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Introduction

• Analytic number theory

1
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• Text: Automorphic forms and L-functions for the group GLpn,Rq

Topics:

1. Selberg class� S, L-functions

Lpsq �
8̧

n�1

apnq
ns

, apnq P C

Selberg’s axioms:

(1) analytic continuation: D` ¥ 0 such that ps� 1q`Lpsq is an entire function of s P C
(2) Euler product:

logLpsq �
8̧

m�1

bpmq
ms

where bpmq � 0 unless bpmq � 0 unless m � pk and |bpmq| ! m
1
2

(3) functional equation:

Λpsq � As
r¹
j�1

Γ pλjs� µjqLpsq � Λp1� sq

for A ¥ 1, <pλjq ¡ 0, <pµjq ¥ 0

(4) Ramanujan conjecture: Dε ¡ 0 such that apnq ! nε.

Notation: fpxq ! gpxq ðñ DC ¡ 0 such that fpxq ¤ Cgpxq for all x.

Conjecture (Selberg): Lpsq P S ñR.H. i.e., Lpρq � 0 and 0   <pρq   1 ñ <pρq � 1
2

2. d � Degree of Lpsq defined

d :� 2 �
ŗ

j�1

λj

(example) ζpsq � °8
n�1

π�
s
2 Γ

�s
2

	
ζpsq � π�

1�s
2 Γ

�
1� s

2



ζp1� sq

then degree � 1.
Conjecture: Degree � integer

3. Selberg Trace Formula (break the group into the conjugacy classes) : Kutznetsov Trace
Formula (uses double cosets) which is the special case of Jacquet’s relative trace formula

Operator in a Hilbert space: λj P R, eigenvalues, for j � 1, 2, . . . , then

Trace �
8̧

j�1

hpλjq

where h : RÑ C.

Compare:
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• Selberg Trace formula: uses conjugacy classes
Ñ Fundamental lemma (deep connection with algebraic geometry)

• Kuznetsov Trace formula: uses double cosets
Ñ Kloosterman sum (deep connection with algebraic geometry)

4. Selberg Zeta function: R.H. holds

Gamma function: Γps�1q � s �Γpsq and Γp1q � 1 + some analytic conditionsñ uniquely
determined.

Γpsq �
» 8

0
e�uus

du

u

Selberg zeta function has “double Gamma function"

Γ2ps� 1q � ΓpsqΓ2psq, Γ2p1q � 1

no Euler product but has similar functional equations.
(Selberg zeta function exists in higher rank? open problem)

5. Bombieri’s Theorem (for R.H.) : Bombieri proved that the R.H. holds on average for L-
functions on GLp1q

Lecture 2: 2010-9-14

1 Selberg Class

1.1 Selberg class S of L-functions

Axiom 1: L P S then

Lpsq �
8̧

n�1

apnq
ns

, apnq P C

and this series converges absolutely in <psq ¡ σ for some σ P R.

Axiom 2: Dm P Z, m ¥ 0 such that

ps� 1qmLpsq

is an entire function of finite order. (Here, this order is the Hadamard order.)

Axiom 3: (Functional equation) DA ¡ 0, λj P R, µj P C with λj ¡ 0, <pµjq ¥ 0 for
j � 1, . . . , k such that

ΛLpsq :� As
k¹
j�1

Γpλjpsq � µjqLpsq � µ � ΛLp1� sq, |µ| � 1.

Remark. Axiom 3 ñ Lpsq has order � 1, i.e., |Lpsq| ! e|s|1�ε .

Axiom 4: (Euler product)

logpLpsqq �
8̧

n�1

bpnqn�s

where bpnq � 0 if n � pl for some prime p , l ¥ 0 and |bpnq| ! nθ for θ   1
2 .
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Axiom 5: (Ramanujan bound)
|apnq| ! nε

for any ε ¡ 0 as nÑ8.

Remark. (Hardmard order)
|fpsq| ! e|s|

r�ε
, @ε ¡ 0

as |s| Ñ 8 we say it has order r. (This r is the smallest one.)

Conjecture. (Selberg)
L P S ñ L satisfies the RH

i.e., all non-trivial zero of Lpsq lie on the line <psq � 1
2 .

Trivial zeros of Lpsq: Γpsq has poles at s � 0,�1,�2, . . .

ñ
k¹
j�1

Γpλjs� µjq

has poles when λjs� µj � �m, for m � 0, 1, 2, . . . ,

ñ Lpsq � 0 when s � �m� µj
λj

.

Why Selberg chose these axioms

For Axiom 1: for 0   rn P R,
8̧

n�1

apnq
rsn

For Axiom 2: If we allow Lpsq to have to have poles at more than one poles we will construct
a counter example to RH.

(example) For 0   λ   1
2 , let

Lpsq � ζps� λqζps� λq

then this function has two poles at s � λ � 1, �λ � 1 and satisfies all the other axioms. For
Rieman Zeta function ζpsq, we have

Λpsq � π�
s
2 Γ

�s
2

	
ζpsq � Λp1� sq

and satisfies the functional equation

π�
s�λ

2 Γ

�
s� λ

2



ζps� λq � π�

1�s�λ
2 Γ

�
1� s� λ

2



ζp1� s� λq

also satisfies other axioms. (we can easily check)

For Axiom 3: Assume that f is a Maass form, which is the counter example for Ramanujan
conjecture. (there should be no such form) Then for Lps, fq, <pµq   0.

For Axiom 4: If θ ¡ 1
2 , then there exists L P S which does not satisfy RH.
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(example)
Lpsq � p1� 2�sqp1� 21�sqζpsq

2sLpSq � p2s � 1qp1� 21�sqζpsq, and it is invariant under s ÞÑ 1� s

ñ 2sπ�
s
2 Γ

�s
2

	
Lpsq � ΛLpsq � ΛLp1� sq

logLpsq � logp1� 2�sq � logp1� 21�sq �
¸
p

¸
l

� log p

pls
�:

¸ bpnq
ns

since logp1� xq � �°8
k�1

xk

k ,

logp1� 2�sq � logp1� 21�sq � logp1� 2�sq�1 � �
¸ 1

k2ks
�
¸ 2p1�sqk

k
�

8̧

k�1

1

2ks

ñ θ � 1

1.2 Degree: 0 ¤ d ¤ 1

d :� 2
ķ

j�1

λj

Conjecture. The degree must be a non-negative integer.

What are known for this conjecture?

Theorem 1.1. (Conrey-Ghosh)(in this paper, we can find the example above - for Axiom 4)
There is no L P S with degree d and 0   d   1.

Theorem 1.2. (Kaczorowski-Perelli) The L-function, L P S with degree d � 1 if and only if
L � L-function of an automorphic function for GLp1q, i.e., Hecke L-function.

Theorem 1.3. (K-P, to appear in the Annals) There are no L P S with degree 1   d   2.

Conjecture.
d � 2 (or d � n) ðñ L on GLp2q (or GLpnq)

Is the degree well defined?

Proposition 1.4. The degree is well-defined.

Proof. (Stirling)

|Γpsq| �
?

2π |t|σ� 1
2 e�

π|t|
2

�
1� θ

�
1

|t|




for s � σ � it, σ-fixed and |t| Ñ 8.

Let

GLpsq � As
k¹
j�1

Γpλjs� µjq.

Assume we have two different such G1
Lpsq and G2

Lpsq. Then function equation

ñ G1
Lpsq

G2
Lpsq

� G1
Lp1� sq

G2
Lp1� sq

� G1
Lp1� sq

G2
Lp1� sq

Assume that degree of G2
L is bigger. Then Stirling formula implies that

lim
|t|Ñ8

����G1
Lpsq

G2
Lpsq

����Ñ 0 for <psq ¡ 1.

Then G1
Lpsq

G2
Lpsq

is bounded. But by FE, G
1
Lpsq

G2
Lpsq

is bounded for <psq   �1. It is a contradiction.
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Remark (degree� 0). degree d � 0 ðñ k � 0, so we have an empty product of Gamma
functions.

Theorem 1.5. (Conrey-Ghosh)

d � 0 ðñ L � constant

Theorem 1.6. (Conrey-Ghosh) Assume Λ1
Lpsq and Λ2

Lpsq are possibleAs
±

Γpλjs�µjq for
L P S. Then Λ1

Lpsq � c � Λ2
Lpsq.

Lecture 3: 2010-9-16

Prove the theorem by Corey and Ghosh.

Theorem 1.7. (Conrey-Ghosh, 1993) The only element in S of degree 0 is the constant func-
tion.

Proof. The proof uses axioms 1, 2, 3, 4 not 5. Without Axiom 4, it is possible to construct
elements in the Selberg class of degree 0 which violate RH.

Lemma 1.8. Assume Lpsq � ° apnq
ns P S with d � 0. Then for any B " 1, apnq ! n�B for

all n � 1, 2, 3, . . ..

Proof. d � 0 ñ no Gamma in the FE.

ñ AsLpsq � A1�sLp1� sq
For x ¡ 0 define a function

Hpxq �
8̧

n�1

apnqe�2πnx

By using the Mellin transform,

Γpsq �
» 8

0
e�xxs

dx

x

and using the inverse transform

e�x � 1

2πi

» 2�i8

2�i8
Γpsqx�s ds

ñ Hpxq � 1

2πi

» 2�i8

2�i8
LpsqΓpsqp2πxq�s ds

� PM�1plog xq
x

�
8̧

m�0

p�1qm
m!

Lp�mqp2πxqm

where ps� 1qMLpsq is entire. By using FE,

Lp�mq � A1�2mLp1�mq.
So Hpxq is well defined for all x P C but it may have a log-singularity at x � 1.

lim
xÑ0

��
d

dy


B » 1

0
Hpx� iyqe�2πiny dh

�
� lim

xÑ0

�
apnqe�2πnxp�2πnqB�

Then
apnq |2πn|B � Op1q, @ integer B.
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Lemma 1.8 implies Lpsq � finite dirichlet series. Let’s look at the functional equation.¸ apnq
ns

�
¸
apnqA

1�2s

n1�s

¸ apnq
ns

� A
¸ apnq

n

� n

A2

	s
ñ A2 P Z, and n | A2

ñ Lpsq �
¸
n|A2

apnq
ns

Normalize by ap1q � 1. Assume that A � p.

Lpsq � 1� appq
ps

� app2q
p2s

�
�
app2q
p2

� appq{p
ps

� 1

p2s

�
p

ñ app2q � p ñ θ � 1

2

and it is a contradiction to Axiom 4.

Remark. (Mellin Transform) For a function

f : RÑ C

define the Mellin transform rfpsq :�
» 8

0
fpxqxs dx

x

when this integral is convergent for some <psq ¡ σ and s P C. We have the inverse Mellin
transform

fpxq � 1

2πi

» σ�i8
σ�i8

rfpsqx�s ds.
Theorem 1.9. (Conrey-Ghosh, Richert 1956) There are no elements of degree 0   d   1 in
S.

Proof. We only use Axioms 1, 2 and 3.

Lemma 1.10. Let Lpsq � °8
n�1

apnq
ns P S then for any B " 1 we must have |apnq| ! 1

nB
.

Proof.

Hpxq �
8̧

1

apnqe�2πnx � 1

2πi

» 2�i8

2�i8
LpsqΓpsqp2πxq�s ds

Hpxq � PM�1plog xq
x

�
8̧

m�0

p�1qm
m!

Lpmqp2πxqm

As
r¹
j�1

Γpλjs� µjqLpsq � A1�s
r¹
1

Γpλjp1� sq � µjqLp1� sq

Lp�mq � A1�2m
r¹
1

Γp�λjpm� 1q � µjq
Γpλjm� µjq Lp1�mq

(little different when m � 0)

Stirlings

Γpxq � xx�
1
2 e�xp1�Op1

x
qq for xÑ8, x � x0 � iα, x0 Ñ8, α fixed
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ΓpxqΓp1� xq � π

sinpπxq
Γp�xq � π

sinp�πxqΓp1� xq
Claim:

r¹
1

����Γpλjpm� 1q � µjq
Γp�λjm� µjq

���� ! m! �mmpd�1q

ñ Hpxq � P plog xq
x

�
8̧

m�0

p�1qm
m!

¹ Γpλjpm� 1q � µjq
Γp�λjm� µjq Lp1�mqp2πxqm

For 0   d   1, the sum converges, since

!
8̧

m�0

mmpd�1qp2πxqm.

(When d ¥ 1, this argument doesn’t work) Once we know that the series

Hpxq � PM�1plog xq
x

�
8̧

m�0

p�1qm
m!

Lp�mqp2πxqm

converges absolutely for all complex x � 1 the same argument as before. Shows

|apnq| ! n�B

since

lim
xÑ0

�
d

dx


B »
Hpx� iyqe�2πiny dy � Op1q

Now, we want to prove L P S with 0   d   1 can’t exist. It is easy to get a contradiction
because apnq ! 1

nB
implies |Lps� itq| � Op1q for <psq ¡ �B for any B " 1.

On the other hand,
Lp�2� itq will blow up as tÑ8

by FE and Stirlings (cirtical use that 0   d   1).
(Lp�2� itq �±

Gammas � Lp3� itq and Lp3� itq bounded.)

Go to the case when d � 1

Remark. ζps� iαq with α P R is not in S. But Lps� iα, χq P S where χ : pZ{qZq� Ñ C�

and Lps, χq � °8
n�1

χpnq
ns .

Lps� iα, χq �
¸ χpnq|n|�iα

ns

The FE, (we need χpnq|n|�iα is periodic in q)�
π?
q


 s�iα
2

Γ

�
s� iα

2



Lps� iα, χq �

�
π?
q


 1�s�iα
2

Γ

�
1� s� iα

2



Lp1� s� iα, χq

Theorem 1.11. (K-P) Assume that L P S with d � 1. Then

Lpsq �
"
ζpsq
Lps� iα, χq

where χ : pZ{qZq� Ñ C�, primitive and ξ � χ � | |�iα should be periodic with integral
period. (This corresponds to GLp1,Qq L-functions)
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Lecture 4: 2010-9-21

Reference: Sound, Degree one elements in the Selberg class, Expos. Math. (2005)

The proof in Sound is much simpler than in K-P.

Theorem 1.12. The only elements in the Selberg class S of degree one are ζpsq or Lps�ia, χq
with a P R and primitive character χ : pZ{qZq� Ñ C� of mod q.

This theorem is first proved by K-P, and later by Sound, in simpler form.

Proof. Let L P S,

Lpsq �
8̧

n�1

apnq
ns

, d � 1.

Definition 1.13. Fix α P R, T " 1.

Lpα, T q :� 1?
α

» 2αT

αT
L

�
1

2
� it



exp

�
it� log

�
1

2πeα



� iπ

4



dt

We will prove the theorem by considering

lim
TÑ8

�
Lpα, T q
T 1�ia



for some a P R.

Lemma 1.14. For all t P R and any X " 1,

L

�
1

2
� it



�

8̧

n�1

apnq
n

1
2
�it e

� n
X �O

�p1� |t|q1�ε�X�1�ε �O
�
X

1
2
�εe�|t|

	
Remark. We will apply this with X � t5{4.

Proof. Consider

1

2πi

» 2�i8

2�i8
L

�
1

2
� it� w



XwΓpwq dw

� 1

2πi

» 2�i8

2�i8

¸ apnq
n

1
2
�it

�
X

n


w
Γpwq dw

�
¸ apnq

n
e�

n
X .

(since Γ functions has pole at 0, Lpa� wqΓpwq has residue Lpaq at w � 0)

We shift the line of integration from
³2�i8
2�i8 to

³�1�ε�i8
�1�ε�i8. We encounter poles at

• w � 1
2 � it (possible pole if Lp1q has a pole)

• w � 0 (from Γpwq)
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ñ 1

2πi

» 2�i8

2�i8
L

�
1

2
� it� w



XwΓpwq dw � O

�
X

1
2
�εe�|t|

	loooooooomoooooooon
contribution from the possible pole if Lp1q has a pole

� L

�
1

2
� it



looooomooooon

contributions from Γ

�
» �1�ε�8

�1�ε�i8
L

�
1

2
� it� w



XwΓpwq dw

It remains to show that

1

2πi

» 1�ε�i8

�1�ε�i8
L

�
1

2
� it� w



X�wΓpwq dw � O

�p1� |t|q1�εX�1�ε�
Use the functional equation,

L

�
1

2
� it� w



� A�2it�2w

¹ Γ
�
λj

�
1
2 � it� 2

�� µj
�

Γ
�
λj

�
1
2 � it� w

�� µj
� � L�

1

2
� it� w



Stirling:

|Γ pσ � itq| �
?

2π|t|σ� 1
2 e�

π
2
|t|

as |t| Ñ 8, σ fixed.
Since L

�
1
2 � it� w

� � Op1q, we get the lemma.

In C-G, they use
° apnq

n
1
2
e�nX with apnq Ñ 0 as nÑ8. Sound use

° apnq
n

1
2
e�

n
X .

Choose X � T
5
4 and insert Lemma into the definition of Lpα, T q.

Lpα, T q � 1?
α

» 2αT

αT
L

�
1

2
� it



exp

�
it� log

1

2πeα
� iπ

4



dt

� µ?
α

» 2αT

αT
L

�
1

2
� it



A�2itπ

Γp q
Γp q exp

�
it� log

1

2πeα
� iπ

4



dt

with |µ| � 1.

Stirling degree � 1

π
Γp q
Γp q � e�it log 1

2e
� iπ

4
�ibtiac�it

�
1�O

�
1

|t|




for some a, b, c P R.

ñ Lpα, T q � µ?
α
eib

» 2αT

αT
L

�
1

2
� it


�
πcA2α

��it
tia

�
1�O

�
1

|t|




dt

� µeib?
α

8̧

m�1

apmq?
m
e�

m
X

» 2αT

αT

� m

πcA2α

	it
tia dt�O

�
T

2
3
�ε
	

There are 2 possibilities: either m
πcA2α

� 1 or m
πcA2α

� 1. If m
πcA2α

� 1, the integral
becomes » 2αT

αT
1ittia dt � p2αT q1�ia � piαT q1�ia

1� ia
.
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If m
πcA2α

� 1, then » 2αT

αT

� m

π2cA2α

	it
tia dt � O

�
1

log
�

m
π2cA2α

��
Let

Lpαq � lim
TÑ8

Lpα, T q
T 1�ia .

Only m
π2cA2α

� 1 summaries the limit above.

ñ Lpαq � µeibδpπcA2αqapπcA
2αqαia?
πcA

21�ia � 1

1� ia

where δpbq �
"

1, b P Z, b ¥ 0
0, b R Z .

Next Sound evaluates Lpα, T q and Lpαq by another method and proves

Lpα� 1q � Lpαq
i.e., it is periodic.

