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1 First

Related to what I’m doing for my thesis, would like to know where to go from
here. We haveK is a totally real quadratic field,A an ideal class inOK , EK,A

Hilbert modular Eisenstein series. Studying

RA(s1, s2, s3) = RN

(∫

SL2(Z)/H
E(z, s0)E(z, s1)EK,A(z, s2)

dz

y2

)
. (1)

expect some functional equations unders0 ands1, can interchange these roles.
There are additional, non-obvious functional equations (48). More functional
equations then expected.

CAn write as a multiple Dirichlet series by unfolding. Ignoring convergence,
three different Eisenstein series to unfold, three different shapes of Dirichlet series
to look at. That might be a good place to start.

Take the Rankin convolution of one thing with another - any subset of two and
formally write down the product of the sum of the coefficients and see.

Similar to something Bump-Goldfeld: they were interested in the Kronecker
formula for totally real fields.

2 Second: Nikos

Want to propose the possibility of another way of producing Multiple Dirichlet
Series; will pose as a question. We have the notion of higher order automorphic
forms. Define characteristics, many definitions arising in various contexts de-
pending on the applications one has in mind. Define the slash operator|k acting
on some group, and we wan to extend toC[Γ] by linearity. With this convention
the defining functional equation for the more generalized automorphic forms is
like

f |k(γ1 − 1)(γ2 − 1) · · · (γm − 1) = 0. (2)

We studyf satisfying this equation. These aremth order automorphic forms. We
expand this product, using the generalization of the slash operator. The motivation
for studying these things come from percolation theory, Eisenstein series with
modular symbols (introduced by Goldfeld,E∗(z, s)), GL(2) converse theorems,
and so on.

The thing which often connects to Multiple Dirichlet Series is that myself
and Sreekanan have shown that these higher order automorphic forms are anti-
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derivatives (in a very relative sense) of Chen’s iterated integrals (in the 1970s for
differential geometric reasons, but it seems to be a natural setup).

More recently Manin-Sreekantan were interested in problems (from iterated
integrals) related to multipleL-values, shuffle relations, and polylogarithms. View-
ing this in regards to non-commutativity. Manin used these iterated integrals to
give some functional equation – he built from these iterated integrals some multi-
pleL-function (though he called it a Multiple Dirichlet Series; originally called it
an iterated Mellin transform):f1, f2 ∈ Sk (cusp forms of weightk), and consider

L(s1, s2, . . . ) =

∫ ∞

0

f1(z1)z
s1−1
1

(∫ z1

∞
f2(z2)z

s2−1
2

(∫ z2

∞
· · ·

))
dz1. (3)

Study
L(s1) + L(s1, s2) + L(s1, s2, s3). (4)

He proved a functional equation for this. The problem that I want to ask about
is whether or not we could in some analogous way use the techniques of iterated
integrals. Can we make an association from higher order forms to “Perfect” Multi-
ple Dirichlet Series in a way which parallels the classical correspondence between
modular forms andL-functions (Dirichlet series, functional equations). The evi-
dence for this is Manin’s functional equation (above), the closed relation between
iterated integrals and the comments above, and so on. There is one functional
equation here – are there enough?

We can construct these directly with the information we have so far. We can
classify (myself, Chinta and another) have classified these higher order forms in a
fashion. For second order forms we have

f1(z)

∫ z

∞
f2(w)dw. (5)

Get in a unique fashion. There are some functional equations, but not enough
to produce what we want, the “Perfect” (meaning they can be meromorphically
continued) Multiple Dirichlet Series.

3 Third

The question I originally wanted to solve a long time ago was a relationship be-
tween certain points that are vertices of a polygon and the genuine non-zero as-
ymptotics associated to Multiple Dirichlet Series.
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D(s1, s2) =
∑

m∈Nn

φ(m)

P1(m)s1P2(m)s2
. (6)

We want to show these vertices genuinely determine the asymptotics of the coef-
ficients of the series.

N(±) =
∑

P1(m)=c1
P2(m)=c2

φ(m). (7)

Can only do in two cases. One in which both polynomials are functions of two
variables, and the other when very specific.

n(±) =
∑

P1(m)=t1
P2(m)=t2

φ(m). (8)

Discrete problems are harder, so it makes sense to look at it continuously and
define

E(t) =

∫

P=t

φ

∣∣∣∣
dx1 · · · dxn

dP1 ∧ dP2

∣∣∣∣ . (9)

4



We sayt0 is a critical value - this means the set is no longer smooth globally, some
singular points in the set. What happens to the function ast converges tot0? If
we understand this in generality then can get information

Well known theorem: instead of only worrying about applying ideas in one
variable, what about developing a theory of multivariable asymptotic expansions.
Hard (hasn’t been treated in the literature).

