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1 Applications of Integration

1.1 Area Between Curves

Suppose that the curve of a function f(x) lies above the curve of another function g(x) between two
points a and b. Then the area confined between these two curves and the horizontal lines x = a, x= b is

A =

∫

a

b

(f(x)− g(x)) dx.

1.2 Volumes

1.2.1 Some Intuition

Recall, that for “nice” shapes, we have simple formulas to calculate volume:

• The volume of a rectangular box of dimensions a, b, c is given by V = (a× b)× c.

• The volume of a circular cylinder with radius r and height h is given by V =πr2× h.

The recurring idea is that volume is given by base area multiplied by height . Thus, for any shape for
which we may be required to compute the volume, we will attempt to cleverly approximate this shape by
basic shapes.

The corresponding formula that we get is the following: suppose A(x) is the area of a cross-section of
our object as we progress along the x-axis. Then we may split the object into small “nice” shapes, with
base A(x) and height ∆x. By taking the limit ∆x� 0, we get the formula

V =

∫

a

b

A(x)dx,

if the object lies between the x-axis values of a and b.

1.2.2 Solids of Revolution

When dealing with some nice, symmetrical objects, we may notice that they are the result of rotating
some curve all the way around some axis, to form a solid of revolution. For such an object, the formula
for A(x) is actually simple: the revolution means that at each cross-section, we get a circle of radius f(x),
so that

A(x) = π(f(x))
2
.

1.3 Volumes by Cylindrical Shells

An alternative method for calculating the volume of a solid of revolution, is by summing spherical shells
that are centered around the axis of revolution. Suppose the axis of revolution is the y-axis. Then each
shell will be upright, the base varying with x, and the height depending on the curve, f(x). The area of
this shell will be

A(x) = 2πx f(x).

1.4 Summary: The Four (Actually Two) Different Methods to Find Volume

In this section we consider a function which may be presented as either y = f(x) or x = g(y), with bounds
a, b and c, d respectively.

Example 1. As a simple example, consider the well known function y = x2. Suppose our bounds on the
x-axis are a = 3 and b = 4.

Applications of Integration 3



Our function x = g(y) will be x = y
√

, and the bounds will be c = 9 and d = 16.

1.4.1 Rotating about the y-axis

I. Discs. When rotating about the y-axis, we get an object that is symmetric with respect to the y-axis.
Thus, it would make sense to split it into discs “sitting” on each other. Thus the formula we get is

V =

∫

c

d

π(g(y))
2
dy.

II. Shells. If splitting into shells, the shells will be expanding as we advance along the x-axis, so that
the resulting formula would be

V =

∫

a

b

2πx f(x) dx.

1.4.2 Rotating about the x-axis

III. Discs. With similar considerations, we get

V =

∫

a

b

π(f(x))
2
dx.

IV. Shells.

V =

∫

c

d

2πy g(y) dy.

1.5 Average Value of a Function

The integral
∫

a

b
f(x)dx measures the area under the curve f(x) between the x values a and b. Now,

recall that the area of a rectangle is given by length × width. Consider a rectangle whose base is b − a,
laying on the x-axis between a and b. Now, suppose you want this rectangle to have the same area as
under the curve f(x) between a and b. What would have to be the length of the other side of the rect-
angle? It would have to be

1

b− a

∫

a

b

f(x) dx.

(Think about this). This number is called the average value of f(x) between a and b, and is
notated fave.

Theorem 2. (The Mean Value Theorem for Integrals) If f is continuous on [a, b], then there exists
a number c between a and b, such that

f(c) =
1

b− a

∫

a

b

f(x) dx.

If you draw an example of a continuous function f , and a rectangle as described above, you will see
that all this theorem says, is that the upper side of the rectangle intersects the curve of the graph (at
least) once.
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2 Integration Methods

2.1 Integration by Parts

Recall the product rule, also known as Leibniz’s rule,

(f(x)g(x))
′

= f ′(x)g(x)+ f(x)g ′(x).

Integrating this expression, we get

f(x)g(x) =

∫

f ′(x)g(x)dx+

∫

f(x)g ′(x)dx,

which we can rewrite as
∫

f(x)g ′(x)dx = f(x)g(x)−
∫

f ′(x)g(x)dx.

If we now rename u = f(x) and v = g(x), then we have du = f ′(x)dx and dv = g ′(x)dx and we may
write

∫

udv = uv −
∫

vdu.

Example 3. Solve the integral
∫

x cos(x)dx.

