2,2V f(2)) —
Yy
T\H?2
dm dy dz" dy
:f Ky(z,2") f(' J J Ky(2,2)f(2) gzt
T'\H2 T\H2

1

dx' dy
_ J Ky(z2)f(2) =22

y/2
T\H?

Trace formula integrate on the diagonal

~ dx dy
f Ky(z,2) " = 2

T\H2

~ o ..
— Spectral side = Arithmetic side

since K (2, 2') is automorphic in both variables
= Ky(yz,2') = Ky(z,72") = Ky(z,2') (yeD).

We know that K4(z, 2') « y~y'1*¢ so it is L? in the variable z so it has a Selberg spectral
expansion in z. Fix 2/, we have

K(z,7) = Z <K(*’Z/)77h‘> ni(z) + ﬁ R <K(*,z/)7E(*,s)>E(z,s) ds.

Maass forms
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Lecture 11: 2010-10-14

Review
Let |p(t)] « W fort > 0. LetI' = SL(2,Z). Then
12
ko(z, 2 =¢<|Z ?] )
¢>( ) vy’
and

) =D ks(r2,2).

~yell

Integral operator
Iy L3 (T\B) — L3 (1\i?)

For f € L% (T'\H?), we have

loe] o0 dl’l d /
Tof @)= [ kot =
dx' dy’
= J Ky(z, 2 f(2) ,23/ ,
Yy
T\H2

but this integral doesn’t have the good growth property. Let

Ki(z,z) Ky(z,7') — Z ko(vz,2")
vyel'x

where I'o, = {({ %) € SL(2,Z)} and
N 1
Ky(z,7') = Kyg(z,2") — fo Ky(z +t,2') dt.

Theorem 3.7. Fixe > 0, z,x1 € R and y,y1 — o0, we have

|Ky(z,21)| <y~ gy ™

B (2 20| <« (y)

~

O
KA (2, 21) = Koz 20)| < (o) + J 6/(1)]
Remark. Basically, first two are done in the last times by using

Ky(z,21) = Z Z ky(z,v21 +m).

~el' o \I' meZ

We will prove the last one.
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Proof.

1
Ki(z,zl) — Ky(z,21) = J ky(z, 21 +t) dt — 2 ky(z, 21 +m)

0 meZ
J Kﬁ (z,21 + 1) dt—i—J Z ky(z,21 +m +1t) dt — Z ky(z, 21 +m)
meZ meZ
0

_ JO KA (2, + ) db + LD ko221 4+ 1) d(t — [1])

0]
< (yy1)~“+ J ky(z, 21 +t) d(t — [t])

—00

Integration by parts and using |t — [¢]| < 1, we have

Jjoook¢(z’zl+t) d(t - [1]) =LOO ¢((:r—ac1+t)2+(y—y1)2) o

o) Yy
0 _ 2 — )2
—o0 Yy
<<J |¢>’(r)| dr
0
O
Definition 3.8. (Correct definition of I, : L3 (I'\H?) — L% (I\H?)) For f € L% (I\H?),
define
N 42 dy’
Lofe) = || Rolz ) “5

Remark. This is Hilbert-Schmidt

~ 2ddal:cal
[ [ Rt 8 ] [

T\H2 ['\H2

where ¢y = {7 |¢/(t)] dt.

Properties of I,
(1) Iy : Lo (T\H2)? — L2 (T\H2)

(2) Al = IgA,ie., I; and A are commute where A = —y? (% + 5—22)

) !
Alyf(z AFQQ Ky(z, ) dxy fy
o (557 2

JJ (A 70, < ° - zl|2>) - f(2) da:y’/;iy" since self-adjoint
- dz’ dy’
[fo (55 e 22

= I¢Af( )
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3.5 Selberg Transform
Fix A € C. Assume Af = \f is a one-dimensional space. Then,
Io(Af) = IoAf(z) = Mo f(2)
= ALy f)
= A(I¢f) =X I¢f
= Iyf = p- f, forsome p € C.

Warning! We don’t know it is a one-dimensional space!

Theorem 3.9. (Selberg) Assume f € L% (F\HQ) is an eigenfunction of the Laplacian (i.e.,
Af = X\f for some X € C). Then there exists unique hg(\) € C such that

Isf(2) = he(N) f(2).
To prove this theorem, recall radial symmetry.

Definition 3.10. A function f : H?> — C is said to be radially symmetric around w € H? if we
set z —w = x + iy = re' for 0 < r, 0 < 0 < 2m, polar coordinates, and f(2) = function of
r only

0 0y _
— %f(re )=0

Lemma 3.11. Fix \ € C. Up to a scalar factor there is only one regular solution to Af = \f
where f is radially symmetric around 0.

Proof. Assume that Af = \f and f(r) = r°(1 + a1 + azr?® + - - - ) write Af = Af in polar
coordinate assuming a% f=0,

1 o (2 LdfY

Then (3.1) has exactly 2 solutions, g(r) and (logr)g(r) and since it is regular, f(r) = c- g(r),
for some constant c € C. O

Proof of Selberg’s theorem on existence and uniqueness of hy(X). (i.e., Inf = hy(N) - f.)
Assume Iy f = hg(N) - f

= [+ ('Z - Zl') Fe) S () £)
s

vy i

Make a fractional linear transformation

az1+b
—
cz1 +d

mapping H? — U, the unit disc and z > 0, set f(z1) = f*(w) forw € U,

1= Jwf?

Aol \ o e
<=>ﬂ¢( )f()d he() - £4(0)

where
27

Fw) = | fiwle”) db.
0
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Then f* is radially symmetric. After integrating,

1= fwf?

@@Jf¢<qwg)f%w¢w=%u»ﬂm>
U

this has a unique solution. O

Theorem 3.12. (Selberg’s Transform) Assume f € L3 (I\H?) and Af = \f with A =

i + 12, Then
Iof =he(A) - f
where o
ho(N) = \}EL e (t—2+t") a
and o
B(z) := \@L (u) \/j“?

is the Abel transform.

Lecture 12: 2010-10-19

Abel Transform

Definition 3.13. (Abel transform) Ler f : R — C be a function with a good property. Then
the Abel transform of f is defined by

F(z) = fooo f (x + g;) dg.

Proposition 3.14. (Inverse Abel Transform)

flx) = L F'(x—i—n;) dn

—5- »

F(z) = fooo i (x+ 5;) d¢

1 772 1 52_'_,’72
| T\ gp=—— / de d
= 27rJR (x+2> g QWJRJRf (IJF 2 £ dn
1 27 o0 2
_ Jf’(:c—i-r)rdrdﬁ
27'(' 0 0 2

= [0 du=
0

Proof.

O

Example of Abel transform. f(z) = e7°%, F(z) = 4/%e % = ¢72™ is its own Abel
transform.
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Selberg Transform Last time we proved that if f € L(Q) (F \HQ) and Af = \f (usually we
use A = s(1 — s)) then there exists a unique 4(A) € C such that

Isf =hs(N\)f

where
dx1dy

y?

Iyf(z J Ky(z,21) f(1)
r\H2

because K has the rotation symmetry, i.e., it only depends on the radius, not the angle, and
two operators commute. Here

Ky(z,21) Z¢<|72—21|2>

o S(vz)

Theorem 3.15. (Selberg Transform)

1 [® s-1 1\ dyy
he (s(1 —s)) = — 29 —94+ ) =X
¢( ( )) \/5\[0 5 (3/1 y1> v

where ® is the Abel transform of ¢, i.e.,

[ of+8)

Proof. We compute hy(s(1 — s)) by using f(z) = y® which satisfies Ay® = s(1 — s)y*. In
this case,
d961 dy1

Iyy® = f Ky(z,21)y
T\H?2

We know
|Kg(z,21)| < yiy'

dx d s dx1 d
J K¢(2,21) s 1 0Y1 <<J ff e, 1+e §R() ;le

1
[\H2

If we choose R(s) < 1—2¢ then the integral defining the transform /,y° converges absolutely.
So everything is well-defined. Since Ay*® = s(1 — s)y*, this implies

Isy® = he(s(1 = s))y° (3.2)

and hy(s(1 — s)) is unique. We can explicity copute hy(s(1 — s)) as follows.

= he(s(1—s) Ky(z,21)y d:c1 dy1
(32) (s o(
I\H2
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—z 2\ , dzid
= hg(s(1—3)) =y~ U ('Z Zl')yf A
Y1
:y_sj J gZ)<96'—961)2+(y—y1)2) 1 g,
0 Jow yy1 v

and make a transform x1 — = + x1

_ f f ( (v —y)? )yfl e, W1
Y1 1
—2 2 s d
f f ( yylwl) . (y) il dey
Yyy1 Yyy1 Yy Y1

and make a transform x; — /yy1 1

v =2yy1 + 92\ [ _y dxy diy
oy + ) (=) gy, ———
Yy y Y1

00 o0 s_% d

ba(s(1 =) = | J_w¢(x%+yyl—2+yyl) w (2) 7
— OOL 52 - > :| sféﬂ

_L ﬁ[Jw¢(2 Jryl 24y ) dE| Y1

1 r@ (1 ) st dy
== ®(——2+u)y
\/§ 0 Y1 ! Y1

So,

U

3.6 Crude Trace Formula (Spectral side)
|vz — 21|2
Kotz = 2o
Yer Yy

Koz, 21)] <y Y

Then Ky(2,21) € L? in z;. So it has the Selberg spectral expansion in z;.

