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Complex multiplication theory, classical case
Let K = Q(+v/ D) be imaginary quadratic of discriminant D.

Let j : H — C be the complex analytic function with Fourier expan-
sion j(z) =1/q+ 744 + 196884q + ... in q¢ = exp(27iz).

Theorem. The Hilbert class field of K equals

<((727))

This theorem forms the heart of various algorithms that compute
elliptic curves with ‘cryptographic properties’.




A few ways to compute j(z)
e compute the Fourier coefficients of j (somehow);
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with g; the normalized Eisenstein series of weight 2¢;
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with n(z) = ¢"/** T[;2, (1 — ¢").

The third approach is the fastest.



Complex multiplication theory, higher degree

Let K be a degree 4 CM-field, i.e., an imaginary quadratic extension
of a totally real field.

Write Hy = {7 € Maty(C)|r = 71, Im(7) > 0}.
Let 7123 : Hy — C be three ‘Igusa functions’, like

—3 3E4(T)X?2(T)
2 X%O(T) |

J2(7) =

Theorem. Let L be a Galois closure of K. There exists T € O, such
that K(j;(7))/K is unramified and abelian.

This theorem forms the heart of various algorithms that compute
principally polarized abelian surfaces with ‘cryptographic properties’.



Computing j;(7)

e compute the Fourier coeflicients of Siegel Eisenstein series some-

how and use ;
9—393 E4(7')X12(7') |
X%O(T)

PO
) = 0u(0.(7))

with explicit polynomials P;, (); in the theta constants 6..

J2(7) =

® USE

The theta constants are analogues of the Dedekind 1, and the second
method of computing j;(z) is fast.



Siegel Eisenstein series, I

Question / topic of talk. What happens if we evaluate j; using
Eisenstein series anyway?

Siegel modular forms admit a Fourier expansion

f(r) = Z a(T) exp(2mi Tr(T'T))

T

with T € Mats(5Z) with integer diagonals.

1
2
Koecher-principle: a(T) = 0 if T is negative definite.

We have a(MTTM) = a(T) for M € GLy(Z).



Siegel Eisenstein series, 11

For even w > 4, put

Eu(t) =) (et +d)™".

c,d

The sum ranges over all inequivalent bottom rows (¢ d) of elements

of Sp,(Z) with respect to left-multiplication by SLy(Z).

Example. The series F/4 has Fourier coefficients

()< o[ e
a ((8 g)) — 2160, a ((

1
;)) — 9903040.

NI—= DN



Structure of Siegel modular forms
Theorem I. The graded algebra M of even weight Siegel modular
forms equals C|Ey, Eg, F10, E12|. The full algebra of all forms equals
M¢|X]/(X? — P(Ey4, Eg, E19, E12)). The element X corresponds to
a Siegel modular form of weight 35.

A Siegel modular form is a cusp form if a(T) = 0 for all semi-
definite T that are not definite.

Theorem I1. The ideal of cusp forms is generated by Y10, X12 and X.

Both results are due to Igusa.



Fourier coefficients of special Siegel modular forms

Let f : Hy — C be a Siegel modular form of weight w. We have

f(r) =D ¢m(ri,e)e®™m™, r= (")

E T9

with ¢,, : H x C — C satistying

2m7wiMmece

A. gﬁm(g;lig, 071€+d) = (67'1 —|—d)w€ cT1+d gpm(’ﬁ,&“), (CCL Z) S SLQ(Z)

B. o (11,e + AT+ p) =e 2”””()‘271“)‘5)(/) (71,€), (\, ) € Z?

C. SOm T1,€ Z Z 27r7j(n7'1—|—fr6).
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Jacobi forms

A holomorphic function g : H x C — C satisfying A—C is called a
Jacobi form. It has a weight w and an indexr m.

® Ju.m is finite-dimensional.
e wodd = J, 1 =0.
e previous slide gives a map

pPr

Mw / H Jw,m 7 Jaw,l-

m >0
e using Hecke operators we can define an injective map

S . Jw)l — Mw.



Image of s
The image of s : Jy, 1 — M, is called the Maafs Spezialschar.

The Fourier coefficient a(T') of f € Im(s) only depends on det(T') if
det(T) is square-free.

The map s is completely explicit. Hence, we can compute a(T) of
s(f) by computing the Fourier coefficients of f € J, 1.

Classical result. The Siegel FEisenstein series are contained in Im(s).



Fourier coefficients of Siegel Eisenstein series

Theorem. For E,,, the Fourier coefficient of T = (b72 b{?) #+ 0 €
Mat(2Z) equals
—2w

—— »  d*la(D/d?)

W d| gcd(a,b,c)
with «(0) = 1 and for b* — 4ac = D = Dy f? < 0 we have

1 DO w—2
a(D) = co—gsLou(2 = w) zfj p(d) (= )42 020(f/d).




Computing Fourier coeflicients

We have isomorphisms

MaaB Spezialschar C M,, — Jy, 1 —
— Kohnen’s “4”-space C M} 1/2(1“0(4)).

The +-space contains those forms with Fourier coefficient ¢(N) = 0
for (=1)*"1N = 2,3 mod 4.

The Eisenstein series F,, corresponds to

Z o (—n) exp(2miz) € M) _1/2-



Computing Fourier coeflicients

The algebra of all half-integral weight forms is generated by

Zq —1—|—22q and 9 (2) =

necZ

Linear algebra: We have

Hy

He

07 + 7030

3
—011 122079 + 116362

32

0% (2 +1/2).