Solution. First let us attempt a “wrong” solution:

Let
u= cos(x) dv = xdx

du =− sin(x)dx v =
1

2
x2

so that we get
∫

x cos(x)dx = cos(x)
1

2
x2−

∫

1

2
x2(− sin(x)) dx.

So now we have to solve the integral
∫ 1

2
x2sin(x)dx, which is harder than the integral we first started

with.

Thus, the “right” solution would be selecting

u = x dv = cos(x)dx

du= dx v = sin(x)
to get

∫

x cos(x)dx = x sin(x)−
∫

sin(x)dx

= x sin(x)+ cos(x) +C.

2.2 Trigonometric Integrals

With some integrals involving the trigonometric functions, we utilize some of the identities that tie these
functions with one another, and the fact that differentiating a trigonometric function gives us another
trigonometric function (or sometimes two).
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2.2.1 Main identities

1. sin 2x =2 sinx cos x 2. cos 2x = cos2x− sin2x

3. sin2x=
1

2
(1− cos 2x) 4. cos2x =

1

2
(1+ cos 2x)

5. sin2x+ cos2x= 1

6. sec2x = 1+ tan2x 7. cosec2x =1 + cot2x

2.2.2 Derivatives

8. sin′x= cosx 9. cos′x =− sinx

10. tan′x= sec2x 11. sec′x = secx tanx

12. cot′x =− cosec2x 13. cosec′x=− cosecx cotx

2.2.3 Examples

Example 4. Solve the integral
∫

tan5xdx

Solution. We will solve this problem in two methods.

1.
∫

tan5xdx =

∫

tan5x
sec2x

sec2x
dx

=

∫

tan5x

1+ tan2x
sec2xdx

=

∫

tan5x

1+ tan2x
d(tanx)

=

∫

u5

1+ u2
du.

This expression may be solved using the methods of the proceeding section.

2.

∫

tan5xdx =

∫

tan4x tanx
secx

secx
dx

=

∫

(

tan2x
)2

secx
tanx secxdx

=

∫

(

sec2x− 1
)2

secx
d(secx)

=

∫

(

u2− 1
)2

u
du

=

∫

u4− 2u2 + 1

u
du

=

∫

u3 du− 2

∫

udu+

∫

du

u

=
1

4
u4− u2 + ln|u|+C

=
1

4
sec4x− sec2x + ln|secx|+ C

Notice that this problem has an incorrect answer in the book.
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2.3 Trigonometric Substitution

With some types of integrals, it actually makes the integration easier if we substitute x for a more com-
plex function. Here’s a list of substitutions: (look in the book for some restrictions on these)

Expression Substitution IdentityUsed DerivativeUsed

a2− x2
√

x= a sin θ 1− sin2θ = cos2θ dx = a cos θdθ

a2 + x2
√

x= a tan θ 1 + tan2θ = sec2θ dx = a sec2θdθ

x2− a2
√

x= a sec θ sec2θ − 1 = tan2θ dx = a sec θ tan θdθ

Example 5. Solve the integral
∫

x

x2 + x+ 1
√ dx.

Solution. We first complete the square in the denominator to achieve the desired form:

x2 +x + 1 = (x+ 1/2)
2
+ 3/4.

Substituting u= x +1/2 we get
∫

x

x2 + x+ 1
√ dx =

∫

u− 1/2

u2 + 3/4
√ du

We now substitute u=
3

√

2
tan θ to get

∫

u− 1/2

u2 + 3/4
√ du =

∫ 3
√

2
tan θ − 1/2

3
√

2
sec θ

3
√

2
sec2θdθ

=

∫

(

3
√

2
tan θ − 1

2

)

sec θdθ

=
3

√

2

∫

tan θ sec θdθ − 1

2

∫

sec θdθ

=
3

√

2
sec θ − 1

2
ln|sec θ + tan θ |+ C

=
3

√

2
1 +

4

3
u2

√

− 1

2
ln

∣

∣

∣

∣

∣

1 +
4

3
u2

√

+
2

3
√ u

∣

∣

∣

∣

∣

+ C

=
3

√

2
1 +

4

3

(

x +
1

2

)2
√

− 1

2
ln

∣

∣

∣

∣

∣

∣

1 +
4

3

(

x+
1

2

)2
√

+
2

3
√
(

x +
1

2

)

∣

∣

∣

∣

∣

∣

+ C

=
3

4
+

(

x+
1

2

)2
√

− 1

2
ln

∣

∣

∣

∣

∣

∣

1+
4

3

(

x +
1

2

)2
√

+
2

3
√
(

x+
1

2

)

∣

∣

∣

∣

∣

∣

+C

= x2 + x+ 1
√

− 1

2
ln

∣

∣

∣

∣

∣

4

3
x2 +

4

3
x +

4

3

√

+
2

3
√
(

x +
1

2

)