0 1 %—i—ioo
(o) = 24 ol ) sten) & g5 |, (Kolz0), Bles)) B, ) d
Here An; = Ajn; is an orthnormal basis of Maass cuspforms for j = 0,1,2,...,and 9 =

3

g

dzy dyl

Ky %)) = f Ky 20)my (1) — hy(O\)(2)

i
T\H2

Similarly
(Kg(z, %), E(x, 5)) = he(s(1 = s))E(2, 5)
So we get the spectral side of the trace formula.

1 lJrioo

(2,21) 2 ni(z0)ni(2) + — he(s(1 — s))E(z1,8)E(z,s) ds

4y 00

Lets = % + 77 and define the modified kernel.
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Definition 3.16. (Modified Kernel)

+ir) dr.

- 1 ([ 1, T . 1
Ky(z,21) := Ky(z,21) — P h¢ 1 +r E(Z’§ —i—zr)E(zbi

Now, we can integrate over the diagonal, 1.e., z = z1, we have

dz dy & de dy
f K¢ z Z) y 2 hqﬁ JJ 77] 77] Z h¢

T\H2 T\H2

Proposition 3.17. (Crude Trace formula)

dx dy =
K¢ 2,2) ) Z hg(Aj) = Trace
I\H2 =0

Remark. We proved the crude trace formula for any smooth function ¢ : R — C, where
o(t) « W’ t = 0. In proving the crude trace formula, we have used the spectral theorem
for Hilbert-Schmidt integral operators. This tells there exists an orthonormal basis of cusp

forms
{ j=0,1,2,...}
n;i
T Ang =g

where I41; = hy(A;)n;. By the spectral theorem,

he(Aj) = 0
as \; — 0. At this point we don’t know that \; for j = 1,2,3... are discrete.

Theorem 3.18. Let {n]} 1o, be an orthonormal basis of Maass cusp forms satisfying
An; = A\jnj. Then \j > O and discrete (there is no limit point of \j).

Remark. When we get the full trace formula we will prove there are infinitely many 7; and
that \; ~ —(‘7") as j — 0.

Lemma 3.19. Let v > 0. Then there exists smooth compactly supported ¢ : [0,00) — C
satisfying hg (% + r2) > 0.

Proof.
1 1 (™ 1\ dy
h +r2> = f y"d <y—2+)
¢<4 V2 y) vy
1\ dy
y" ey (y—2+>
vﬁf y) vy
1\ dy
=2 cos(logy-r)fb y—24+-—-) —
Yy, v
where ¢(z) = S %) d¢. Choose @ to have supported near 0. Then ®(y — 2 + )
has support near 1. Then for 1 <y < 1+ € with e sufficiently small we have cos((log y)r )
3
3. O
4

Assume infinitely many A; near some r > 0. Then

~ dx d
Trace = j Ky(z,2) ny
Yy
I\H?2
= Zth)()‘J) =
J

if )\j cluster to some r. So it should be discrete.
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Lecture 13: 2010-10-21

3.7 Geometric side of the Trace formula

Orbital Integral A matrix (2 %) € SL(2,R) is of three types:
e Parabolic |a + d| = 2
e Hyperbolic |a + d| > 2

e Elliptic |a + d| < 2

and
SL2,z)= | [
conj. classes
where
= {aaofl la e SL(2,Z)} .
Then

SL2,2) = ([(g DI v [(5 2)]) U (ghypkejrbolic [U]>

1
O
U v [o] ).
o parabollc o elliptic

Trace formula LetI' = SL(2,7Z).

ff IA((Z, de dy Jf 2 kg (vz,2) ydy

I\H2 r\g2 7T
dx d ~ dx d
=2 Jf ky(z,2) ﬂ Jf 2 ko(aoa™ 2, 2) xzy
T\ N\H2 e @€LoAL Y
hyperbolic

Identlty class

+ ff 2 Z %(aaoﬁlz,z) d:;jy

F\H e][]?[-)]tlc QEFG\F
~ dz d
Jf Z kylaoa™'z, z) 5 i
Y
F\H pdr:b()ll OCEFU\F

where I'; = {yeI' | yo = 0v}. So

d d
Trace = ff K ol 2 h(r;) (Spectral side)
I\H2
= C(I) +C(Ell) + C(Hyp) + C(Par) (Geometric side).
——
= identity

conj. class
Definition 3.20. The integral

dx dy
Y2

C ([o]) :=FJHL ag\r kg (aoa™tz, 2)

is called an orbital integral for the conjugacy class [o].
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We can easily compute

Z JJ k:¢ 0z, %) d:Udy Jf k:¢ 0z, %) M

a€lo\l \ P\2) T, \H2

Definition 3.21. (Alternative definition of the orbital integral)

= JJ @d)(az,z) dxjy.
)

I, \H?2

Compact hyperbolic group I' = SL(2,R) We assume that
e I' © SL(2,R) discrete, finite index subgroup such that

I'= [((1) (1))] U (Uahyper[a])
e Vol (T\H?) < o0.
The Kernel function
—z
o(2,21) Ekd)’yzzl Zgjy( 1|)
~vel’ vyell 1)

and this is the trace class < ([ |Ky4(z, 21)|* d*z d*z; < co. Then there is no Eisenstein
series since we don’t have parabolic elements.

Review:Selberg Transform. Assume f € L2 (F\]HIQ) such that Af = (% + r2) f for some
r € R. Then Iyf = hy(r) f and

dz d
I,f(2) f Ky(z,21)f(21) y2y.
\H2
o Abel Transform:
0 0
2 o(t)
W= o rwar- |
e Inverse transform
- ——d
FL Vw —1 v

e Fourier transform
g(u) = d(e" +e “ —2)

h(r) = JOO g(u) €™ du, g(u) = L foo h(r) cos(ru) dr

0 27 Jo

for an orthonormal basis of Maass forms n; € L? (I'\H?), An; = (% + 73 n;.

dx d
Trace—Zhr] J Ky(z,2) fﬂy

=0 I\H2

d d
C'(Identity) + Z J ky(oz, 2) Ty

hyperbolu. o \H2




[2010 Fall] Topics in Number theory 38

Computation of the Identity conjugacy class
—2|?\ dzxd
Yy Yy
T\H2
Want to express ¢(0) in terms of h

qﬁ(o):_ljw@j@ | A

J J im )H du dr
e2 -

Computation of the hyperbolic oribital integrals Recall: (%) is hyperbolic <= one
of the following three conditions holds.

M

() la+d| > 2;
(ii) there exist two real fixed points wy, w2 € R;

(i) 3p € R, |p| > Land m & SL(2,R) such that (¢ ) =m (4 ) m .

Definition 3.22.

N((28)=r"

Lemma 3.23. Assume o = (‘; fl) € T is hyperbolic with N (o) = p?. Then for « € m~'T'm,

we have ,
a(gpgl)a—lz (8,;91) — a= (po pgz)forﬁez.
I'y ={a€el|ac =0a}
ot 0
T/ o :{(0 )|€eZ}
<0p‘1)
and

| =T .
p® 0 p 0
(5 ,m)  (5)
Lemma 3.24. A fundamental domain for T’ ( o 0 \H? is
0 p_1>

D,={z=z+iy| —o<z<o, 1<y <p’}.

Proof. (g p91> z = p?z and Urez pQEDp = H2. 0

Remark. For hyperbolic (a b) with N ((‘Cl 3)) = p?, then In (p2) = hyperbolic length of this
geodesic. (because (24)i = m (8 p?l) m~li = p?i = e"iif (28) =k (e—v'/2 er/Q) ko
for kl, kg € SO(Q, R) )

Assume that o = (25) = m (’(’f p%) m~! e T, with m € SL(2,R) and [o] is a

primitive class, i.e., every other conjugacy class [o'] (for ¢’ € T') with the same fixed points
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modulo I is a unique power of o, i.e., o’ = o for some integer 1 < ¢. Then

C(Hyp) = Z JJ ky(oz, 2) dz: dy

hyperbohc | \H2

I (B

Tip o \\E? Y
(0 p”)
= i JJ kg (p%z,z> dag:ﬂdy'
£1F<p o >\]HI2
0p?!

For each ¢ > 1, we have

e
e

_21()ng0 ¢((p2€p_ D (1+¢ )) d¢

and let
(P% - 1)2 2 P%
u=-———"(14¢),andé =4 /—5—u—1
2! ( ) (p% —1)2
then
¢
p P(u)
= 2log P51y J —  du
(p* —1) 7@2:;;;)2 u — (p2:2—él)2
o0
_ 1ng . 1 h(r)e—i'rlog(pu) dr
p2 —p 2 o
log p

= ———739(2l1og p)
plf2 — p=tf2

So for each primitive class [¢], with N (o) = p?, we have

o8]
log p
———— - g(2llog p).
IS

Trace formula for compact hyperbolic groups

0

h(r;) = Vol (I\H?) - - J T T ey dr
= S 4 J_ e + e "

+3; 2 R - (g N (o)

p 0

where p = m(op

minimal.

,1) m= € T, m € SL(2,R) with |p| > 1, i.e., N(p) = p and it is
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Selberg Zeta function

Z(s) = 11 H ( M) (if R(s) > 1).

[¢] primitive hyperbolic ¢=()
conjugacy classes

Theorem 3.25. The Selberg Zeta function Z(s) has meromorphic continuation to all s € C
and Z(s) satisfies RH. i.e., Z(s) = 0 with R(s) = 3 <= s=1/2 +ir.

Question. Can we generalize the Selberg zeta function for higher rank groups?