ñ πcA2 � q P Z

ñ apnqnia is periodic

because δ
�
πcA2α

�
αia � δpπcA2αqαia � δpπcA2pα� 1qqpα� 1qia. We also know apnqnia

is multiplicative. So Lpsq � Lps� ia, χq.
Notation For functions F ptq, Gptq : RÑ C,

F ptq � OpGptqq ðñ Dc ¡ 0, |F ptq| ¤ c � |Gptq|,@t P R
ðñ F ptq ! Gptq

Lecture 5: 2010-9-23

1.3 Degree: Kaczorowski and Perelli’s result (no elements for 1   d   2)

There are no elements in the Selberg class of degree 1   d   2.

Nonlinear Twist Lpsq � °8
1
apnq
ns P S with degree d. Let α P R.

Lps, αq :�
¸ apnq

ns
e�2πin

1
d α

When d � 1 this is a linear twist ¸ apnq
ns

e�2πinα

and this type has been studied before. But using 1
d is a new idea.

By Mellin transform,

Lps, αq � 1

2πi

» 2�i8

2�i8
L
�
s� w

d

	
Γpwqp2πiαqw dw.

Define

nα :�
�

2πα

d


d
A2

r¹
1

γ
2γj
j
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where

ΛLpsq � As
r¹
1

Γpγjs� µjqLpsq � µΛLp1� sq.

Let rapnαq :�
"

0, if nα R N,
apnαq, if nα P N

Theorem 1.15. (K-P) Lps, αq has meromorphic continuation to all s P C with simple pole at

s � d� 1

2d
� i � = �°pµj � 1

2q
�

d
.

Remark. If 0   d   1 then pole at d�1
2d ¡ 1 and it contradicts the fact that

° |apnq|
nσ converges

absolutely for σ ¡ 1. So this gives the new proof for nonexistence for the L-function with
degree 0   d   1.

1.4 Degree 2 elements of S

Automorphic forms Hecke: H � tz � x� iy | x P R, y ¡ 0u
f : HÑ C, holomorphic

f

�
az � b

cz � d



� χpdqpcz � dqkfpzq

for
�
a b
c d

� P Γ0pNq (i.e., ad� bc � 1 and N |c) where χ is a character mod N . Modular forms
of weight k. Let f

��
k

�
a b
c d

� pzq :� f
��

a b
c d

�� pcz � dq�k. Then

fpz � 1q � fpzq
so they are periodic function, so have a Fourier expansion

fpzq �
8̧

n�0

apnqe2πinz

since they are holomorphic. If ap0q � 0 then they are called cusp forms. Let�
a b
c d



z :� az � b

cz � d
.

�
0 1
N 0



Γ0pNq

�
0 1
N 0


�1

� Γ0pNq

so it is a normalizer. Claim

fN pzq :� f

����k � 0 �1
N 0



pzq is modular.

fN pzq :� f

��
0 1
N 0



z



is modular.

Because

fN

�
az � b

cz � d



� fN

��
a b
c d



z



� f

��
0 1
N 0


�
a b
c d



z




� f

������
�

0 1
N 0


�
a b
c d


�
0 1
N 0


�1

loooooooooooooooooomoooooooooooooooooon
PΓ0pNq

�
0 1
N 0



z

�����
.
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Define wNf :� fN . Then w2
Nf � f . (involution) LetHN,k be the holomorphic automor-

phic forms. Every f P HN,k
f � f� � f�

where wNf� � f� and wNf� � �f�. Assume wNf � f .» 8

0
fpiyqys dy

y
�

8̧

n�1

apnq
» 8

0
e�2πnyys�k

dy

y

�
¸ apnq

ns�k
p2πq�s�kΓps� kq

f

�
� 1

Nz



�

�
� 1

Nz


k
fpzq

» 8

0
fpiyqys dy

y
�

�» a
0
�

» 8

a

�
� i�k

» a
0
f

�
i

Ny



pNyqkpNyq�s�k dy

y
�
» 8

a
fpiyqys�k dy

y

� i�k
» 1
Na

8
fpiyqy�s dy

y
�
» 8

a
fpiyqys�k dy

y

and take a � 1?
N

and functional equation sÑ s� k.

We have to use "involution" to get the functional equation.

There is no reason to assume that a modular form fpzq is holomorphic.

Maass forms Maass (1940) developed a theory of non-holomorphic modular forms.

Maass forms of weight 0.

f

�
az � b

cz � d



� χpdqfpzq

for
�
a b
c d

� P Γ0pNq. (no holomorphic forms satisfying this condition. )

(example) Eisenstein series

Epz, s, χq :�
¸

�
a b
c d

	
PΓ8zΓ0pNq

χpdq�1ys

|cz � d|2s

�
¸

γPΓ8zΓ0pNq
p=pγzqqsrχpγq�1

where

Γ8

"�
1 m
0 1



|m P Z

*
.

Then
Epαz, s, χq �

¸
γ

p=pγαzqqsrχpγαq�1rχpαq � rχpαqEpz, s, χq.
But they are not cusp forms. - Is there a cusp form?
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We’re looking for invariant differential operators. Want a polynomial in B
Bx ,

B
By which is

invariant under the transform z ÞÑ az�b
cz�d .

∆ � �y2

� B2

Bx2
� B2

By2



� �4p=zq2 BBz

B
Bz

where B
Bz � 1

2

�
B
Bx � i BBy

	
and B

Bz � 1
2

�
B
Bx � i BBy

	
. Let

MN,χ,λ :�

$'&'%f : HÑ C, smooth

�������
f
�
az�b
cz�d

	
� χpdqfpzq,

�
a b
c d



P Γ0pNq

and ∆f � λf, cuspidal

,/./-
Fourier expansion: f PMN,χ,λ, so fpz � 1q � fpzq. Then fpzq has a Fourier expansion.

fpzq �
¸
n�0

apn, yqe2πinx

since f satisfies the differential equation ∆f � λf , this implies that ∆apn, yqe2πinx �
λapn, yqe2πinx. i.e.,

λapn, yq � �y2
�
4π2n2apn, yq � a2pn, yq� e2πinx.

This is a differential operator for Bessel function. The solution of the differential equation is
the K-Bessel function.

Kνpyq � 1

2

» 8

0
e�

y
2
pu�u�1quν

du

u

Then
fpzq �

¸
n�0

apnq?yKλ� 1
2
p2π|n|yqe2πinx.

We have the L-function associated to f :

Λf psq �
» 8

0
fpiyqys� 1

2
dy

y
�

¸
n�0

apnq
» 8

0

?
yKλ� 1

2
p2π|n|yqys� 1

2
dy

y

�
8̧

n�1

apnq
ns

Γ

�
s� λ� 1

2

2

�
Γ

�
s� λ� 1

2

2

�
2π�s

For any f PMN,k,λ, then Lf psq P S with degree 2. We also have Lps � ia1, χ1qLps �
ia2, χ2q P S. This is imprimitive.

Conj If L P S with degree d � 2 and L is primitive (cannot be factored into lower degree
L-function in S)then it must be an automorphic L-function of Hecke-Mass type (includes
Eisenstein series).

Lecture 6: 2010-9-28

Conjecture. (D. Ramakrishnan) If Lpsq P S and Lpsq has a pole (of order m) at s � 1 then

Lpsq
ζpsqm P S

and it is holomorphic everywhere.
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2 Automorphic forms

2.1 Automorphic forms

Let n ¥ 1 be an integer.

• GLpn,Rq
• GLpn,Zq acts on GLpn,Rq by left matrix multiplication

• Opn,Rq � maximal compact subgroup of GLpn,Rq

�  
h P GLpn,Rq �� h �t h � In

(
For example for n � 2,

Op2,Rq �
"�

cos θ sin θ
� sin θ cos θ


 ���� 0 ¤ θ   2π

*

• Hn � GLpn,Rq{Opn,Rq � R� � Generalized upper half plane. For z P Hn, then
z � xy where

x �

�������
1 x1,2 . . . x1,n

1 x2,n

. . .
...

xn�1,n

1

������
, xi,j P R

y �

�����
y1 � � � yn�1

. . .
y1

1

����
, yi ¡ 0

For n � 2,

H2 �
"�

1 x
0 1


�
y 0
0 1


 ���� x P R, y ¡ 0

*
� classical upper half-plane

Invariant differential operators For z �
�

1 xi,j

. . .
1

�� y1���yn�1

. . .
1



P Hn,

Dz :� polynomial
� B
Bxi,j ,

B
Byj



such that Dγz � Dz, @γ P GLpn,Rq

Let Dn be the space of invariant differential operators.

For n � 2, D � �y2
�
B2

Bx2 � B2

By2

	
.

Definition 2.1. An automorphic forms for SLpn,Zq is a smooth function f : Hn Ñ C satis-
fying

(1) fpγzq � fpzq, @γ P SLpn,Zq, z P Hn

(2) Df � λDf, @D P Dn, λD P C (This λD is a Harish-Chandra’s character)

(3) f has moderate growth.
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For n � 2, Df � νp1� νqf for some ν P C. Let f be a cusp form for SLp2,Zq.

f

��
y x
0 1




�

¸
n�0

apnqa
|n|
?
yKν� 1

2
p2π|n|yqe2πinx

where

Kνpyq � 1

2

» 8

0
e�

y
2
pu� 1

u
quν

du

u
.

This f is called a Maass cusp form. We have associated L-function

Lf psq :�
8̧

n�1

apnq
ns

» 8

0
f

��
y 0
0 1




ys
dy

y
�

¸
n�0

apnq|n|� 1
2

» 8

0
Kν� 1

2
p2π|n|yqys� 1

2
dy

y

� p2πq�s� 1
2

¸
n�0

apnq
|n|s

» 8

0
Kν� 1

2
pyqys� 1

2
dy

yloooooooooooomoooooooooooon
�2�

3
2�sΓp 1�s�ν

2 qΓp s�ν2 q
Definition 2.2.

T�1f

��
y x
0 1




:� f

��
y �x
0 1




T�1f �

"
f, even ñ ap�nq � apnq pn � 0q
�f, odd ñ ap�nq � �apnq

So if f is even,
Lf psq � p2πq�s� 1

2Lf psq
If f is odd work with

B
Bxf

��
y x
0 1




.

The Functional equation

Λf psq � π�sΓ

�
s� ε� 1

2 � ν

2

�
Γ

�
s� ε� 1

2 � ν

2

�
Lf psq � Λf p1� sq (2.1)

where ε � 1 if f is odd and ε � 0 if f is even. This Lf P S with degree d � 2.

2.2 Converse theorem (Hecke-Maass)

Very roughly, it says that if an L-function satisfies enough functional equations then it must be
the L-function of an automorphic form.

Taking inverse Mellin transform to (2.1), we get the Bessel-function expansion, since the
inverse Mellin transform of Gamma functions becomes the Bessel function. Then

p2.1q ñ f

��
y 0
0 1




� f

��
1{y 0
0 1




(inverse Mellin transform)

Moreover, we get

f

��
y x
0 1




� f

��
y x� 1
0 1
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for free, because of the expansion.

SLp2,Zq �
〈�

1 1
0 1



,

�
0 �1
1 0


〉
�

0 �1
1 0



z ÞÑ

�
y
|z|2 � x

|z|2
0 1

�
To prove converse theorem, we need

f

��
y x
0 1




� f

�� y
x2�y2 � x

x2�y2

0 1




Theorem 2.3. (Converse Theorem for SLp2,Zq) Assume Lf psq �

°8
n�1

apnq
ns satisfies (2.1).

Then define ap�nq � apnq and set fpzq :� °
n�0 apnq

?
yKν� 1

2
p2π|n|yqe2πinx. Then f is

an even Maass form for SLp2,Zq.
Proof. We use Mellin inversion

h : RÑ C, rhpsq :�
» 8

0
hpxqxsdx

x
, hpxq � 1

2πi

» σ�i8
σ�i8

rhpsqx�s ds
We apply Mellin inversion to Λf . Define

F pyq � 1

2πi

» 2�i8

2�i8
Λf psqy�s ds �

8̧

n�1

apnq?yKν� 1
2
p2πnyq

� 1

2

¸
n�0

apnq?yKν� 1
2
p2π|n|yq

By functional equation F pyq � F
�

1
y

	
.

Let

f

��
y x
0 1




:�

¸
n�0

apnq?yKν� 1
2
p2π|n|yqe2πinx.

We know
∆f � νp1� νqf

for ∆ � �y2
�
B2

Bx2 � B2

By2

	
. This implies that f is real analytic, so

f

��
y x
0 1




�

¸
m

bmpyqxm.

Again, ∆f � νp1� νqf implies that bmpyq satisfies recurrence relations.i.e.,

νp1� νq
¸
bmpyqxm � �y2

¸�
bmpyqmpm� 1qxm�2 � b2mpyqxm

�
ñ νp1� νqbmpyq � �y2

�
bm�2pyqpm� 2qpm� 1q � b2mpyq

�
Lemma 2.4. Assume F

��
y x
0 1




satisfies ∆F � νp1 � νqF and F

��
y 0
0 1




� 0,

B
BxF

��
y x
0 1



����
x�0

� 0. Then F � 0.
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Proof.
νp1� νqbmpyq � �y2

�
bm�2pyqpm� 2qpm� 1q � b2mpyq

�
So by using F

��
y 0
0 1




� 0, we have

b0pyq � 0 ñ b20pyq � 0 ñ b2pyq � 0, b4pyq � 0, . . . , b2mpyq � 0

By using B
BxF

��
y x
0 1



����
x�0

� 0, we get

b2m�1pyq � 0.

Choose

F

��
y x
0 1




� f

��
y x
0 1




� f

�� y
x2�y2 � x

x2�y2

0 1




We know

F

��
y 0
0 1




� 0

by the functional equation. It is easy to show that B
BxF

��
y x
0 1



����
x�0

� 0 because apnq �
ap�nq.

Lecture 7: 2010-9-30

2.3 Ramanujan Conjecture

Let τp1q � 1 and ∆ : H2 Ñ C be a modular form of weight 12 for SLp2,Zq, i.e., for any�
a b
c d

� P SLp2,Zq,
∆

�
az � b

cz � d



� pcz � dq12∆pzq.

Conjecture. (1) τppq ¤ 2p
11
2 (First proved by Deligne)

Conjecture. (2) τpmnq � τpmqτpnq, if pm,nq � 1 (First proved by Model)

Conjecture 1 and 2 implies that τpnq ¤ σpnqn 11
2 for any integer n ¥ 1, where σpnq �°

1¤d|n 1.

Ramanujan conjecture for Maass forms Let

fpzq �
¸
n�0

apnq?yKν� 1
2
p2π|n|yqe2πinx

be a Maass form (with ∆f � νp1� νqf ) then

|apnq| ! nε

Still unsolved. World record (Kim-Sarnak) apnq ! n
7
64
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Let’s obtain a trivial bound for apnq using an idea of Hecke.
We assume that

||f ||22 �
» »

SLp2,ZqzH2

|fpzq|2 dxdy

y2
� 1

For any ε ¡ 0, there exists unique γ P SLp2,Zq and z P SLp2,ZqzH2, such that

γz � x0 � iε

and
fpγzq � fpx0 � iεq � fpzq

So

1 "
» 1

0
fpx� iyqe�2πinx dx � apnq?yKν� 1

2
p2π|n|yq.

Choose y � 1
n , then

|apnq|?
n
Kν� 1

2
p2πq ! 1 ñ |apnq| ! n

1
2 .

2.4 Finiteness of eigenspaces

Theorem 2.5. (Maass) Fix λ � νp1� νq P R and ν � 1
2 � ir. Let

Mλ :�
"
f : H2 Ñ C

���� fpγzq � fpzq, ∆f � λf

f � Maass cusp form γ P Γ � SLp2,Zq
*

Then
dimpMλq ! 1.

ðñ Given λDcpλq ¥ 0 and dimpMλq ¤ cpλq
Conjecture. dimpMλq ¤ 1 (there is a program by Sarnak)

Proof. Assume that dimpMλq � 8. Let f1, f2, f3 . . . PMλ and

fipzq �
¸
n�0

aipnq?yKν� 1
2
p2π|n|yqe2πinx

Then
a2p1qf1pzq � a1p1qf2pzq �

¸
n�0,1

bpnq?yKν� 1
2
p2π|n|yqe2πinx

Lemma 2.6. Let F PMλ, Assume that

F pzq �
¸

|n|¡N
bpnq?yKν� 1

2
p2πi|n|yqe2πinx

Then if N is sufficiently large then we must have F � 0.

Proof of Lemma. Normalize F so that

||F ||22 �
» »

ΓzHn
|F pzq|2 dxdy

y2
� 1.

We already proved that |bpnq| ! ?
n.
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Let’s assume that Γ � SLp2,Zq. Let D be the fundamental domain and D� � �
0 �1
1 0

�
D.

So

1 �
» »

D
|F pzq|2 dxdy

y2

¤
» 1

2

� 1
2

»
y¥

?
3

2

|F pzq|2 dxdy

y2

�
» 1

2

� 1
2

»
y¥

?
3

2

������
¸

|n|¡N
bpnq?yKν� 1

2
p2π|n|yqe2πinx

������
2

dxdy

y2

�
¸

|n|¡N

» 8
?

3
2

|bpnq|2
���Kν� 1

2
p2π|n|yq

���2 dy

y

(we actually know that bpnq P R) It is known that
?
yKν� 1

2
pyq � c � e�2πy ! e�y, as y Ñ

8. Because

Kνpyq � 1

2

» 8

0
e�

y
2
pu� 1

u
quν

du

u
.

So

1 !
¸

|n|¡N
|n| �

» 8
?

3
2

e�2π|n|y dy
y

!
¸

|n|¡N
|n|e�|n|   1

for sufficiently large N . So it is a contradiction.

When do Maass forms exist? In Maass’s paper, he constructed an example of Maass forms
for some Γ � SLp2,Zq, using Hecke L-function.

The first person to prove that there are infinitely many Maass forms for SLp2,Zq is Sel-
berg, using the Trace formula.

Question. How many Maass forms are there with eigenvalue ¤ B? i.e.,¸
λ¤B

dimpMλq � XpBq

The trace formula gives an asymptotic formula for XpBq.

Nonexistence of Maass forms Let Γ � SLp2,Rq and Γ is a discrete subgroup. It is possible
to deform the subgroup (Phillips-Sarnak theory of spectral deformation theory).

Let F be a Maass cusp form for Γ � SLp2,Rq. The eigenvalues for ∆ are always real. So
λ � νp1 � νq � �1

4 � r2 where ν � 1
2 � ir, r P R. When we deform the group Γ then we

deform F , so deform λ, and that moves to the outside of <pνq � 1
2 , then they are not exist.