∣

∣

∣

∣

∣

+ C

= x2 + x+ 1
√

− 1

2
ln

∣

∣

∣

∣

2

3
√ x2 + x+ 1

√
+

2

3
√
(

x+
1

2

)∣

∣

∣

∣

+C

= x2 + x+ 1
√

− 1

2
ln

∣

∣

∣

∣

2

3
√
(

x2 +x + 1
√

+

(

x+
1

2

))∣

∣

∣

∣

+ C

= x2 + x+ 1
√

− 1

2
ln

∣

∣

∣

∣

x2 + x+ 1
√

+

(

x+
1

2

)∣

∣

∣

∣

− 1

2
ln

2

3
√ + C

= x2 + x+ 1
√

− 1

2
ln

∣

∣

∣

∣

x2 + x+ 1
√

+

(

x+
1

2

)
∣

∣

∣

∣

+ C,
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the last step due to the fact that
1

2
ln

2

3
√ is a constant that may be absorbed in C.

2.4 Method of Partial Fractions

When we are required to integrate a complicated fraction, that involves rather complicated polynomials
(i.e. degrees of x. No sines, cosines, exponents, or any other such function) both in the numerator and in
the denominator, we first attempt to simplify the expression as much as possible by performing long
division.

Thus, a fraction
P (x)

Q(x)
becomes S(x)+

R(x)

Q(x)
, where the degree of R is less than the degree of Q.

This is the same process as writing
11

4
= 2+

3

4
.

Then, we factor the denominator into the simplest possible products (for example, x2 − 1 = (x −
1)(x+ 1)).

This is the same as writing 4 =2× 2.

Last, we use the method of partial fractions, in order to separate the various terms in the denomi-
nator.

This part is the one that has no real equivalent with simple numbers.

Here are the main cases when using partial fractions:

2.4.1 The denominator Q(x) is a product of distinct linear factors.

If Q(x) can be decomposed into Q(x)= (a1x+ b1)(a2x+ b2)� (akx + bk), then we write

R(x)

Q(x)
=

A1

a1x + b1
+

A2

a2x+ b2
+� +

Ak

akx + bk

(1)

2.4.2 Q(x) is a product of linear factors, some of which are repeated.

If Q(x) is decomposed similarly to the above decomposition, but with some of the factors appearing with
higher powers, then in (1) we get extra terms with higher powers. For example, if the factor a1x + b1

appears with the power r, then we need to add the terms

A12

(a1x+ b1)
2 +

A13

(a1x + b1)
3 +� +

A1r

(a1x+ b1)
r

to equation (1).

2.4.3 Q(x) is a product of irreducible quadratic factors, none of which is repeated.

This case is similar to the first case, with the sole difference that instead of having a number Ai in the
numerator, we now write Aix+ Bi.

2.4.4 Q(x) contains a repeated quadratic factor.

Same as with the second case: we simply add terms with degrees up to (and including) the degree of the
factor.

2.5 Improper Integrals

As we know, definite integrals measure the area under a curve. But what if the curve tends to infinity
(vertical asymptote)? What if the interval which we are dealing with is infinite? Those are called
improper integrals.
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2.5.1 L’Hôpital’s Rule

Before dealing with improper integrals, we remind ourselves of an important theorem that has to do with
limits, l’Hôpital’s rule:

Let a be either some number, or ± ∞. Assume two functions f(x), g(x) both tend to 0 (or ± ∞)
when x tends to a. Then we have the result:

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g ′(x)
.

2.5.2 Improper Integrals of Type I

The first type of improper integrals deals with integrals where one (or two) of the bounds are infinite.
These are integrals of the form

∫

a

∞
f(x)dx or

∫

−∞

b

f(x)dx or
∫

−∞

∞
f(x)dx.

The solution to these integrals is actually not complicated: for example, say we wanted to solve the
second of these three examples; we’d first solve the integral

∫

−t

b

f(x)dx.

Next, we let t� ∞, so that our final answer is given by

lim
t→∞

∫

−t

b

f(x)dx.

2.5.3 Improper Integrals of Type II

The second type of improper integrals deals with functions that have some point of “blow up” around
which we attemp to integrate. The method is similar to the previous one:

Say we look for the integral
∫

a

b

f(x)dx

and suppose the function has a blow up at the point b (i.e. as we approach b the function tends to ∞ or
−∞). Then the integral is given by

lim
t↑b

∫

a

t

f(x)dx,

where the notation t↑b means that t approaches b from below: t is a smaller number than b, but tends to
it and gets nearer and nearer to b.