Not talking about singularities of differential equations in several variables.
Made progress when just have two functions. Poisson summation over adeles
(extending work of others) – are there any interesting applications.

Theorem 3.1. Let P = (P1, P2) wherePi is homogeneous of degreedi ≥ 2
(overQ) with the property that eachPi has isolated singular point inQn

. LetCP

be the critical locus ofP ; it is the union of smooth (i.e., reduced) lines. It is a
homogeneous set so we have lines overQ. We have the critical point where things
are together, and a continuous set of points where we lose regularity. It seems to
be a fairly tricky thing to deal with analytically.

Assume additionally thatn > NP , wheren is the number of variables and

NP =

{
max{3d1, 3d2} if there is ani with di ≥ 3

8 if d1 = d2 = 2.
(10)

Then in this case we have a Poisson summation formula overA2
Q of the following

form: ∑

t∈ιQ2

F (t, φ) =
∑

λ∈ιQ2

F ∗(λ, φ), (11)

whereφ is in the Schwartz space ofXAQ .

This is a result of five articles - must understand the singular behavior, Fourier
analysis in two variables uniformly, ....

Question: for one quadratic polynomial inn ≥ 5 variables, this type of for-
mula plus metaplectic theory allows us to show that the Hasse principle applies
to the hypersurfaceP = 0. That is a non-singular solution in eachQp implies
the existence of a non-trivial integer solution. Does this type of formula and an
extension of the theory of Weil imply that we can prove a Hasse principle for the
intersection of two surfacesP1 = 0 andP2 = 0?
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4 Fourth

Want to introduce a new class of global Dirichlet series attached to function fields.
These are really generalizations of the Multiple Dirichlet Series defined by Zagier
in the early 1990s. He defines

ζd(s1, . . . , sd) =
∑

0<n1<n2<···<nd

n−s1
1 · · ·n−sd

d . (12)

Can view as a pairing of a distribution and a test function, analytic continuation
of certain functions. Interest in this function stems largely among the multiple
zeta values. Region of absolute convergence: fixak to e an integer greater than
or equal to 1, withad > 1. Studyζd(a1, . . . , ad). See the works of Goncharov,
Lontsevich, Manin, Zagier. Will look at function field analogue and see how that
gives rise to rational functions.

The simplest possible setting is the ring of polynomials over a finite field. Let
Fq be the finite field withq elements, considerFq[T ] and set|f | = qdeg(f). We
study

Z(s) =
∑

F∈Fq [T ]
monic

|f |−s, (13)

which converges forRe(s) > 1 to

Z(s) =
1

1− q1−s
. (14)

Let

Z(s1, . . . , sd) =
∑

(f1,...,fd)∈Fq [T ]d

0<deg(f1)≤···≤deg(fd)

d∏

k=1

|fk|−sk . (15)

The first result is

Theorem 4.1.For the polynomial ring we have

Z(s1, . . . , sd) =
d∏

k=1

Z(s1 + · · ·+ sd − (d− k)). (16)

This implies a meromorphic continuation, rational function inq−s1 , . . . , q−sd , and
has an Euler product. Can conclude it has a functional equation in the first vari-
able.
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We have (after multiplying factors together)

d∏

k=1

q−(s1+···+sd)−(d−k)

1− q−(s1+···+sd)
Z(s1, . . . , sd) (17)

Let K be a global function field of genusg, D a divisor ofK, andD+
K the

effective divisors. The norm of a divisor is|D| = qdeg(D).
For the function field, the zeta function is defined by a sum over effective

divisor:

Z(s1, . . . , sd) =
∑

(D1,...,Dd)

0<det(D1)≤···≤deg(Dd)

d∏

k=1

|Dk|−sk . (18)

Suppose the genusg = 0. Then there is a polynomial such thatP (q−s1 , . . . , q−sd)Z(s1, . . . , sd)
is a polynomial of degree at most2d− 1 in theqsj , where

P (q−s1 , . . . , q−sd) = (q−1)d(1−q−sd)(1−q1−sd)
d∏

k=1

(1−qsk+···+sd)(1−q1−())(1−q2−()).

(19)
If we setK = F2[T ] andd = 2 then we get products of simple zeta functions

Z(s, w) =
q2

(q − 1)2
Z(s + w − 1)Z(w)− q

(q − 1)2
Z(s + w)Z(w + 1)

− q

(q − 1)2
Z(s + w)Z(w) +

1

(q − 1)2
Z(s + w + 1)Z(w + 1).

(20)

Similar things for arbitrary genus.

5 Fifth

6 Sixth
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