Conjecture. For a generic group Γ there are no Maass forms.

Conjecture. Maass forms exists only for Arithmetic groups.
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Lecture 8: 2010-10-5

3 Selberg Trace Formula

3.1 Introduction to trace formula

Let H be a Hilbert space and L : H Ñ H be a linear operator.

• The linear operator L is a compact linear operator if L maps bounded sets to relatively
compact sets (i.e., closure is compact).

• Bounded operator L

• Unbounded operator L

Functional analysis Hilbert space has a norm on it, inner product 〈, 〉 : H �H Ñ C, which
is positive definite, we say L is self-adjoint if and only if

〈Lh1, h2〉 � 〈h1, Lh2〉

for any h1, h2 P H .

We’re interested in eigenfunctions and eigenvalues. If there exists h P H , such that
Lh � λh for some λ P C, then we say h is the eigenfunction (eigenvector) and λ is the
eigenvalue.

Theorem 3.1. (Spectral theorem for compact operators) For every self-adjoint compact
operator L on a real or complex Hilbert space H then there exists an orthonormal basis of
eigenvectors of L, say µ1, µ2, . . . P H with Lµi � λiµi, λi � 0, discrete, and every h P H
can be written

h �
8̧

i�1

〈h, µi〉µi (countable sum).

For a bounded operators we still have a spectral theorem but there could be a continuous
spectrum of λ

Lµλ � λµλ

Spectral:

h �
»
〈h, µλ〉 d�λloomoon

spectral
measure

The Laplace operator is an unbounded operator.

3.2 Trace of an integral operator L

Choose some test function f : RÑ C. Then a trace of operator L

Tracef pLq :�
»

Spectrum
ofL

fpλq d�λ.

For compact open

Tracef pLq :�
8̧

i�1

fpλiq.
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Simple example Let Z � additive group of integers acting on R by addition.

• ZzR � S1 � p0, 1s
• H � L2pZzRq �Hilbert space.
ñ h P H is a function h : R Ñ C with hpx � nq � hpxq for any n P Z and³1
0 |hpxq|2 dx ! 1.

• L � d2

dx2 then

– eigenfunction: empxq :� e2πimx, m � 0,�1,�2, . . .

– eigenvalue: �4π2m2

– Fourier theorem: for any h P H ,

hpxq �
¸
nPZ
〈h, em〉 empxq

Then the spectral theorem is the Fourier theorem. For a test function f : RÑ C, we have

Tracef pLq �
¸
nPZ

fp�4π2n2q �
¸
nPZ

f0pnq

with re-normalizing f . By Poisson summation formula¸
nPZ

f0pnq �
¸
nPZ

pf0pnq.

In the representation theory point of view, we have the Frobenius reciprocity law.

3.3 Selberg spectral decomposition

We are interested in working out the trace formula for

L2
�
SLp2,ZqzH2

�
where H2 � tx� iy | x P R, y ¡ 0u.

Selberg Spectral decomposition

L2
�
SLp2,ZqzH2

� � C` Lcusp ` LEisenstein

where

•

Lcusp �
〈$&%ηi, i � 1, 2, 3, . . .

������ ∆ηi � λiηi, ηi

�
az�b
cz�d

	
� ηipzq,

ηi � Maass cusp form

,.-
〉
.

We will prove that λi Ñ8 as iÑ8 and form a discrete countable set by constructing
a Hilbert-Schumidt operator (� spectral theorem for compact operator).

•
Vol

�
SLp2,ZqzH2

� � » »
SLp2,ZqzH2

dx dy

y2
� 3

π
.
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•
LEisenstein � CEpz, sq

where

Epz, sq �
¸
c,dPZ,
pc,dq�1

y2

|cz � d|2s �
¸

γPΓ8zSLp2,Zq
=pγzqs R L2

and ∆Epz, sq � sp1� sqEpz, sq.
ForH � L2pRq and L � d2

dx2 , ∆eiλx � �λ2eiλx for λ P R. Spectral theorem: f P L2pRq,

fpxq �
»
R
pfpuqe�2πiux du.

But eiλx R L2pRq, since
³
R
��eiλx��2 dx � 8.

Theorem 3.2. (Sepctral theorem for L2
�
SLp2,ZqzH2

�
) Let f P L2

�
SLp2,ZqzH2

�
. Then

there exists ηi (i � 0, 1, 2, . . .) where η0 �
a

π
3 � constant function and ηipzq for i � 1, 2, . . .

are Maass cusp forms satisfying

〈ηi, ηj〉 �
"

1, if i � j
0, otherwise

.

Here
〈F,G〉 �

¼
SLp2,ZqzH2

F pzqGpzqdxdy
y2

.

Then

fpzq �
8̧

i�0

〈f, ηi〉 ηipzq � 1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epz, sq ds

for any z P H2.

Sketch of proof. Step 1 Assume that 〈f, 1〉 � 0. We show that

F pzq :� fpzq � 1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�; sq〉Epz, sq ds

is automorphic and
³1
0 F px� iyqdx � 0. Can be proved using Mellin inversion.

Step 2 Consider the space

L2
cusp :� L2

cusp

�
SLp2,ZqzH2

� � "
f P L2, 〈f, 1〉 � 0 and

» 1

0
fpx� iyq dx � 0

*
.

We will construct an integral operator mapping L2
cusp Ñ L2

cusp . Use spectral theorem for
Hilbert-Schumidt operator.

Lecture 9: 2010-10-7

Theorem 3.3. (Sepctral theorem for L2
�
SLp2,ZqzH2

�
) Let f P L2

�
SLp2,ZqzH2

�
. As-

sume that 〈f, 1〉 � 0 and » 1
2
�i8

1
2
�i8

|〈f,Ep�, sq〉Ep�, sq| ds ! 1.
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Then

fpzq � f0pzq � 1

4πi

» 1
2
�i8

1
2
�i8

〈f,Epz, sq〉Epz, sq ds

where f0 P L2
�
SLp2,ZqzH2

�
and

³1
0 f0px�iyq dx � 0 for any y ¡ 0, i.e., f0 P L2

cusp

�
SLp2,ZqzH2

�
.

Remark. (Properties of Eisenstein series) Let Γ8 � tp 1 �
0 1 qu � SLp2,Zq and

Epz, sq :�
¸

γPΓ8zSLp2,Zq
p=pγzqqs .

Then

• Epγz, sq � Epz, sq, @γ P SLp2,Zq

• ∆Epz, sq � sp1� sqEpz, sq, where ∆ � �y2
�
B2

Bx2 � B2

By2

	
• Fourier-Whittaker expansion:

Epz, sq � ys � φpsqy1�s � 2πs
?
y

Γpsqζp2sq
¸
n�0

σ1�2spnq|n|s�
1
2Ks� 1

2
p2π|n|yqe2πinx

where

φpsq � ?
π

Γps� 1
2qζp2s� 1q

Γpsqζp2sq .

and φpsqφp1� sq � 1. Then Epz, sq � φpsqEpz, 1� sq.
• Let E�pz, sq � π�sΓpsqζp2sqEpz, sq � E�pz, 1� sq and it is holomorphic except for

simple pole at s � 0 and s � 1.

Proof of theorem. It is enough to show» 1

0
fpx� iyq dx �

» 1

0

�
1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epx� iy, sq ds
�
dx

because this implies that
³1
0 f0px� iyq dx � 0 where

f0pzq � fpzq � 1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epx� iy, sq ds.

Mellin Transform h : RÑ C, we have Mellin transform

rhpsq :�
» 8

0
hpxqxs dx

x

and we have inverse Mellin transform

hpxq � 1

2πi

» σ�i8
σ�i8

rhpsq x�s ds.
We compute

1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epx� iy, sq ds
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by first computing

〈f,Ep�, sq〉 �
¼

SLp2,ZqzH2

fpzq
¸

γPΓ8zSLp2,Zq
p=pγzqqs dx dy

y2

�
¸
γ

¼
γD

fpzqys dx dy
y2

�
» 1

0

» 8

0
fpzqys dx dy

y2
.

Define

Cf pyq :�
» 1

0
fpx� iyq dx � constant term of f .

We have shown that

〈f,Ep�, sq〉 �
» 8

0
Cf psqys�1 dy

y
� �Cf ps� 1q.

Moreover,
〈f,Ep�, sq〉 � 〈f, φpsqEp�, 1� sq〉 � φpsq�Cf p�sq,

so, �Cf ps� 1q � φpsq�Cf p�sq.
Next,

1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epx� iy, sq ds � 1

4πi

» 1
2
�i8

1
2
�i8

�Cf ps� 1qEpx� iy, sq ds.

On the line s � 1
2 � it for t P R, we have s� 1 � �s. To proceed, we look at» 1

0

�
1

4πi

» 1
2
�i8

1
2
�i8

〈f,Ep�, sq〉Epx� iy, sq ds
�
dx

� 1

4πi

» 1
2
�i8

1
2
�i8

�Cf p�sq �» 1

0
Epx� iy, sq dx

�
loooooooooooomoooooooooooon

�ys�φpsqy1�s

ds

� 1

4πi

» 1
2
�i8

1
2
�i8

�Cf p�sq �
ys � φpsqy1�s� ds

� 1

4πi

$''&''%
»
p 1

2
q
�Cf p�sqys ds� »

p 1
2
q
�Cf p�sqφpsqloooooomoooooon
��Cf ps�1q

y1�s ds

,//.//-
� Cf pyq �

» 1

0
fpx� iyq dx.

Lecture 10: 2010-10-12

3.4 Integral Operators

Let X � Riemanian space and x, y, z P X. Let G � group acts on X. Assume that there exists
a function

k : X� X Ñ C
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satisfying
kpgx, gyq � kpx, yq, p@g P G, x, y P Xq.

For f P L2pGzXq, define

Kfpxq :�
»

X
kpx, yqfpyqdy

then
K : L2pGzXq Ñ? L2pGzXq.

For any g P G,

Kfpgxq �
»

X
kpgx, yqfpyq dy �

»
X
kpx, g�1yqfpyq dy �

»
X
kpx, yqfpgyq dy � Kfpxq.

We want »
X

»
X
|kpx, yq|2 dxdy   8

then this implies that K : L2pGzXq Ñ L2pGzXq and K is Hilbert-Schmidt operator and we
have a spectral theorem.

Definition 3.4. Let φ : RÑ C, satisfying φptq ! 1
p2�tq1�ε for t ¥ 0. We define

kφpz, z1q � φ

� |z � z1|2
yy1



where z � x� iy, z1 � x1 � iy1 P H2.

Remark. The function
|z � z1|2
yy1

is “almost" hyperbolic distance between z and z1.

Lemma 3.5. For any γ, γ1 P SLp2,Rq,
kφpγz, γ1z1q � kφpz, z1q

for z, z1 P H2.

Proof. Use =
�
az�b
cz�d

	
� y

|cz�d|2 for γ � �
a b
c d

� P SLp2,Rq. Then

kφpγz, γ1z1q � φ

���
���az�bcz�d � a1z1�b1

c1z1�d1
���2

yy1|cz � d|�2|c1z1 � d1|�2

��

� φ

�paz � bqpcz � dq � pa1z1 � b1qpc1z1 � d1q
yy1



� φ

� |z � z1|2
yy1



.

Properties of kφpz, z1q Let z � x� iy P H2 and ∆z � �y2
�
B2

Bx2 � B2

By2

	
.

(1) kφpγz, γ1z1q � kφpz, z1q, @γ, γ1 P SLp2,Rq
(2) kφpz, z1q � kφpz1, zq
(3) ∆zkφpz, z1q � ∆z1kφpz, z1q because

∆zφ

� |z � z1|
yy1



� ∆z1φ

� |z � z1|
yy1



.

Let Γ :� SLp2,Zq. Define

Kφpz, z1q :�
¸
γPΓ

kφpγz, z1q �
¸
γPΓ

kφpz, γz1q.
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Integral operators Let

L2
0pΓzH2q :�

"
f P L2pΓzH2q,

���� » 1

0
fpx� iyq dx � 0

*
.

For f P L2
0pΓzH2q, define

Iφfpzq :�
¼
H2

kφpz, z1qfpz1qdx
1 dy1

y12
�

¼
ΓzH2

Kφpz, z1qfpz1q dx
1 dy1

y12
.

We need to show the integral operator Iφ is well defined and that Iφ is H.S. (Hilbert-
Schmidt).

Proposition 3.6. Let z � x� iy, z1 � x1 � iy1 P H2. Then @ε ¡ 0 there exists cε ¡ 0 such
that

Kφpz, z1q ¤ cεy
�εy1�ε

1 (quite sharp).

Remark. If this is the real growth of Kφ then¼
ΓzH2

¼
ΓzH2

|Kφpz, z1q|2 dx dy

y2

dx1 dy1

y2
1

�
¼

ΓzH2

¼
ΓzH2

y�2εy2�2ε
1

dx dy

y2

dx1 dy1

y2
1

� 8

so we need a modification.

Proof of Proposition.

Kφpz, z1q �
¸
γPΓ

φ

�
|γz � z1|2
=pγzq=pz1q

�
we shall use the following

φ

� |z � z1|2
yy1



� φ

�px� x1q2 � py � y1q2
yy1



¤ cε

��� 1�
2� px�x1q2�py�y1q2

yy1

	1�ε

��

� cε� px�x1q2

yy1
� y

y1
� y1

y

	1�ε !
1� px�x1q2

yy1
� y

y1

	1�ε .

Let Γ8 � tp 1 m
0 1 q , m P Zu. Then

Kφpz, z1q �
¸

γPΓ8zΓ

¸
mPZ

φ

� |z � γz1 �m|
=pzq=pγz1q



!

¸
γPΓ8zΓ

p=pzq=pγz1qq1�ε
¸
mPZ

1

ppx� <pγz1qq2 �m2 � =pγz1q2q1�ε

Since ¸
m

1

pY 2 �m2q1�ε !
» 8

0

1

pY 2 � u2q1�ε !
1

Y 1�2ε
,

ñ Kφpz, z1q �
¸
mPZ

kφpz, z1 �mq �
¸

Γ�p 1 0
0 1 q,

γPΓ8zΓ

¸
mPZ

kφpz, γz1 �mq

loooooooooooooooomoooooooooooooooon
�S

.
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Then

|S| !
¸

Γ�p 1 0
0 1 q,

γPΓ8zΓ

¸
mPZ

1

pm2 � =pγz1q2q1�ε

!
¸

Γ�p 1 0
0 1 q,

γPΓ8zΓ

1

=pγz1q1�2ε
! y

1�p1�2εq
1 � y�2ε

1 .

by using the Eisenstein series.

Strategy We introduce two modification of Kφ in order to construct an integral operator
with good growth at the cusps.

(1) First modification

K7
φpz, z1q :� Kφpz, z1q �

¸
mPZ

kφpz, z1 �mq

(2) Second modification

rKφpz, z1q :� Kφpz, z1q �
» 1

0
Kφpz, z1 � tq dt

But they are not automorphic. We will prove thatK7
φ is Hilbert-Schmidt and that

��� rKφ �K7
φ

���
is small then rKφ is H.S.. Then we will show if f P L2

0pΓzH2q then¼
ΓzH2

Kφpz, z1q fpz1q dx
1 dy1

y12
�

¼
ΓzH2

rKφpz, z1q fpz1q dx
1 dy1

y12
.

Since f is cuspidal,¼
ΓzH2

rKφpz, z1qfpz1q dx
1 dy1

y12

�
¼

ΓzH2

Kφpz, z1qfpz1q dx
1 dy1

y12
�
» 1

0

¼
ΓzH2

Kφpz, z1qfpz1q dx
1 dy1

y12
dt

loooooooooooooooooooomoooooooooooooooooooon
�0

�
¼

ΓzH2

Kφpz, z1qfpz1q dx
1 dy1

y12
.

Trace formula integrate on the diagonal¼
ΓzH2

rKφpz, zq dx dy
y2looooooooooomooooooooooon

� Spectral side

�
¸

group Γloomoon
� Arithmetic side

since Kφpz, z1q is automorphic in both variables

ðñ Kφpγz, z1q � Kφpz, γz1q � Kφpz, z1q pγ P Γq.
We know that Kφpz, z1q ! y�εy11�ε so it is L2 in the variable z so it has a Selberg spectral
expansion in z. Fix z1, we have

Kpz, z1q �
η̧i,

Maass forms

〈
Kp�, z1q, ηi

〉
ηipzq � 1

4πi

»
<psq� 1

2

〈
Kp�, z1q, Ep�, sq〉Epz, sq ds.
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Lecture 11: 2010-10-14

Review

Let |φptq| ! 1
|2�t|1�ε for t ¥ 0. Let Γ � SLp2,Zq. Then

kφpz, z1q � φ

� |z � z1|2
yy1



and

Kφpz, z1q �
¸
γPΓ

kφpγz, z1q.

Integral operator
Iφ : L2

0

�
ΓzH2

�Ñ L2
0

�
ΓzH2

�
For f P L2

0

�
ΓzH2

�
, we have

Iφfpzq �
» 8

0

» 8

�8
kφpz, z1qfpz1qdx

1 dy1

y12

�
¼

ΓzH2

Kφpz, z1q fpz1q dx
1 dy1

y12
,

but this integral doesn’t have the good growth property. Let

K7
φpz, z1q � Kφpz, z1q �

¸
γPΓ8

kφpγz, z1q

where Γ8 � tp 1 �
0 1 q P SLp2,Zqu and

rKφpz, z1q � Kφpz, z1q �
» 1

0
Kφpz � t, z1q dt.

Theorem 3.7. Fix ε ¡ 0, x, x1 P R and y, y1 Ñ8, we have

•
|Kφpz, z1q| ! y�εy1�ε

1

• ���K7
φpz, z1q

��� ! pyy1q�ε

• ���K7
φpz, z1q � rKφpz, z1q

��� ! pyy1q�ε �
» 8

0

��φ1ptq�� dt
Remark. Basically, first two are done in the last times by using

Kφpz, z1q �
¸

γPΓ8zΓ

¸
mPZ

kφpz, γz1 �mq.

We will prove the last one.
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Proof.

K7
φpz, z1q � rKφpz, z1q �

» 1

0
kφpz, z1 � tq dt�

¸
mPZ

kφpz, z1 �mq

�
» 1

0
K7
φpz, z1 � tq dt�

» 1

0

¸
mPZ

kφpz, z1 �m� tq dt�
¸
mPZ

kφpz, z1 �mq

�
» 1

0
K7
φpz, z1 � tq dt�

» 8

�8
kφpz, z1 � tq dpt� rtsq

! pyy1q�ε �
» 8

�8
kφpz, z1 � tq dpt� rtsq

Integration by parts and using |t� rts| ¤ 1, we have» 8

�8
kφpz, z1 � tq dpt� rtsq �

» 8

�8
φ

�px� x1 � tq2 � py � y1q2
yy1



dpt� rtsq

�
» 8

�8
pt� rtsq dφ

�px� x1 � tq2 � py � y1q2
yy1



!