Lecture 14: 2010-10-26

3.8 Selberg Zeta function

Explicit formula relating prime numbers and zeros of Rieman zeta function

sum over primes sum over zeros of ((s)
with test function ~ wth transform of the test function

(often called “Weil’s explicit formula")

~(10g(¢(5)) = f(ls(f ) 2 <EP
n=1 p k=1

where .
_ (logp, ifn=pF (fork=12..);
An) = { 0, otherwise.

1. Left hand side: sum over primes with a test function: Weil’s explicit formula Choose a
test function (assuming enough decay) h : R — C where

o0
~ d
h(s)zf h(u)us &
0 u
is holomorphic. Then,
1 24100 CI(

—(logp)ks

- 2+zooh
ey e (5n) o= Sosp 33 o [T A EE
h(klo
—Zlong k/zgp

h(klogp) sum over zeros of {(s)
= 1 =
Z o8P Z k/ 2 wth transform of the test function

2. Right hand side: sum over zeros of ((s) with transform of the test function For a test
function h : R — C (with enough decay), we have,

1 24100 CI N ~ /1 -~

— h(s)ds=h| =) — h(ir; .

3 o C (2 + S) (s) ds (2) ; (ir) (3.3)
C(F+irj)=0

—2+41400 ! ~
i. _s (; + 3) h(s) ds. (3.4)

210 ) 2 i €
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Note: We don’t assume that 7;’s are real!
By functional equation, A(s) = 7~ 2T (5)¢(s) = A1 —3s),s0A (3 +s)=A(5—s)ie,

1. 1 1., 1_
772211(2—2‘_8)((;4-8):7722F<228>C(;—5).
¢ [1 ¢! 1 +s (i—s
(-5 13- H02)

(s) =

—s), we have

use this relation and 1| with assuming that h

2 24100 C/ ~

— —> (= h(s)ds=h(=)— h

i e (50) B = ; 2
(& +irj)=0

I s 1/T T\~
— —14+-(=+ =) h(s)ds.
+27Ti —2—i00 ( +2(F i F)) (5) ds

Therefore, we get

2. zlogpz it

~ /1 -~ 1 —24100 1 F/ FI -~
“h(z) - hi = (= 4= ) ) R(s) ds.
()= B R [, (e (e er)) R

¢(+irj)=0

Selberg zeta function Last time: Selberg Trace formula for cocompact case.

0
log(
Y g 2 — 9 (klog N(p)) (3.5)
[g.)] hyperllmln. k=1 N N(p) 2
COn]ll acy classes
1 0 e T _ o
1 (T\H? e T
Z - Vo \ ) T J r e — h(r) dr

Selberg asked Can we construct an Euler product
T (1 55)

So that when we do Weil’s explicit formula for Z7 (% + s) we get |D
Lemma 3.26.

VA > log N(p)
Z ( ) ZZ:: k(s+1/2) _ N(p)—k(—s+1/2)

Proof.
25 = Qo2 = L 303 1o (1 M)
© k=0
0 —s—k
DDNCCIR et
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Question. Convergence?
Lemma 3.27.

Z 1« X

N(p)<X
Proof. elementary

O

So, the Euler product for Z(s) converges absolutely for $(s) > 1. (The summation in

Lemma is also absolutely convergent for #(s) > 1.)
By choosing suitable g and A in (3.5]), we can show
> 1=0(X)
T'ng

Following Hejhal’s idea  (Hejhal, “Selberg trace formula for PSL(2,R)", Springer Lec-
ture Notes) Fix o, B € C for 5 < R(a) < R(B). Choose

ny = L I B2 —o?
(r) = r2+a2 r24+p2 (r2 +a?)(r?2 + p2)’

g(u) ie—aIUI b

o 26€_BM’
and
|h(r)] = O (|r|74) (as |r| — o).
We rewrite the trace formula using these g, h, so
e e}
T LD T WE B
o k=1

- log N (p) 1
(o) NG 258N

(3.6)
= 1 1 Vol (T\H?) [ 1 1
:Z;]<r2+a2_r]2+52)_ J T(
Jj=

ppm R R 52) tanh(7r) dr

Next, choose @ = s — 5 and B=p8-3 1 by lemma, we get

Loz 1y Lz
2s—1 2 2 28—1272 2

(o TR CY -
A\ Y Ay T ey

~~ /
invariant s—»1—s = FE

Right side of |i has simple poles when 7“]2- + (s — %)2 = 0ie,whens = 1 + 1. We
ing (3.7 Z

7 Tirj.
can prove using l.i that 7 (s) has meromorphic continuation to all s € C with poles at
s = % + ir;. Can also get growth of 27'(3) as |s| — oo. Then

(3.7)

1 241400 Z/

= 7 (; n s) H(syds =Y. = Sry(..).

Y
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Theorem 3.28. Selberg zeta function

@=Hﬁ@—mm8ﬂ
o k=0

is an entire function of s € C which satisfies

(1) Z(s) has trivial zeros at s = { = —1,—2, =3, ... with multiplicity (2g — 1)(2¢ + 1),
(2) s = 0is a zero of multiplicity 2g — 1 and s = 1 is a zero of multiplicity 1;

(3) the non-trivial zeros are located at s = % +ir; where i + 7“]2 = eigenvalue of A;

(4) (Functional equation)

o1

Z(s) = Z(1—s)exp ’ r tanh(mr) dr] .

Vol (I'\H?) f

0

Remark. Z(s) grows like el*I"*, (then DG(s)Z(s) = DG(1 — s)Z(1 — s) where DG(s)
is a double gamma function. ) so it is a function of Hadamard order 2. All L-functions in
Langlands Program has order 1.

Generalization of Selberg’s zeta function
o lhara zeta function is a p-adic version of Selberg zeta function.

o Ruelle zeta function - zeta function defined by dynamical systems. Selberg zeta function
is a special case.

Lecture 15: 2010-10-28
3.9 Trace formula for T\H? (for I' = PSL(2,7Z))
For ¢ ('z R ) = ¢(0), we have
> hotrs) = Vol (B o0) + 3 [ ki) E5
j=0 Y

~
hyperboli(. o \H2

+ Z ” (z,72) dydy + C(Par).

elllpll(, F'y\HQ
Here
dm dy j j J J”OO dz dy
C(Par) = ks(z,7vz) Z,8
Py = 5] kot il B
[~] parabolic
conjugacy classes W\HZ F\H2
—(%ecretely)oo (secretely) 0

but it is not well defined. To remedy this, Selberg cuts the fundamental domain and takes a
limit.

Definition 3.29. Let [y] = parabolic conjugacy class. Let
I'y={cel |oy=n0}.
We define
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DY ={zeD, =T, \H* |3(z) <Y}

={2eD=T\H? |3(z) <Y}.
So,

L dz dy 3 Hioo dzx dy
C(Par) = 1/11—]>H<1>o Z Jf ky(z,7%) JJ e J (K,E) E(z,s) 7

'y] parabolic
conjugacy classes D ’Y

Lemma 3.30. The parabolic conjugacy classes [v] are all of the form (} ™) with m € Z,
m # 0.

Proof. For m # n, we have
(2D () (42) = (e (4 = ( Lk, )

= ({m)#o(fP)o .

Form € Z, m # 0, we have

and

Therefore,

, Yot dz d 1 [zt dz d
C(Par) = lim 2 J L kg (z,7v2) 7‘7/ - ffélm L - (K, E)E(z,5) — Y
z i

Y- meZ, m#0, 0 y
~(§7)

First, we compute
E(z,s .
47” 1—io0 ’ y?

Proposition 3.31. (Maass-Selberg relation) Let s = o + ir. Then,

dr d Y2cr—1 — M 2Y1—20’ M(s Y2i7‘ - M Y—2i7"
JEzs g dady MY MEY - M(s)
Y2 20 — 1 2ir

where .
J E(x +iy,s) do = y° + M(s)y' ™, M(s)M(1—-s)=1
0
and

AT(s— 1/2)¢(2s — 1)
M) = Foces
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Remark. Computed by Green’s theorem. Usually use two variables s and w:

dx dy

E(z,s)E(z,w) —

DY Y
Since (K, E) = hy(r)E(z,5), we have

H J (K,E) E(z,s) ds dx2dy
47['Z 1/2)

_ dx dy
= — he(r)E(z,s)E(z,35) ds .
J f o BV B ) s

1 [® 20-1 _|pf 2 yl-20
Iy = lim J ho(r) - | M(s)] dr

We can write

J—)E T J—o 20— 1
1 0 M(E)Yz"’ _ M(S)Y—Qir
— h d
+ 471' ¢(T) 2ir "

Compute I3 and I3.
(1)

0 20—1 _ yv1-20 1 0 1—M 2
Iy = lim 1f hAr)i dr + lim f h(b(r)ﬂ dr

o1 47 20— 1 olidm )

e) _ s 2
=logY - ¢(0) + lim 41J h (r)m dr

o-ddm ] o ¢ 20— 1
Tayor series around o = 1/2

1= Mo +ira(o — ir) = {1 ~ M

S+ z'r)M(% _ ir)]

[M'( + ’LT)M(% —ir) + M(% + z'r)M’(% _ ir)] (a _ 1)

1
+ higher powers of (o — 5)

since M (s)M(1 —s) =1,

M’ M (1 1
1—|M(o +ir)]* = [M (2 +ir ) 7 (2—1'7')] (J—§)+ higher power

1 (@ M 1 M 1
=10z V)g(0) + 1= | o) [M (3 +ir)+ 20 zr)] dr
(2)
1 (® [M(E —ir)Y?" — M (5 +ir)Y 27|
2 2 2
L=z ] et 2r dr
_ 1 © h¢(7“)§R (M(3 —ir) sin(2rlogY) ir
4 J_op T
1 [ T R (M(% — z@) sin(2r) ;
B 477JOO ¢(logY) r "

1 1
= Eh(O)M(? + O(@)
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Next we consider

! da d
J J kg (z,7v2) Qy.

mEeZ, m#0, 0 0 y
=(47)
Proposition 3.32.
d d
J J ky(z,z +m) vy
meZ, m#0
h(0) 1 (® ! , 1
= logY + —= — log2 — — hir)=(1 d —
oO)1ogY + % —gO)log2 = 5 [ h(r) (1 + i) dr + O3
Proof.
- —i—m)|2 dx dy
P2 [ e () - )
m#0 m#0
1
_ oy y—2f ( D >¢(y2>dy
m#£0 |m| Jm O<m<yy
Lemma 3.33.