Examples
The quotient I'g(4)\H has three cusps. Around oo we have

=8 H, = 240+ 13440¢°> + 30240¢* + 1382404"
+1814404¢° + 362880¢'! 4+ O(¢'?)

—504 + 443524 4 166320¢* + 2128896¢"
+3792096¢° + O(¢'!)

-
DO
5
||

in ¢ = exp(27miz).

The coefficient of ¢" is zero for n = 1, 2 mod 4.



Back to Igusa functions

Recall: we are evaluating Igusa functions like

—3 3E4(T)X?2(T)
2 X%O(T) |

J2(7) =

We only need the Eisenstein series E4, Fig and the cusp forms x10, X12-

For a real algorithm, we also need explicit sizes of the Fourier coefli-
cients. No problem for F,,.



Siegel cusp forms
The cusp forms
X10 — C1 (E4E6 — E10) and X12 — 62(32 . 72E2 —2- 53E§ — 691E12)

generate the ideal of all even weight cusp forms. They lie in the
Spezialschar.

Linear algebra: The corresponding weight 9%, 11% forms Kqq, K12

satisty N N N N
oo 01°6 — 301102 + 30793 — 9364
0= 4096
" 50190 — 1601502 + 1801193 — 8970* + 936°
12 — .

16384



Examples

Around oo we have

= —1/4¢° +1/2¢" + 4¢" — 9¢° — 99/4¢"" + O(¢"?)
= 1/12¢° 4+ 5/6¢" — 22/3¢" — 11¢°® + 425/4¢"" + O(¢"?)

in ¢ = exp(27miz).

The coefficient of ¢" is zero for n = 1,2 mod 4.



Estimating sizes

The ‘linear algebra’ result does not help us to estimate the size of
a(T) for x10, x12-

Theorem (Shimura, Kohnen) Kohnen’s +-space C M\ . 12(T0(4))

is isomorphic to M}, _,(SLo(Z)) under the Shimura correspondence.

The spaces Stg, Sg, of classical cusp forms are one-dimensional. We
have
X10 «—— AE; X12 < AE,.

Philosophy. Deligne’s bound for S} governs the size of the Fourier
coefficients of Y10, X12-



Waldspurger’s formula

Let f = Z a(D)q” be in the +-space corresponding to g € M, .

(F.f) 7o

holds for any D = f2Dy. (Waldspurger, Kohnen, Zagier).
Here:

a(D)[* = L(g, xp,w — 1)|D|* =%/

L(g,xpw = 1) = Ly (g, w — 1) 3 () (22 )02 (f/d)
dlf

is a ‘completed’ Dirichlet L-series.

For simplicity: only squarefree D in this talk.



Estimating Petersson products

Lemma. We have <%i:%f3> < 75634.

Proof. We know that

(918, 918) _ L(g18,XD,9) . 8! ‘D‘8.5
(K10, K10) a(D)]* w

holds for any D. Since we can compute any Fourier coefficient of
Klg ... take D = 3.

It remains to estimate the L-series at the center of the critical strip.



L-series in critical strip

One proves
L(g1s, xp.9) = ( 27r/\D\92( )e(D)és(2mn/|D))

for g15 = Z c(n)n~°. Here, we write

n

b5 (z) = / " B exp(—ay)dy.

This ‘series expansion’ converges exponentially fast. We only need
the first few terms of

g1s = AE} = ¢ — 528¢% — 4284¢3 + 147712¢* + . .. n



Asymptotic L-series estimate

Recall: we are using

<f7 f> il

Lemma. For every € > 0, we have

a(D)P = L(g, xpsw — 1)|D["~3/2.

|L(9187 XD, 9)‘ S B((c:7 9)|D|05—|—5
for all squarefree discriminants D < 0 with

B(e,n) = \/%7 max {g(l +e)%, (1 +¢)?

I'(n+1/2+¢)
F(n—l/Q—e)}°



Asymptotic L-series estimate

Proof of lemma. Rescale the L-series to have the critical strip
between 0 and 1.

Use Deligne’s bound to bound the L-series on a vertical line to the
right of the critical strip. The functional equation gives a bound on

a line to the left of the critical strip.

The Phragmen-Lindelof theorem gives a bound inside the strip. [

Remark. Bound can be improved by assuming Lindelof-hypothesis.



Combining the bounds

Theorem. Define By(z) = exp(2'/*/(x1og?2)). Then, for every ¢ >
0 and any n > 0, the Fourier coefficients a1o(T") and a12(T") of x10
and Y12 satisfy

la1o(T)] < 320Ba(n)/B(e, 4detT)4-5+1/2€+?7
la12(T)| < 3843B5(n)+/B(e, 11)(4 det T)>5+1/2e+n

in case det(T') is square-free.

Remark. Under the Lindelof-hypothesis, the coeflicients for square-
free det(T") satisfy the Reskinoff-Saldana conjecture. They do not
satisty this conjecture for all T'.



Summary
The Eisenstein series and x1g, x12 lie in the Maaf3 Spezialschar.

Functions in the Schar correspond to Jacobi forms / special half-
integral weight forms / classical integral weight forms.

Use knowlegde of classical modular forms to derive results on
Siegel modular forms.

Make the correspondence completely explicit to perform actual
computations and prove size bounds.