» 8

0

��φ1prq�� dr
Definition 3.8. (Correct definition of Iφ : L2

0

�
ΓzH2

� Ñ L2
0

�
ΓzH2

�
) For f P L2

0

�
ΓzH2

�
,

define

Iφfpzq �
¼

ΓzH2

rKφpz, z1qfpz1q dx
1 dy1

y12
.

Remark. This is Hilbert-Schmidt¼
ΓzH2

¼
ΓzH2

��� rKφpz, z1q
���2 dx dy

y2

dx1 dy1

y2
1

!
¼ ¼ �pyy1q�2ε � c2

φ

� ! 1

where cφ �
³8
0 |φ1ptq| dt.

Properties of Iφ

(1) Iφ : L0

�
ΓzH2

�2 Ñ L2
0

�
ΓzH2

�
(2) ∆Iφ � Iφ∆, i.e., Iφ and ∆ are commute where ∆ � �y2

�
B2

Bx2 � B2

By2

	
.

p7q

∆Iφfpzq � ∆

¼
ΓzH2

Kφpz, z1qfpz1q dx
1 dy1

y12

� ∆z

¼ ¼
H2

φ

� |z � z1|
yy1



fpz1q dx

1 dy1

y12

�
¼
H2

�
∆z1φ

� |z � z1|2
yy1




� fpz1q dx

1 dy1

y12
, since self-adjoint

�
¼
H2

φ

� |z � z1|
yy1


�
∆z1fpz1q

� dx1 dy1

y12

� Iφ∆fpzq
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3.5 Selberg Transform

Fix λ P C. Assume ∆f � λf is a one-dimensional space. Then,

Iφp∆fq � Iφλfpzq � λIφfpzq
� ∆pIφfq

ñ ∆pIφfq � λ � Iφf
ñ Iφf � µ � f, for some µ P C.

Warning! We don’t know it is a one-dimensional space!

Theorem 3.9. (Selberg) Assume f P L2
0

�
ΓzH2

�
is an eigenfunction of the Laplacian (i.e.,

∆f � λf for some λ P C). Then there exists unique hφpλq P C such that

Iφfpzq � hφpλqfpzq.

To prove this theorem, recall radial symmetry.

Definition 3.10. A function f : H2 Ñ C is said to be radially symmetric around w P H2 if we
set z �w � x� iy � reiθ for 0 ¤ r, 0 ¤ θ   2π, polar coordinates, and fpzq � function of
r only

ðñ B
Bθfpre

iθq � 0

Lemma 3.11. Fix λ P C. Up to a scalar factor there is only one regular solution to ∆f � λf
where f is radially symmetric around 0.

Proof. Assume that ∆f � λf and fprq � rcp1� a1r � a2r
2 � � � � q write ∆f � λf in polar

coordinate assuming B
Bθf � 0,

�1

4
p1� r2q

�
d2f

dr2
� 1

r

df

dr



� λf (3.1)

Then (3.1) has exactly 2 solutions, gprq and plog rqgprq and since it is regular, fprq � c � gprq,
for some constant c P C.

Proof of Selberg’s theorem on existence and uniqueness of hφpλq. (i.e., Iφf � hφpλq � f .)
Assume Iφf � hφpλq � f

ðñ
¼
H2

φ

� |z � z1|
yy1



fpz1q dx1 dy1

y2
1

� hφpλq � fpzq

Make a fractional linear transformation

z1 ÞÑ az1 � b

cz1 � d

mapping H2 Ñ U , the unit disc and z ÞÑ 0, set fpz1q � f�pwq for w P U ,

ðñ
¼
U

φ

�
4|w|2

1� |w|2


f�pwq d�w � hφpλq � f 7p0q

where

f 7pwq :�
» 2π

0
f 7p|w|eiθq dθ.
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Then f 7 is radially symmetric. After integrating,

ðñ
¼
U

φ

�
4|w|2

1� |w|2


f 7pwq d�w � hφpλq � f 7p0q

this has a unique solution.

Theorem 3.12. (Selberg’s Transform) Assume f P L2
0

�
ΓzH2

�
and ∆f � λf with λ �

1
4 � r2. Then

Iφf � hφpλq � f
where

hφpλq � 1?
2

» 8

0
tirΦ

�
t� 2� t�1

� dt

t

and

Φpxq :�
?

2

» 8

x
φpuq du?

u� x

is the Abel transform.

Lecture 12: 2010-10-19

Abel Transform

Definition 3.13. (Abel transform) Let f : R Ñ C be a function with a good property. Then
the Abel transform of f is defined by

F pxq �
» 8

�8
f

�
x� ξ2

2



dξ.

Proposition 3.14. (Inverse Abel Transform)

fpxq � � 1

2π

» 8

�8
F 1

�
x� η2

2



dη

Proof.

F 1pxq �
» 8

�8
f 1
�
x� ξ2

2



dξ

ñ � 1

2π

»
R
F 1

�
x� η2

2



dη � � 1

2π

»
R

»
R
f 1
�
x� ξ2 � η2

2



dξ dη

� � 1

2π

» 2π

0

» 8

0
f 1
�
x� r2

2



r dr dθ

� �
» 8

0
f 1px� uq du � fpxq

Example of Abel transform. fpxq � e�αx, F pxq �
b

2π
α e

�αx ñ e�2πx is its own Abel
transform.
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Selberg Transform Last time we proved that if f P L2
0

�
ΓzH2

�
and ∆f � λf (usually we

use λ � sp1� sq) then there exists a unique hφpλq P C such that

Iφf � hφpλqf

where
Iφfpzq �

¼
ΓzH2

Kφpz, z1qfpz1q dx1dy1

y2
1

because Kφ has the rotation symmetry, i.e., it only depends on the radius, not the angle, and
two operators commute. Here

Kφpz, z1q �
¸
γPΓ

φ

� |γz � z1|2
=pγzq



.

Theorem 3.15. (Selberg Transform)

hφ psp1� sqq � 1?
2

» 8

0
y
s� 1

2
1 Φ

�
y1 � 2� 1

y1



dy1

y1

where Φ is the Abel transform of φ, i.e.,

Φpxq �
» 8

�8
φ

�
x� ξ2

2



dξ.

Proof. We compute hφpsp1 � sqq by using fpzq � ys which satisfies ∆ys � sp1 � sqys. In
this case,

Iφy
s �

¼
ΓzH2

Kφpz, z1qys1
dx1 dy1

y2
1

.

We know
|Kφpz, z1q| ! yε1y

1�ε�������
¼

ΓzH2

Kφpz, z1q ys1
dx1 dy1

y2
1

������� !
» 1

0

»
?

3
2

yε1y
1�εy<psq1

dx1 dy1

y2
1

If we choose <psq   1�2ε then the integral defining the transform Iφy
s converges absolutely.

So everything is well-defined. Since ∆ys � sp1� sqys, this implies

Iφy
s � hφpsp1� sqqys (3.2)

and hφpsp1� sqq is unique. We can explicity copute hφpsp1� sqq as follows.

(3.2) ñ hφpsp1� sqqys �
¼

ΓzH2

Kφpz, z1qys1
dx1 dy1

y2
1
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ñ hφ psp1� sqq � y�s
¼
H2

φ

� |z � z1|2
yy1



ys1

dx1 dy1

y2
1

� y�s
» 8

0

» 8

�8
φ

�px� x1q2 � py � y1q2
yy1



ys�1

1 dx1
dy1

y1

and make a transform x1 ÞÑ x� x1

� y�s
» 8

0

» 8

�8
φ

�
x2

1 � py � y1q2
yy1



ys�1

1 dx1
dy1

y1

�
» 8

0

» 8

�8
φ

�
x2

1

yy1
� y2 � 2yy1 � y2

1

yy1



�
�
y1

y


s
y�1

1 dx1
dy1

y1

and make a transform x1 ÞÑ ?
yy1x1

�
» 8

0

» 8

�8
φ

�
x2

1 �
y2 � 2yy1 � y2

1

yy1


�
y1

y


?
yy1y

�1
1

dx1 dy1

y1

So,

hφpsp1� sqq �
» 8

0

» 8

�8
φ

�
x2

1 �
y

y1
� 2� y1

y



dx1

�
y1

y


s� 1
2 dy1

y1

�
» 8

0

1?
2

�» 8

�8
φ

�
ξ2

2
� 1

y1
� 2� y1



dξ

�
y
s� 1

2
1

dy1

y1

� 1?
2

» 8

0
Φ

�
1

y1
� 2� y1



y
s� 1

2
1

dy1

y1
.

3.6 Crude Trace Formula (Spectral side)

Kφpz, z1q �
¸
γPΓ

φ

� |γz � z1|2
yy1



|Kφpz, z1q| ! y�ε1 y1�ε.

Then Kφpz, z1q P L2 in z1. So it has the Selberg spectral expansion in z1.

Kφpz, z1q �
8̧

j�0

〈Kφpz, �q, ηj〉 ηjpz1q � 1

4πi

» 1
2
�i8

1
2
�i8

〈Kφpz, �q, Ep�, sq〉 Epz1, sq ds

Here ∆ηj � λjηj is an orthnormal basis of Maass cuspforms for j � 0, 1, 2, . . . , and η0 �b
3
π .

〈Kφpz, �q, ηj〉 �
¼

ΓzH2

Kφpz, z1qηjpz1q dx1 dy1

y2
1

� hφpλjqηjpzq

Similarly
〈Kφpz, �q, Ep�, sq〉 � hφpsp1� sqqEpz, sq

So we get the spectral side of the trace formula.

Kφpz, z1q �
8̧

j�0

hφpλjqηjpz1qηjpzq � 1

4πi

» 1
2
�i8

1
2
�i8

hφpsp1� sqqEpz1, sqEpz, sq ds

Let s � 1
2 � ir and define the modified kernel.
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Definition 3.16. (Modified Kernel)

pKφpz, z1q :� Kφpz, z1q � 1

4πi

» 8

�8
hφ

�
1

4
� r2



Epz, 1

2
� irqEpz1,

1

2
� irq dr.

Now, we can integrate over the diagonal, i.e., z � z1, we have¼
ΓzH2

pKφ pz, zq dx dy
y2

�
8̧

j�0

hφpλjq
¼

ΓzH2

ηjpzqηjpzq dx dy
y2

�
8̧

j�0

hφpλjq.

Proposition 3.17. (Crude Trace formula)¼
ΓzH2

pKφ pz, zq dx dy
y2

�
8̧

j�0

hφpλjq � Trace

Remark. We proved the crude trace formula for any smooth function φ : R Ñ C, where
φptq ! 1

p2�tq1�ε , t ¥ 0. In proving the crude trace formula, we have used the spectral theorem
for Hilbert-Schmidt integral operators. This tells there exists an orthonormal basis of cusp
forms "

ηj

���� j � 0, 1, 2, . . .

∆ηj � λjηj

*
where Iφηj � hφpλjqηj . By the spectral theorem,

hφpλjq Ñ 0

as λj Ñ8. At this point we don’t know that λj for j � 1, 2, 3 . . . are discrete.

Theorem 3.18. Let tηjuj�1,2,... be an orthonormal basis of Maass cusp forms satisfying
∆ηj � λjηj . Then λj ¥ 0 and discrete (there is no limit point of λj).

Remark. When we get the full trace formula we will prove there are infinitely many ηj and
that λj � j

12 (??) as j Ñ8.

Lemma 3.19. Let r ¥ 0. Then there exists smooth compactly supported φ : r0,8q Ñ C
satisfying hφ

�
1
4 � r2

� ¡ 0.

Proof.

hφ

�
1

4
� r2



� 1?

2

» 8

0
yirΦ

�
y � 2� 1

y



dy

y

� 1?
2

» 8

1
pyir � y�irqΦ

�
y � 2� 1

y



dy

y

�
?

2

» 8

1
cosplog y � rqΦ

�
y � 2� 1

y



dy

y

where Φpxq � ³8
�8 φpx � ξ2

2 q dξ. Choose Φ to have supported near 0. Then Φpy � 2 � 1
y q

has support near 1. Then for 1 ¤ y ¤ 1� ε with ε sufficiently small we have cospplog yqrq ¡
3
4 .

Assume infinitely many λj near some r ¡ 0. Then

Trace �
¼

ΓzH2

pKφpz, zqdx dy
y2

�
¸
j

hφpλjq � 8

if λj cluster to some r. So it should be discrete.
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Lecture 13: 2010-10-21

3.7 Geometric side of the Trace formula

Orbital Integral A matrix
�
a b
c d

� P SLp2,Rq is of three types:

• Parabolic |a� d| � 2

• Hyperbolic |a� d| ¡ 2

• Elliptic |a� d|   2

and
SLp2,Zq �

¤
conj. classes

σ

rσs

where
rσs �  

ασα�1 |α P SLp2,Zq( .
Then

SLp2,Zq � �rp 1 0
0 1 qs Y

���1 0
0 �1

���¤�
Y

σ hyperbolic
rσs



¤�

Y
σ parabolic

rσs

¤�

Y
σ elliptic

rσs


.

Trace formula Let Γ � SLp2,Zq.¼
ΓzH2

pKpz, zqdx dy
y2

�
¼

ΓzH2

¸
γPΓ

pkφ pγz, zq dx dy
y2

� 2

¼
ΓzH2

pkφpz, zq dx dy
y2looooooooooomooooooooooon

� Identity class

�
¼

ΓzH2

¸
rσs

hyperbolic

¸
αPΓσzΓ

pkφpασα�1z, zq dx dy
y2

�
¼

ΓzH2

¸
rσs

elliptic

¸
αPΓσzΓ

pkφpασα�1z, zq dx dy
y2

�
¼

ΓzH2

¸
rσs

paraboli

¸
αPΓσzΓ

pkφpασα�1z, zq dx dy
y2

where Γσ � tγ P Γ | γσ � σγ u. So

Trace �
¼

ΓzH2

pKpz, zq dx dy
y2

�
8̧

j�0

hprjq (Spectral side)

� CpIqloomoon
� identity
conj. class

�CpEllq � CpHypq � CpParq (Geometric side).

Definition 3.20. The integral

C prσsq :�
¼

ΓzH2

¸
αPΓσzΓ

pkφ �ασα�1z, z
� dx dy

y2

is called an orbital integral for the conjugacy class rσs.
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We can easily compute

C prσsq �
¼

ΓzH2

¸
αPΓσzΓ

pkφpσα�1z, α�1zq dx dy
y2

�
¸

αPΓσzΓ

¼
αpΓzH2q

pkφpσz, zq dx dy
y2

�
¼

ΓσzH2

pkφpσz, zq dx dy
y2

Definition 3.21. (Alternative definition of the orbital integral)

C prσsq �
¼

ΓσzH2

pkφpσz, zq dx dy
y2

.

Compact hyperbolic group Γ � SLp2,Rq We assume that

• Γ � SLp2,Rq discrete, finite index subgroup such that

Γ � rp 1 0
0 1 qs Y

�Yσ hyperrσs
�

• Vol
�
ΓzH2

�   8.

The Kernel function

Kφpz, z1q �
¸
γPΓ

kφpγz, z1q �
¸
γPΓ

φ

� |γz � z1|
=pγzq=pz1q



and this is the trace class ðñ ³³³³ |Kφpz, z1q|2 d�z d�z1   8. Then there is no Eisenstein
series since we don’t have parabolic elements.

Review:Selberg Transform. Assume f P L2
�
ΓzH2

�
such that ∆f � �

1
4 � r2

�
f for some

r P R. Then Iφf � hφprqf and

Iφfpzq �
¼

ΓzH2

Kφpz, z1qfpz1q dx dy
y2

.

• Abel Transform:

Φpwq �
» 8

�8
φpx2 � wq dx �

» 8

w

φptq?
t� w

dt

• Inverse transform

φptq � � 1

π

» 8

t

Φ1pwq?
w � t

dw

• Fourier transform
gpuq � Φpeu � e�u � 2q

hprq �
» 8

0
gpuq eiru du, gpuq � 1

2π

» 8

0
hprq cospruq dr

for an orthonormal basis of Maass forms ηj P L2
�
ΓzH2

�
, ∆ηj �

�
1
4 � r2

�
ηj .

Trace �
8̧

j�0

hprjq �
¼

ΓzH2

Kφpz, zq dx dy
y2

� CpIdentityq �
¸
rσs,

hyperbolic

¼
ΓσzH2

kφpσz, zq dx dy
y2
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Computation of the Identity conjugacy class

CpIdq �
¼

ΓzH2

φ

� |z � z|2
y2



dx dy

y2
� φp0qVol

�
ΓzH2

�
Want to express φp0q in terms of h

φp0q � � 1

π

» 8

0

Φ1pwq?
w

dw � � 1

π

» 8

0

g1puq
e
u
2 � e�

u
2

du

� 1

2π2

» 8

0

» 8

0
rhprq sinpruq

e
u
2 � e�

u
2

du dr

Computation of the hyperbolic oribital integrals Recall:
�
a b
c d

�
is hyperbolic ðñ one

of the following three conditions holds.

(i) |a� d| ¡ 2;

(ii) there exist two real fixed points w1, w2 P R;

(iii) Dρ P R, |ρ| ¡ 1 and m P SLp2,Rq such that
�
a b
c d

� � m
�
ρ 0
0 ρ�1

	
m�1.

Definition 3.22.
N

��
a b
c d

��
:� ρ2

Lemma 3.23. Assume σ � �
a b
c d

� P Γ is hyperbolic with Npσq � ρ2. Then for α P m�1Γm,
we have

α
�
ρ 0
0 ρ�1

	
α�1 �

�
ρ 0
0 ρ�1

	
ðñ α �

�
ρ` 0

0 ρ�`

	
for ` P Z.

Γσ � tα P Γ | ασ � σαu
Γ� ρ 0

0 ρ�1


 � !�
ρ` 0

0 ρ�`

	
| ` P Z

)
and

Γ� ρk 0

0 ρ�k


 � Γ� ρ 0
0 ρ�1


.

Lemma 3.24. A fundamental domain for Γ� ρ 0
0 ρ�1


zH2 is

Dρ �
 
z � x� iy | � 8 ¤ x ¤ 8, 1 ¤ y ¤ ρ2

(
.

Proof.
�
ρ 0
0 ρ�1

	
z � ρ2z and

�
`PZ ρ

2`Dρ � H2.