1

Z — =log X +c+o(1)
m

m<X

P =2logY JOOO o(y?) dy + 2 JOOO o(y*) logy dy + CLOO o(y*) dy + o(1)
1 (® dy
= 6(0)osY +] + 5 | "oy 9(6) L)

Q0
d
f logy ¢(y)—y (Inverse Abel Transform)
0 \/@

:—1JJ 105yy w) dw dy
ffx/logl#@’ w) dy dw

—J (rlogw — 27 log 2) ®'(w) dw

T

OOO
0

og(l —e™™) d®(u) + hio) —log 2¢(0)

3.10 Selberg Zeta function for I' = PSL(2,7)

2(s)= [] ﬁ(1—N(P)—S—’f)

[P], hyperbolic k=0
conjugacy class

Consider a hyperbolic conjugacy class in I': Let ( ) e I with the trace T' = a + d and
|T'| > 2. Then

1= (el =a(5,h)e



[2010 Fall] Topics in Number theory 47

for some p > 1 and N(v) = p?. Clearly [(%k p?k )] is again a hyperbolic conjugacy class.

0= 1 TT(-~ee)

[P],primitive {=1k=0

hyperbolic conjugacy class

If(33)20<p 91)071:> T=p+p ' s0p*—pT+1=0.Then

+ ..
p=—"— = un1t1n@< T2—4>.
So we can rewrite,

Z(s) = I1 H (1 — e ’f) ")

fundamental discriminant D =()
of real quadratic fields

where ¢p = fundamental unit in Q(+/D) and k(D) = class number of Q(v/D).

Peter Sarnak’s thesis:
Z h(D) ~ X as X — o

€D<X

Lecture 16: 2010-11-4

4 Selberg Trace formula (Representation theory)

4.1 Selberg Trace formula for a finite group

Fix G = finite group, V' = finite dimensional vector space over C and 7 : G — GL(V) be a
representation of GG. Equivalently, we could consider the group algebra

C[G]:={¢:G - C}

with convolution

(brxd2)(9) = >, ¢1(91)d2(g2)

g1-92=9g
and consider finite dimensional C[G]-modules.
Example
(1) Ty With V = C
(2) myeg With V' = C|G| with actions by left translation.

Notation Forge G,v eV,
m(g).v

denotes the action.
Example For h, g € G and ¢ € C[G],

Treg(h).0(9) = ¢ (hyg).
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(Selberg Trace formula — break into conjugacy classes) For the Selberg Trace formula, we
consider the action of GG on itself by conjugation. Let

Conj[G] := set of conjugacy classes of G.

If g € G then
= {ogo™" | 0 € G} € Conj[G].

Definition 4.1. (Class functions)

m%wﬂ:{¢xgﬁc‘¢@w75=¢@%}

Vo,ge G
and ¢ € Class[G] are called class functions.

Definition 4.2. (Character of 7)

Xr(g) := Trace(n(g))  (forge G)
Proposition 4.3. (1) x, € Class|G];
(2) Xmi@m2 = X1 T Xmas
(3) Xm@m = X1 * Xmas
(4) Xuiv(g) =1,  (VgeG);

Gl, g =1d,
(5) Xreg(9) = { 0,  otherwise.

Definition 4.4. (Inner product on Class|G]) Let ¢1, ¢2 € Class|G]. We define
(1, p2) : Z o1(g
gEG’

Proposition 4.5. The character of irreducible representations of G form an orthonormal basis

for Class|G].

Remark. This proposition is analogue of the spectral theory.

We need an analogue of the geometric side of the Selberg Trace formula for our situation
of G = finite group. There is another basis for Class[G], called the geometric basis given by
using characteristic functions for conjugacy classes.

Definition 4.6. Fix h € G, define 1y : Class[G]| — C as

1y (9) = { (1) i€ [h],

otherwise.

Fix hq, he € GG, consider

(Lnas Lpna) |G|Zé [111(9) * 1[ny)(9)
g€
B i = [ho]
0, [h1] # [h2]

They are orthogonal basis.
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Given (7, V') representation 7 : G — GL(V'), we may expand Y, in two different base
using
V= (—BieIVim(m, (V; irreducible).

Then
St =Y, Tocetrla) Iy
iel [g]eCalss[G]
%—/ S ~- ~
spectral side geometric side

To get the analogue of the Selberg Trace formula, we consider I' € G and move to the
situation of I'\G. Need to consider induced representations.

Induced representations Fix 7 : I' - GL(W) where W = finite dimensional vector space
over C. Want to define
Tnd = Indf (7).

Tnd : G = GL(V)
where

v {rigow | 109 7oL}

Vvyel, ge G
7TInd(h)'f(g) = f(gh)7 (Vh7g €Gq, f € V)

Let’s look at the simplest possible case, i.e., let’s induce iy (i.€., Triv(7y) = 1 for all
v € I'). The group algebra C[G] acts on V' by a matrix with an entry for every pair of cosets
z,ye "\G. Let ¢ : G — C (i.e., ¢ € C[G]) then ¢ acts on V" as follows.

Definition 4.7.
=Y o ), (zyeT\G).

vell

Then Ky(z,y) determines a matrix

Kg(z,y)
(z,yel\G)

and let this matrix acts on V.

Theorem 4.8.
Xind(¢) = Z Vol(I';\G) - 2 ¢z yw)

~€Conj(T") zeGL\G
and

2 olx™ 'ya: :zf 10} (orbital integral).
[vleG

2e€GL\G

We can also express this using characteristic functions of conjugacy classes. Therefore

STF for finite group : Z Vol(I',\G~) Z m;xi (@
~eConj(T") el
N -— —_—

geometric side spectral side

(Frobenius Reciprocity)

Remark.
Trace = JK¢(90,33)
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4.2 Selberg Trace formula for an infinite group (elementary example)

Let G = R. Then the irreducible unitary representations are just characters, ¢** for A € R.
e Spectral side — Fourier transform.

For STF, we consider the case of a subgroup I' © R and I'\R.

Simplest case : I' = Z and consider Z\R.
e Irreducible unitary representations: e, () := e*™"* for n € Z.

For ¢ : R — C, define

Ky(w,y) =Y, ¢px+n—y), (z,yeR).

nez

Spectral expansion : Fix y.

Ky(x,y) = Y (Ko(%,y), en) en(x)

neZ

where

(b1, P2) := o1(x)Po(x) dex.

Z\R
Then

1
<K¢(*7y),€n> = J;) K(b(x,y)e*Qﬂ’lnx dx

= Jl 2 P(x +m —y)e 2T dg
0

mEeZ
_ J‘ bz — y)efQﬂimc de — efQﬂinya(n)
R
where ¢(n) = (g O(x)e 2 dg.

Selberg Trace formula :

i.e., Poisson Summation formula.

Lecture 17: 2010-11-9

4.3 Preliminaries

Notations
e (G = algebraic group defined over field F'
e 'c R =ring
e G(R) = R-points of G
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Base Change Let K o F. We consider Gx as an algebraic group over K, called the base
change.

Remark. The only difference between G and G is that for G (R) we may only consider
rings R that contain K.

Torus

Definition 4.9. (Algebraic Torus) A torus T over a field F is defined to be an algebraic
group over F such that the base change

T = GL(1)*, (for some integer k = 1,2,3,...).

Recall GL(1) = G,, = multiplicative group in algebraic geometry, with defining equation
ab=1.

Definition 4.10. (Split Torus) A torus T over F' is split if
T ~ GL(1)* (for some integer k = 1,2,3,...).
Definition 4.11. (Anisotropic Torus) A rorus T is anisotropic if
Hom(T,GL(1)) = ((0)), i.e., it is trivial.
Otherwise, it is called isotropic.

Example

(i) Split torus:
GL(1)={ab=1 |a,be F}

is a split torus.
(i) Anisotropic
SO(2) = {g € SL(2) | I tg}
~ 5l = {:c,yeF ‘x2+y2=1}.
So, over R, the torus SO(2,R) = {( %Y 5n¢)} is anisotropic.

Remark. Over C,
GL(1) = SO(2)

witha = ¢ + iy and b = = — iy.

A good way to think about tori 7" (an algebraic group over F') having 2 pieces of structure
(1) Base change T%.

(2) Galois descent needed to recover polynomial equations defining 7" as an algebraic group.
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Reductive Group
Definition 4.12. (Reductive group) G < GL(n) and G = 'G.

Definition 4.13. (Split reductive group) A reductive group G is split if it contains a maximal
torus (not a proper subgroup of another torus) which is split.

Example (Split reductive groups)

o (4n)
SLn+1)={ge GL(n+1) |det(g) =1}

e (B,) Odd orthogonal groups

SO@2n+1)={ge GL2n +1) | 'gQan+19 = Q2n+1, detg =1}

where
0 0 1
Qont1 =0 Q2p—1 0O
1 0 0

e (C,) Sympletic group Sp(2n)
e (D,,) Even special orthogonal groups SO(2n)

Each of these split with its maximal torus = diagonal elements.