2.6 Arc Length

Up until now we were busy calculating area under curves, given by a straight-forward integral. Now we
investigate the question of calculating the length of a curve.

The formula for the length of a curve f(x) between two points a and b is given by

L =

∫

a

b

1 + (f ′(x))
2

√

dx.

2.7 Area of a Surface of Revolution

See (?)

Integration Methods 9



3 Sequences and Series

3.1 Sequences

As the name implies, “sequences” are an infinite number of numbers written one after the other, with
importance to the order in which they are written. We usually write the sequence as

a0, a1, a2,� , an,�
or, in short,

{an}
where each an stands for some number.

For instance, consider the sequence

3,− 7, 5492, 45,− 78,�
Then a0 = 3, a1 =− 7, a2 = 5492, a3 = 45 and a4− 78.

Usually when dealing with sequences, the next step would be to try to say something about the series
as a whole. The most common would be “does the sequence have a limit?”.

When we look at the sequence given above, we can’t really come up with a number a5 and then a6, a7,
etc. that will make more sense than others. That is the case, because the sequence has no apparent rule
by which it abides.

An example for a sequence with a rule, would be

1, 2, 3, 4, 5,�
or

1, 4, 9, 16, 25,�
or

1,
1

2
,
1

3
,
1

4
,
1

5
,�

where the general elements are an = n, an =n2 and an = 1/n respectively.

3.2 Series

A series is the (infinite) sum of a sequence. If our sequence is {an}, then the corresponding series will be
given by

∑

n=0

∞

an.

The main question we ask regarding series, is convergence: does this infinite sum equal some number,
or is it infinity (or negative infinity)?

To determine this question, we define the N th partial sum:

SN =
∑

n=0

N

an

= a0 + a1 + a2 +� + aN−1 + aN.

Definition 6. The series
∑

n=0
∞

an is said to converge if the limit lim
N→∞

SN exists and is finite. Other-

wise, we say that the series diverges.
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Example 7. If our series is
∑

n=0
∞

1, then obviously the series diverges, since the N th partial sum is

SN =
∑

n=0

N

1

= 1 + 1+ 1+� + 1

= N + 1

which tends to infinity as N →∞.

Example 8. The series
∑

n=1
∞ 1/n2 = 1 + 1/2 + 1/4 + � does converge, to the number 2. Try to figure

out why. Hint: look up the formula for a geometric series .

In the next subsections, we will be exploring various methods of determining convergence/divergence
of series.

3.3 The Integral Test and Estimates of Sums

The first, most intuitive method of determining convergence/divergence of a series, is plotting a function
that will represent the series. To do this, we construct the function f(x) as follows:

Suppose our series is given by
∑

n=0
∞

an.

At all non-negative integers (i.e., at 0, 1, 2, 3,...) we mark dots corresponding to the values of the
sequence an: at 0 we mark a dot at a0, at 1 we mark a dot at a1, and so on.

Then, we connect the dots with a smooth line.
Finally we try to calculate the area under this function. If the area is finite, the series converges. If the

area is infinite, the series diverges.

Now read the theorem in the book, and make sure you see why this description corresponds to the the-
orem presented there.

3.4 The Comparison Tests

Another very intuitive method for determining convergence/divergence, is comparing to known series.
Suppose

∑

n=0
∞

an is the series in question, and suppose that there is another series
∑

n=0
∞

bn for which

we know convergence/divergence. Then we have the following (obvious rules):

1. If an ≤ bn and
∑

n=0
∞

bn converges, then
∑

n=0
∞

an converges.

2. If an ≥ bn and
∑

n=0
∞

bn diverges, then
∑

n=0
∞

an diverges.

Warning 9. In this case, we require all series to be positive! (i.e. all an and all bn are ≥ 0)

3.5 Alternating Series

Theorem 10. Let {bn} be a non-negative sequence, i.e. bn ≥ 0. Assume that the sequence is decreasing,
i.e. bn+1≤ bn and that it tends to 0, i.e. limn→∞ bn = 0.

Then the series

∑

n=0

∞

(− 1)
n
bn = b0− b1 + b2− b3 + b4−+�

converges.
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This theorem makes dealing with series with alternating signs much simpler. It is important to make
sure that the series in question is, indeed, an alternating series! This might by tricky. Here are two exam-
ples, one of an actual alternating series, the other of a fake alternating series.