Remark. For hyperbolic
�
a b
c d

�
with N

��
a b
c d

�� � ρ2, then ln
�
ρ2
� � hyperbolic length of this

geodesic. (because
�
a b
c d

�
i � m

�
ρ 0
0 ρ�1

	
m�1i � ρ2i � eri if

�
a b
c d

� � k1

�
e�r{2

er{2

	
k2

for k1, k2 P SOp2,Rq )

Assume that σ � �
a b
c d

� � m
�
ρ` 0

0 ρ�`

	
m�1 P Γ, with m P SLp2,Rq and rσs is a

primitive class, i.e., every other conjugacy class rσ1s (for σ1 P Γ) with the same fixed points
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modulo Γ is a unique power of σ, i.e., σ1 � σ` for some integer 1 ¤ `. Then

CpHypq �
¸
rσs,

hyperbolic

¼
ΓσzH2

kφpσz, zq dx dy
y2

�
8̧

`�1

¼
Γ�ρ 0

0 ρ�1

�zH2

kφ

��
ρ` 0

0 ρ�`

	
z, z

	 dx dy

y2

�
8̧

`�1

¼
Γ�ρ 0

0 ρ�1

�zH2

kφ

�
ρ2`z, z

	 dx dy

y2
.

For each ` ¥ 1, we have» 8

�8

» ρ2

1
φ

�pρ2` � 1qpx2 � y2q
ρ2`y2



dx dy

y2

�
» 8

�8

» ρ2

1
φ

�pρ2` � 1q2
ρ2`

p1� ξ2q


dξ

dy

y

� 2 log ρ

» 8

0
φ

�pρ2` � 1q2
ρ2`

p1� ξ2q


dξ

and let

u � pρ2` � 1q2
ρ2`

p1� ξ2q, and ξ �
d

ρ2`

pρ2` � 1q2u� 1

then

� 2 log ρ
ρ`

pρ2` � 1q
»
pρ2`�1q2
ρ2`

φpuqb
u� pρ2`�1q2

ρ2`

du

� log ρ

ρ
`
2 � ρ�

`
2

1

2π

» 8

�8
hprqe�ir logpρ2`q dr

� log ρ

ρ`{2 � ρ�`{2
gp2` log ρq

So for each primitive class rσs, with Npσq � ρ2, we have

8̧

`�1

log ρ

ρ`{2 � ρ�`{2
� gp2` log ρq.

Trace formula for compact hyperbolic groups

8̧

j�0

hprjq � Vol
�
ΓzH2

� � 1

4π

» 8

�8
r � e

πr � e�πr

eπr � e�πr
hprq dr

�
¸
r℘s

8̧

`�1

logpNp℘qq
Np℘q`{2 �Np℘q�`{2 � g p` logNp℘qq

where ℘ � m
�
ρ 0
0 ρ�1

	
m�1 P Γ, m P SLp2,Rq with |ρ| ¡ 1, i.e., Np℘q � ρ2, and it is

minimal.
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Selberg Zeta function

Zpsq �
¹

r℘s primitive hyperbolic
conjugacy classes

8¹
`�0

�
1� 1

Np℘qs�`


, p if <psq ¡ 1q.

Theorem 3.25. The Selberg Zeta function Zpsq has meromorphic continuation to all s P C
and Zpsq satisfies RH. i.e., Zpsq � 0 with <psq � 1

2 ðñ s � 1{2� ir.

Question. Can we generalize the Selberg zeta function for higher rank groups?

Lecture 14: 2010-10-26

3.8 Selberg Zeta function

Explicit formula relating prime numbers and zeros of Rieman zeta function

sum over primes
with test function

� sum over zeros of ζpsq
wth transform of the test function

(often called “Weil’s explicit formula")

�plogpζpsqq1 � �ζ 1psq
ζpsq �

8̧

n�1

Λpnq
ns

�
¸
p

8̧

k�1

log p

pks

where

Λpnq �
"

log p, if n � pk, p for k � 1, 2, . . .q;
0, otherwise.

1. Left hand side: sum over primes with a test function: Weil’s explicit formula Choose a
test function (assuming enough decay) h : RÑ C where

rhpsq � » 8

0
hpuqus du

u

is holomorphic. Then,

1

2πi

» 2�i8

2�i8
�ζ

1

ζ

�
1

2
� s


 rhpsq ds �¸
p

log p
8̧

k�1

1

2πi

» 2�i8

2�i8

rhpsqe�plog pqks

pk{2
ds

�
¸
p

log p
8̧

k�1

hpk log pq
pk{2

ñ
¸
p

log p
8̧

k�1

hpk log pq
pk{2

� sum over zeros of ζpsq
wth transform of the test function

2. Right hand side: sum over zeros of ζpsq with transform of the test function For a test
function h : RÑ C (with enough decay), we have,

1

2πi

» 2�i8

2�i8
�ζ

1

ζ

�
1

2
� s


 rhpsq ds � rh�1

2



�

¸
j,

ζp 1
2�irjq�0

rhpirjq (3.3)

� 1

2πi

» �2�i8

�2�i8
�ζ

1

ζ

�
1

2
� s


rhpsq ds. (3.4)
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Note: We don’t assume that rj’s are real!
By functional equation, Λpsq � π�

s
2 Γ

�
s
2

�
ζpsq � Λp1� sq, so Λ

�
1
2 � s

� � Λ
�

1
2 � s

�
, i.e.,

π�
1
2�s

2 Γ

�
1
2 � s

2

�
ζ

�
1

2
� s



� π

� 1
2�s
2 Γ

�
1
2 � s

2

�
ζ

�
1

2
� s



.

ζ 1

ζ

�
1

2
� s



� ζ 1

ζ

�
1

2
� s



� 1� 1

2

�
Γ1

Γ

�
1
2 � s

2

�
� Γ1

Γ

�
1
2 � s

2

��
use this relation and (3.3), with assuming that rhpsq � �rhp�sq, we have

2

2πi

» 2�i8

2�i8
�ζ

1

ζ

�
1

2
� s


 rhpsq ds � rh�1

2



�

¸
j,

ζp 1
2�irjq�0

rhpirjq
� 1

2πi

» �2�i8

�2�i8

�
�1� 1

2

�
Γ1

Γ
� Γ1

Γ



rhpsq ds.
Therefore, we get

2 �
¸
p

log p
8̧

k�1

hpk log pq
pk{2

� rh�1

2



�

¸
j,

ζp 1
2�irjq�0

rhpirjq 1

2πi
�
» �2�i8

�2�i8

�
�1� 1

2

�
Γ1

Γ
� Γ1

Γ



rhpsq ds.
Selberg zeta function Last time: Selberg Trace formula for cocompact case.¸

r℘s, hyperbolic
conjugacy classes

8̧

k�1

logpNp℘qq
Np℘q k2 �Np℘q� k

2

g pk logNp℘qq (3.5)

�
8̧

j�0

hprjq �Vol
�
ΓzH2

� 1

4π

» 8

�8
r � e

�πr � e�πr

eπr � e�πr
hprq dr

Selberg asked Can we construct an Euler product

Zpsq �
¹
℘

8¹
k�0

�
1� 1

Np℘qs�k



So that when we do Weil’s explicit formula for Z
1
Z

�
1
2 � s

�
we get (3.5).

Lemma 3.26.
Z 1

Z

�
1

2
� s



�

¸
p

8̧

k�1

logNp℘q
Np℘qkps�1{2q �Np℘q�kp�s�1{2q

Proof.

Z 1

Z
psq � plogZpsqq1 � d

ds

¸
℘

8̧

k�0

log
�

1�Np℘q�s�k
	

�
¸
℘

8̧

k�0

logpNp℘qq Np℘q�s�k
1�Np℘q�s�k

�
¸
℘

8̧

k�0

logpNp℘qqNp℘q�s�k
¸
m¥0

Np℘q�ms�mk

�
¸
℘

¸
m¥1

logNp℘q
Np℘qms �Np℘qmps�1q
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Question. Convergence?

Lemma 3.27. ¸
Np℘q¤X

1 ! X

Proof. elementary

So, the Euler product for Zpsq converges absolutely for <psq ¡ 1. (The summation in
Lemma 3.26 is also absolutely convergent for <psq ¡ 1. )

By choosing suitable g and h in (3.5), we can show¸
rj¤X

1 � OpXq.

Following Hejhal’s idea (Hejhal, “Selberg trace formula for PSLp2,Rq", Springer Lec-
ture Notes) Fix α, β P C for 1

2   <pαq   <pβq. Choose

hprq � 1

r2 � α2
� 1

r2 � β2
� β2 � α2

pr2 � α2qpr2 � β2q ,

gpuq � 1

2α
e�α|u| � 1

2β
e�β|u|,

and
|hprq| � O

�|r|�4
�

(as |r| Ñ 8).

We rewrite the trace formula using these g, h, so

1

2α

¸
℘

8̧

k�1

logNp℘q
Np℘qk{2 �Np℘q�k{2 �

1

Np℘qkα �
1

2β

¸
℘

8̧

k�1

logNp℘q
Np℘qk{2 �Np℘q�k{2 �

1

Np℘qkβ
(3.6)

�
8̧

j�0

�
1

r2 � α2
� 1

r2
j � β2

�
� Vol

�
ΓzH2

�
4π

» 8

�8
r

�
1

r2 � α2
� 1

r2 � β2



tanhpπrq dr

Next, choose α � s� 1
2 and β � β � 1

2 , by lemma, we get

1

2s� 1

Z 1

Z

�
s� 1

2



� 1

2β � 1

Z 1

Z

�
β � 1

2



(3.7)

�
8̧

j�0

�
1

r2
j �

�
s� 1

2

�2 �
1

r2
j �

�
β � 1

2

�2

�
� Vol

4π

»
1

r2 � �
s� 1

2

�2looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon
invariant s ÞÑ1�sñ FE

Right side of (3.7) has simple poles when r2
j �

�
s� 1

2

�2 � 0 i.e., when s � 1
2 � irj . We

can prove using (3.7) that Z1
Z psq has meromorphic continuation to all s P C with poles at

s � 1
2 � irj . Can also get growth of Z

1
Z psq as |s| Ñ 8. Then

1

2πi

» 2�i8

2�i8

Z 1

Z

�
1

2
� s



Hpsq ds �

¸
℘

p. . .q �
¸
rjp. . .q.
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Theorem 3.28. Selberg zeta function

Zpsq �
¹
℘

8¹
k�0

�
1�Np℘q�s�k

	
is an entire function of s P C which satisfies

(1) Zpsq has trivial zeros at s � ` � �1,�2,�3, . . . with multiplicity p2g � 1qp2`� 1q;
(2) s � 0 is a zero of multiplicity 2g � 1 and s � 1 is a zero of multiplicity 1;

(3) the non-trivial zeros are located at s � 1
2 � irj where 1

4 � r2
j � eigenvalue of ∆;

(4) (Functional equation)

Zpsq � Zp1� sq exp

�
Vol

�
ΓzH2

� » s� 1
2

0
r tanhpπrq dr

�
.

Remark. Zpsq grows like e|s|2�ε , (then DGpsqZpsq � DGp1 � sqZp1 � sq where DGpsq
is a double gamma function. ) so it is a function of Hadamard order 2. All L-functions in
Langlands Program has order 1.

Generalization of Selberg’s zeta function

• Ihara zeta function is a p-adic version of Selberg zeta function.

• Ruelle zeta function - zeta function defined by dynamical systems. Selberg zeta function
is a special case.

Lecture 15: 2010-10-28

3.9 Trace formula for ΓzH2 (for Γ � PSLp2,Zq)

For φ
� |z�z|2

y2

	
� φp0q, we have

8̧

j�0

hφprjq � Vol
�
ΓzH2

�
φp0q �

¸
rγs

hyperbolic

¼
ΓσzH2

kφpz, γzq dx dy
y2

�
¸
rγs,

elliptic

¼
ΓγzH2

kφpz, γzq dx dy
y2

� CpParq.

Here

CpParq �
¸

rγs parabolic
conjugacy classes

¼
ΓγzH2

kφpz, γzq dx dy
y2loooooooooooomoooooooooooon

�(secretely)8

�
¼

ΓzH2

1

4πi

» 1
2
�i8

1
2
�i8

〈K,E〉Epz, sq dx dy
y2looooooooooooooooooooooomooooooooooooooooooooooon

(secretely)�8

but it is not well defined. To remedy this, Selberg cuts the fundamental domain and takes a
limit.

Definition 3.29. Let rγs � parabolic conjugacy class. Let

Γγ � tσ P Γ | σγ � γσ u .
We define
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•
DY
γ �  

z P Dγ � ΓγzH2 | =pzq ¤ Y
(

;

•
DY �  

z P D � ΓzH2 | =pzq ¤ Y
(
.

So,

CpParq � lim
YÑ8

��� ¸
rγs parabolic

conjugacy classes

¼
DYγ

kφpz, γzq dx dy
y2

�
¼
DYγ

1

4πi

» 1
2
�i8

1
2
�i8

〈K,E〉Epz, sq dx dy
y2

��� .
Lemma 3.30. The parabolic conjugacy classes rγs are all of the form p 1 m

0 1 q with m P Z,
m � 0.

Proof. For m � n, we have�
a b
c d

� p 1 m
0 1 q

�
d �b
�c a

� � �
a am�b
c cm�d

� �
d �b
�c a

� � �
1 a2m

�c2m 1

	
ñ p 1 m

0 1 q � σ p 1 n
0 1 qσ�1.

For m P Z, m � 0, we have

Γp 1 m
0 1 q � Γ8 �  �

1 `
0 1

�
, ` P Z

(
ñ Dp 1 m

0 1 q � Γ8zH2

and
DY

p 1 m
0 1 q � tx� iy, 0 ¤ x   1, y ¤ Y u .

Therefore,

CpParq � lim
YÑ8

����� ¸
mPZ, m�0,

γ�p 1 m
0 1 q

» Y
0

» 1

0
kφ pz, γzq dx dy

y2
�
¼
DY

1

4πi

» 1
2
�i8

1
2
�i8

〈K,E〉Epz, sq dx dy
y2

����� .
First, we compute ¼

DY

1

4πi

» 1
2
�i8

1
2
�i8

〈K,E〉Epz, sq dx dy
y2

.

Proposition 3.31. (Maass-Selberg relation) Let s � σ � ir. Then,¼
DY

Epz, sq Epz, sq dx dy
y2

� Y 2σ�1 � |Mpsq|2Y 1�2σ

2σ � 1
� MpsqY 2ir �MpsqY �2ir

2ir

where » 1

0
Epx� iy, sq dx � ys �Mpsqy1�s, MpsqMp1� sq � 1

and

Mpsq �
?
πΓps� 1{2qζp2s� 1q

Γpsqζp2sq .
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Remark. Computed by Green’s theorem. Usually use two variables s and w:»
DY

Epz, sqEpz, wq dx dy
y2

.

Since 〈K,E〉 � hφprqEpz, sq, we have

ñ
¼
DY

1

4πi

»
p1{2q
〈K,E〉Epz, sq ds dx dy

y2

�
¼
DY

1

4πi

»
p1{2q

hφprqEpz, sqEpz, sq ds dx dy
y2

.

We can write

IY � lim
σÑ 1

2

1

4π

» 8

�8
hφprqr

2σ�1 � |Mpsq|2 Y 1�2σ

2σ � 1
dr

� 1

4π

» 8

�8
hφprqMpsqY 2ir �MpsqY �2ir

2ir
dr

� I1
Y � I2

Y .

Compute I1
Y and I2

Y .

(1)

I1
Y � lim

σÑ 1
2

1

4π

» 8

�8
hφprqr

2σ�1 � Y 1�2σ

2σ � 1
dr � lim

σÑ 1
2

1

4π

» 8

�8
hφprqp1�Mpsqq2

2σ � 1
dr

� log Y � gp0q � lim
σÑ 1

2

1

4π

» 8

�8
hφprqp1�Mpsqq2

2σ � 1
dr

Tayor series around σ � 1{2

1�Mpσ � irM pσ � irq �
�
1�Mp1

2
� irqMp1

2
� irq

�
�
�
M 1p1

2
� irqMp1

2
� irq �Mp1

2
� irqM 1p1

2
� irq

��
σ � 1

2



� higher powers of pσ � 1

2
q

since MpsqMp1� sq � 1,

1� |Mpσ � irq|2 �
�
M 1

M

�
1

2
� ir



M 1

M

�
1

2
� ir


�
pσ � 1

2
q � higher power

I1
Y � plog Y qgp0q � 1

4π

» 8

�8
hφprq

�
M 1

M
p1
2
� irq � M 1

M
p1
2
� irq

�
dr

(2)

I2
Y �

1

4π

» 8

�8
hφprq

�
Mp1

2 � irqY 2ir �Mp1
2 � irqY �2ir

�
2ir

dr

� 1

4π

» 8

�8
hφprq

<
�
Mp1

2 � ir
�

sinp2r log Y q
r

dr

� 1

4π

» 8

�8
hφp r

log Y
q
<
�
Mp1

2 � i r
log Y

	
sinp2rq

r
dr

� 1

4π
hp0qMp1

2
q �Op 1

log Y
q



[2010 Fall] Topics in Number theory 46

Next we consider ¸
mPZ, m�0,

γ�p 1 m
0 1 q

» Y
0

» 1

0
kφ pz, γzq dx dy

y2
.

Proposition 3.32.

P :�
¸

mPZ, m�0

» Y
0

» 1

0
kφpz, z �mq dx dy

y2

� gp0q log Y � hp0q
4

� gp0q log 2� 1

2π

» 8

�8
hprqΓ

1

Γ
p1� irq dr �Op 1

log Y
q

Proof.

P �
¸
m�0

» Y
0

» 1

0
φ

� |z � pz �mq|2
y2



dx dy

y2
�

¸
m�0

» Y
0
φ

�
m2

y2



dy

y2

�
¸
m�0

1

|m|
» 8

|m|
Y

φpy2q dy � 2

» 8

0

� ¸
0 m¤yY

1

m

�
φpy2q dy

Lemma 3.33. ¸
m¤X

1

m
� logX � c� op1q

P � 2 log Y

» 8

0
φpy2q dy � 2

» 8

0
φpy2q log y dy � c

» 8

0
φpy2q dy � op1q

� gp0q rlog Y � cs � 1

2

» 8

0
log y φpyq dy?

y
op1q

» 8

0
log y φpyq dy?

y
(Inverse Abel Transform)

� �1

π

» 8

0

» 8

y

log ya
ypw � yqΦ

1pwq dw dy

� � 1

π

» 8

0

» 1

0

logwya
yp1� yqΦ

1pwq dy dw

� 1

π

» 8

0
pπ logw � 2π log 2qΦ1pwq dw

� �
» 8

0
logp1� e�uq dΦpuq � hp0q

4
� log 2gp0q

3.10 Selberg Zeta function for Γ � PSLp2,Zq

Zpsq �
¹

rP s, hyperbolic
conjugacy class

8¹
k�0

�
1�NpP q�s�k

	
Consider a hyperbolic conjugacy class in Γ: Let

�
a b
c d

� P Γ with the trace T � a � d and
|T | ¡ 2. Then

γ � �
a b
c d

� � σ
�
ρ 0
0 ρ�1

	
σ�1
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for some ρ ¡ 1 and Npγq � ρ2. Clearly
��

ρk 0

0 ρ�k

	�
is again a hyperbolic conjugacy class.