4.4 Jacquet-Langlands Correspondence
This is the first algebraic application of the trace formula. They work with a quaternion alge-

bra.

Example of a quaternion algebra Fix positive integers ¢ and r (coprime) and square-free.
Define D][q,r] to be the quaternion algebra over Q with defining relations Jy, Jo, J3 €
D|q, r] such that

o Ji=gq, Ji=r, Ji=—qr;
o JiJo+JoJ1 =0, JiJs+J3J1 =0, JoJs+ J3Jo =0;
[ J1J2 = Jg, J2J3 = —TJl, J3J1 = —QJQ.

Then
Dlgq,r] := {xo + 1.1 + x2J2 + x3J3 | T0, 71, T2, v3E€ Q}.

For z = x¢ + x1J1 + x2J2 + x3.J3 € D[q, ], define

T =x0—x1J1 — w22 — w3J3,

N(z)=xz-T
and
Tr(z) =x+7.
Then 2 x 2 matri ith
x 2 matrices wi
D My(R) =

lg, 7] — Ma(R) coefficients in R.

with

B xo + x14/q V(w2 + 234/9) _
T =zo+z1J1+xodo+x3J3 > (\/;($2 23 d) %o — 1/d (for N(x) = 1).
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Definition 4.14. A subring O < D|q,r] is called an order provided 1 € O and O is a free
Z-module of rank 4. Then
disc(O) := |det(Tr[&;, k]|

where {£;} is the Z-basis for O.

Definition 4.15. Let O be an order in D[q,r]. We define
To c SL(2,R)

to be the set
{mat(z) |z € O, N(z) =1}.

Theorem 4.16.
Vol (To\H?) < oo.

Naive Jacquet-Langlands correspondence To each Maass form ¢ in L? (I'o\H?) with
A¢ = A¢ there exists N € ZT and a Maass form @ for L? (T'o(N)\H?) with A® = \®.
(Reference: D. Hejhal, “A classical approach to a well-known spectral correspondence on
quaternion groups')

Fix ' = number field and Ar = adeles over F,

e H = division algebra of degree p? over F, for a prime p
e (G =multiplicative group of H

e Z = center of G(Ar)

e GG = center(G)\G

Let
w: FP\AL — roots of unity

be a unitary Hecke character. Let

V =L (G(F)\G(Ar))

:{f:G(AF)H(C

S@(F)\@(AF) |f(9)|2 dg < oo }
f(yz9) = w(2)f(9), Vz€ Z, ve G(F), ge G(AF) |

Consider the automorphic representation (p, V') with
p:G(Arp) > GL(V),
an action by right translation, i.e.,
p(h).f(g) = f(gh),  (VfeV, g,heG(Ar)).
We want to construct a new representation (pg4, V') coming from a function
¢: G(Ap) > C
satisfying
() ¢(zg) =w(2) 'o(g9), VgeG(Ap), z€Z;

(ii) ¢ is compactly supported mod Z.
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Definition 4.17.

Py = J ?(y) py) dy
G(AF)

and pg actson f € V.

For f € V and x € G(Af), compute the action,

po.f(z) = f o) (p(v).f(x)) dy

G(Ar)
| swr@ay=| s i
G(AF) G(AF)
(We assume that dy is a Haar measure.) Then
po-f(x) = f D1 e ) fy) dy.

G(F\G(AF) ~eG(F)

Definition 4.18.
Ky(,y) = >, ol ')
)

YeG(F

Proposition 4.19.

pg = L(AF) o(y)ply) dy = f Kg(x,y) dy.

G(FNG(AF)

Since
Vol (G(F)\G(AF)) <

= kernel K(z,y) is of Hilbert-Schmidt type so of trace class!

Tr(py) = K(z,x) dx

JG(F NG(AF)
Reference: Gelbart-Jacquet, “Forms of GL(2) from the analytic point of view" (1979).

Lecture 18: 2010-11-11

e (G = reductive group
e A = adele ring over F’
e w: F*\A* — root of unity (unitary Hecke character)

o V = L2 (GIFNG(A)) 3 f(120) = w(z)f(g) forany g € A, = € Z(G(A)) and
v € G(F)
Representation 7 : G(A) — GL(V) right action, i.e., m(h).f(g) = f(gh), automorphic
representation (7, V). Given ¢(zg) = w '(2)¢(g) for all z € Z(G(A)) and g € G(A), the
function ¢ compactly supported (mod Z(G(A)).

We may construct an operator on V'
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The operator 7(¢) acts on f € V as follows:

w(6).f(z) = L(A) o(y) f(xy) dy

D1 ey | fy) dy

JG(F)\G(A) ©eGUR)

7

=Ky(x,y) , Selberg kernel

If §§ | Ky (2, y)|* da dy < oo, i.e., Hilbert Schmidt, then

Tr(n()) =Z m(m;) Tr(mi(¢))  (Spectral side)
¢ multiplicity

where 7; is an irreducible representation with multiplicity m(7;).

If K4 is not Hilbert-Schmidt then we can modify the Kernel to K ;(:L’, y), where

Ki(z,y) = Ky(x,y) — J Eisenstein series
For higher rank this is quite complicated and solved by Arthur.

Geometric side

Tracezf Z gb x~ wx
GENG(A) yeq(F)

J Z 10) (:L’*la*lfyaa;) dx
G(F)\G( ) ['y]conjugacy O'EG»Y(F)\G( )

classes in G(F
where G (F) = {0 | oy = yo}. Then
= ZJ ¢(z~'yx) dr  (global orbital integral)
[] VG (FNG(A)

Assume ¢(g) = [ [, ¢v(gv) for g, € F), then
= 31Vl (G, (F)\G, (4) | p(a~ L) da
] G (ANG(A)

= Svol (G, (G [ | Solary yay) da,
]

Gy (Fo\G(Fo)

Then

f ¢v(x;1/}/$v) dz,
Gy (Fo\G(Fy)

is called a local orbital integral.
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Idea of Jacquet-Langlands Compare local orbital integral on different groups G and try
to find ““ matchings" => there exists a transfer between automorphic representations on both
groups. (Langlands transfer and functoriality)

Definition 4.20. G = algebraic group over F. Fix K > F. Let G, = {0 | 0y = y0}. We
define,

(1) ~ is regular if G, is commutative

(2) ~ is semisimple if G, is connected and reductive.

(3) ~ is regular semisimple if it is both regular and semisimple <= G., = torus.

(4) -y is anisotropic if it is regular semisimple and G, = anisotropic torus.
Elliptic, hyperbolic and parabolic?

Definition 4.21. o v is ellipitic if v is regular semisimple and its characteristic polyno-
mial,
P,(z) = 2® — Tr(y)z + 1

is irreducible over F' <= elliptic means that v does not belong to any parabolic
subgroups.

e ~ is hyperbolic if the roots of its characteristic polynomial are distinct and lie in F'.
We want to compare local orbital integrals in 2 groups, G and G'.

e G =GL(2)

e G’ = unit group of a quaternion algebra D over a field F’

Definition 4.22. (Essentially square integrable) An irreducible admissible automorphic rep-
resentation of GL(2, F,) is essentially square integrable if it is a twist of a representation
which is not principal series (i.e., supercuspidal or Steinberg).

Theorem 4.23. (Jacquet-Langlands correspondence) There is a natural bijection

Automorphic representations Automorphic representations of G which are essentially square
y — . ;
of G integrable at every place where D ramifies

Further if ' is an automorphic representation of G' and 7 is an automorphic representation
of G (corresponding) then m, is completely determined by 7!, where 7' ramifies at v.

Remark. In 2009, A. Snowden produced a thesis proving Jacquet-Langlands correspondence

without the trace formula just using Fourier theory.

Quaternion algebras Fix a,b € F'*. A quaternion algebra D over F is generated by 2
elements %, j satisfying

1" =a, j°= 1] = —Jt
Let
D = {xo + z1i + x2j + x31j | 20, T1, T2, X3 € F'}
. a,b
=\7%)-
Example

-1,-1
( ]’% ) = Hamilton quaternions.
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Proposition 4.24. Let v be a place of ' and F, its local field. Then there exists a unique
quaternion algebra over I, which is a division ring. Let K > I then D = D @ K is again
a quaternion algebra over K.

Definition 4.25. We say K splits D if D — Ms(K), where Ms(K) is a 2 X 2 matrix group
with coefficients in K.

Definition 4.26. (unramified vs. ramified) D is unramified at v if F,, splits D. Otherwise it
is ramified.

Lecture 19: 2010-11-16

We have two groups G’ and G.

G G
quaternions GL(2)

Jacquet-Langlands

automorphic representations automorphic representations

of G correspondence of G
co-compact finite volume bu not co-compact
finite dimensional representations infinite dimensional representations
NO parabolic conjugacy there ARE parabolic
classes conjugacy classes

To prove: choose test functions, the trace formulas match.

Work over Q Let’s look at the contributions of the parabolic conjugacy classes for G =
GL(2) (over Q). Set up the following notations.

e A = adeles over Q

o Al={geA[|gls=1}

o G(A)' = {ge G() ||detgls =1}

e T = diag. torus

e B=(*%)=Borel, N = (!%) = unipotent radical of B

o Vol (GQ\G(A)!) < o0

o I (G@\GM)') = {1 € G@\GW) > C |[I7(9)* dg <0}

e Kernel:

Ky(x,y) == >, oz ')

7€G(Q)

but not of trace class. We need to modify the kernel by subtracting an integral of Eisen-
stein series.
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e [wasawa decomposition

and g = ntk for any g € G(A).