Example 11. (Alternating harmonic series)

The series
∑

n=1
∞ (− 1)

n+1

n
=

1

1
− 1

2
+

1

3
− 1

4
+

1

5
−+� is convergent, since it is an alternating series that

satisfies the conditions of Theorem 10.
Notice, that without the “ − ” signs, the series becomes the harmonic series 1 +

1

2
+

1

3
+

1

4
+ � which

diverges!

Example 12. (Fake alternating series)
The series

∑

n=1

∞

(− 1)
n+1sinn

n
=

sin 1

1
− sin 2

2
+

sin 3

3
− sin 4

4
+

sin 5

5
−+�

is not an alternating series, because the sine function may take negative values. This means, that our

sequence {bn}, which is, in this case
{

sinn

n

}

is not necessarily a non-negative sequence.

Thus Theorem 10 does not apply, and we cannot deduce if this series converges or diverges.

3.6 Absolute Convergence and the Ratio and Root Tests

3.6.1 Absolute Convergence

Definition 13. We say that a series
∑

an is absolutely convergent, if the series of absolute values
∑

|an| is convergent. In other words, a series is absolutely convergent if it converges even when we replace
any “ − ” sign with a “ + ” sign.

Replacing all the − ’s with + ’s is sort of a “worst case scenario”: instead of allowing the series to go
up or down as we sum, we allow the series to only go up. The risk of diverging (reaching ∞) is greater
than it was before. This motivates the following definition, and the theorem the proceeds it:

Definition 14. A series
∑

an is called conditionally convergent if it is convergent, but not absolutely
convergent.

Theorem 15. If a series is absolutely convergent, it is also convergent.

Strategy for determining if an alternating series is convergent:

1. Make sure the series is really an alternating series! Recall Example 12 of the fake alternating series.

2. If it is alternating, change all − signs to + signs. If this series converges, you’re done, since it
means that the series is absolutely convergent, and thus also convergent.

3. If the series in not absolutely convergent (like in Example 11), check if the conditions in Theorem
10 are satisfied. If they are, you just found a conditionally convergent sequence.

3.6.2 The Ratio Test

Theorem 16. Let {an} be a sequence. Define

L = lim
n→∞

∣

∣

∣

∣

an+1

an

∣

∣

∣

∣

.
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Then:

1. If L < 1 then the series
∑

an converges absolutely (and so also converges).

2. If L > 1 or L = ∞ then the series
∑

an diverges.

3. If L =1, we cannot determine whether the series converges or diverges.

3.6.3 The Root Test

Theorem 17. Let {an} be a sequence. Define

L = lim
n→∞

an
n
√

.

Then:

1. If L < 1 then the series
∑

an converges absolutely (and so also converges).

2. If L > 1 or L = ∞ then the series
∑

an diverges.

3. If L =1, we cannot determine whether the series converges or diverges.

3.7 Power Series

A power series is a series that in addition to having numbers being added up (those an’s we’re used to by
now), also has powers of x.

Thus, instead of having the series

∑

n=0

∞

an = a0 + a1 + a2 + a3 + a4 + a5 +� + an +�
we have the series

∑

n=0

∞

anxn = a0 + a1 x+ a2 x2 + a3 x3 + a4 x4 + a5 x5 +� + an xn +�
More generally, we could “shift” the series by a factor b, to get the series

∑

n=0

∞

an(x− b)
n = a0 + a1 (x− b) + a2 (x− b)

2 + a3 (x− b)
3 + a4 (x− b)

4 +� + an (x− b)
n +�

However, we will usually deal with the simpler case, with the base point b =0.

3.7.1 Radius of convergence

Since the series is now a function of x, we may ask for which values of x the series converges. Usually, the
most efficient way is to use the ratio test : we want only x’s that satisfy

lim
n→∞

∣

∣

∣

∣

an+1 xn+1

an xn

∣

∣

∣

∣

< 1.

Notice that this condition translates into the condition

lim
n→∞

∣

∣

∣

∣

an+1

an

∣

∣

∣

∣

<
1

|x|
if x� 0.
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Intuitively it is clear that the smaller x is, the greater the chance for the series to converge (you should
also see that it follows from the last formula above). In fact, we have the following theorem:

Theorem 18. The power series
∑

n=0
∞

anxn satisfies one (and only one) of the following:

1. The series converges only when x = 0.

2. The series converges for all x.

3. There is a positive number R such that the series converges if −R < x < R and diverges if x <−R

or x > R.

3.7.2 Representation of functions as power series

Consider the following:

(1− x)
(

1 + x+ x2 +� + xn
)

= 1−x + x− x2 + x2−+� − xn + xn− xn+1

= 1−xn+1

So that, by dividing both sides by 1− x we get

1 +x +x2 +� +xn =
1− xn+1

1−x
.