Zpsq �
¹

rP s,primitive
hyperbolic conjugacy class

8¹
`�1

8¹
k�0

�
1�NpP q`p�s�kq

	

If
�
a b
d d

� � σ
�
ρ 0
0 ρ�1

	
σ�1 ñ T � ρ� ρ�1, so ρ2 � ρT � 1 � 0. Then

ρ � T �?T 2 � r

2
� unit in Q

�a
T 2 � 4

	
.

So we can rewrite,

Zpsq �
¹

fundamental discriminantD
of real quadratic fields

8¹
k�0

�
1� ε�s�kD

	hpDq

where εD � fundamental unit in Qp?Dq and hpDq � class number of Qp?Dq.

Peter Sarnak’s thesis: ¸
εD¤X

hpDq � X as X Ñ8

Lecture 16: 2010-11-4

4 Selberg Trace formula (Representation theory)

4.1 Selberg Trace formula for a finite group

Fix G � finite group, V � finite dimensional vector space over C and π : G Ñ GLpV q be a
representation of G. Equivalently, we could consider the group algebra

CrGs :� tφ : GÑ Cu

with convolution
pφ1 � φ2qpgq :�

¸
g1�g2�g

φ1pg1qφ2pg2q

and consider finite dimensional CrGs-modules.

Example

(1) πtriv with V � C

(2) πreg with V � CrGs with actions by left translation.

Notation For g P G, v P V ,
πpgq.v

denotes the action.

Example For h, g P G and φ P CrGs,

πregphq.φpgq � φphgq.
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(Selberg Trace formula Ñ break into conjugacy classes) For the Selberg Trace formula, we
consider the action of G on itself by conjugation. Let

ConjrGs :� set of conjugacy classes of G.

If g P G then
rgs �  

σgσ�1 | σ P G( P ConjrGs.
Definition 4.1. (Class functions)

ClassrGs �
"
φ : GÑ C

���� φpσgσ�1q � φpgq,
@σ, g P G

*
and φ P ClassrGs are called class functions.

Definition 4.2. (Character of π)

χπpgq :� Tracepπpgqq p for g P Gq

Proposition 4.3. (1) χπ P ClassrGs;
(2) χπ1`π2 � χπ1 � χπ2;

(3) χπ1bπ2 � χπ1 � χπ2;

(4) χtrivpgq � 1, p@g P Gq;

(5) χregpgq �
" |G|, g � Id,

0, otherwise.

Definition 4.4. (Inner product on ClassrGs) Let φ1, φ2 P ClassrGs. We define

〈φ1, φ2〉 :� 1

|G|
¸
gPG

φ1pgqφ2pgq.

Proposition 4.5. The character of irreducible representations ofG form an orthonormal basis
for ClassrGs.
Remark. This proposition is analogue of the spectral theory.

We need an analogue of the geometric side of the Selberg Trace formula for our situation
of G � finite group. There is another basis for ClassrGs, called the geometric basis given by
using characteristic functions for conjugacy classes.

Definition 4.6. Fix h P G, define 1rhs : ClassrGs Ñ C as

1rhspgq :�
"

1, if g P rhs,
0, otherwise.

Fix h1, h2 P G, consider〈
1rh1s, 1rh2s

〉 � 1

|G|
¸
gPG

1rh1spgq � 1rh2spgq

�
# |rh1s|

|G| , rh1s � rh2s
0, rh1s � rh2s

.

They are orthogonal basis.
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Given pπ, V q representation π : G Ñ GLpV q, we may expand χπ in two different base
using

V � `iPIV mpπiq
i , pVi irreducibleq.

Then ¸
iPI
mpπiqχπiloooooomoooooon

spectral side

�
¸

rgsPCalssrGs
Tracepπpgqq � 1rgslooooooooooooooooomooooooooooooooooon

geometric side

To get the analogue of the Selberg Trace formula, we consider Γ � G and move to the
situation of ΓzG. Need to consider induced representations.

Induced representations Fix π : Γ Ñ GLpW q where W � finite dimensional vector space
over C. Want to define

πInd � IndGΓ pπq.

πInd : GÑ GLpV q
where

V �
"
f : GÑW

���� fpγgq � πpγq.fpgq,
@γ P Γ, g P G

*
πIndphq.fpgq :� fpghq, p@h, g P G, f P V q.

Let’s look at the simplest possible case, i.e., let’s induce πtriv (i.e., πtrivpγq � 1 for all
γ P Γ). The group algebra CrGs acts on V by a matrix with an entry for every pair of cosets
x, y P ΓzG. Let φ : GÑ C (i.e., φ P CrGs) then φ acts on V as follows.

Definition 4.7.
Kφpx, yq �

¸
γPΓ

φpx�1γyq, px, y P ΓzGq.

Then Kφpx, yq determines a matrix�� Kφpx, yq
�

px,yPΓzGq

and let this matrix acts on V .

Theorem 4.8.
χIndpφq �

¸
γPConjpΓq

VolpΓγzGγq �
¸

xPGγzG
φpx�1γxq

and ¸
xPGγzG

φpx�1γxq :�
»
rγsPG

φ (orbital integral).

We can also express this using characteristic functions of conjugacy classes. Therefore

STF for finite group :
¸

γPConjpΓq
VolpΓγzGγq � 1rγspφqloooooooooooooooooomoooooooooooooooooon

geometric side

�
¸
iPI
miχipφqlooooomooooon

spectral side

(Frobenius Reciprocity)

Remark.
Trace �

»
Kφpx, xq
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4.2 Selberg Trace formula for an infinite group (elementary example)

Let G � R. Then the irreducible unitary representations are just characters, eiλx for λ P R.

• Spectral side Ñ Fourier transform.

For STF, we consider the case of a subgroup Γ � R and ΓzR.

Simplest case : Γ � Z and consider ZzR.

• Irreducible unitary representations: enpxq :� e2πinx for n P Z.

For φ : RÑ C, define

Kφpx, yq :�
¸
nPZ

φpx� n� yq, px, y P Rq.

Spectral expansion : Fix y.

Kφpx, yq �
¸
nPZ
〈Kφp�, yq, en〉 enpxq

where
〈φ1, φ2〉 :�

»
ZzR

φ1pxqφ2pxq dx.

Then

〈Kφp�, yq, en〉 �
» 1

0
Kφpx, yqe�2πinx dx

�
» 1

0

¸
mPZ

φpx�m� yqe�2πinx dx

�
»
R
φpx� yqe�2πinx dx � e�2πiny pφpnq

where pφpnq � ³
R φpxqe�2πinx dx.

Selberg Trace formula :

Kφpx, xq �
¸
nPZ

φpnq �
¸
nPZ

pφpnq
i.e., Poisson Summation formula.

Lecture 17: 2010-11-9

4.3 Preliminaries

Notations

• G � algebraic group defined over field F

• F � R � ring

• GpRq � R-points of G



[2010 Fall] Topics in Number theory 51

Base Change Let K � F . We consider GK as an algebraic group over K, called the base
change.

Remark. The only difference between G and GK is that for GKpRq we may only consider
rings R that contain K.

Torus

Definition 4.9. (Algebraic Torus) A torus T over a field F is defined to be an algebraic
group over F such that the base change

TF � GLp1qk, p for some integer k � 1, 2, 3, . . .q.

Recall GLp1q � Gm � multiplicative group in algebraic geometry, with defining equation
ab � 1.

Definition 4.10. (Split Torus) A torus T over F is split if

T � GLp1qk p for some integer k � 1, 2, 3, . . .q.

Definition 4.11. (Anisotropic Torus) A torus T is anisotropic if

HompT,GLp1qq � 〈p0q〉 , i.e., it is trivial.

Otherwise, it is called isotropic.

Example

(i) Split torus:
GLp1q � tab � 1 | a, b P F u

is a split torus.

(ii) Anisotropic

SOp2q �  
g P SLp2q �� g�1 � tg

(
� S1 �  

x, y P F �� x2 � y2 � 1
(
.

So, over R, the torus SOp2,Rq �  �
cos θ sin θ
� sin θ cos θ

�(
is anisotropic.

Remark. Over C,
GLp1q � SOp2q

with a � x� iy and b � x� iy.

A good way to think about tori T (an algebraic group over F ) having 2 pieces of structure

(1) Base change TF .

(2) Galois descent needed to recover polynomial equations defining T as an algebraic group.
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Reductive Group

Definition 4.12. (Reductive group) G � GLpnq and G � tG.

Definition 4.13. (Split reductive group) A reductive groupG is split if it contains a maximal
torus (not a proper subgroup of another torus) which is split.

Example (Split reductive groups)

• pAnq
SLpn� 1q � tg P GLpn� 1q | detpgq � 1u

• pBnq Odd orthogonal groups

SOp2n� 1q �  
g P GLp2n� 1q �� tgQ2n�1g � Q2n�1, det g � 1

(
where

Q2n�1 �
��0 0 1

0 Q2n�1 0
1 0 0

�
.
• pCnq Sympletic group Spp2nq
• pDnq Even special orthogonal groups SOp2nq

Each of these split with its maximal torus � diagonal elements.

4.4 Jacquet-Langlands Correspondence

This is the first algebraic application of the trace formula. They work with a quaternion alge-
bra.

Example of a quaternion algebra Fix positive integers q and r (coprime) and square-free.
Define Drq, rs to be the quaternion algebra over Q with defining relations J1, J2, J3 P
Drq, rs such that

• J2
1 � q, J2

2 � r, J2
3 � �qr;

• J1J2 � J2J1 � 0, J1J3 � J3J1 � 0, J2J3 � J3J2 � 0;

• J1J2 � J3, J2J3 � �rJ1, J3J1 � �qJ2.

Then
Drq, rs :� tx0 � x1J1 � x2J2 � x3J3 | x0, x1, x2, x3 P Qu .

For x � x0 � x1J1 � x2J2 � x3J3 P Drq, rs, define

x � x0 � x1J1 � x2J2 � x3J3,

Npxq � x � x
and

Trpxq � x� x.

Then
Drq, rs ãÑM2pRq � 2� 2 matrices with

coefficients in R.
with

x � x0�x1J1�x2J2�x3J3 ãÑ
�

x0 � x1
?
q

?
rpx2 � x3

?
qq?

rpx2 � x3
?
qq x0 � x1

?
q



pfor Npxq � 1q.
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Definition 4.14. A subring O � Drq, rs is called an order provided 1 P O and O is a free
Z-module of rank 4. Then

discpOq :� |detpTrrξj , ξksq|
where tξju is the Z-basis for O.

Definition 4.15. Let O be an order in Drq, rs. We define

ΓO � SLp2,Rq

to be the set
tmatpxq | x P O, Npxq � 1u .

Theorem 4.16.
Vol

�
ΓOzH2

�   8.

Naive Jacquet-Langlands correspondence To each Maass form φ in L2
�
ΓOzH2

�
with

∆φ � λφ there exists N P Z� and a Maass form Φ for L2
�
Γ0pNqzH2

�
with ∆Φ � λΦ.

(Reference: D. Hejhal, “A classical approach to a well-known spectral correspondence on
quaternion groups")

Fix F � number field and AF � adeles over F ,

• H � division algebra of degree p2 over F , for a prime p

• G �multiplicative group of H

• Z � center of GpAF q
• G � centerpGqzG

Let
ω : F�zA�F Ñ roots of unity

be a unitary Hecke character. Let

V � L2
ω

�
GpF qzGpAF q

�
�

#
f : GpAF q Ñ C

�����
³
GpF qzGpAF q |fpgq|

2 dg   8
fpγzgq � ωpzqfpgq, @z P Z, γ P GpF q, g P GpAF q

+
.

Consider the automorphic representation pρ, V q with

ρ : GpAF q Ñ GLpV q,

an action by right translation, i.e.,

ρphq.fpgq � fpghq, p@f P V, g, h P GpAF qq.

We want to construct a new representation pρφ, V q coming from a function

φ : GpAF q Ñ smooth C

satisfying

(i) φpzgq � ωpzq�1φpgq, @g P GpAF q, z P Z;

(ii) φ is compactly supported mod Z.
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Definition 4.17.
ρφ :�

»
GpAF q

φpyq ρpyq dy

and ρφ acts on f P V .

For f P V and x P GpAF q, compute the action,

ρφ.fpxq �
»
GpAF q

φpyq pρpyq.fpxqq dy

�
»
GpAF q

φpyqfpxyq dy �
»
GpAF q

φpx�1yqfpyq dy.

(We assume that dy is a Haar measure.) Then

ρφ.fpxq �
»
GpF qzGpAF q

¸
γPGpF q

φpx�1γyqfpyq dy.

Definition 4.18.
Kφpx, yq :�

¸
γPGpF q

φpx�1γyq.

Proposition 4.19.

ρφ �
»
GpAF q

φpyqρpyq dy �
»
GpF qzGpAF q

Kφp�, yq dy.

Since
Vol pGpF qzGpAF qq   8

ñ kernel Kpx, yq is of Hilbert-Schmidt type so of trace class!

Trpρφq �
»
GpF qzGpAF q

Kpx, xq dx

Reference: Gelbart-Jacquet, “Forms of GLp2q from the analytic point of view" (1979).

Lecture 18: 2010-11-11

• G � reductive group

• A � adele ring over F

• ω : F�zA� Ñ root of unity (unitary Hecke character)

• V � L2
ω pGpF qzGpAqq Q fpγzgq � ωpzqfpgq for any g P A, z P ZpGpAqq and

γ P GpF q

Representation π : GpAq Ñ GLpV q right action, i.e., πphq.fpgq � fpghq, automorphic
representation pπ, V q. Given φpzgq � ω�1pzqφpgq for all z P ZpGpAqq and g P GpAq, the
function φ compactly supported (mod ZpGpAqq.

We may construct an operator on V

πpφq :�
»
GpAq

φpyqπpyq dy.
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The operator πpφq acts on f P V as follows:

πpφq.fpxq :�
»
GpAq

φpyqfpxyq dy

�
»
GpF qzGpAq

�� ¸
γPGpF q

φpx�1γyq
�
looooooooooomooooooooooon

�Kφpx,yq , Selberg kernel

fpyq dy

If
´ |Kφpx, yq|2 dx dy   8, i.e., Hilbert Schmidt, then

Trpπpφqq �
¸
i

mpπiqloomoon
multiplicity

Trpπipφqq (Spectral side)

where πi is an irreducible representation with multiplicity mpπiq.

If Kφ is not Hilbert-Schmidt then we can modify the Kernel to K�
φpx, yq, where

K�
φpx, yq � Kφpx, yq �

»
Eisenstein series

For higher rank this is quite complicated and solved by Arthur.

Geometric side

Trace �
»
GpF qzGpAq

¸
γPGpF q

φ
�
x�1γx

�
dx

�
»
GpF qzGpAq

¸
rγs conjugacy

classes inGpF q

¸
σPGγpF qzGpF q

φ
�
x�1σ�1γσx

�
dx

where GγpF q � tσ | σγ � γσu. Then

�
¸
rγs

»
GγpF qzGpAq

φpx�1γxq dx (global orbital integral)

Assume φpgq �±
v φvpgvq for gv P Fv, then

�
¸
rγs

Vol pGγpF qzGγpAqq
»
GγpAqzGpAq

φpx�1γxq dx

�
¸
rγs

Vol pGγpF qzGγpAqq
¹
v

»
GγpFvqzGpFvq

φvpx�1
v γxvq dxv

Then »
GγpFvqzGpFvq

φvpx�1
v γxvq dxv

is called a local orbital integral.
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Idea of Jacquet-Langlands Compare local orbital integral on different groups G and try
to find “ matchings" ñ there exists a transfer between automorphic representations on both
groups. (Langlands transfer and functoriality)

Definition 4.20. G � algebraic group over F . Fix K � F . Let Gγ � tσ | σγ � γσ u. We
define,

(1) γ is regular if Gγ is commutative

(2) γ is semisimple if Gγ is connected and reductive.

(3) γ is regular semisimple if it is both regular and semisimple ðñ Gγ � torus.

(4) γ is anisotropic if it is regular semisimple and Gγ � anisotropic torus.

Elliptic, hyperbolic and parabolic?

Definition 4.21. • γ is ellipitic if γ is regular semisimple and its characteristic polyno-
mial,

Pγpxq � x2 � Trpγqx� 1

is irreducible over F ðñ elliptic means that γ does not belong to any parabolic
subgroups.

• γ is hyperbolic if the roots of its characteristic polynomial are distinct and lie in F .

We want to compare local orbital integrals in 2 groups, G and G1.

• G � GLp2q
• G1 � unit group of a quaternion algebra D over a field F

Definition 4.22. (Essentially square integrable) An irreducible admissible automorphic rep-
resentation of GLp2, Fvq is essentially square integrable if it is a twist of a representation
which is not principal series (i.e., supercuspidal or Steinberg).

Theorem 4.23. (Jacquet-Langlands correspondence) There is a natural bijection!
Automorphic representations

of G1

)
//

!
Automorphic representations of G which are essentially square

integrable at every place where D ramifies

)
oo

Further if π1 is an automorphic representation of G1 and π is an automorphic representation
of G (corresponding) then πv is completely determined by π1v where π1 ramifies at v.

Remark. In 2009, A. Snowden produced a thesis proving Jacquet-Langlands correspondence
without the trace formula just using Fourier theory.

Quaternion algebras Fix a, b P F�. A quaternion algebra D over F is generated by 2
elements i, j satisfying

i2 � a, j2 � b, ij � �ji.
Let

D � tx0 � x1i� x2j � x3ij | x0, x1, x2, x3 P F u

:�
�
a, b

F



.

Example ��1,�1

R



� Hamilton quaternions.
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Proposition 4.24. Let v be a place of F and Fv its local field. Then there exists a unique
quaternion algebra over Fv which is a division ring. LetK � F thenDK � DbF K is again
a quaternion algebra over K.

Definition 4.25. We say K splits D if DK ãÑM2pKq, where M2pKq is a 2� 2 matrix group
with coefficients in K.