Langlands Eisenstein series

Definition 4.27. For g € G(A) = GL(2,A), define

o= o= 1 (5 %)) = D (2]

where g = ntk € G(A).

Choose
¢: N(A)T(QAL\G(A)' - C
where
a O
{2 )
satisfying

llel* = f J lp(tk)|? dt dk < oo
K JT(Q\T(4)

and for an arbitrary complex number s, define
6y(@) i= 6(2) - exp (s + DH(z)  (forze G(A)L).
For y € G(A), define a right action:
Ry(y) - 6(x) := exp (s + DH(®)) - 6, ().

Definition 4.28. (Langlnads Eisensetein series)

B@,os)= Y o) (forweGlA).
veB(Q\G(Q)

e [ntertwining operator:

M()0(a) i= exp (s + DH) | éuwur) du

N(A)
where w = ((1) 51 )
Remark. Langlands proves the following properties:
o E(zy,¢,5) = E(x, Rs(y)o, s)
o M(s)Rs(y) = R-s(y)M(—s)
e E(x,M(s)p,—s) = E(x, ¢, s) (Functional equation)
o M(—s)M(s) =1
Proposition 4.29. (Langlnads) The map

1
FHJ E(x,F,s) ds
2 Jir

is an isometry of Hilbert spaces of satisfying

F(—s) = M(s)F(s) onto L2, .
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Definition 4.30. For T € R (T will be our cut-off), let

&r := characteristic function of {g € G(A)! | |H(g)| > T}

1, ifH(g) >T;
0, otherwise.

¢rlg) = {

Hilbert-Schmidt :

1
Khasea(r.) =" K@) = 5 | K(o)E, Reo ) ds
iR S~——
—&r

(This will be Hilbert-Schmidt)
Trace formula for G = GL(2) For T € R we have the modified kernel:

K;{(l“ay) = Ky(z,y) — 7(dx) J 2 ¢(ztyny) dn
663(@ \G(Q N(A) yer(Q)

(Hilbert-Schmidt). Then we have the trace formula:

KXz, 2) d.
L@wwl¢()

Jacquet-Langlands correspondence
units in quaternion algebra = G' +— G = GL(2)
Let v be a place of A.
e v unramified for G’ — GL(2, A)

e v ramified for G’

Let S = { ramified places}. We want to choose test functions
o=]]d0. & =[]0
v v
so that the trace formula for G’ and G’ match.

lim Kg(x,x) dzx = J Ky(x,x) dx
=0 Je@)\Ga)r G@\G'(A)

(i) If v is unramified for G’ then it can be shown that if we choose ¢, = ¢! then the local
orbital integrals match.

(ii) If v is ramified, choose ¢, = ¢} = 1.

Then it only remains to eliminate the contribution of the parabolic conjugacy classes on G.
(Bottom of p. 244 in Gelbart-Jequet “Forms of G L(2) from the analytic point of view".)

Jolo (o 2)o) o=t Jo o (5 5))

(— this is “basically" what appears), i.e., the nilpotent orbital integral is a limit of hyperbolic
orbital integrals
= with previous choices, the contribution of the parabolic conjugacy classes is 0.
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Lecture 20: 2010-11-18

5 Kuznetsov Trace formula

Kuznetsov Trace formula: use double coset
-geometry side is quite different

|

Jacquet’s Relative trace formula

Reference : “On the estimation of Fourier coefficients of modular forms" by A. Selberg, PSPM
1965

5.1 Kloosterman sums for SL(2,7Z)

Forc > 1,

S(m,n;c) = Z Q2 amran )

a=1,(a,c)=1,
aa=1 (mod c)

Selberg introduced the Kloosterman zeta function

o0
S(m,n;c)
Z(m,n;s) 2 —— -

Theorem 5.1. (Selberg) The Kloosterman zeta function Z(m,n; s) converges absolutely and
uniformaly for R(s) > % and it has a meromorphic continuation to all s € C with simple poles
at

s=§+7jrj

where i + TJZ = \; is an eigenvalue of the Laplacian A, i.e., there exists a Maass form

nj(z) € L2 (SL(Q, Z)\H2) and Anj = \jn;.

Remark. With a modification, the Kloosterman zeta function has poles only at \;, and has a
functional equation.

Proposition 5.2. (Properties of Kloosterman sums)

(1) S(m,n;c) = S(n,m;c)

(2) S(m,n;ec) = S(me, ne; ¢)-S(mc,nc; ¢) provided (¢,c’) = Landcec = 1 (mod '), dc’ =
1 (mod c). (Kloosterman zeta function doesn’t have an Euler product, but it has a multi-

plicative relation in it.)
(3) S(m,n;c) =S(mn,1;¢), if(m,n,c)=1
(4) S(m,n;c)= >, rS (m” 1; ) (Selberg, 1938, Helsinki).

r2 0t
r|(m,n,c)
(5) S(m,n;c) = S(—m,—n;c), soS(m,n,;c)eR.

Proof.

S(m, n; C) _ Z 627”;( Emja")

a=1,(a,c)=1,
aa=1 mod ¢

1) a—a
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2)

S(me,ne; ) - S(mc,nc; c)

¢ . a/'meL?nE < . am?+an?
_ 2 P e I 2 p2mi AR
a’'=1 a=1

[m(cEa/ +c’?a) +n(cﬁy+ c’?ﬁ)]

-y pee
a a

(3) It is enough to prove when ¢ = p‘. Either (m,p) = 1 or (n,p) = 1. If (m, p) = 1 then let
a — na and (n,p) = 1 then let a — ma.

O]

Growth of Kloosterman sums
Theorem 5.3. (A. Weil)
1S (m,n;p)| < 24/p, (p f nm).
Remark. This theorem is a deep result, using RH, for curve over finite fields.

Theorem 5.4. (Salie)

2p7 cos (‘zr—a”) ) o even
S(n,n;p%) =< 2 (% p? cos (‘;r—a” , «aodd, p=1 mod4
—2 %) p? sin (4”—&") , aodd, p=3 mod4

Ifptmn,
S(m,n;p*) =0

2

unless m = nu” mod p® for some u € Z/p*Z and in this case

S(m,n; p*) = S(nu, nu; p*).

5.2 Poincaré series for I' = SL(2,Z)

Definition 5.5. (Poincaré Series) Fixn € Z. Let z = x + iy € H?, s € C and

Pa(sis)= Y S(ya)emm

~el L \I'
y° 27in 42+b ab
= Z |cz+d|286 et (for (cd) EFOO\SL(27Z))
(e,d)=1

where T, = {(} ¥)} € SL(2,Z).
Remark. (i) Whenn = 0, Py(z,s) = E(z, s).

(ii) Kloosterman sums will appear in the Fourier expansion of P,(z, s). Assume that R(s) >
1. Let’s look at the mth coefficient

f P Z S) —2mimx dx

Z 27rzn’c’zib—2mmx dx
(cz + d + c2y?]s
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Letx — x — %l. Then

—d
- 1 s z+b—ad d

.a .
Y y 6727rny+ Z Y eanTCf%rzm(xfz) dr
Jn _ d 28 (xQ + y2)s
S (ed)=1, Y—35
for c=0 c#0

Look at the second term. Let d = ¢c + r, we have

DI

c#0 VeZ, r=1,(r,c)=1, -

ar=1 (mod c)

1—¢-Z 271'm<C % )
o o 2mim(z—L=1) ..
iEQ + y2)s
since ™™ = 1, we have (ar = 1 (mod c))

—27min  2wina 27’1”me

e = e ¢ ¢ —2mimx
=y f e dx
Z 28 - ;) - $2 + Yy )

c;éO

ar=1 (mod c)

0 —2min i
s ¥ S(m,n;c) € 2. e STIME
sy o

CQs (12 + y2)s

c#0

To proceed further, use Taylor expansion.

_2minz D ominz \ "
02\z|2 — _1[ -/
‘ S ()

=0
So
© 2min(x — iy))* -
Ppo(z,8)e™ ™M dg =y Z(m,n;s + f)f e~ 2mINT (.
J ) Z SRIGRRNC) BN FERRT B
Spectral o geometric side
+ 5m nyse—Qﬂ'ny

Lecture 21: 2010-11-23
Review of Poincaré series for SL(2,7Z)
P,(z,s) = Z S(vyz)? e2min(2)
~eT L \I'

(when n = 0, it is an Eisenstein series) We worked out the Fourier expansion

1 0

J P (x + iy, 8)e ™™ dg = 5 pyte Y 4 Z Zmn(s+OH(s+{,ny)
0 =0

1, m=mn;

0, m#n

B

where 9y, , = {

e}
mnc
Z CQs

c=1

and

277%57%\/@[(8_% (2mny)

Hy(s,ns) = T(s)

This Fourier expansion is the geometric side.
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Spectral side
Proposition 5.6. Ifn # 0,

Py(z,s) € L*(I\H?)  provided R(s) > 1
Idea of Proof. For Eisenstein series,

E(z,8) = Py(z,58) = y* + o(s)y' 5 + Z other stuff

rapid decay as
Yy—>x0

No matter how we choose s one of y* or y' ~* is not L2. But for n > 0,

P, ( ) _ yseQﬂznx —2mny + Z 27rzn'y(z)
L2, because e —27NY (0 1 ) 1 R(s)
decays rapidly 'yer \I

Recall the Selberg Spectral decomposition, if F' € L? then

l .
5 T

Z (Fynj)n;(z +i (F, E(x,w)) E(z,w) dw

4w 1 i

1
where 7); is a normalized Maass form for j = 1,2, ... and 1y = Vol (F\HZ) 2. So, we have

0 +1400
Pa(e) = X (Pl Sl (2) 4 |7 B ) Bl )
Let’s compute (for ®(s) > 1 and n > 0)

<Pn(*75)a77j> = J P"(Z’S)nj(z)dfﬂdy

\H2

J:[ s 27rznz
y2

T \H2

\_/

! * s 2minx  —2mny —2mimx dz dy
= y’e e E a;(m)\/yK (2m|mly) e 7@/2
=0 Jy=0

m##0

Q0
d
o [ - 28
0 Y
n Vo T(s—3+irj)D(s = § —ir))
(47‘("/1)87% I'(s)

Then



[2010 Fall] Topics in Number theory 64

We actually need to show that “Zo-ozl .-+ " is convergent. Since 7); is normalized, we have
a;j(n) = a;j(1)p;(n) and p;(n) doesn’t depend on ;. But a;(1) depends on r; since

dzx dy o0 9 dy
J () =5 =12 ﬁ/g | Kir; (27) | 2 a;j(1)
2

Yy
T\H2

and because K, (y) is rapidly decay as y — oo, the coefficient a;(1) blows up. But I" factor
in the summation is decay. (See Hoffstein-R?)