Now, if |x|< 1, then xn→ 0 as n→∞, so that, taking this limit, we get

∑

n=0

∞

xn =1 + x+ x2 +x3��
infinite series

=
1

1−x
. (2)

Equation ( 2) is very important. It allows us to find power series representation to many functions.
Please look at the examples in the book.

3.7.3 Taylor series

Equation (2) showed us that we can represent the function
1

1−x
, as well as its derivatives and integrals, in

a power series form. Now we develop a method to represent almost any function we encounter in this
form.

Let f(x) be some function, and suppose it is “nice” enough so that we can take as many derivatives of
it as we want (i.e. it doesn’t have any jumps for example). Suppose we could write it in a power series
form:

f(x) = a0 + a1x+ a2x
2 +� + anxn +� (3)

Let us try to find out what the coefficients a0, a1, a2,� will be:
Plug in x =0 to both sides of (3). We get

f(0) = a0 + a10 + a20
2 +�

= a0.

Now, take a derivative of (3), to get

f ′(x) = a1 +2a2x +3a3x
2 +� +n anxn−1 +� (4)

and again plug in x= 0:

f ′(0) = a1 + 2a20+ 3a30
2 +�

= a1.
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Repeat this process a few more times, to get:

f ′′(x) = 2a2 + 3 · 2 · a3x+ 4 · 3 · a4x
2 + 5 · 4 · a5x

3 +� + n · (n− 1) · anxn−2 +�
f ′′′(x) = 3 · 2 · a3 + 4 · 3 · 2 · a4x+ 5 · 4 · 3 · a5x

2 +� + n · (n− 1) · (n− 2) · anxn−3 +�
and

f ′′(0) = 2a2

f ′′′(0) = 3 · 2 · a3.

In general, we find that the nth derivative of f at 0 is given by

f (n)(0) = n · (n− 1) · (n− 2)� 3 · 2 · an

= n! · an. (5)

Dividing both sides of (5) by n!, we have

an =
f (n)(0)

n!
. (6)

Plugging (6) into (3), we see that we get

f(x) = f(0)+ f ′(0)x +
f ′′(0)

2!
x2 +

f ′′′(0)

3!
x3 +

f (4)(0)

4!
x4 +

f (5)(0)

5!
x5 +� +

f (n)(0)

n!
xn +� (7)

This is called the Maclaurin Series of f . We can write it in short form, as

f(x) =
∑

n=0

∞
f (n)(0)

n!
xn, (8)

with the agreement that 0! =1.

Now, our choice of the point 0 to always plug into f(x) above was convenient, but the procedure may
be modified slightly, to allow the choice of any point. Please see the book for more details. This will give
us the general Taylor series

f(x) =
∑

n=0

∞
f (n)(a)

n!
(x− a)

n
. (9)
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4 Differential Equations

A differential equation with variable x, is an equation involving x, functions of x, and their derivatives.
We will only deal with simple equations of first and second order .

Definition 19. A first order differential equation is an equation of the form

(y ′= )
dy

dx
= F (x, y). (10)

If, in addition, we are given that

y(a) = b (11)

then we call the entire problem an initial value problem.

Definition 20. A second order differential equation is an equation of the form

(y ′′= )
d2y

dx2
= G(x, y, y ′). (12)

The corresponding initial value problem is defined in a similar fashion as was above, but note that a
second order equation must be accompanied by two initial conditions, for example

y(a) = b

y ′(a) = c.

In general, for one to be able to find a specific solution for a differential equation, it must be accompanied
by as many “pieces of information” as its order.

4.1 First Order Equations

4.1.1 Separable Equations

When we encounter equations of the form

dy

dx
= F (x, y) = f(x) · g(y), (13)

a trick that we may use is to rewrite (13) in the form

dy

g(y)
= f(x) dx (14)

and integrate both sides separately, to get
∫

dy

g(y)
=

∫

f(x) dx. (15)

Remark 21. We have to make sure that we are not performing an “illegal operation” by dividing by 0
when writing (14): It is important to be aware of the values of y for which g(y)= 0.

When solving (15) it is crucial to remember the constant we get after integrating. This constant will
remain unknown, unless we are given an initial condition. This is true in general, not only for this type of
equation: if you solved a differential equation and no initial condition was given, your answer
will be y as a function of x, but an unknown constant C will appear. Only if an initial con-
dition is given will you be able to determine the value of C!
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Example 22. Solve the initial value problem

y2 dy

dx
= x2 + 2x+ 1

y(1) = 2.

Solution. We first solve the differential equation, and then use the initial condition.