Definition 4.26. (unramified vs. ramified) D is unramified at v if Fv splits D. Otherwise it
is ramified.

Lecture 19: 2010-11-16

We have two groups G1 and G.

G1 G

quaternions

OO

GLp2q

OO

automorphic representations
of G1

Jacquet-Langlands

correspondence
// automorphic representations

of G
oo

co-compact
finite dimensional representations

finite volume bu not co-compact
infinite dimensional representations

NO parabolic conjugacy
classes

there ARE parabolic
conjugacy classes

To prove: choose test functions, the trace formulas match.

Work over Q Let’s look at the contributions of the parabolic conjugacy classes for G �
GLp2q (over Q). Set up the following notations.

• A � adeles over Q

• A1 � tg P A | |g|A � 1u
• GpAq1 � tg P GpAq | | det g|A � 1u
• T � diag. torus

• B � p � �� q � Borel, N � p 1 �
1 q � unipotent radical of B

• Vol
�
GpQqzGpAq1�   8

• L2
�
GpQqzGpAq1� � !

f P GpQqzGpAq1 Ñ C
��� ³ |fpgq|2 dg   8

)
• Kernel:

Kφpx, yq :�
¸

γPGpQq
φpx�1γyq

but not of trace class. We need to modify the kernel by subtracting an integral of Eisen-
stein series.
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• Iwasawa decomposition
GpAq � NpAq � T pAq �K

and g � ntk for any g P GpAq.

Langlands Eisenstein series

Definition 4.27. For g P GpAq � GLp2,Aq, define

Hpgq :� Hptq :� H

��
a 0
0 b




� 1

2
log

����a
b

���
A

	
where g � ntk P GpAq.

Choose
φ : NpAqT pQqA8zGpAq1 Ñ C

where

A8 �
"�

a 0
0 a�1


 ���� a P R
*

satisfying

||φ||2 �
»
K

»
T pQqzT pAq

|φptkq|2 dt dk   8

and for an arbitrary complex number s, define

φspxq :� φpxq � exp pps� 1qHpxqq p for x P GpAq1q.
For y P GpAq, define a right action:

Rspyq � φpxq :� exp pps� 1qHpxqq � φspxyq.
Definition 4.28. (Langlnads Eisensetein series)

Epx, φ, sq �
¸

γPBpQqzGpQq
φspγxq p for x P GpAqq.

• Intertwining operator:

Mpsqφpxq :� exp pps� 1qHpxqq
»
NpAq

φspwuxq du

where w � �
0 �1
1 0

�
.

Remark. Langlands proves the following properties:

• Epxy, φ, sq � Epx,Rspyqφ, sq
• MpsqRspyq � R�spyqMp�sq
• Epx,Mpsqφ,�sq � Epx, φ, sq (Functional equation)

• Mp�sqMpsq � 1

Proposition 4.29. (Langlnads) The map

F ÞÑ 1

2

»
iR
Epx, F, sq ds

is an isometry of Hilbert spaces of satisfying

F p�sq �MpsqF psq onto L2
cont.
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Definition 4.30. For T P R (T will be our cut-off), let

ξT :� characteristic function of
 
g P GpAq1 | |Hpgq| ¡ T

(
i.e.,

ξT pgq �
"

1, if Hpgq ¡ T ;
0, otherwise.

Hilbert-Schmidt :

KT
modifiedpx, yq �? Kpx, yq � 1

2

»
iR
Kpx, yqEpx, Rsφloomoon

ÐξT

, sq ds

(This will be Hilbert-Schmidt)

Trace formula for G � GLp2q For T P R we have the modified kernel:

KT
φ px, yq � Kφpx, yq �

¸
δPBpQqzGpQq

ξT pδxq �
»
NpAq

¸
γPT pQq

φpx�1γnyq dn

(Hilbert-Schmidt). Then we have the trace formula:»
GpQqzGpAq1

KT
φ px, xq dx.

Jacquet-Langlands correspondence

units in quaternion algebra � G1 // G � GLp2qoo

Let v be a place of A.

• v unramified for G1
ãÑ GLp2,Aq

• v ramified for G1

Let S � t ramified placesu. We want to choose test functions

φ �
¹
v

φv, φ1 �
¹
v

φ1v,

so that the trace formula for G and G1 match.

lim
TÑ0

»
GpQqzGpAq1

KT
φ px, xq dx �

»
GpQqzG1pAq

Kφ1px, xq dx

(i) If v is unramified for G1 then it can be shown that if we choose φv � φ1v then the local
orbital integrals match.

(ii) If v is ramified, choose φv � φ1v � 1.

Then it only remains to eliminate the contribution of the parabolic conjugacy classes on G.
(Bottom of p. 244 in Gelbart-Jcquet “Forms of GLp2q from the analytic point of view".)»

φ

�
g�1

�
1 1
0 1



g



dg � lim

aÑ1

��1� a�1
�� » φ�g�1

�
a 0
0 1




dg

(Ñ this is “basically" what appears), i.e., the nilpotent orbital integral is a limit of hyperbolic
orbital integrals
ñ with previous choices, the contribution of the parabolic conjugacy classes is 0.
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Lecture 20: 2010-11-18

5 Kuznetsov Trace formula
Kuznetsov Trace formula: use double coset

-geometry side is quite different

��

Jacquet’s Relative trace formula

Reference : “On the estimation of Fourier coefficients of modular forms" by A. Selberg, PSPM
1965

5.1 Kloosterman sums for SLp2,Zq

For c ¥ 1,

Spm,n; cq �
ç

a�1,pa,cq�1,
aa�1 pmod cq

e2πipam�an
c q.

Selberg introduced the Kloosterman zeta function

Zpm,n; sq �
8̧

c�1

Spm,n; cq
c2s

.

Theorem 5.1. (Selberg) The Kloosterman zeta function Zpm,n; sq converges absolutely and
uniformaly for <psq ¡ 3

4 and it has a meromorphic continuation to all s P C with simple poles
at

s � 1

2
� irj

where 1
4 � r2

j � λj is an eigenvalue of the Laplacian ∆, i.e., there exists a Maass form
ηjpzq P L2

�
SLp2,ZqzH2

�
and ∆ηj � λjηj .

Remark. With a modification, the Kloosterman zeta function has poles only at λj , and has a
functional equation.

Proposition 5.2. (Properties of Kloosterman sums)

(1) Spm,n; cq � Spn,m; cq
(2) Spm,n; cc1q � Spmc, nc; c1q�Spmc1, nc1; cq provided pc, c1q � 1 and cc � 1 pmod c1q, c1c1 �

1 pmod cq. (Kloosterman zeta function doesn’t have an Euler product, but it has a multi-
plicative relation in it.)

(3) Spm,n; cq � Spmn, 1; cq, if pm,n, cq � 1.

(4) Spm,n; cq � °
r|pm,n,cq

rS
�
mn
r2 , 1; cr

�
, (Selberg, 1938, Helsinki).

(5) Spm,n; cq � Sp�m,�n; cq, so Spm,n, ; cq P R.

Proof.

Spm,n; cq �
ç

a�1,pa,cq�1,
aa�1 mod c

e2πipam�an
c q

(1) a ÞÑ a
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(2)

Spmc, nc; c1q � Spmc1, nc1; cq

�
�

c1¸
a1�1

e2πia
1mc�a1nc

2

�
�
�

ç

a�1

e2πiamc
1�anc1
2

�

�
¸
a1

¸
a

e2πi
rmpcca1�c1c1aq�npcca1�c1c1aqs

cc1

(3) It is enough to prove when c � p`. Either pm, pq � 1 or pn, pq � 1. If pm, pq � 1 then let
a ÞÑ na and pn, pq � 1 then let a ÞÑ ma.

Growth of Kloosterman sums

Theorem 5.3. (A. Weil)

|Spm,n; pq| ¤ 2
?
p, pp - nmq.

Remark. This theorem is a deep result, using RH, for curve over finite fields.

Theorem 5.4. (Salie)

Spn, n; pαq �

$'''&'''%
2p

α
2 cos

�
4πn
pα

	
, α even

2
�
n
p

	
p
α
2 cos

�
4πn
pα

	
, α odd, p � 1 mod 4

�2
�
n
p

	
p
α
2 sin

�
4πn
pα

	
, α odd, p � 3 mod 4

If p - mn,
Spm,n; pαq � 0

unless m � nu2 mod pα for some u P Z{pαZ and in this case

Spm,n; pαq � Spnu, nu; pαq.

5.2 Poincaré series for Γ � SLp2,Zq

Definition 5.5. (Poincaré Series) Fix n P Z. Let z � x� iy P H2, s P C and

Pnpz, sq �
¸

γPΓ8zΓ
=pγzqse2πinγpzq

�
¸

pc,dq�1

ys

|cz � d|2s e
2πinaz�b

cz�d ,
�

for
�
a b
c d

� P Γ8zSLp2,Zq
�

where Γ8 � tp 1 �
0 1 qu � SLp2,Zq.

Remark. (i) When n � 0, P0pz, sq � Epz, sq.
(ii) Kloosterman sums will appear in the Fourier expansion of Pnpz, sq. Assume that<psq ¡

1. Let’s look at the mth coefficient» 1

0
Pnpz, sqe�2πimx dx

�
» 1

0

¸
c,d

ys

rpcx� dq2 � c2y2ss e
2πinaz�b

cz�d�2πimx dx
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Let x ÞÑ x� d
c . Then

� δm,ny
se�2πnyloooooomoooooon

for c�0

�
¸

pc,dq�1,
c�0

» �d
c
�1

� d
c

ys

c2spx2 � y2qs e
2πin

az�b�adc
cz

�2πimpx� d
c
q dx

Look at the second term. Let d � `c� r, we have

ys
¸
c�0

1

c2s

¸
`PZ

ç

r�1,pr,cq�1,
ar�1 pmod cq

» 1�`� r
c

�`� r
c

e
2πin

�
a
c
� 1
c2z

	
px2 � y2qs e�2πimpx�`� r

c
q dx

since e2πim` � 1, we have (ar � 1 pmod cq)

� ys
¸
c�0

1

c2s

ç

r�1,pr,cq�1,
ar�1 pmod cq

» 8

�8

e
�2πin

c2z e
2πina
c e2πim r

c

px2 � y2qs e�2πimx dx

� ys
¸
c�0

Spm,n; cq
c2s

» 8

�8

e
�2πin

c2z e�2πimx

px2 � y2qs dx

To proceed further, use Taylor expansion.

e
� 2πinz
c2|z|2 �

8̧

`�0

p�1q`
�

2πinz

c2|z|2

`

So» 1

0
Pnpz, sqe�2πimx dxlooooooooooooomooooooooooooon

Spectral side

�ys
8̧

`�0

p�1q` Zpm,n; s� `qlooooooomooooooon
geometric side

» 8

�8

p2πinpx� iyqq`
px2 � y2qs�` e�2πinx dx

� δm,ny
se�2πny.

Lecture 21: 2010-11-23

Review of Poincaré series for SLp2,Zq
Pnpz, sq �

¸
γPΓ8zΓ

=pγzqs e2πinγpzq

(when n � 0, it is an Eisenstein series) We worked out the Fourier expansion» 1

0
Pnpx� iy, sqe�2πimx dx � δm,ny

se�2πny �
8̧

`�0

Zm,nps� `qH`ps� `, nyq

where δm,n �
"

1, m � n;
0, m � n

,

Zm,npsq �
8̧

c�1

Spm,n; cq
c2s

and

H0ps, nsq �
2πsns�

1
2
?
yKs� 1

2
p2πnyq

Γpsq .

This Fourier expansion is the geometric side.
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Spectral side

Proposition 5.6. If n � 0,

Pnpz, sq P L2
�
ΓzH2

�
provided <psq ¡ 1.

Idea of Proof. For Eisenstein series,

Epz, sq � P0pz, sq � ys � φpsqy1�s �
¸

other stuffloooomoooon
rapid decay as
yÑ8

No matter how we choose s one of ys or y1�s is not L2. But for n ¡ 0,

Pnpz, sq � yse2πinxe�2πnyloooooooomoooooooon
L2, because e�2πny

decays rapidly

�
¸

γ�p 1 0
0 1 q,

γPΓ8zΓ

=pγzqs e2πinγpzqloooooooomoooooooon
!y1�<psq

Recall the Selberg Spectral decomposition, if F P L2 then

F pzq �
8̧

j�0

〈F, ηj〉 ηjpzq � 1

4π

» 1
2
�i8

1
2
�i8

〈F,Ep�, wq〉Epz, wq dw

where ηj is a normalized Maass form for j � 1, 2, . . . and η0 � Vol
�
ΓzH2

�� 1
2 . So, we have

Pnpzq �
8̧

j�0

〈Pnp�, sq, ηj〉 ηjpzq � 1

4π

» 1
2
�i8

1
2
�i8

〈Pnp�, sq, Ep�, wq〉Epz, wq dw.

Let’s compute (for <psq ¡ 1 and n ¡ 0)

〈Pnp�, sq, ηj〉 �
¼

ΓzH2

Pnpz, sqηjpzq dx dy
y2

�
¼

Γ8zH2

yse2πinzηjpzq dx dy
y2

�
» 1

x�0

» 8

y�0
yse2πinxe�2πny

¸
m�0

ajpmq?yKirp2π|m|yq e�2πimx dx dy

y2

� ajpnq
» 8

0
Kirj p2πnyqys�

1
2 e�2πny dy

y

� ajpnq
?
π

p4πnqs� 1
2

Γps� 1
2 � irjqΓps� 1

2 � irjq
Γpsq

Then

Pnpzq �
?
π

p4πnqs� 1
2 Γpsq

8̧

j�1

ajpnqΓ
�
s� 1

2
� irj



Γ

�
s� 1

2
� irj



ηjpzq

� 1

4π

» 1
2
�i8

1
2
�i8

〈Pnp�, sq, Ep�, wq〉Epz, wq dw
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We actually need to show that “
°8
j�1 � � � " is convergent. Since ηj is normalized, we have

ajpnq � ajp1qρjpnq and ρjpnq doesn’t depend on rj . But ajp1q depends on rj since¼
ΓzH2

|ηjpzq|2 dx dy

y2
� 1 ¥

» 8
?

3
2

��Kirj p2πyq
��2 dy

y2
� ajp1q

and because Kirj pyq is rapidly decay as y Ñ 8, the coefficient ajp1q blows up. But Γ factor
in the summation is decay. (See Hoffstein-R?)

Let’s compute

〈Pnp�, sq, Ep�, wq〉 �
» 1

x�0

» 8

y�0
yse2πnz Epz, wq dx dy

y2
.

Since

E

�
z,

1

2
� ir



� y

1
2
�ir � φ

�
1

2
� ir



y

1
2
�ir �

¸
m�0

2π
1
2
�ir |m|irσ�2irpmq

Γ
�

1
2 � ir

�
ζp1� 2irq

?
yKirp2π|m|yq e2πimx,

we have

〈Pnp�, sq, Ep�, wq〉 � 2π
1
2
�irnirσ�2irpnq

Γ
�

1
2 � ir

�
ζp1� 2irq �

» 8

0
yse�2πny?yKirp2πnyq dy

y2
.

5.3 Kuznetsov Trace formula (preliminary coarse version)

For a positive integer m, we have» 1

0
Pnpx� iy, sqe�2πimx dx

� δm,ny
se�2πny �

8̧

`�0

8̧

c�1

Spm,n; cq
c2s�2`

H`ps� `, nyq

�
?
π

p4πnqs� 1
2 Γpsq

8̧

j�1

Γ

�
s� 1

2
� irj



Γ

�
s� 1

2
� irj



ajpmqajpnq?yKirj p2πmyq

� 1

2

» 8

�8

pπmq�ir
Γ
�

1
2 � ir

�
ζp1� 2irqσ2irpmqσ2irpnq

Γ
�
s� 1

2 � ir
�

Γ
�
s� 1

2 � ir
�

p4πnqs� 1
2 Γpsq

?
yKirp2πmyq dy

y
.

The spectral side has meromorphic continuation to all s P C. There will be poles at s �
1
2 � irj � k (for k � 0, 1, 2, . . .) and

Residue �
?
πΓp2irjq

p4πnqirjΓp1
2 � irjq

ajpnqajpnq?yKirj p2πmyq.

Theorem 5.7. (Selberg) Let m ¡ 0 and n � 0 be integers. Then the Kloosterman zeta
function

Zm,npsq �
8̧

c�1

Spm,n; cq
c2s

has meromorphic continuation to all s P C with simple poles at s � 1
2 � irj � k for k �

0, 1, 2, . . . , and j � 1, 2, . . .. Moreover,

Res
s� 1

2
�irj

Zm,npsq � 1

2
ajpmqajpnqpm|n|q�irj Γp2irjq

p2πq2irj .
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Theorem 5.8. (Goldfeld-Sarnak) Let m ¡ 0 and n � 0 be integers. Then Zm,npsq is
holomorphic if <psq ¡ 1

2 and satisfies the growth condition

|Zm,npsq| � O

�
|mn||s| 12
<psq � 1

2

�
, p<psq ¡ 1

2
q.

Proof. The proof is based on the following lemma.

Lemma 5.9. ¼
ΓzH2

|Pmpz, sq|2 dx dy

y2
� O

�
|m| |s|

|=psq| � p<psq � 1
2q

�

If we take the inner product of two Poincaré series, then we get the Kloosterman zeta func-
tion.

Let ∆ � �y2
�
B2

Bx2 � B2

By2

	
. Consider

p∆� sp1� sqq � yse2πimxe�2πmy � 4πmsys�1e2πimz.

Define the resolvent operator
Rλ :� p∆� λq�1

ñ Pmpz, sq � 4πms �Rsp1�sqPmpz, s� 1q
(i.e., Poincaré series is the shifted eigenfunction of the Resolvent operator) and using the
theorem of analysis, we have

||Rλ|| ¤ 1

distpλ, spectrum of ∆q

ñ ||Pmp�, sq|| ¤ |4πms| ||Pmpz, s� 1q||
distpsp1� sq,Rq

distpsp1� sq,Rq ¥ =psp1� sqq
If s � σ � it, then

=psp1� sqq � =ppσ � itqp1� σ � itqq � tp2σ � 1q.
and plug them to the bound, we get the lemma.

Lecture 22: 2010-11-30

Last time we found an identity

sums of shifted Kloosterman zetas � eigenfunction of ∆ spectral data

• LHS: Kloosterman zeta function

Zm,npsq �
8̧

c�1

Spm,n; cq
c2s

for

Spm,n; cq �
ç

a�1,
pa,cq�1

e2πiam�an
c

where aa � 1 pmod cq.
• Kuznetsov inserted an arbitrary test function into Selberg’s identity.