Let’s compute

1 0 -
(Pn(*;s))E(*’U})> = J J y862ﬂ'nz E(Z,w) @
=0 Jy=0 y

Since

1 2 2+7,r 14 - )
E <Z,2 —i—ir) — g2t gb( —i—zr) 2= 4 Z a Im| o —zir (m )ﬂKlr(2ﬂ|m|y) eZmime

m;éO —i—zr) C(1 + 2ir)

we have

<P’ﬂ(*7 3)7 E(*? w)) =

2772“7"71’"0_2”(71) .Joo

dy
se=2m UK (2mmy) 2.
F(§ —i—ir) C(1 + 2ir) Y ki (2mny) y?

0

5.3 Kuznetsov Trace formula (preliminary coarse version)

For a positive integer m, we have

1
J P, (z + 1y, 5)6727”"” dz
0

_ S(m,n;c)
= Omny’e 2™ + Z Z — sl Hy(s + £,ny)

Z 0c=1
L 4 iry) ajm)a )y G, (2mm
= (47rns ; 2 <$—+zr]>1“<s—2+zr]) j(m)aj(n)/yKi, (2rmy)
1 (Wm)_w oo () oo nf‘(s—%—i—ir)F(s—%—W) N dy
+2foor(;_z-r)g<1_zir> 2l () VKRG

The spectral side has meromorphic continuation to all s € C. There will be poles at s =
L +ir; —k(fork=0,1,2,...) and

VAT (2ir)
(4mn)"iT(% + iry)

Residue = aj(n)a;(n)/yKir;(2mmy).

Theorem 5.7. (Selberg) Let m > 0 and n # 0 be integers. Then the Kloosterman zeta

function
0
m n;c)

has meromorphic continuation to all s € C with simple poles at s = % tir; —kfork =
0,1,2,...,and 5 =1,2,.... Moreover,

1 —1ir;
S_]i{iSWJZm n( ) §a3(m)a](n) (m|n|) ! (27T)2i'r'j '
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Theorem 5.8. (Goldfeld-Sarnak) Ler m > 0 and n # 0 be integers. Then Zy, ,(s) is
holomorphic if R(s) > % and satisfies the growth condition

|mnl|s|2
R(s) — 3

Proof. The proof is based on the following lemma.

o dx dy |s]
m(z,8)" ——=01[|m
JJ tEatet (' '|%<s>|-<%<s>—;>)

T\H2

Zn(5)] = O ( ) LR > )

Lemma 5.9.

If we take the inner product of two Poincaré series, then we get the Kloosterman zeta func-
tion.

Let A = —y? (% + %). Consider
(A . 8(1 . 3)) X ys€27rimx6727rmy — 4ﬂ_m8ys+162m'mz'
Define the resolvent operator
Ry:=(A—=\N""
= Pn(z,8) = 4mms - Ry1_gPm(z,s +1)

(i.e., Poincaré series is the shifted eigenfunction of the Resolvent operator) and using the
theorem of analysis, we have

1
dist(A, spectrum of A)
[P (2,5 + 1|
dist(s(1 — s),R)
dist(s(1 —s),R) = S(s(1 — s))

IRl <

= ||Pn(x, 8)|| < |[4mms|

If s = o + 1t, then
S(s(l —s)) =S((o+it)(1 — o —it)) = t(20 — 1).

and plug them to the bound, we get the lemma. O

Lecture 22: 2010-11-30

Last time we found an identity
sums of shifted Kloosterman zetas = eigenfunction of A spectral data

e LHS: Kloosterman zeta function

for

where aa =1 (mod c).
e Kuznetsov inserted an arbitrary test function into Selberg’s identity.

e on the geometric side, we will explain how to compute with double cosets.
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Bruhat Decomposition

GL(n) = B,W,B,, for B, =

*

and W,, = Weyl group of n x n matrices which have exactly one “1" in each row and column
otherwise zero.

Proof of Bruhat Decomposition. Let

g1 --- din
g = : A : € (;[(72117)

gnl --- Gnn

then there exists b; € B,, such that

b - ES
91=10...0 1 0...0

where 1 lies in the position n¢ (cleaning the last row). There exists b € By, such that

% %

bggb1== PN 0 ce
0...0 1 0...0

In the finite number of similar procedure, we get the Bruhat decomposition. O

Bruhat decomposition for GL(2) : Since Wy = {(§9), (¢ 1)}, every v € GL(2,R) is in
one of two possible forms.

_f{a b

7_cd
1 a 1 0
0 1 01

6 D0 D6 )

5.4 Kuznetsov Trace formula

Let
Pu(z)= Y. p@mnS(y2)) /S(y2)e? R0
~eL L \I'
Qu(z) = Y. q@rmS(y2)) v/S(y2)e mR02)
~vel o\l

where p, ¢ : H — C, smooth, rapid decay. To get the Kuznetsov trace formula, we compute

(Prs Qm)

in two ways.
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Geometric side LetT' = SL(2,7Z)

(P, Qm) = J] (QWmE‘S(’yZ))\/Im(yz)e_%im%hz) dLgy
F\H2 "/EF;\F y
—2mimz dflf d
= Z Jf P, (2)q(2mmy)+/ye 2 Ty
’YGF’A\F ~1.I\H2
—2mimax dx d
[ e

We now compute,

1 1
J Pn(z —2mmz 1. J Z p 27”16(72)) %(,Yz)eQWin%(ﬂ/z)e—%rimz dr
0 0 ~eT L\

p 27my 27Ti(n—m)w dr

I
h

—5m,np(27rny)\/ﬂ

e 3 [ (e (50 () (45 2)) O mOe e

where v = (b

=
SN
o
S~
=
o

rbb=1 (mod c). Then

EJ (271’” ( n b/ )) \/Cl2 S ( —:2/ ) . 6—27rin26727ri:*2'%(7f3/6)e—Qﬂiml‘ dx
cb z C z (&

l—b/c 2 ) )
—zTn 1 —27inb —2mimb —27in o
ZEJ p(% 2 ) %(_2>e T TR tmime gy,
- —
b —b/c Cc°z c°z

Kloosterman sum

Finally we have,

1
J Pn(z)ef%imx dz
0

= Z S m,n; C 27T|Tl| 27Tic2y(z“2l+1)e—27rimxy dr.
= 2y x2 62 (z2 +1)

So,
1
(P, Qm) S(m,n;c J J (2mmy)\/y
e ; _— Ay(a2 +1)
p 27T|7’L| 6*2”%6—2ﬂimx‘y dx @
Ay(z? 4+ 1) y?
Spectral side

1
§+(X)

P,(z) = 2 (Ppn,mj)ni(z) + 417rf (Pn, E(%,s)) E(z,s) ds

1 -
j=0 3 1w
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and
o) = || Ptz J f (2mny) Vi)
I\H2
/o dy
= V27 - Aj (n) p(y)KZTj (y) 3
0 Y2
Komorobich-L;gedev transform
i=ph(rj)
So
e 0]
Z *(r)nj(2) + Similar Eisenstein series.
Therefore,

(Pn, Qm) = 2772 A;(n)A;(m)p*(r;)g¢(r;) + Cont.

As an application, Kuznetsov proved

i S(m,n;c) « X%“,
c X¢, conjectured by Selberg

c=1

Lebedev Inversion

_ o3y
—fo vl Kaly)

L[ S0,
7w Jr T()T(—it)
The problem of A;(n) Assume that

dx dy
= [ m@r =52 =1

I\H2 Y
- vurl\mw& P Reg(ens) S =1
— 13618\7011“1\}1&12 Jl JOO ()1 y* dz;iy
2
= Res Vol F\H2 J f 2 )Kip(2m|nly) 77|y d:cy2dy

N Ay V7T ()T (1)
-], S

ﬁr (s 22T)F(8+27/I”)
4r (3)

N|®»

N|®w

where A(n) = A, (1) - a(n).