1. In this case, simple multiplication by dx is enough, to get

y2dy =
(

x2 + 2x+ 1
)

dx
∫

y2dy =

∫

(

x2 + 2x+ 1
)

dx

1

3
y3 =

1

3
x3 + x2 + x +C

y3 = x3 +3x2 +3x +C.

It is enough to leave the solution as is. Note that “C” remained as is in the last transition, since at
this stage it is an unknown constant, and, thus, “C” and “3C” are the same for us.

2. Now we apply the initial value: we plug in x= 1 and y = 2 to the solution, to get

23 = 13 + 3× 12 +3× 1+ C

8 = 7 + C

1 = C.

3. Finally, our solution to the initial value problem is

y3 = x3 + 3x2 + 3x+ 1.

4.1.2 Linear First Order Equations

Definition 23. A linear first order equation is a first order differential equation of the form

dy

dx
+ P (x) · y = Q(x), (16)

with P (x) and Q(x) some functions of x.

To solve such an equation, we introduce the integrating factor

ρ(x) = e
∫

P (x)dx.

This is a trick that we use, since notice what we get now:

[y · ρ(x)]
′ = y ′ · ρ(x)+ y · ρ′(x)

= y ′ · e
∫

P (x)dx + y ·
(

e
∫

P (x)dx
)′

= y ′ · e
∫

P (x)dx + y ·P (x) · e
∫

P (x)dx

=

{

dy

dx
+ y ·P (x)

}

· e
∫

P (x)dx

=

{

dy

dx
+ y ·P (x)

}

· ρ(x)

which is exactly the left hand side of (16), multiplied by the integrating factor. Plugging this into (16), we
have

[y · ρ(x)]
′

= Q(x) · ρ(x). (17)
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The solution now follows easily: integrating, we get

y · ρ(x) =

∫

Q(x) · ρ(x) dx,

so that

y(x) =
1

ρ(x)

∫

Q(x) · ρ(x) dx. (18)

Again: do not forget (1) to make sure that ρ(x)� 0 when dividing, and (2) the constant C

you get when integrating in (18)!

If we have an initial value, the same procedure as above applies.

Example 24. Solve the initial value problem

(1 +x)
dy

dx
+ y = cos x (19)

y(0) = 1.

Solution.

1. We first want to bring the equation to the form we have in (16). To do this, we divide by 1 + x,
and remember that this means that we assume x� − 1!

dy

dx
+

1

1 + x
· y =

cos x

1+ x
.

2. We identify P (x) =
1

1+x
, so that we have

ρ(x) = exp

[
∫

1

1 + x
dx

]

= exp[ln|1 +x|]
= |1 +x|.

We now notice that our initial value is given at x = 0, so that our solution will be going through
1 + 0 = 1 > 0, so that we may lose the absolute value, as it makes no difference. Notice, also, that
since we assumed x� − 1, the solution will always have the property that 1 +x > 0.

Using (18), we have

y(x) =
1

1 +x

∫

cos x

1+ x
· (1 +x) dx

=
1

1 +x

∫

cos xdx

=
1

1 +x
(sinx+ C).

3. Applying the initial condition, we get

1 =
1

1 +0
(sin 0+ C)

= C.

4. Finally, our solution to the initial value problem is

y(x) =
1

1+ x
(sinx + 1).

Exercise 1. Plug this answer into (19) and make sure this is indeed a solution, that also satisfies the initial value.
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4.1.3 Population Models

Population models are a specific type of linear first order differential equation, that model population
growth (or decrease) for bacteria in a petri dish, to name one example. These are pretty basic models,
which can be made much more complex.

The general equation is of the form

dP

dt
= kP (M −P ) (20)

where P (t) is the population size, M is the carrying capacity , i.e. the “optimal” population size, and k is a
constant number that measures how “well” the population can grow/decrease.

Treatment of such an equation is by separation of variables.
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5 Polar Coordinates and Parametric Curves

When dealing with problems in the plane (i.e. a problem that has x and y coordinates), it is sometimes
easier to describe coordinates in terms of angle and distance, rather than the usual rectangular x and y

coordinates.
For example, imagine an ant that has to direct ant traffic in the entrance to the ant colony. It is

standing on the surface tracking incoming ant traffic from the outside. If it wanted to pin-point an
incoming ant, what would be best: to describe the ant’s location in x, y coordinates (answer: no), or to
describe the ant’s location in terms of its angle compared to some object, and its distance along the line
pointing in that direction?

5.1 Polar Coordinates

The transitions that are used when discussing polar coordinates, are:

x = r cos θ

y = r sin θ

r = x2 + y2
√

θ = arctan
y

x

where the last holds only if x� 0.