• on the geometric side, we will explain how to compute with double cosets.
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Bruhat Decomposition

GLpnq � BnWnBn, for Bn �

���� �
. . .

�

��

and Wn � Weyl group of n� n matrices which have exactly one “1" in each row and column
otherwise zero.

Proof of Bruhat Decomposition. Let

g �

���g11 . . . g1n
... . . .

...
gn1 . . . gnn

��
P GLpn, F q
then there exists b1 P Bn such that

gb1 �
� �

0 . . . 0 1 0 . . . 0



where 1 lies in the position n` (cleaning the last row). There exists b2 P Bn such that

b2gb1 �
�� � �

. . . 0 . . .
0 . . . 0 1 0 . . . 0

�
.
In the finite number of similar procedure, we get the Bruhat decomposition.

Bruhat decomposition for GLp2q : Since W2 �
 p 1 0

0 1 q ,
�

0 �1
1 0

�(
, every γ P GLp2,Rq is in

one of two possible forms.

γ �
�
a b
c d




�

$''&''%
�

1 a
0 1



Ð

�
1 0
0 1



pc � 0q�

1 a{c
0 1


�
c�1 0
0 c


�
0 �1
1 0


�
1 d{c
0 1



Ð

�
0 �1
1 0



pc � 0q

5.4 Kuznetsov Trace formula

Let
Pnpzq �

¸
γPΓ8zΓ

p p2πn=pγzqq
a
=pγzqe2πin<pγzq

Qmpzq �
¸

γPΓ8zΓ
q p2πm=pγzqq

a
=pγzqe2πim<pγzq

where p, q : HÑ C, smooth, rapid decay. To get the Kuznetsov trace formula, we compute

〈Pn, Qm〉

in two ways.
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Geometric side Let Γ � SLp2,Zq

〈Pn, Qm〉 �
¼

ΓzH2

Pnpzq
¸

γPΓ8zΓ
qp2πm=pγzqq

a
Impγzqe�2πim<pγzq dx dy

y2

�
¸

γPΓ8zΓ

¼
γ�1�ΓzH2

Pnpzqqp2πmyq?ye�2πimx dx dy

y2

�
» 1

0

» 8

0
Pnpzqqp2πmyq?ye�2πimx dx dy

y2

We now compute,» 1

0
Pnpzqe�2πmx dx �

» 1

0

¸
γPΓ8zΓ

pp2πn=pγzqq �
a
=pγzqe2πin<pγzqe�2πimx dx

�
» 1

0
pp2πnyq?ye2πipn�mqx dxlooooooooooooooooomooooooooooooooooon

�δm,npp2πnyq?y

�
¸
c,b,

pc,bq�1

» 1

0
p
�

2πn=
��

c�1 0
0 c

� �
0 �1
1 0

� �
1 b{c
0 1

	
z
		a

p qe�2πin<p qe�2πimx dx

where γ �
�
b bb�1

c

c b

	
, for bb � 1 pmod cq. Then

¸
c,b

» 1

0
p

�
2πn

c2
=
� �1

z � b{c



d
1

c2
� =

� �1

z � b{c



� e�2πin b

c e
�2πi n

c2
<
�
� 1
z�b{c

	
e�2πimx dx

�
¸
c,b

» 1�b{c

�b{c
p

�
=�2πn

c2z


d
=
�
� 1

c2z



e
�2πinb

c e
�2πimb

clooooooomooooooon
Kloosterman sum

e
�2πin

c2
<p� 1

z
qe�2πimx dx.

Finally we have,» 1

0
Pnpzqe�2πimx dx

�
¸
c�0

Spm,n; cq �
» 8

�8

d
1

c2ypx2 � 1qp
�

2π|n|
c2ypx2 � 1q



e
�2πi nx

c2ypx2�1q e�2πimxy dx.

So,

〈Pn, Qm〉 �
¸
c�0

Spm,n; cq
» 8

x��8

» 8

0
qp2πmyq?y

d
1

c2ypx2 � 1q

� p
�

2π|n|
c2ypx2 � 1q



e
�2πi nx

c2ypx2�1q e�2πimxy dx
dy

y2

Spectral side

Pnpzq �
8̧

j�0

〈Pn, ηj〉 ηjpzq � 1

4π

» 1
2
�8

1
2
�i8
〈Pn, Ep�, sq〉Epz, sq ds
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and

〈Pn, ηj〉 �
¼

ΓzH2

Pnpzqηjpzq dx dy
y2

�
» 1

0

» 8

0
pp2πnyq?ye2πinxηjpzq dx dy

y2

�
?

2π �Ajpnq
» 8

0
ppyqKirj pyq

dy

y
3
2looooooooooomooooooooooon

Kontorobich-Lebedev transform
:�p7prjq

So

Pnpzq �
?

2π
8̧

j�0

Ajpnqp7prjqηjpzq � Similar Eisenstein series.

Therefore,

〈Pn, Qm〉 � 2π
¸
j

AjpnqAjpmqp7prjqq7prjq � Cont.

As an application, Kuznetsov proved

X̧

c�1

Spm,n; cq
c

!
"
X

1
6
�ε,

Xε, conjectured by Selberg
.

Lebedev Inversion
ψ7ptq �

» 8

0
ψpyqKitpyq dy

y

ψpyq � 1

π

»
R

ψ7ptqKitpyq
ΓpitqΓp�itq dt.

The problem of Ajpnq Assume that

||η||22 �
¼

ΓzH2

|ηjpzq|2 dx dy

y2
� 1

� 1

VolpΓzH2q
¼

ΓzH2

|ηpzq|2 Res
s�1

Epz, sq dx dy
y2

� 1

� Res
s�1

1

VolpΓzH2q
» 1

0

» 8

0
|ηpzq|2 ys

dx dy

y2

� Res
s�1

1

VolpΓzH2q
» 1

0

» 8

0

�����¸
n�0

ApnqKirp2π|n|yq e2πinx

�����
2

ys
dx dy

y2

� 1

Vol
Res
s�1

¸» 8

0

Apnq2
ns

?
πΓ

�
s�2ir

2

�
Γ
�
s�2ir

2

�
4Γ

�
s
2

�
� Res

s�1

Ap1q2
Vol

Lps, η � ηq
?
πΓ

�
s�2ir

2

�
Γ
�
s�2ir

2

�
4Γ

�
s
2

�
where Apnq � Arp1q � apnq.

|Ajp1q|2 � Vol � 8
Γ
�

1
2 � ir

�
Γ
�

1
2 � ir

�
Lp1, Sym2ηq .
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Lecture 23: 2010-12-7

Let D � discrete spectrum, E � Eisenstein series, M � main term and K � Kloosterman
sums Then

D � Eloomoon
spectral side

� M�Kloomoon
geometric side

.

Notations

• ∆ηj �
�

1
4 � r2

j

	
ηj

• ηjpzq �
°
n�0 µjpnq

?
yKirj p2π|n|yqe2πinx : Maass forms

• p, q : H2 Ñ C test functions

• Lebedev-Bessel transform:

ψpyq � 1

π

»
R

ψ7ptqKitpyq
ΓpitqΓp�itq dt, ψ7ptq �

» 8

0
ψpyqKitpyq dy

y

Then we have

D � 16π
?
nm

Vol pΓzH2q
¸
j

µjpnqµjpmqp7ptjqq7ptjq
Γ
�

1
2 � itj

�
Γ
�

1
2 � itj

�
L
�
1, Sym2pηjq

� ,

E � 1

4π

»
R
E

�
n,

1

2
� it



looooooomooooooon
nth coefficient

E

�
m,

1

2
� it



p7ptqq7ptq dt,

M �
» 8

0
ppnyqqpmyq dy

y
,

and

K �
» 8

0
y

1
2 qp2πmyq

¸
c�0

Spm,n; cq
c

�
» 8

0
pu2 � 1q� 1

2 p

�
2π|n|

c2ypu2 � 1q



exp

� �2πiny

c2ypu2 � 1q


e�2πimny du

dy

y
.

5.5 Application in the direction to the Analytic number theory

Theorem 5.10. (Goldfeld-Kontorovich) Let Γ � SLp2,Zq. Then

16π

Vol pΓzH2q
¸

|tj | T

1

L
�
1,Sym2ηj

� � 1

π

» T
�T

Γ
�

1
2 � it

�
Γ
�

1
2 � it

�
ΓpitqΓp�itq dtlooooooooooooooooooomooooooooooooooooooon
�T 2

�OpT q

ñ
¸

|tj |¤T
1 � cT 2.
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Proof. (1) Discrete side D: Choose m � n � 1. Let

1r�T,T sptq �
"

1, �T ¤ t ¤ T,
0, otherwise

Choose

q7ptq � 1r�T,T sptq
Γ
�

1
2 � it

�
Γ
�

1
2 � it

�
p7ptq

ñ D � 16π

Vol pΓzH2q
¸

�T¤tj¤T

1

L
�
1,Sym2pηjq

�
(2) Main termM:

M �
» 8

0
ppyqqpyq dy

y

� 1

π

»
R

p7ptqq7ptq
ΓpitqΓp�itq dt

� 1

π

» T
�T

Γ
�

1
2 � it

�
Γ
�

1
2 � it

�
ΓpitqΓp�itq dt � T 2

π

Now choose p intelligently to make everything else small.

(3) Eisenstein series E :

E � 1

4π

»
R

p7ptqq7ptq��Γ �
1
2 � it

���2 |ζp1� 2itq|2
dt

� 1

4

» T
�T

1

|ζp1� 2itq|2 dt � OpT q

by using the prime number theorem. (ζp1q � 0)

(4) Kloosterman sum K:
K � complicated ! T.

We need to choose ppyq in a special way:

ppyq � yK0pyq.

6 Jacquet’s relative trace formula

Notations

• F � number field

• A � adele ring of F

• G � reductive group over F

• H � abelian subgroup of G�G
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We define an action of H on G as follows: for ph, h1q P H and g P G,

ph, h1q.g :� h�1gh1.

We define a stabilizer
Hg �

 ph, h1q P H �� h�1gh1 � g
(

and we also have orbits
rδs :�  

h�1δh1
�� ph, h1q P HpF q( .

Define the Selberg kernel function

Kφpx, yq �
¸

γPGpF q
φpx�1γyq

where φ : GÑ C is a smooth function and Kφ : G�GÑ C.

In the relative trace formula, we choose a character

χ : HpF qzHpAq Ñ C�

and we compute »
HpF qzHpAq

Kφpx, yq χpx, yq d�ppx, yqq.

Kuznetsov Trace formula: Zagier’s idea Let z � x� iy, z1 � x1 � iy1, then

Kφpz, z1q �
¸
γPΓ

φ

� |γz � z|2
=pγzq=pz1q



.

Take a double integral,¼
ΓzH2

¼
ΓzH2

Kφpz, z1qe�2πimxe�2πinx1 dx dy

y2

dx1 dy1

y12loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon
�〈Pn,Pm〉

.

Jacquet wants to generalize this idea:

HpF qzHpAq Ø ΓzH2 � ΓzH2

χ Ø e�2πimxe�2πinx1 .

Geometric side »
HpF qzHpAq

¸
γPGpF q

φpx�1γyq χpx, yq d�ppx, yqq

�
»

HpF qzHpAq

¸
rδs

¸
γPrδs

φpx�1γyqχpx, yq d�ppx, yqq

�
¸
rδs

»
HδpF qzHpAq

φpx�1δyqχpx, yq d�ppx, yqq

for rδs �  
h�1δh1 | ph, h1q P H (

is a double coset. The way group acting naturally leads us
to double cosets.
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Definition 6.1. (Orbital Integral)

Iδpφq :�
»
HδpF qzHpAq

φpx�1δyq χpx, yq d�ppx, yqq

Remark. Problem :
Iδpφq � 0 ?

Definition 6.2. (Relevant orbital integral) An orbital integral Iδ is relevant if χ is trivial on
HδpAq.
Proposition 6.3. If Iδ is not relevant (i.e., χ is not trivial on HδpAq), then Iδ � 0.

Proof.

Iδpφq �
»

HδpF qzHpAq

φpx�1δyqχppu, vq � px, yqqd�ppx, yqq � χpu, vqIδpφq

If Iδ is not relevant, then there exists pu, vq P HδpAq such that χpu, vq � 1.

Lecture 24: 2010-12-9

6.1 Relative Trace Formula

Let

• F � number field

• AF � adele ring of F

• G � reductive group

• H � G�G, subgroup

Kernel function

Kφpx, yq �
¸

γPGpF q
φpx�1γyq, p for x, y P GpAqq

and
GpF q � Y rδs

where
rδs �  

h�1δh1
�� ph, h1q P HpF q( .

Let
Hδ �

 ph, h1q P H �� h�1δh1 � δ
(
.

Then »
HpF qzHpAq

Kφpx, yqχpx, yqd�ppx, yqq

and this is computed in two ways; spectral and geometric, leading to an identity called relative
trace formula.
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Example : Kuznetsov Trace formula Let N � tp 1 �
0 1 qu and F � Q. We want to put

H � N �N (this leads to the Kuznetsov Trace formula). We need characters on HpAq, i.e.,
characters on NpAq (basically in the Tate’s thesis).

Definition 6.4.
evpxvq :�

"
e2πix8 , v � 8
e�2πitxpu, v � p

where xv P Qv. Then we define a character on A as

epxq �
¹
v¤8

evpxvq, p for x P Aq.

Let m1, m2 P Q and n1, n2 P N . Let θm1pn1q and θm2pn2q be characters of N . For

n �
�

1 t
0 1



P NpAq define

θm1pnq :� epm1tq.
Then we have »

NpQqzNpAq

»
NpQqzNpAq

Kφpn1, n2qθm1pn1qθm2pn2q dn1 dn2. (6.1)

Fourier Theorem Let F : AQ Ñ C and assume that F px � αq � F pxq for all α P Q and
x P AQ. Then

F pxq �
¸
αPQ

pF pαq � epαxq
where pF pαq � »

QzAQ

F pxqep�αxq dx

So, in (6.1), we expect to get Fourier coefficients.

Let tujuj�1,2,3,..., denote adelic cusp forms. So

uj : GLp2,QqzGLp2,AQq Ñ C

There is a one-to-one correspondence between adelic cusp forms for GLp2,AQq and classical
Maass forms given as follows:

GLp2,AQq Q g � γ

��
y8 x8
0 1



,

�
r8 0
0 r8



, I2, . . . , I2, . . .



k

where I2 � p 1 0
0 1 q , k P K, r8 � 0 and x8 � iy8 P SLp2,ZqzH2.

If ηjpzq �
°
m�0Ajpmq

?
yKirj p2pi|m|yqe2πimx, for z � x8 � iy8, then

ujpgqloomoon
adelic

automorphic form

� ηjpx8 � iy8qlooooooomooooooon
classical

Maass forms



[2010 Fall] Topics in Number theory 74

Spectral side

Kφpx, yq �
¸

γPGpF q
φpx�1γyq � Selberg Kernel function

�
¸
j

hφpλjqujpxqujpyq � cont

where hφpλjq is a Spectral transform of φ. Then

(6.1) �
»
NpQqzNpAq

»
NpQqzNpAq

¸
j

hφpλjqujpn1qujpn2qθm1pn1qθm2pn2q dn1 dn2 � cont

�
¸
j

hφpλjq
»
NpQqzNpAq

ujpn1qθm1pn1q dn1loooooooooooooooooomoooooooooooooooooon
m1th Fourier

coefficient of uj

�
»
NpQqzNpAq

ujpn2qθm2pn2q dn2loooooooooooooooooomoooooooooooooooooon
m2th Fourier

coefficient of uj

�
¸
j

hφpλjq � pujpm1qpujpm2q � cont (Spectral side).

Geometric side Let rδs �  
n1δn

�1
2 | n1, n2 P NpQq

(
. Define orbital integrals

Iδpφq �
»
HpQqzHpAq

φpn�1
1 δn2q θm1pn1qθm2pn2q dn1 dn2

where Hδ �
 pn1, n2q P N �N

�� n�1
1 δn2 � δ

(
. Then

(Spectral side) �
¸
Iδpφq.

We need to determine which Iδ are relevant. The orbits rδs are in one-to-one correspon-
dence with double cosets

NpQqzGLp2,Qq{NpQq
By Bruhat decomposition

GLp2,Qq � tNpQq �ApQqu
¤"

NpQqApQq
�

0 1
1 0



NpQq

*
and

Q� �NpQqzGLp2,Qq{NpQq �
"�

γ 0
0 1



,

�
0 γ
1 0



, γ P Q�

*
.

Case 1 δ � �
γ 0
0 1

�
If rδs is relevant then character is trivial on HδpAq. If

�
1 t1
0 1

�
,
�

1 t2
0 1

� P
HδpAq, and rδs is relevant, then

�
1 �t1
0 1

� �
γ 0
0 1

� �
1 t2
0 1

� � z
�
γ 0
0 1

�
for some z � �

z0 0
0 z0

�
with z0 P Q�.

Case 2 δ � �
0 γ
1 0

�
then m1γ � m2 every thing is relevant.

6.2 Applications

Jacquet’s program for the R.T.F We have G and G1, two reductive groups. Then we have
H � G�G and H 1 � G1 �G1. Let χ be a character on H and χ1 be a character on H 1.»

HpF qzHpAq
Kφpx, yqχpx, yq d�ppx, yqq �?

»
H 1pF qzH 1pAq

Kφ1px, yqχ1px, yq d�ppx, yqq
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Jacquet Let π be a cuspidal representation for some reductive group G and Lps, πq be an
L-functions with a functional equation s ÞÑ 1� s.

Theorem 6.5.
L

�
1

2
, π



¥ 0

has now been proved for many cases.

Proof. Relative trace formula

L

�
1

2
, π



�

»
HpF qzHpAq

p q
»
HpF qzHpAq

p q ¥ 0.

Recently (Whitehouse)

• F � number field

• E{F quadratic extension

• π cuspidal automorphic representation of GLp2,AF q
• πE base change to E

• Ω : A�FE
�zA�E Ñ C

• Lps, πE � Ωq and s ÞÑ 1� s

Periodic integral. Let D � quaternion algebra over F .

(i) π transfer to πD on D�{F
(ii) E ãÑ D

PDpφq �
»
A�FE�zA�E

φptqΩ�1ptq dt

Theorem 6.6. (Waldspurger, Jacquet)

PDpφq � 0 ðñ L

�
1

2
, πE � Ω



� 0

Using R.T.F, one can show

|PD pφπq|2
pφπ, φπq � cpE, π,Ωqloooomoooon

can be
computed

�L
�

1

2
, πE b Ω




Texed by Min Lee

(Thanks to Karol)
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