Vol - 8
T (% — ir) r (% + ir) L(1, Smen)'
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Lecture 23: 2010-12-7

Let D = discrete spectrum, £ = Eisenstein series, M = main term and K = Kloosterman
sums Then

D+E = M+K .
S—— N——

spectral side geometric side

Notations
o An; = (i —i—r]z) 7;
o 7;(2) = 2.0 15 (n) /Y Kir, (27 |n|y)e*™"* : Maass forms
e p,q:H? — C test functions

o [ebedev-Bessel transform:

L[POK) o s - [
7T JR L (it)[(—it) dt,  ¢*(t) = JO Y(y) Kit

Then we have

o L6my/nm 3 (n) s (m)p# () (1)
F +zt

Vol (T\H2) 2 )F( — it;) L (1,Sym?(n;))’
1 1 1
E=— | ¢ <n —+ z’t) ¢ <m ~+ it) PH(t)G (1) dt,
At Jp 2 2
—
nth coefficient
o d
5m=f0 p(ny)q(my)
and
0 S(m,n;c
o= [ etz s, S
0 c#0 ¢
® 27|n| > ( —2miny ) o dy
9 2
1 _4min| _Tsmny mimny g, 29
XJO (" +1)7 2p( 2y +1)) P\ @y 1)) € "y

5.5 Application in the direction to the Analytic number theory
Theorem 5.10. (Goldfeld-Kontorovich) Let I' = SL(2,7Z). Then

167 5 1 _1 JT L (3+it)T (5 —it) 0t +O(T)

Vol (T\H?) |tj|<TL(1,Synf1277j) n)p  T@E)I(-it)
~T2

= Z 1~ T2
Itj|<T
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Proof. (1) Discrete side D: Choose m = n = 1. Let

1, -T<t<T,
Lrm (t) = { 0, otherwise

Choose F(l ')I‘(l )
ut 1 . §+zt i—zt

167 1
= D= W Z L(l,Symz(Uj))

—T<t;<T

(2) Main term M:

0 Yy
1 PG
= JR Tl (—it)
1 (T T (3T (5 +it) 1
= JT NN

Now choose p intelligently to make everything else small.

(3) Eisenstein series &:
S T E—
dm Je |0 (4 + i) ¢ + 2it)?

1 (T 1
4 J—T 1C(1 + 2it)? dt = o)

by using the prime number theorem. (¢(1) # 0)

(4) Kloosterman sum C:
K = complicated « T.

We need to choose p(y) in a special way:

p(y) = yKo(y)-

6 Jacquet’s relative trace formula

Notations
e [' = number field
e A = adele ring of F
e (G = reductive group over F

e H = abelian subgroup of G x G



[2010 Fall] Topics in Number theory 71

We define an action of H on G as follows: for (h,h') € H and g € G,
(h,h).g := htgh.

We define a stabilizer
Hy={(h,h)e H |h 'gh’ =g}

and we also have orbits
[6] := {h~'6n | (h,W) e H(F)}.

Define the Selberg kernel function

Ky(z,y) = > o 'yy)

veG(F)

where ¢ : G — C is a smooth functionand Ky : G x G — C.
In the relative trace formula, we choose a character
x: H(F)\H(A) - C*

and we compute

J Ky(z.y) x(z,y) d*((z,y)).
H(F)\H(A)

Kuznetsov Trace formula: Zagier’sidea Letz = x + iy, 2/ = 2/ + i3/, then

Ky(2,) =), ¢ <m> '

~yel'
Take a double integral,
, o dr dy dr’ dy’
JJ J K¢(Z, 21)6727rzm:p6727rm:r 3;2 Y xyl2y )
T\H?2 I'\H?

—(Pa.Pr)
Jacquet wants to generalize this idea:

H(F)\H(A) < T\H2 x T'\H2

o PSP
% o e 2mmre 2minx

Geometric side

D1 ol ) x(@y) & ((2,y))

H(F)\H(A) 7ECE)

- | S X s e (@)

H(F)\H(A) [6] ~eld]

= [ et e 4 ()

O] s (P\H(a)

for [§] = {h™'6h' | (h,h’) € H } is a double coset. The way group acting naturally leads us
to double cosets.
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Definition 6.1. (Orbital Integral)
()= | B 6y) x(w,y) 4 (2,9))
Hs(F)\H(A)

Remark. Problem :
Ls(¢) 0 7

Definition 6.2. (Relevant orbital integral) An orbital integral Is is relevant if x is trivial on
Hs(A).

Proposition 6.3. If Is is not relevant (i.e., X is not trivial on Hs(A)), then I5 = 0.

Proof.
B@) = | (o) ) () = o))
Hs(F)\H(A)
If I; is not relevant, then there exists (u,v) € Hs(A) such that y(u,v) # 1. O

Lecture 24: 2010-12-9

6.1 Relative Trace Formula
Let

e ' = number field

Ap = adele ring of F'

G = reductive group

e H c G x (G, subgroup

Kernel function

Ky(z,y)= Y. oz 'yy),  (fora,ye G(A))

YeG(F)
and
G(F) = v [d]

where

[6] = {n'6h" | (h,h) e H(F)}.
Let

Hs ={(h,W)e H |h" 6K =6}.
Then

J Ky(z,y)x(z,y)d* ((x,y))
H(F)\H(A)

and this is computed in two ways; spectral and geometric, leading to an identity called relative
trace formula.
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Example : Kuznetsov Trace formula Let N = {(} %)} and FF = Q. We want to put
H = N x N (this leads to the Kuznetsov Trace formula). We need characters on H(A), i.e.,
characters on N (A) (basically in the Tate’s thesis).
Definition 6.4. )

627r'L:1:w7 v = o0
ev(xv) = { 6—27ri{acp}7 v=p

where x,, € Q. Then we define a character on A as

e(w) =[] evlm),  (forzen).

V<0
Let my, mg € Q and ny,ne € N. Let 0,,,(n1) and 0,,,(n2) be characters of N. For
1 ¢
n = <0 1) € N(A) define
O, (n) := e(mt).

Then we have

f J K¢ (nl, n2)6m1 (n1)0m2 (TlQ) dn1 dng. (61)
N(Q\N(A) IN(QN\N(A)

Fourier Theorem Let F': Ag — C and assume that F'(z + o) = F(x) for all « € Q and
x € Ag. Then

~

F(z) = ). F(a) - e(ax)

where
Fla) = J F(x)e(—ax) dx
Q\Ag

So, in (6.1), we expect to get Fourier coefficients.
Let {u;},_; 5 denote adelic cusp forms. So
uj : GL(2,Q\GL(2,Aq) —» C

There is a one-to-one correspondence between adelic cusp forms for GL(2, Ag) and classical
Maass forms given as follows:

0
GL(2,Ag)3g =7 ((ygo x{”) , (’“80 r@) ,12,...,12,...> k

where Ir = (39), k€ K, roo # 0and 2o + iys, € SL(2, Z)\H.
If0;(z) = 2,0 Aj(m)\/yKir, (2pilm|y)e*™ ™, for z = o + Yo, then

uj(g) = 773(3300 + 1Yoo)

—— | ——
adelic classical

automorphic form Maass forms
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Spectral side

Z $(z1yy) = Selberg Kernel function
veG(F)

= Z he(N; u;(y) + cont
where hy(\;) is a Spectral transform of ¢. Then

1) = J D b (M) (n1)1(n2) O, (n1)0my (n2) dny dng + cont

N@\N(a fN(@)\N(A) ;

= 2 h A J J(nl dm ] )0m2 (712) Can
N(@\N(4) IN@\W() )
mq th‘}go urier mo th?ouner
coefficient of uj coefficient of uj

= Zh¢ - Uj(m1)uj(ma) + cont (Spectral side).

Geometric side Let [0] = {n1dn;" | n1,n2 € N(Q) }. Define orbital integrals
) = [ ol 0n) Gy 1)) din i
(Q\H(A)

where Hs = {(nl,ng) e NxN ‘ nfléng = 5}. Then

(Spectral side) = Z Is(9)

We need to determine which [; are relevant. The orbits [d] are in one-to-one correspon-
dence with double cosets

N(Q\GL(2,Q)/N(Q)

By Bruhat decomposition

612.0 - (V@ - A {¥@4@ (] o) v

o v@werean@-{(3 9). (1 7). vee}.

Case 1 6 = (7 9) If [6] is relevant then character is trivial on Hs(A). If (§ %), (
0
1

1
o) e
Hs(A), and [8] is relevant, then (} 1) (79) (§%2) = 2 (7 9) for some z = (% ?)

and

' 01
with zg € Q*.

Case?2 § = ( J) then my~y = my every thing is relevant.

6.2 Applications

Jacquet’s program for the R.T.F We have G and G’, two reductive groups. Then we have
H c G xGand H < G' x G'. Let x be a character on H and x’ be a character on H’.

Ky(z, y)x(x,y) d*((z,y)) = Ky (z,y)x' (z,y) d*((z,y))

J1‘1’(F)\H(A) JH’(F)\H’(A)
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Jacquet Let 7 be a cuspidal representation for some reductive group G and L(s, ) be an

L-functions with a functional equation s — 1 — s.

Theorem 6.5.

has now been proved for many cases.

Proof. Relative trace formula

L(1,7r>zf ()J () =o.
2 H(F)\H(A) H(F)\H(A)

Recently (Whitehouse)
e I = number field

e [F//F quadratic extension

7 cuspidal automorphic representation of GL(2, Ar)

7 base change to E

e Q:AFE\AL —»C

o L(s,tgxQ)ands—1—s

Periodic integral. Let D = quaternion algebra over F'.
(i) = transfer to 7 on DX /F
() £—=D

Pp(¢) = Gt)Q 1 (t) dt

JA;EX \AK
Theorem 6.6. (Waldspurger, Jacquet)

Pp(¢) =0 < L(;,WEXQ> =0

Using R.T.F, one can show

2

can be
computed

Texed by Min Lee

(Thanks to Karol)
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