Note, that in polar coordinates, a point may be described in many ways:

i. If we take θ + 2π instead of θ we get the exact same direction in the plane, and so the point
described will be the same. This is true, in fact, if we add (or subtract) any multiple of 2π to θ.

ii. Draw a small sketch to convince yourself also that

(r, θ) = (− r, θ + π).

Thus, we will usually only discuss angles θ that take values in 0≤ θ < 2π; however, we do allow negative r

values.

Also note, that for r = 0, any θ value will give the same point - the origin.

5.2 Area Computations in Polar Coordinates

In rectangular coordinates we know that given a function f(x), if we want to calculate the area under its
curve, say between some point a and some other point b, we need to take its integral

∫

a

b

f(x) dx.

For a function defined in polar coordinates the concept is the same, with one difference: when mea-
suring area from one base point about which we turn around (like the ant...), there is distortion. Thus we
get that area calculation in polar coordinates, say of a function g(θ) between θ values of α and β, is given
by

∫

α

β 1

2
[g(θ)]

2
dθ.

5.2.1 The Area Between Two Curves

The area between two curves g(θ) and h(θ), where g is the outer curve, will simply be given by

∫

α

β
{

1

2
[g(θ)]

2− 1

2
[h(θ)]

2

}

dθ.
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If we need to determine the domain of integration, i.e. we need to determine α and β, we will usually
be asked to do so between two points where the curves meet. Thus we find those points by equating

g(θ) = h(θ).

5.3 Parametric Curves

Suppose you know that there is a ball rolling on a plane. Apply the usual x and y axes to this plane.
First imagine that the sun is setting at the edge of the y axis, so that the ball is casting its shadow on the
x axis. Now imagine that the sun is setting at the edge of the x axis, so that the ball is casting its shadow
on the y axis.

Let the first shadow cast, the one cast on the x axis, be some function f(t), i.e. as time changes, the
location of the shadow changes, but it is always on the x axis. Similarly, let the shadow cast on the y axis
be some function g(t).

It now should be evident that the ball’s location at time t is simply given by (f(t), g(t)). As time
changes, the ball’s location changes, and thus forms a curve. This is called a parametric curve , with
parameter t.

5.3.1 Sketching a Parametric Curve

To sketch a parametric curve, we have these crucial steps:

I. Recall that r2 = x2 + y2 = f(t)
2 + g(t)

2. Often, considering f(t)
2 + g(t)

2 will give us a nice, clean

expression. This expression will be no other than r(t)
2
, i.e. the square of the curve’s distance from

the origin at time t.

II. Check critical points: if it is clear that f(t) = 0 for some t, check what is the value of g(t) for that t

and vice versa. Also, if there are other values of t for which f(t), g(t) are easy to compute - do it!

III. Always make sure to compute the location of at least three points explicitly!

These steps should suffice to get a rough idea of how the curve looks like.

5.3.2 The Line Tangent to a Parametric Curve

The slope of the line tangent to the parametric curve (f(t), g(t)) can be easily found using the chain rule.
The formula we get is

dy

dx
=

g ′(t)

f ′(t)

If we also want the second derivative, it is given by:

d2y

dx2
=

d

dt

(

dy

dx

)

dx

dt

=

d

dt

(

g ′(t)

f ′(t)

)

f ′(t)

5.3.3 Parametric Curves in Polar Coordinates

Note that many times parametric curves that are polar (i.e. “revolving” about the origin) can be written
in the form

x(θ) = f(θ) cos θ

y(θ) = f(θ) sin θ.

Treatment of this form is similar to the above.
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5.4 Integral Computations with Parametric Curves

5.4.1 Some Basic Integrals

Recall the following important integrals:

1. Area under a curve

A =

∫

a

b

ydx.

2. Volume of revolution about the x-axis

Vx =

∫

a

b

πy2dx.

3. Volume of revolution about the y-axis

Vy =

∫

a

b

2πxydx.

4. Arc length of a curve

s =

∫

0

s

ds

=

∫

a

b

1+

(

dy

dx

)2
√

dx.

5. Area of surface of revolution about the x-axis

Sx =

∫

x=a

b

2πyds.

6. Area of surface of revolution about the y-axis

Sy =

∫

x=a

b

2πxds.

5.4.2 Applying These Integrals to Parametric Curves

Given a parametric curve x = f(t), y = g(t), we substitute the following expressions into the above inte-
grals:

x = f(t)

dx = f ′(t) dt

y = g(t)

dy = g ′(t) dt

ds = [f ′(t)]
2 + [g ′(t)]

2
√

dt
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